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l. Introduction

The transformation problem between Marxian values and
competitive prices has been ét the center of one of the lbngest
and liveiiest debates in the history of economic thought. The
metric of values was created by Hark in order to measure the
rate of exploitétion intrinsic to a capitalist system, although
the system is driven by the competiti&e model, which means fhat
firms would maximize profiﬁs and the outcome would be an equal
profit rate across sectors. The debate started with Engels, ana
BShm-Bawerk (1898) and continued with Bortkirwi;z (1907),
Hilferding (1904), ... ] ' -

" In thé'Appendix we give a historical peréﬁective of the
solution to the problem. The first mathematically correct solution
was given by Séton (1957). In his tradition, Section 2 presents
the algorithm developed by Okishioc (1972)-Morishima (1973) to
transform values into prices in the context of the Leontief-Sraffa

model. However, as was recognized by several economists, there

are important limitations to this model(l). In order to have

'positive values (or prices) in a model.with multiple techniques

of production for the same good, fixed capital, Jjoint production
or heterogenecus labor, the previous simultaneous equations models
had to be generalized. Section 3 discusses several solutioﬂs fo%
the heterogeneous labor problem. One sdlution has been akin to

the human capital theory, which reduces the different types of

labor to a homogeneocus type. The other solution establishes

-

(1) The theory of general equilibrium had showed similar problems.



conversion coefficients. However, this raises the problem that

there are different classes -of labor and different rates .of

exploitation., Section 4 discusses the other problems that can
be solved only jin the context of a von Neumann model. This

generalization is not achieved without a cost: values are no
longer additive, and the rate of exploitation can be defined
in several ways. These various concepts are used in Section 5
that discusses the so-called Fundamental Marxian Theorem. We
show that the positiveness of the rate of profit or growth rate
of the economy depends on technological conditions and Marxian
concepts ae an 'unnecéssary detour’', Finally,*hé conclude with
Section 6 that discusses briefly in what wafs modern Marxian
théory can be.extéﬁdea. In a positive context

the Marxian conceﬁts would need to be integrated iﬁ a broader
field of Sociology of Economics. In a normative context, the
recast of the Marxian value system as a minimization of labor

utilization is unsatisfactory from a social welfare point of

view,

2. The solution of the Transformation Problem - .

In spite of criticisms of a long étring of economists,
starting with BShm-Bawerk and ending up in Samuelson {(ilustrated
in his famous 'eraser theorem'), the Marxian transformation

problem of values into prices and vice-versa has been solved

by Seton~Okishio~Morishima: Seton's contribution is presented
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._P: by p=(l+r)pM

and discussed in the Appendix (pp 2%-31}) and we will focus here
(2)

on Okishio-~Morishima's analysis within the contex£ of an
iteratioh approach.

We assume t?at each product_is associated with only one
activity, there is no joint produétion, no fixed capital (only
circulating c%pital) and that labor is homogeneous. Eliminating
any of these assumptions cépses the problem to change in a non-
~trivial way.

" Let A, D,.L and Y be the matrices of physical input coefficients
column-vector of the subsistence-~consumption of the wage-good

-

per worker per hour, row-vector of the quantity of labor required
to produce one unit‘of commodities(3}, and column-vector of
gquantities of outpuEs.xAll these are measured in convencional
units,. To proddce any specified amounté of commodities, Yo,

commodities are required in the amounts (A+DL)Yo, so that we

obtain surplus outputs of ¥ o MY, , where M=A+DL. The vector of

J  values, -fL, would be defined by./\:z¥L and the vector of prices,

(4)

The solution algoritm proposed. by Morishima consists in the

following iterative procedure:

Yt+1 .-— W .Myt t=0, 1, 2... (1)
Pt+l = (1+E)PtM - t=0, 1, 2... (2)

(2) See N.Okishio (1972) and M.Morishima (1973,1978b) for more detail:
{3} Consequently, DI, will be the matrix of labor-feeding input
coefficients.

(4) See in the Appendix below (p 28~9) for more details.



where +t represents time. Assuming that M is primitive(S),

and -A. is known, the limit of the sequence Yeo Y o i8

associated with the caracteristic root of largest absolute

.

value - the Frobenius-Perron root - g, such that:

qy=MYy : (3)

and ({1 - 1) is the total surplus value for all basic sectors(G)

q I -
divided by the total capital for the same sectors, that is

T = i - 1. After calculating I by standardizing the scale of

the %ectors of production (i.e., after determihing the specific
units in terms of which Marx measured the guantities of the
commodities when he dealt wi;h the transformaé&oh problem), the
interaction formula (2) would allow to arrive at the final
solution of the pfoblem. .

Regarding M = (1+r)M as given, M is a Markov matrix, i.
é. a.non—negative matrix whose largest positive characferistic
is unity. Provided M is pfimitive, its eigenvector, p, associated
with the largest root is given by p = lim Py and,'accordinéf

tox
ly from (2) we would get

p=pM=(+7) P M . (4)
where p is the 'production price' vector. The transformation .
into prices would be most effective as closer the initial price,

P,s is of p.

(5) See M. Morishima (1964, pp 14) for the definition of primitive-
ness of a matrix.

