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AESTRACT
Recently a new téchnique for solving pure integer programming

problems has been suggested . It consists on building a sequence

of Lagrangean duals that progressively reduces the duality gap and

;. in a finite number of steps . converges to the optimal value of

the original problem . The technique has , however .,a drawback :to

produce a new dual ,sometimes, an enumeration sggﬁ is needed thus

deteriorating the performance of the procedurgJ

In this note wEistudy the canditions undef which surrogate
duality can play a role in ﬁelping on this situation .

By using some résults connecting Lagrangean and surrogate

duality in ‘integer programming , we will be able to conclqde that

a combined Lagrangean—surrogate approach may be helpful’ in '

avoiding some enumeration . We give a numerical example of 2

- simple praobklem where such an imprmvemeht occurs.
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1. INTRODUCTION

Recently a new technigue for solving pure int=g
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programming problems has besen suggested , Barcia(l?37). In ssction

2 we will briéfly sketch this method which consists in building a

sequence of Lagrangean duals that progressively reduces the

duality gap and , in a finite number.of‘stepé s converges to the

optimal value of the original. problem . The technique has |,

however ,a drawback sto produce a new dual ,sometimes, an

enumeration step is needed thus deteriorating the performance of

the procedure. ' P i’

P
;

Some wéyé of dealing with this s;tuation,/have already bheen
suggested in Barcia_& H51m(1988).The purpose of the presen£ note
is to study the conditions ’Qnder which surrogate duality ,
Greenberqg & Pierskalla(1270) , can play a role in‘ helping to
avbid the enumeration step mentioned above. ' |

Section 3 will be devoted to the discussion aof the @msin.
results cnncérﬁing surfngate duality , and its relation with
Lagrangean duélity » Ertaining to this work.

In section 4 we shall use some results connecting Lagrangean
'ah& suffoééte~ duality - in integer»’proéramming . ;‘Karwan &
Rardin(1979} s are used in order to show that &a combined
Lagrangean—surraogate approach may be helpful in avoiding some
enumeration .Finaly, in section 5 , after giving a numerical

example of a simple problem where such an improvement occurs, we

shall discuss the computational usefulness of the new approach and

provide some concluding remarks.
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2. BOUND IMPROVING SEQUENCES

In this section we hriefly sketch the basics of the bo

bound
impraving.zpquance tgchnique..ﬂe shéll state.cniy the main.rezuits
and the reader is referrved to Barcia(l?Bﬁ- » Barcia{1987) and
Rarcia & Holm(1982) for formal proofs and more details on the

subject.

Now consider the followiné integer linear programming problem:

(FP) Z = min cx

where c is an integer n—vector B an integer m-vector and A a
matrix of integers of apropriate Qimens;on . For -simplicity we
shall assume that X c 2" is bounded and that prablem‘ (F) | has
always a finite solution.

Suppose now that a lower bound for =zZ,say J&Sz 1S Enown .

Defining the set Mk={ woe R 3 oox = Jk 3 problem {P) can now

restated in the following equivalent way:
(FPk) Z = min cx

Now take u e R+m as a vector of non—negative multipliers and

consider a Lagragean dual of (Fk) defined as follows:
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(LD) - €£§= max. ~ min cx + u(Ax—-b) k=0,1,...>

ueR " X € xk

+

-

Note first that the usual Lagranggan béuhdl'can. be obtained
from (LDi as 6:aAby taking £§=—m . For simplicity we shall assumé
that {o was selected this way and we "mention by ¢ the usual
Lagrangean bound whenever wé.need to refer it;

Note alsoc that the inner minimization problem on the right
hand .side of the equality is a single integer knapsack problem
which , although in #® , is. one sf 'the easiest non—polinomial
problems , see Dudzinsky & walukiewicz(19§7)./,éince the outer
maximization ﬁroplem can be solved using a subaradient algorithm
=ea Demianov & VasiléV(l?BS), {LD) can be.cpmputed with a moderate
effort. ' R :

One can easily prove the following :

Theorem 2.1 = { = ¢

Some necessary conditions for equality to hold in theorem 2.1

are easily derived . For instance , one has :

- Theorem 2.2 : .If JLM=€; then u=0 is an optimal vector of

multipliers in (LD).

Of course the interesting question 1is to be able- to

characterize the situations such that the abovg inequality 1is

strict . The answer for this is addressed in the following:

R e e o
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Theorem 2.3 : Consider . the 1level sets of the Dbjecfive
N function, L{(y) = { ¥ e x’: cx = y.}. Then ﬂwt > ﬂ: if and

only if Conv L(f{) n{ x € R : Ax < b"} =0 .

s Noté now that if the objective function cx is such that 1t%
level sets are singlefans the first value on the sequence {%ﬁ- for
wich theorem 2.2 does not hold will be z . }n this case (LD}
provides a device to bridge the duality gap in a fin%te number of
steps.

