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ON THE EXISTENCE OF OPTINAL OUTPUT PATH _
FOR CRTS FIRNS IN ADJUSTHENT COSTS TECHHOLOGIES *

ABSTRACT/HERDHOTE

In this note a formal proof of the non-indeterainacy of the optimal
interteaporc! output path for a firm ®with CRTS and strictly convex
adjustment costs Is presented. This proof provides q rationale for
sone widely assumed properties on the adjustaent cost functions, in
that It hightights these properties as sufficient conditions for
non- indeterninacy.

(%)  Helpful coaments on an earlier draft of this note were
provided by Anténic Borges, Peter Hammond, Losrence Lau and John
Shoven. The usual disclainers apply.



ON THE EXISTEHCE OF OPTINAL OUTPUT PATH
FOR CRTS FIRHS IN ADJUSTHENT COSTS TECHHOLOGIES

1. INTROOUCTION

it is well known that the static optimization problem of a
price-taking fira with constant returns to scale (CATS) technology
lacks enough concavity for the optimal production plan to be
deternined. One woy to solve this problem is to adequ}clg
re-specify the fira's economic environment.

This note will consider the dynamic behavior of CRTS firms in the
presence of adjustment costs (AC). Intuitively, for conveniently
defined AC functions, enough concovity might be present such that,
the intertemporal maximization of the net cash floes is
well-defined and therefore the indeterminacy result does not hold.
A close look at the relevant literature supports this intuition. In
fact, such non-indeterminacy result has been asometimes either
implicitly oassumed [see Junankar (1972,p.43), ond HNickell
(1978,p.41)] or indirectly shown to be true for quadratic AC
functions [see Gould (1968))}. However, no general result is
available,

On the other hand, a set of properties on the wmatheaotical
specification of AAC has been traditionaly assumed in the literature
[see for example, Gould (1968), Abel (1980), and Blanchard (1983)].
Such properties however, are essentially rooted on intuitive
considerations, rather than on well established theoretical or
eapirical justifications.

This note develops a formal proof of the non-indeterminacy of the



opt imal output path for a price-taking CRTS firm in the dynaomic
framework induced by the existence of AC. Such a proof provides a
rationale for the set of properties on AC functions, since these

are sufficient conditions for the non-indeterainacy resuit to hold.

2. THE HODEL

Consider a price-toking firm that produces the interteaporal output
sequence Y={y;,...,yy}, wusing the wvector of factor inputs
K={xy, .., x7}, shere x,=(xyy,...x,,). The respective prices are
Pe{py,....p7}, ond U={w(,..., ey}, where s, =(w;,...9 ). Let xj'a
with 1<j<n, be flow inputs, and x;'s with w*ii<n, be stock
inputs, whose gross increase in period t is given by Xy 1. The

production technology at each t is nrepresented by a twice

cont inuously differentiable CRTS production function, y,=F(x).

We will further assume, thot adjustaments in the stock Inputs i,
towards their optimal levels are not costless. This idea is
captured by the existence of Iinput specific adjustment cost
functions defined over gross stock accumulation, axy;. The
adjustment cost function for input x;, AC;(ax,;) is tsice
cont inuously differentiable. As it is stondord in the literature,
It will be assumed that AC;(ax,;) Is characterized by:

RC;(0)=0, RC;{axy;)>0 for axy;»0;

oﬂCi(axti)faaxti>0 for ax,;>0, and oﬂci(axti)/0axti<ﬂ, for axy<0;

0ZHCi(axti)/aaxti2>ﬂ for axy ;#0. (1)



Consider now, the intertemporal problem of the CRTS, price-toking

firm, the maximization of the present value of all the future net

cash flows CF,, specifled as follows:
for 14UCT,  1<a4t,
HQX{xlthFt=
-zt['g("’rs)" ][ptf(xt)-zj.tjxtrj"zilt iaxu—ziﬂci (axt i )] (2)
subject to: for all |, X5i=0 (w.l.0.g.)

for ail i‘j,t, xtizﬂ, XtJZO -

for all i,t Axt|=xt+|"-(1-8i)xt!, (3)

shere, rskﬂ, is the one period objective discount rate from s to )

s-1, and, 0£8,<1, is the exogenous deprecigtion rate of stock input

3. A HON-INDETERNINACY THEOREN
R non-indeterainacy theorem will now be stated and proved.
Theorea. Under assumptions (1), the intertesporal probles of the
price-taking firm as in (2}-(3), is well-defined. Therefore, the
optimal interteaporal output poth is well deteramined.
Proof.