(6) For more details, see page 29 below.
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" case of fixed capital, and iii) case of heterogeneous labor.

- Morishima (1978} PP 165~6)_concludes that Ma:x's pricee

ane a first approximation to the true euuilibfium 'production
prices', that Marx truncated Ehe iteration process and caiculat—
ed p, = (1+T)A_M, where p_ =-A . Morishima (1973, pp 77-9;
1978, pp 170 ~1) and Samuelson (1971 PP 414 -6} point out the

conditions under which Marx's p; equals P , thus vindicating

Marx's approach.
'Okishio‘s,(l972) transformation formula

Py €

Pegl = “=—— PM
P, Mc

(35) -

where c is an arbitiary positiue vector (particularly, c may-
be taken as the actual output wvector), uses.outputs and inputs
as measured in conventional units. He showed-that if P, =N\,
P converges to the long-run equilibrium price wvector p and
_EEE+ _converges to (1 + ¥). This approach has some advantages
pé Mc '

over Morishima's.

"3. Extensions of the basic transformation problem

Three types of problems have been raised concerning the
traditional simultaneous equation approach to the transformation ]

problem: i} case of alternative techniques of production; 1i)

4

- The first problem causes the matrix of input coefficients to be

rectangular (there will be more activ;ties than products), the

$



Ry

second leads to an output matrix that has been assumed identity

so far, and the third problem-isjrelated with thé weighting

system needed to éggregate differenttypes of labor. _
In this Section we will qﬁickly state problems i} and ii)

(whbse solution is presented in Setion 4) and carefully present

- and discuss problem iii).

An economy in which alternative techniques, fixed capital

and joint-production are allowed without any restriction is

" called awn Neumann economy. In this economy the basic department

is the activity that uses several inputs to produce several
. . ~

outputs at a certain level, Fixed capital (as ‘machines) is

considered as any other input and, as a joint output we obtain

 ma¢hines one~year older. There will be as many capital goods

as neéessary to characterize the process of production.

Morishima (1973, pp 179-96) and Steedman (1975) discuss

‘the difficulties that Marx's théory of value may encounter in

the von Neumann economy. The former shows the circumstances

‘under which value may be negative, the latter poinﬁs out also

the possibility of negative surplus value and positive profit.
One of the most long-standing c:itiéisms of Marx's theory

of value concerns the heterogeneity of labor (BBhm-Bawerk (1898)

seems to be the first). Several authors, starting with Hilferding

{1904), namely Okishic (1963), Bowles and Gintis (1977) and .

Morishima (1973, 1978a) have proposed a solution. .  _



} Okishio's solution, inspired in . ilferding, is akin to the
concept of human capital in neociassical economics. In this

. case, the value system must be replaced by the following

. : k = l'll.m'

6 -

where a-J llk'- j and &, is the input output coeff1c1ent,
the labour (of type k) = output coefficient the value of -

- commodity i and the conversion rate of k-th labor, respective-

" ly. If we choose the first labor as standard, then

e =1 s : (7)

"Now, in order to ptoducei skilled labof; additiohal inputs

1
- 3

for educating and training are necessary. Considering ( Sy +--

skn)p&'kl . km_)_énd];; the n commodity inputs, the m
labor coefficient inputs used for educating and training and
the normal amount of labor éuring his lifetime (raw labor),

'respectively, then ue.can write

r-k_ek=rk+§_; Sy 5 Ai+:}i:1-kj ej k=2,3, ... n (8)

and conclude that skilled labor is overvalued by the amount
of additional inputs for education and training. The simultaneous
solution of equatlons (6)—(8) determines the equllibtlum values
of thextsand e's.

Mbrlshlma (1973, pp 179~ 96) raises a fundamental problem’ when
there is heterogeaeous labor. For each type of skilled labor
there should:be:deféned a tete of exploitation an'd_cons_iequentlyJ

‘ .



a;_Bowles and Gintis {1977) have shown, skilled labor could

'exploit' unskilled labor. However, Bowles—Gintis' model is very
different from the one just exposod, since they do not try to explain
the conversion factors. For eaoh type cof labor, say typel'kt

they define a rate of exploiéation as follows:
e, (v) = (y -\, DLy) /A, DLy @
where L, and.f\k are the k—-th rows of matrices L and -/\_,

(7). Then the central theorem (theorem 2)(8) states

respectively
'that in an economy in which some of each type of labor appears
directly or indirectly in each non-luxury good, 15&11 rates of
exploitation are 9091t1ve, the profit rate is positive, and if
the-profit rate is.positive, at least one rate of exploitation
is positive. At some point.they uﬁe.relative wages to define
conversion factors, | - |
Bowles—Gintis' thesis is frontally opposed_to Morishima's.
.fWhile Morishima contends that with heterogeneous labor and unequal
rates of exploitation-tho dialectical characteristic of class .
‘structure in capitalism (working class versus capitallst class)
.is no longer sustainable, Bowles and Gintis argue that the
. capitalists divide the working class in segments ('divide'to
conquer') and that the assumption of equal rates of exploitation
represents a serious obstacle to the understanding of tho

'internal structure of the working class and the possibilities.:

for alliances between it and other segments of the population.