To bridge the duality gap fof a ’general” objective function
one must Supplement (LD} with an enumeratiop schgéé to deal with
the céses forx wich £k+1= {k. ‘

In fact wheé” equality occurs ; _one must search the
hypérplane cX ='i for a (P)‘feasible.pdint. I1f such "a point is
found it’'s optimal . If no such a point can be found we can take
ﬂu4= ﬂ:ﬂ. and keep using (LD) to. generate a non—decreasing
sequence of bounds converging to z.

This procedure is interesting only when enumeration is not
performed very often because of its time coAsuming nature.

Barcia & H61m(1988) report a revised vérsinn of the basic
algorithm we just sketched enabling some savings in the number of
times that the enumeratibﬁ Qcﬁeme must bé used.

In this note we shall try to avoid enumeration by combining
(LD) with a different approach to integer programming duality :
surrogate duality. ’ -

Let us state a final result in this section .which, although

not computationaly interesting ,will be very useful when trying to

i ——— b
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understand geometricaly how (LD) operates:

-

Theorem 2. 4:Computing (LD) is,taptamndnt to convexifying

nonrelaxed constrzints in problem (Pk),i.e.

{ = min cx .
k+1 °
Ax < b
x e Caonv Rk
-~
‘/
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3. SURROGATE DUALITY

{

In thizs section w2 recall and coomznt ths main  results  on
surrodate dusality and its relation to Lagrangesasn duality. Our aims

is to lay th2 ground for section 4 where we will use these results

to show how some of the enumeration steps referred in the previous

section can be avoided. .

Again , only the main ideas will be sketched . All proofs
will be ommited . The reader 1is referred to Greenberg &
Fierskalla{1970) and Karwan & Rardin(1979) for full proofs and- a

mare detailed treatement of the subject. P -

Consider now problem (FP) as in the previqﬁs section . Supnose
that we wish to repléce*the explicit constraints Ax =< b by a
single aggregate constraint . Taking non—-negative multiplieirs

v e.R*m « one gets the following single constrained problem:

(Pv) s{v)= min cx
vAx < vb

¥ e R

Note first that v can be normalized at 1 without changing

in). Obviously ., one has the fallowing:

Theorem 3.1: V v & R+m . s8(v) £ z.

This fact motivates the wish to push s(v)‘ as far ahead as

posszible and the surrogate dual of problem (P) is defined as

.
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follows:

(SD} 5= max min‘cx

Note now that (SD) is more difficult to compute than (LD) for
k=0 and therefore s is more-difficult to obtéin than the usual
Lagrgngean bound ¢. The inner minimizatioﬁ problem is more
difficult because we have the extra constraint vAx £ vb and , more
important , there is no easy way fo get the optimél multipliers - v
because the function s(v) does not have the ng;éésary convexity

properties.The reward for these difficulties is summarized in the

next thecorem:

Theorem 3.2 = { £ s < 2

So we know that surrogate duality bounds , although more

difficult to compute , can perform better than the u=sual

Lagrangean bounds.

Of course the interesting issue is to know when do we have a

strict improvement ¢ < s . The answer to this 1is summarized in

the next theorem.

Theorem 3.3 : Either ¢ { s or for every optimal Lagrangean
multiplier there exists an optimal solution for:
min { cx + u{(Ax-b) , x € X 3

verifying the complementarity condition u(Ax—b)=0.

b e

PR T



10

-

a

These results provide us wiih the necessary  background to

address the key issue of this note : can surrogate duality be ©of

.

any azgsistrance in avoiding sore enusoraticon requiresd by the  bhound
improving sogquence teohnigue?
.
.
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4. AVOIDING ENUMERATION 7

Cunmoze nor that we arz o

LS Sy

il

ina hownd improving ssouscoes
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cd in mection 2, and a situsation come wup where we bave

tm
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The first idea to expleoit would be to define a surrogate dual.

using the set Mk instead of A:

(SD ) 5 = max min cx
k k+1
veR+m vAXx = vb
X € Kk P

The inner minimization problem is a two-constrained integer
knabsack problem wich is not too hard and , if one could compute
the optimal surrogate multipliers v , thenrem F.2 télls us that we
may have St tk.

Unfortunately this will not always be the case. In fact one

has the follnwing:

Theorem 4.1 : If ££u=%< and u=0 1is the unique optimal

multiplier in (LD) , then S 6"

Proof :From theorem 2.2 , if €“;=ﬂ:then u=0 is an optimal

multiplier in (LD). Now , if this is the unique optimal

multiplier theorem 3.3 shows that s = =¢ sbecause _ the
k+t k+1 k

complementarity condition u(Ax—bl)=0 will be always trivialy

satisfied. "
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O0f course one may argue that (LD) need not have a unique
optimal multiplier and then.theohem 4.1 does ndt apply

will see this can not be the case.In fact, wo

il

—
L.