In the first part of the proof it wili be shoen that for each and
every feasible ({X;¥} for which ZCF,>0, there s an optinmal
re-scaling of production, for which (2) is aaximized. In fact,

suppose that for ail t, the use of inputs is made h-times higher

than the original level, Then, by CRTS, (2) can be rewritten as:

Zt{[ls(hra)"] ][pthf(xl )-hzjatjxtj—zi-t ia“xt i—ZiHC(ﬁ'Xt i )]} (1)



where a®xy =hxy,y ;-(1-8y;)hx, ;=hax ;.
The existence of on optimal h for each and every feasibie {¥;¥} is

guaranteed by (5)-(7) below.
{2, CFy (h)}/oh= (5)

-zt[|,(1+p,)-'Jt[ptr(xt)-zj.tjxtj-zi.tigxti-zi.xtioncxgaxi(.txt,)J}
Notice that 2{%,CF,(h)}/dh is decreasing. In fact,
22(3,CF (h}} /oh%=
=5, [T (1+r) 115, (ax, | Y202AC/2ax,2(. )40, - (6)

shere the inequality Is due to the strlict convexity of AC(.).

[t wiil now be shown thaot there exlsts a critical point h', shich ~

by virtue of (6) is a maximum, i.e.

2{5,CF, (h*)}/0h=0. )
In fact, let h go to +=, The fact that dAC(axy;)/daxy; and ax;
have the sase sign coupled with ozﬂC(axti)IOAxti2>0 for ax;,;*0,
imply that the lisit of axtioﬂC(a‘xti)th as h goes to += js +w,
Therefore, as h goes to +=, lim {2 CF (h}}/oh=-=. On the other
hand, as h goes to zero, aHC(axti)faaxti approaches zero too. As a
consesguence, O{StCFt(h)}fbh>EtCFt>0. Finally, by continuity of
o{3,CF(h)/oh and by the Intermediate Ualue Theorem, there exists

h* which satisfles (7). Fros this we may conclude, that problen
(2)-(3) is well defined for each initial input path ylelding

positive intertemporal net cash flow,

In the second part of this proof, It elll be shosn that an optlaal

input /output trajectory actually exists in the set of all feasible



input/output paths. MNetice that, the range of our objective (2)

has a {ower bound at zero. RAiso, by construction the set of values

£,CFy ({(h*8;¥(h*)}) for all feasible {X;¥} Is bounded above and

closed, Then, by Heierstrass's theorea, a rescaling factor h** of

some feasible {X;V} exists for shich

h*¥g=%**=arg Max(, y 2, CFy (.50 ) (8)
The corresponding optimal intertesporal output path is se!l defined
and is given by ?-[F(xI*.),...,F(xT")}. QED
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A NOTE ON THE COMPUTRTION OF THE USER'S COST OF STOCKS *

ABSTARACT

This note derives the exact modified foraula for the
user's cost of stock Inputs for a fira in a dynamic
environaent induced by the presence of adjustment costs,
filso, in the particular case shere no adjustment costs
exist, the exact and usual foraulas are contrasted and
their relative adequacy for emapirical work is discussed.

{*) Helpful comments on an earlier draft of this note
were provided by fAntdnio Borges, Peter Hammond, Kari
Scholz and John Shoven. The usual disclaimers apply.



A NOTE ON THE COHPUTATION OF THE YUSERS' COST GF STOCKS

Rlfredo 1. Pereira

fn the empirical work in economics, the usual formula for the
!

user's cost of stock i, Ucit' is of the form

—_—

UC; =wiq (ry*8;q-awy fugy) (1)
where w;, is the price of the investment good i, aw; /w;, is its
proportional rate of price increase, r is the one period objective

discount rate for the firm from t to -1, and Bit is the

depreciation rate of stock ¢ at t. See, for exaomple Christensen
and Jorgenson (1969), Field and Grebenstein (1980), Hall ond
Jorgenson (1967), and Leeff and Harkema (1976}.

This note will consider a price-taking fira in a discrete time
dynomic environment induced by the existence of adjustment costs.
The exact modified formula for the user's costs of stock inputs,
account ing for acquisition as well as adjustment costs, is obtained
as a derived concept: it is t-. rental, when imputed to stocks,
that makes the static profit maximization at each period consistent
with the maximization of the present value of the intertemporal net
cash flow. [n the particular case in shich there are no adjustment
costs, the exact discrete time formula for the user's costs of
stock inputs is obteoined and contrasted with the usual continuous
time formula (1). The relative adequacy of the exact discrete time

formula for empirical werk is then discussed.



I. The exact modified user's cost of stocks in the presence of
aodjustment costs.

Consider a price-taking firm that produces the intertemporal output

sequence Y={yy,...,yr}, using the wvector of factor inputs,

!