(7) y and DL are defined above (pp 3).
(8) See S. Bowles and H. Gintis (1977, pp 189-90) for more
details.



In the same vein, they question miiferding-Okishio's approach
since segmentation may not be baséd on differences of education-
and traininég?. .

Thus, we conclude that if weitake a 'human capital' approach
to labor heterogeneity, it is possible to identify the
conversion factors and Sincé different types of labor reflect:
different human capital endowments, it is still possible to
define a common rate of exploitation in 'standardized labor'
and maintain the dual class structure. If we take the labor
market segﬁentation approach the dual class apprpach ceases to

Ve
be applicable and, moreover, the conversion factors remain

IS

to be identifiable.

4. 'The.Marx(?) = von Neumarin model

To solve problems i) and ii) of Section 3, Morishima
(1974, 1976, 1978b) has recast the Marxian theory of value in
the more general von Neumann framework. |
' Let us start by defiﬁing the follbwing'primal problem:

MinELxIBx)/ Ax + DL x° , x,)o“f (10)

[

where A, B, x and x° are the input-coefficient matrix, the
output~coefficient matrix, the intensity-of-production vector

and the actual intensity vector, respectively. This linear

(9) This reflects the results obtained in U.S modern Labor
: : :
Economics that there exists racial or sex discrimination.



10.

ﬁfogramming probiem defines the minimum necéésary labor. Then,

its dual defined as follows:
Maxi./\. pLx? l-/\.B LAn + L ,./\.Z,Qm I (11)
_ ' * _
gives as a solution the system of values,-/\ r Wwhich is a
generaiization of the Marxian value system. The rate of surplus
. . a . * * . *
labor can be defined as Pz = ( Ix™ - L x )/Lx , where X is
*
- the solution of the primal problem. As A may not be unique,
there may be many (in fact, infinitely many) optimum value
- systems, which is a difficulty for the generaliéation, the
paid-unpaid definition of the rate of exploitation in the
generalized -value system can now be deflned as e = (Lx™ -
DLx )/A DLx2 - Notice that /\.* DLx® 1s unique since it is the
" maximum of the dual problemn, . .
To formulate Morishima's extension of the von Neumann model,
let é be the rate of growth, r the rate of profit, w the
level of consumption or the real wage rate and ¢ the |
consumption-coefficient vector (a row vector) . The workers'’
‘cdnsumption is made explicit in‘the von Neumann model of

balanced growth equilibrium:'workers do not save, while

capitalists do not -consume. The economy can be modelled as

follows (10,
(L+9q xla+whe]Z xB ' (12)
(L + ) LA+ wLe ]p)yBp - . (13) ‘
1+ afxa+wic ]lp=xsp | (14)

(L+o)[xa+wte Jp=x8p as

- -

(10) Following closely M. Morishima (1976, pp 244-5). .



ll.

) xBp > o - - (16)
'chﬁ)o | _ , _ (]_7).
x2 0, #o0 ' . : (18)
P2 o, #0 | (19)

(12) implies that in the state of balanced growth it is impossible
to use more of a good, either as an input of producﬁion or a
conéumption good; than is available as a result of production
in the previous period: (13) that, in equilibrium, a uniform
- rate of profit prevails and no proces can earn profits at a higher
- rate; (14) that zero prices are charged for those goods which
are overprodgpced; (15) that no process is utilized. if its
profit rate is less than the maximum rate; (16; that the value
of output is positive; (17) that the value of consumption is
positive; (18) that at least-one progcess ié used in. production;
and (19) that all:gobds cannot be free.
) Under the assumptions that each process uses. some physical
inputs, each commodity is produced by some processes, that
_iabor is indispensable for reproduction and that the minimum
“1limit of the reél wage rate is feasible, Morishima has demonstrat—
ed that there exists a set of solutions {g, r, x, p) satisfying
the conditions for balanced growth (12) -~ {19). |
_\-However, so far, no typical Marxian notion has been

introduced in the (12)-(19) system, which is very similar to
the traditional-von Neumann model as éxplained in, e.g., .
ﬁurmeister and Doboll (1970, pp 207-15). Notice that in the

von Neumann model, the wage rate is given and that thist is

LN .

t
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tompatible with the existence of surplus labor. Morishima

(1978, pp 95-118B) argues that neoclassical economists either
assume the so-called Inada condition or a Malthusian hypothesis
for ther population growth in order to determine the wage rate.

In the Marxian Qiew, the equiliﬁrium wage fate would be below

the mimimum limit which Justifies the existence of the'industrial
reserve army'. Against this,‘we would argue that the von Neumann
mode1|nn1y defines a'mappihg in the wage-profit frontier between
wage rate and the makimal and feasible growth rate, it does not

formulate a labor market adjustment or a theory of distribution.