7]

N prove a  §oro

i}

Tollow

il
i

aznoral result than hths previous one, a

'I:heorem 4.2 : If tkﬂ=lk‘then Skﬂ=£k.
Proof:Note first that if ﬂﬁ4=ﬁ:then s from theorem 2
the following occurs:

(i) Conv L({) N xeR : Ax <b 3 =o.

On the other hand , if we have >< we “certainly must

Sket” e YT
have,for any optimal surrogate multiplier v*:
. ‘ » ) »
(ii) =~ - ¥ x e l(tk) vAr >*vab
otherwise ($Dk) would imply that sgu=ﬂ; Note now that (ii)

remains valid after convexification , i.e., (ii) implies

(iii) V x € Conv () viAx > v b

k

and (iii) contradicts (i) s SO s.u=ﬁghd the proof is

terminated. . ]

Now we mayAwish to overcome our difficulties by trying a

mixture of Lagrangean and surrogate duality as follows:

(MD_) m = max min cx+u{Ax—b)
k k+1 .
ueR+m vAx < vb
veR ™ ¥ € R _
+ k

~ Of course this new bound would be much wmore difficult to

AT D RSO TTRRRCN
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compute because now one looks for two sets of oﬁtimal multipliers.

However ., an improvement on th2 bound can eventualy be obtained :

Theorem 4.3 = m > s 2¢

k+1 k+1™ k+1
s Proof : To show that the first inequality holds one takes
u=0 in ths mixed dual . The second. inequality is a
consequence of theorem'3.2. =

As we shall see in next section there are cases where an
effective improvement can be Dbtained'. Actually , it is possible

rd
to state the conditions under which such an improvement occurs:

Theorem 4.4 : Céhsider the sets M(y,Q{ defined as follows:
M(y,v) = { x €« R : cx =y and VvAx < vb }. We Shall have a
strict inequality in theorem 4.3 if and'only if:

Conv M(t;,v) nitxe RrR" ; Ax = b } =0 .

for some multiplier v € R

m
. o+

on the mixed dual.

Proof: Consider a multiplier v R+m on the mixed dual.
Cnnsider now the sets R(v)={ x € R : vAx =< vb Y.These sets
are still bounded subsets of 2" + SO we can use theorem 2.3
with X{v) instead of X and the result follows because the

l(l;) sets of theorem 2.3 become the M(t;,v) sets defined

above. ]

P
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5. AN EXAMPLE AND CONCLUSIONS.
Rz =hz11 noM uE2 oa  wvoDrny  sisple numerical examplie
illuztrate how the mixsd dual can avoid an | enumsration siep  in

(LD} . Consider the following problems:

min {x+y: x = 1/25 y 2 1/25 %,y € {0,153}

-

MNow let ék be any lower bound on the optimal value of the

objective function and suppose we compute {kﬂusing {LD). From

theorem 2.4 we know that we have : ” ’

Jkﬂ:“ min x+y |
X 2 1/2 , vy = 1/2 .

¥,y € Conv { X,y € {0,133 x+y 2 L’k H

Suppose further that we start with 4!‘°=-oo . Then we get €1=1

]
the usual Lagrangean bound , as one can easily see from figure I,
Mow if we try to compute 82 we will get again the value 1 bzcausea

L(1) = § (0,1),(1,0) } and
Conv (1) N { %,y = x 2 1/2 , vy 2 1/2 5 ={ (1/2,1/2) } = O

as predicted by theorem 2.3. As suggested in section 2 ,

enumeration would be required to overcome this value. -

However we know now that a mixed dual can helpus . To see

this consider the surrogate multipliers v=(2,44) . The aggregate

—

o g
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constraint will then be Zx+4y 2 I and the set M(l,v) is {(0,1)7 .

.

Now , one has:

andy as predicted in th=sorem 4.4 , wa will have mz= /2 > 1 as ane

can see from figure 1 below.

Y -
N\ \:/‘\x-#y =3/2
\ ‘\
4 & - “:tA'“_A___‘.’;,;..';:'ﬁ
\ N
N
\\. N . N
N N
\\\ \ N
~ N
\\\\ P
f/l ] — - P
. N ,
Zx+4y =3 N
N ~
N N
X+y=1 ~>» \
N : N N
o /2 ™ ™S X
Figure 1

As we have just seen the combined Lagrangean—surrogate:
approach can help us aveoiding enumeration when using bound
improving seq§ance5.

The main drawback is the fact tha£ the 6ixed dual bound is
hard to compute because we have a two—constrained knapsack
subprablem and there is no ‘clean’ way to get the optimal values
of v. We are presently conducting computational experiments in

order to determine the practical usefulness of this approach.
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