X=[x|,...,xr}, vhere xt=(x|t,...xnty. The respective prices are

P={py,...,py} for outputs and H={wj,...,wy} for inputs, where

—

wy=(wyy, .o ). Let xj's with 1<j<m, be flow inputs, and x;'s

mith w+i<i<{n, be stock inputs, whose net increase in period t is

given by ax,;. The production technology at each t is represented
by a c2 production function, yy=F(x,), which is strictly increasing

in every input and strictly concave.

e will further assume thaot adjusting stock inputs towards their
optimal 1levels is not costless. This idea is captured by the
existence of input-specific cost functions 'd la Gould' (1968),
defined over gross stock accumulation, which include both

acquisition and adjustment costs. The €2 cost fu- *‘an for input

Xi, Ci(Axit)=uitaxit+ﬂt(axil), is such that
Ci(U)=U;
C;(ax;{)>0 and oC;(ax;,)/2ax; >0 for ax;,>0; (2)
and OZC;(Axit)/Oaxit2>U for axit*ﬁ.

Consider now, the intertemporal problem of the price-taking firm.
The firm wishes to maximize the present vatue of the future net

cash flows, specified as follows:



for 1<t<T, 1<sct,
HOX{X}ZtCFt=Zl[Ils(l+r~s)"][ptF(xt)-ijjtxjt-ZiCi (ax;y)] (3)
subject to: for atl i,j,t, x;420, xjtzﬂ
for all i,t ‘xitsxit‘(i'ait)xi,t-l‘ (4)
fhe__necessarg conditions for an interior maximum solution to

prablem {3)-(4}, ore:

for all t

ujt=ptaF(.)/axjt, for all j, (9) —
aci('“it)/a“it_“-ait)(“ptﬂ)—Ioci(“xi,tﬂ )/baxi,“ﬁ
=p, OF (. }/ox,y,  for all i, (6)

Because aof the assumptions on the producticn and input-specific
cost functions, these conditions are also sufficient.
From (5)-(6), it can be seen that the static profit maximization

problem is consistent with the intertemporal maximization of the

discounted net cash flow if and only if the exact modified users’

cost of stock input i, UC"it, is given by the left-hand side of

(6).

After some manipulations UC™;, can be written as
UC™,; =L(aC, (axyy )70ax; )/ (14ry ,g) 1% (7
{I+r~t+|—(l—8it}[l+a(08i(Axit)f‘baxit)e’(oci(axit)f'baxit)]}.
Accordingly, the modified users' cost of i can be interpreted as
the real present value at t of the current smarginal cost of the
firm's investment in i at t+1. To compute this recl value, the

marginal cost is adjusted by the real interest rate, which in turn

is obtained from the nominal interest rate and the chain marginal



cost index of X; per unit of still undepreciated axXgy .

i1, Exact versus usual formulas for the user's cost of stocks in
the obsence of adjustment costs

in the absence of adjustment costs, (1) reduces to
UC®; =l Qe o) 1T eey (128, ) (1 vaw; /0y )1, (8)
which after some straightforword manipulations, can be rewrittenas
VS =Lwyy /(1ery (M lrg s 2By /o -aupy /oy 1, (9)
It is oapparent (9} resembles (i). However, there are three
essential differences, which arise due to the distinction between

discrete and continuocus time. These differences are: UCeit should

be regarded as a discounted value; in (9) the relevant interest

rate is Pied and not Py i and, also in {(9), the depreciation rate

is adjusted by the relative price of investment in stock x; in t

and t+1. These differences are such that in general no
proportionality exists between (1) and (9). Thus (1) and (9) yield
two different and in general uncompatible time series for the
user's cost of stock inputs. In fact, (1) and (9) are compatible
only when the rate of interest is assumed to be constant and fires
hold static expectations.

As a consequence, the usual formula {1) is not accurate and should
not be used in empirical work whenever the onalysis is pursued in a
discrete time framework oand/or when discrete time data is used.

instead, (1) should be replaced by expressions of the form (9),



vhick provides the exact formula for the user's cost of stock
inputs to be used in empirical work - in the sense that (9) is
derived from the discrete rather thaon continuocus time specification

of the firm's intertemporal behavior.

/
FHl.  Summary

This note first derives o modified exact formula for the user's
cost of stocks. This modified formula is specially designed teo
deal with empirical situations in which the adjustaent of the stock
inputs towards the desired optimal levels is not costliess and
instantaneous. This modified formuloc is exact in the sense of being
derived from the discrete rather than continuous time specification
of the firm's intertemporal behavior.

This note also discusses the particular case in which there are no
adjustment costs., It is arqued that the usual foraula for the
user's cost of stocks is not ccecurate for eapirical work and should

accordingly be reploced by the exact foreula obtained in this note.
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