-

A
.'/

I

5. ' About the 'irrelevance’ of.the Fundamental Marxian theorem

!he so-called Fundamental Marxian theorem states that an
éconcmy is” profitable if and only if the rate of surplus value,
or rate of exploitatioﬁ, is p031t1ve and_that there exists a
positiwe value system. The theorem has been proved by Okishio -
(1965} and Horishimaf(1973) for the Leontief-Sraffa . model
and by Morishima (1974) for the Marx-von Neumann model. Roemer
(1981} has proved it in a general equilibrium framework. The-
Marxiam interpretatlon of this theorenm is that the scurce of
profit 1£Yﬂhrplus value. Namely, surplus value created by
labor is appropriated by capital as profit: capital exploits
labor. This would expaia the most signifiaant qualitative ’
feature of the capitalist economy. But, is exploitation
.reatricﬂumi to a caéitalist system? -

t
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Pormulated for the Leontief-Sraffa system, the theorem

asserts that the rate of profit, r , determined by

(+r) wo L {I - +r) &)™t =1 (20a)

is positive if -and only if

woprfr-a)leg 1 | (21a)
If we introduce the working hours per day, T , and make

B = w D, the two equations above can be rewritten as
T

(1+4r) BL [1 - (1+x) a}71 =1 (20b)
T

T*(.f.‘[' _ s Where " =B .L [I—A‘] _]_',/ - (21b).
.For the value system A =A a+L, we caﬁ conclude that
T*- equals the value of the subsistence commodity bundle, B A, ,
that is the labor-time socially necessary for producing B with
tﬁé uée of technology (A, L) actually prevailing in the economy(ll).
And, finally, T* {T méans that the'working time expended by thg
workers 1is greater than the socially nécessary time,.that is
‘there exists exploitatibn. o |
Alas! If L is positive, the only necessary and sufficient
condition.for.J\ to be positive aﬁd, conSequéntly'for r .to be

positive, is that ' A ' satisfies the well-known Hawkins-Simon

'con@ition,'i;e;; that'the'technology be productive;'Thus;'we'do

" not need the recourse to any Marxian concept to define the

existence of positive profits.

(11) See Morishima ‘{1974a, pp 71) for more details.

]
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- The generalization of the Fundamental Marxian theorem

to the Marx-von Neumann model has been accomplished by
Morishima_(1974b, pp 617-621). He assumes that: i) labor is
indispeﬁsable to produce the consumptionmsubsiétencé basket,
ii) for the ecéﬁomy;to grow at the capacity growth rate, it
is necessary tﬂat r>0 , and iii) when w=0, r >0 for a non-
~zero p. Then, Morishima proves the ééneralized Fundamental

Marxian Theorem: positive éxploitation is necessary and sufficient

for the system to have poéitive growth capacity as well as to

- garantee capitalists positive profits. Three observations can be
made: a) the theorem expresses only an equiva{gnce, not an |
esencial aSSumption, b) in the proof of the}fheorem, assumption
1i) already refers'toxprofitability; and c¢) the recource to

‘Marxian concepts is an 'unnecessary detour' for the von Neumann

- model, ‘since more fundamental technological assumptions on

productiveness and necessity of labor would accomplish that

role(lzl.

From the Leontief-Sraffa or von Neumann models we can

" deduct a wage~profit frontier (or its dual, a consumption

y (13)

possibility frontierx - that is always downward sloping.

Using the technological data (A, L} of the models above in the

context of the Marxian value system we can deduct an exploitation

- L3
i A e - .- : . - . : .

(12) See Burmeister'and‘Dobell (1970, pp 210-226) for the _
traditional von Neumann model.
(13) See BurmeiSte}‘et all iop. cit. pp 228-307) for a develop-

ment of the concept. _ .
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(14) as the

rate curve that likewise is also downward sloping
(15}

following diagram shows

exploitation~-rate curve

wage~-profit curve

w w
It is alsé—possible to prove that e>r for all salary
,ratés {(except for e=r=o0). It is now clear that any of these
neoclassical models only provide a curﬁe for the/factor prices,
a theory of income distribution needs to be added to determine

a point on the curve.

-

As an aside but directly related to this topic, we may

briefly mention the controversy between the two Cambridges about

'cabital thebry. The neoclassical school (US-Cambridge) sustains

that the marginalist theory-of income distribution is wvalid at
both the micro and macro level. On tﬁe other hand, UK~Cambridge |
-has argued that that theory is invalid at the macro level, due |
to the difficulties involved with aggregation. The answer to

this problem was given by Champernowne (1954 } by introducing the
concept of a linear index for aggregation, but the hypotheses

necessary for its validity are still somewhat guestionable.

»

' {14) This demonstrates that the Marxian laws of falling rate of
profit and pauperization are theoretically incdmpatible,'
evén i1f teéhnoiogical_progress is introduced.

(15) See M. Morishima (1973, pp 64).
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H;rishima {1973) has proposed another theory of aggregatioﬁ
based on the Marx-Keynes' theory of labor value. It is, however,
easy to see that the same problem may occur in this context,
since when we have at least three exploitation-rate curves

we can have. a phenomenon akin to the 'reswitching' of the
wage-profit curves,

If now we take a certain consumption-subsistence level,

* -
-w , we can use the wage-profit curve to determine the profit

- &
~rate, r ', without recource to the exploitation rate, and

mutatis-mutantis for the exploitation rate curve., This shows
AISo‘that a theory of income distribution can;bé/constructed
with the Marxian concepts if the cohsumption:subsistence level
is well defined, bﬁé\the Marxist theory is.still far from

-

providing a satisfactory answer.

6. From positive to normative economics: can the Marxian value

system be useful?

So far we have demonstrated two things: a) that the Marxian
value system as modernly defined is-internally coherent(ls),
wi;hin the assumptions specified(l7),'and b) that it is an
‘unnécessary detour' td the competitive or von Neumann models

constructed above.

(16) This is Rogin'’s validity I of an economic theory, that of
internal consistency. - '

{17} In pages 3 and 10 above.
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This last conclusioﬁ, previously defended by Samuelson
{1971, 1974, 1982 ), Weizsdcker (1973a,1971 } Steedman
(1981) and to a certain extent by Morishima (1973) himself,
seems to result from the fact that the Marxian theory has not
been considered in all its dimensions. In fact, nothing in the
Marxian models reviewed here is intrinsic to a capitalist
system. The same models could be applied to a state capitalism,
a burocratic socialism, or whatever system.

An important achievment of neoclassical economics(ls)has
been the proof that, under fairly general assumptions, a ccmpetitive
equilibrium is Pareto optimal and that a Pareto aptimum can be
deceﬁtralized through a competitive equilibrium. However,las
e.g. Arrow and Hahnﬂ(f971)-have emphasized, this theorem does
not apply only to capitalism. Itg appiication is en%irely valdid:

to a perfectly decentralized socialist system of the type
proposed by Lerner and O.ﬁahge. Notice that ﬁhis applies both
to a static and dynamic economy. Morishima (19?8b) attributes
normative value to the Marxrven Neumann model when he defines
values as the dual to the labor-imput minimization problem.
According to him, although a capitalist economy would try
to maximize profits, a ‘socialist economy would try to minimize

labor input, However, a labor input minimization would be'

consistent with quite a large number of butcomes, and at the

{18} Of course, neoclassical economics has its weaknesses, that

is it suffers from barter illusion, ...

£
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same time would be'quite far from a feasible optimuﬁ either
defined by a social welfare function or by a Pareto optimum;‘
if we take the individual welfare as the building block. It
seems to us that even the Marxian model cannot avoid the

- concepts of individual or social welfare. In fact, the concept
of subsistence-consumption is ill-defined. In a modern world
we certainly are not talking about minimumn nﬁtritional levels.
‘_But, then, how‘éo define and combine the different needs of

_ the'working class? The problem seems more accute.when we

- consider non-homogeneous labor, or introduce sev?ral generations.
Morishima (i978b} e g.;.suggests that in a socialist state

.r

there is still exploitation, since the managerial class'

(burocracy) can approprlate part of the surplus or produce
'public_goods.without social utility (e.gqg, over—prod;ction of
_anament). in our view, this problem cannot be sensibly discuss-
ed without recource to the concepts of social and individual
utility (whichever the political system).

1f we are basicglly interested in a Marxian behavioral
model, a Marxian type_of analysis could be developed with the
-use of a soc10-econom1c model integratlng Marxian concepts.
Thls seems to be only possible in a broader context, that of
Sociology.of Economics and much has yet to be done.

Finally, we would raise a simple, although misplaced
question: in the conﬁext of the simple models that Marxian
ecoﬁOmiC'analysis has elaborated, what institutional systeﬁ-
will allow ‘decéntr;lizatipn' of a ‘Marxian optimél model'?
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7. Appendix
In volume I of 'Capital', Marx develoPed his labor theory

of value aﬁalysing the social relatioﬁs of production of the

capitalist mode of prodﬁction. From this theory of value he

constructed a‘thedry;of exploitation in which exploitation,

the expropfiéticn of surplus value,'produces prdfit.‘Using

an objective way of assigning a value (i.e, embodied labor

time} to a commodity, assuming a 'fair exchange'(lg)between

éommodities and a subsistence real wage or subsistence bundle

for workers (quantitatively identical to the socially necessary

labor time embodied in the commodity 1abor—powerf20)

- ) /
devised the concept of surplus value as the difference between

.

} ,Marx

a day's labor tim¢ anq the value of the day's labor-power,
from which the idea of gxplditation could be easily derived.
According to Mérx, under the assumptions of equal rate
of e#ploitation or rate of surplué value (approximaﬁely equal
- to the ratio qf profits to wages) and identical organic |
compoéitioﬁ of Capital(zl)(approximately equal to the capital-
" =labor ratio) for évery branch of production, all commodities
.are sold at their values, In the real world, however, the_

organic composition of capital is not the same in all industries,

(19) An exchange between equivalents.
(20) Labor-powef is man’s mental and physical capabilities that .

as a commodity is exchanged in the market.

(21) Marx used implicitly this assumption at the beginning of

- -

'Capital’.
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éonsequently commedities would be exchanged at prices
proportional to their.embOAied labor time. So, following
Marx's law of value, relative prices correspond to relative
labor.values given different organic compositions of capital

and a unifqrmlxaté of surplus value across industries.

But, is this compatible with a uniform rate of profit on

capital (defined as the réﬁio of profits to £he whole amount
of éapital - céhstant and variable - 1éid oﬁt by the capitalists)

that.competition between capitalisté does in fact estéblish
regardless the composition of capital? To answef this question,
let. Cys Vyr Sj0 Ty =" sS4 , qi = ¢ . e 3yé; = s, Ibe the

1

o

¢
:

Vi ; v

. Gty
a . bl ‘ .
sectoral constant capital, variable capital, surplus value,

i

rate of profit (calculated on the basis of the values of commodi-
ties), orgénic composition of capital ( I standing for the index
of the sector} and the rate of surplus value {(uniform across sectors
by Marx's assunption), respectively. Then, by definition

(22)in Marx's analysis emerges:

STy = _ € and a contradiction
gi + 1 '

with a uniform r (assumed to prevail with perfect competition)
and different q's, we cannot logically have a uniform e.
In Morishima's (1978, p 149) words, 'the price of a commodity -

{the 'production price'), Py calculated by adding to the

{22) The 'Great Contradiction' according to Bhm-Bawerk.
: > _ 9

t
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t;tal capital outlay (ci + Vi the 'cost priée') an amount
proportional to it according to the rate of profit, i.e.,
{1+r) (c;+vi) will, in'general, be different from the correspond-~
ing value_of thé‘commodity, ci+vi+si =W, =cy + (l+e)vi. Bﬁt,
then, commodities will not, in fact, exchange according to

their labor values, while value is a concept which plays the

- most fundamental role in Marx's economic analysis and critigque'.
Blang (1965, P 23)) writes, 'it would seem that we must abandon

Ithevlabor theory of value as a theory of relative prices: the

pressures that equalize the rate of profit necessarily produce

-

different rates of surplus value between industries ... the

amount of surplus value that a worker produces is apparently
. S .
influenced by the amount of capital with which he is furnished:

~

surplus value is not simply 'expropriated labor’.
But Marx had to prove that in capitalism exchange is made
at *production prices’, exploring to the limits his theory of

value. This is what he does in chapter IX, volume III of

. "Capital’ in which he transforms ‘'values’' into ’prices’ trying

to find out a solution to the 'great contradiction'.

We will present Marx's own proposal and a historic pers-
pective of other proposals of solution to the so~called
transformation problem, within the context of a simultaneous

equation approach.

7.1,  Marx's solution

Marx constructs an example where he uses 5 industries and
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assumes that none of the products-of thése industries enters
into the production of any other (case where mutual inter-
dependence is abstracted from). We will present both the

value and price systems in a generic form and use only 3 sectors
in an economy with simple reproduction (stationary economy).

By hypothesis, sector 1 produces means of production, sector

2 workers'_con;ﬁmptipn_goods (wage goods) and sector 3

. capitalists' consumption goocds (luxury goods).

The value system is

Cytv +s, = wy i=1, 2, ? n (22)
3 3.~ 0 3 3
_where 'i c, =C, I v * v, Is; =S and Iw, =W.
w o 1 1
Defining the average rate of profit as r = §° » the price
' C+V '
system will be
ci+vi+r(ci+vi) =Py i=1, 2, 3 (23)
) 3 , ' T
and I py = P, Intuitively we see that total surplus value
1 .

is identical with total profit, S=r(C+V}) and that total price

equals total value, P=W. These are Marx's two ‘'invariant
" (23)

‘characteristics’ of the wvalue system . In general, hbwever,

the majority of commodities are not sold *at their values' but

'at prices of production' which normally diverge from their

(23) An 'invariantfcharacteristic' is necessary to determine

i ..
absolute prices and refers essentially to characteristics of
the value system that are said to remain invariant to the

B P L L T L - L L . T-T-
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values, that is individual prices and values differ(24).

The procedure consists in calculating r from the value
system, applying it to the sectoral 'cost prices' and then

calculating pi=(1+r)(ci+vi). Consequently, we have all the

industries sharing'in a pool of surplus value, not proportionate-
ly to-their variable capital but to their gquotient of the total
capital invested in the eéonomy (C+V}.

It can befshown that the deviations of individual prices from
individual values aré ungndely related to the organic composition
- of capital in each industry (qi). In fact, -if ag‘industry has a
high degree of mechanization relative to the average, q, (say
qi)»qo } its output will be sold at prices.agove value by

X R _
apropriating surplus value from other industries since it must

‘earn the average rate of profit.f \

' .Thgreforg,.although the Marxian labor theory of value
seems_trug at the aggrega£é level, it only applies accidently
at the micro level of individual commodities, as Marx himself
_ could conclude. Hg wént further in his analysis and considered
his soclution to the transformation problem a confirmation of_
the capitalist system where r instead of e is relevant,

‘_giving the impression that surplus value is attributable to

both labor-power and capital.

{24) As referred above (page 20).
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But a closer examination of Marx‘®s procedure allows us to
'say‘that he failed.to solve the problem maintaining the contradict-
ioh between his wvalue systém and ﬂis 'ﬁrice—of—production' system,
between ﬁis volume I and.volume ITII of 'Cépital'. In fact,

Marx's solution is untenable because of its logical inconsistency,
since in realitf there exists mutual in;erdependence between
departﬁents: in his price model the capitalists' outlays on

total capital, ci+vi, appear in value terms and outputs are
expressed in price.terms. Of course, in an economy in which
price calculation is universal, that is in a 'bourgeois' economy
with a Walgasian accounting system both capita£ used in product-
ion and final outputs must be expressed in p;ice terms. Marx was
aware of this inconéistency_and in a second stage of his argument
he drops the assumption of nbn—interdependence. .

Marx's procedure is also criticizable because he maintained
: P

the real wage constant when transforming 'values' into 'prices’.

~7.2. Bortkiewicz's solution

Bortkiewicz (1907) presented an alternative solution start-

" ing out with Marx's simple~reproduction equilibrium:
cl+vl+s1 = cl+c2+c3

c2+v2+52 = vl+v2fv3 : (24) .

03+v3+53.= sl+52+s3 _ -
where the left~-- and right-hand sides of system (24) represent

outputs of the three sectors and demands for their outputs ,

respectively. Bortkiewicz fully consistently trénsformed values
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into pricés by calculating the ratioc of pricé'to value of

sectors }, 2 and 3 (respectively x, y and 2z) and using those
ratios as conversion coefficients. He concluded that inputs,
outputs and the rate of profit should be determined simultaﬁeous—

ly by the following system

{1+1) (clx+vly) = (c1+02+c3)x
(1+1) (Cx+v,y) =_(vl+'v2+v3)y (25)
{1+1) (c3x+v3y) = (sl+32+s3}z

in four unknowns (x, y, z and r}, where the right-hand side

of (25)_gives us the values of the statipnaryfééuilibrium-out?
puts in terms of prices. Bortkiewicz transfo%med (25) into a
determinate system by assuming that@ i) the value model was
expressed in terms of money, and ii) gold is the monéy-commodity
pgﬁduéed by sector 3, in which case it could be stated that

z=1 , implying no deviatioh of the price from the value in

department 3. This was Bortkiewicz's 'invariance postulate’.

" As Blang (1968, ? 236) says 'taking a leaf out of Ricardo’'s
book, he identified luxury goods with gold and thus ensured
that money prices were expressed in terms of the labor value
of gold'. _

The solution to (25), taking into account the conditions
| for a'stationary équilibrium (system (24)), allowed Bortkiewc?
_to conclude that: i) a system of prices and rate of profit can

be consistently derived from a value model, that is unique

- -

4



solutions for relative prices in terms of any one commodity
can.be obtained, 1i) in general, it is not true (as opposed
to Marx).that the two Marxian 'in;ariaht characteristics' of
the value model are satisfied simultaneously,'depending upon
the level of the 6rgahic composition of capital in the gold
industry felatiﬁe to thé one of the total social cpital
gefore the transformation to price terms, and iii) the

rate of profit does not depend on characteristics-of sector
S ‘ . unless conditions existing
in industrie(s) related to capitalists'consumption do in fact
influence conditions in the wage—goods industH}GTS).

" As to.bonclusion ii), according to Swegéf (1968, pp 122-3)
the divergence of total value from total price is simply a
.qﬁgstion of choice of the uﬁit of account (i.e., cchoice of
numeraire linking prices with labor~values) and is not a
relevant theoretical issue since the proportions of the price
scheme (ratio of total profit to total price, of output of

consﬁant capital to output of wage goods, ...) come out _ !

the same,

7.3. Winternitz's solution

Winternitz (1948, p 276) criticized Bortkiewcz's solution

- . as too restrictive to solve the transformation problem since”
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it used the equilibrium conditions appropriate to a Marxian
simple reproduction scheme. Without need to determine the
distribution of outputs among the departments, but assuming

that when w varies by x then =1 also varies by x and

1

when w, varies by  y vy also varies by vy, he replaced

2
system (25} by

(1+r) (¢l§+vly} =W, X

(1+r) (cyx+v,y). = (26)

I
L

N
o

(1+r)_(c3x+v3y) = W, 2

where w, represents the value of output of department i , as

i
in equations (22). Equationé (22) and (26) determine uniquely

r, k, y_and Z. To_éét\absolute prices, Winternitz used an
.additiénal constraint, by ﬁhich total price should ;qual total
vélue: wlx_+ Woy + Wiz = wy oW, + oW, The other Marxian
'postulate of invariance'.éould not be mettzs).

Winternitz's solution is very similar to Bortkiewcz's

. one, although much simpler. As Meek (1967, p 153} refers 'it

is the special merit of Winternitz to have exposed the triviél—
ity of the whole problem as so posed - a triviality which
tended to be hidden by Bortkiewicz's over~elaborated and

rather confusing method’. Meek (1967, pp 153-4) shows that,
although Winternitz's approach proves that it is formally

possible to transform values into prices when elements of

(25) See M.Dobb (1855, p 276) for an interpretatibn-of Winternitz's

solution in what regards the effect on the profit rate of a

N

transformation from values to prices.
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input as Qell as output are involved, it is in general in-

satisfactory as to invalidate Marx in what he considers 'Marg's
essential point: zfter aggfegate surplus value hal been convert-
ed into profit, and values consequently transformed into prices,

is the ratié___'zpwi' (ratio of the value of commodities in

-

Evi
general to the value of the commodity labor-power) equal to the

"ratio . Zw,P (same ratio but after vy and wy haire been

transformed from values into prices)?’ -
_ 7

‘Another criticism to Winternitz's proceﬁdfe'(consequently,
to Bortkiewcz’s too)-1is that the number of departments must be
three, while Mérx's ofiéinal-system had 5 sectors. This implies
that conditions of aégregation have to be met, namely the
résirictive condition that in a given department all sectors

have the same organic composition of capital(zs).

7.4, Seton's solution

Seton (1957) was the first to formulate the problem in a

form which is wvalid for any number of sectors.

(27)

Following Morishima's presentation we can generalize

for n sectors, after converting von Bortkiewcz-Winternitz

(26) See F. Seton (1957, pp 149-60) and N. Okishio (1963, pp 289-99).

{(27) See M. Morishima (1973, PP 156—8);
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Let current outputs of commodities be taken as their unit

of measurement and labor be measured in man-hours.

10Xy, 4,

and Py be the quantity of the capitallgood and the

guantity of labor required to prdduce one unit of good i ,

the value of coﬁmodity' i , the subsistence-consumption o£ the

wage—-good per worker per hour and the price of good i (1 =1, 2,

3) , respectively. Then by definition

v.=r_a. 1

. o
CCiTRL By o ViT T2 %2 4y

1

x=pl/ll ’ Y= Pz /)L 2 *

z2=Py / Ay

(27)

(28)

-

~

that substituted into (22) and (26) give. us the price-determinat—'

ion system S

| (1+r) (pl.all+p2'dz 11) = Py

S ey ae, 4, 1) = b,
(1+x) (pi ay3tp, 4, 13i-= P3

and the value-determination system

Ay a3 Y1y =y
Ay 835 + 15 =y
Ay a3 * 13 =2,

respectively. Systems (29) and (30) can be

(29)

(30)

generalized by creating

3 groups: I including sectors that produce means of production,

'II that produce wage-goods and III that produce luxury-goods.

In matrix form, these systems of n

P

simultaneous equations can
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be rewritten as

(1+4r) p (A+DL) = p | (31)
AA+ D =-A - ' (32)
where A = AI AII alII ;s D=lo r L = (LI, LII' LIII)
O © Lo DII
o] O Q Q

A = (.j\I,./\II,./t

P = Prs Pryr Pryg)s 111’
From (31) we see that (l+r) is the reciprocal of a charac-

. teristic root p (p=_ 1" } of the matrix of augmented-input
1+r

coefficients, M = A+DL and p is the eigenvecfor associated

to p. It can be shown that: i) if we assume 1ndecomposability
. ) R ‘ :

of a submatrix of M (by deleting rows and columns related to

Isector I11), thé solutions to.(3i) which héve econo%ically
méaningful éigns are uniquely determined; ii} r 1s positive

if and only if it is prodﬁcfive -y 1ii) the necessary and
sufficient condition for a positive equilibrium rate of profit
.is that the rate of exploitation is positive (this is Morishima's
'Fundaﬁental Marxian theorem'}) and, iv) the principle of equal
profitability across sectors is compatible only with aﬁy ong.:
no;malization condition (either invariance of total Outﬁut or
ofxtotal surplus output}, unless the coefficients of the
gquations satisfy some restrictive conditions. According to

-

Seton those conditions are: 1) state of simple reproducticon,

ii) 93 = Gg¢ and iii) non distorting aggregation of n seéfors

into 3 sectors @ .- ;
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N P
~To solve the transformation problem, Seton defined AN

as the diagonal matrix of values and rewrote the price model

. as :
~=1 ~ P A—l)
(1+x) (@ N ) (AMA ) = (pA (33)
where p J\Tl is a row vector of prices relative to labor

values (conversion factors), while (JNJ&JCi) is an nxn matrix

in which the jth column shows the values of the n commodity

quantities used, both as material inputs and as wage-goods,

~per unit of value of gross output(zg). The column sum of column

1

j \is thus'(cj+vj) using the initial notation. (l+r) is the

Frobenius-Perrou root of ( ./ Mﬁ'l) . d

;

To obtain prices from kmwn values we would only have to
. -y .

apply the conversion factorsto the latter.

As a result of ¢onclusion i) above(3o), Seton re-stated

-

BAfkiewcz's-point that the equilibrium (average) rate of

profit, r, is'completely independent from the coefficients of
luxury-goods sectors,_that is.only sectors I and II are account—l
ed for in the calculation of r. These are called the ‘basic-

sectors’.

{(28) A non-negative matrix M is productive if there is a positive
X vector such that, either x>Mx, or x79 xM.

(29) Notice that any matrix B can be substituted in equation

+

" (33) and we could still state that (l+r) is the characteristic
1l

root associated with 8 M B ~, as Seton (1957) had already |

referred to. Samuelson (1982, p 13) gives the example of a
matrix B called humoristically the 'Napoleonic' system.

(30) See page 27.
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