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ABSTRACT

This paper studies the growths of endomorphisms of finitely
generated semigroups. This is a certain dynamical character-
istic describing how iterations of the endomorphism ‘stretch’
balls in the Cayley graph of the semigroup. We make a de-
tailed study of the relation of the growth of an endomorphism
of a finitely generated semigroup and the growth of the re-
strictions of the endomorphism to finitely generated invariant
subsemigroups. We also study the possible values endomor-
phism growths can attain. We show the role of linear algebra
in calculating the growths of endomorphisms of homogeneous
semigroups. Proofs are a mixture of syntactic algebraic rewrit-
ing techniques and analytical tricks. We state various problems
and suggestions for future research.
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1 INTRODUCTION

The important connections between the geometry of Cayley
graphs of groups and their intrinsic algebraic properties are well-known, the best
examples perhaps being Gromov’s original proof that word-hyperbolic groups
have linear Dehn function [Gro87], and Muller & Schupp’s proof that groups
with context-free word problem are precisely the finitely generated virtually free
groups [MS83], which relies heavily on the notion of ends of Cayley graphs.

When one generalizes from groups to semigroups, there is sorme geometry
on Cayley graphs: for instance, there are several possible definitions of hyperbol-
icity for semigroups [Cai13, CM12, DGo4]; one can also define ends of finitely



generated semigroups and prove results about them similar to those about ends
of groups [JKog, KMCis]. For semigroups of finite geometric type, the Cayley
graphs behave quite nicely (see, for example, [CM, § 11] or [SSo4], and there
have even been attempts to generalize to semigroups such crucial results as
Svarc-Milnor Lemma and its consequences [GKi1, GK13]. However, all these
results, though natural and beautiful, are proved by methods that indicate that
semigroups are not very geometric objects.

In this paper we take a different approach: to study not the geometry of
semigroups themselves, but certain a geometric feature of their endomorphisms,
namely growth. Informally, growth characterizes the extent to which balls in the
Cayley graph of a finitely generated semigroup are ‘stretched’ by iterations of
the endomorphism. (See Section 2 for the formal definition.) There has been
some study of the growths of endomorphisms of finitely generated groups, but
the literature seems to be limited to the seminal paper of Bowen [Bow78], some
studies of growths of endomorphisms of free groups [BFHoo, DV93, LLoo],
and some general results proved in [FFK11]. To read about other dynamical
characteristics of endomorphisms, we refer the reader to [MSo6] and references
therein, and to the recent preprint [DGB13]. In the broader setting of semigroups,
endomorphisms can be much more ‘exotic’ and unexpected results often arise
(see, for instance, [MRi2]).

Let us outline the structure of the paper. Section 2 contains the necessary
definitions and facts we will use throughout. Section 3 shows that every real
number r > 1 arises as the growth of an endomorphism of some finitely gen-
erated semigroup. Section 4 shows how the growth of an endomorphism of a
finitely generated semigroup is connected to the growth of the restriction of this
endomorphism to various types of invariant finitely generated subsemigroups.
Section 5 studies the interaction of growths and two fundamental semigroup
constructions, namely direct products and free products. Finally, Section 6 ex-
amines growths of endomorphisms of semigroups of special classes, namely
homogeneous, group-embeddable, and free inverse semigroups.

2 DEFINITIONS
2.1 Growth

Our definitions basically follow those for group theory [FFKu,
MSo6], but we use slightly more precise notation.

Let S be a finitely generated semigroup and let A be a finite generating set
for S. For any w € S, the length of w over A is the length of the shortest product
of elements of A that equals wj; the length of w over A is denoted by |w|, or
simply by |w|. Denote by B,, , the standard ball of radius 7 in the Cayley graph
of S with respect to A; thatis, B, , = {w € S : |w|, <n}.

Let ¢ : S — Sbe an endomorphism of S. For convenience here and through-
out the paper, define, for any subset X of S,

K(p, X, A) = ma}%(lxq)lA. (2.1)
X€
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FIGURE 1

The definition of I'(¢): each iteration of ¢ has a ‘multiplicative’ effect on the

size of the ball B, , (not in terms of the number of elements, but only on their
lengths). Taking n-th roots ‘scales’ the size of B, ,¢" to a size comparable to

B, 4id" = B,, 4, and then taking lim sup gives the asymptotic effect of iterations of ¢
on the size of B, ,. Finally, we take the supremum over all possible balls B,, ,.

We will usually set X = B,, 4, for somem € Nor X = B; , = A. Note that
K(p, X, A) = 1 because we deal with semigroup generating sets. The single real
number that describes how balls B,, 4 are stretched by ¢ is the growth of ¢ and
is defined by

I'(p) = sup lim sup W'

melN n—oo

(This definition is originally due to Bowen [Bow78].) We will see (in Proposition
2.4) that the definition of I'(¢) does not depend on the choice of the generating
set A; this justifies omitting it on the left-hand side of this definition. Figure 1
gives an intuitive illustration of the definition.

LEMMA 2.1. Let A be finite generating sets for a semigroup Sandletp : S — S
be an endomorphism. Then:

a) For allm € N, the inequality K(¢, B,, 4, A) < mK(¢, A, A) holds.
b) If X and Y are subsets of S with X C Y, then K(¢, X, A) < K(¢,Y, A).

¢) If A’ is also a finite generating set for S and A C B,, 4 for some m € N, then
K(gp, X, A") < mK(g, X, A).

d) Ify : S — Sisalso an endomorphism of S, then K(¢y, A, A) < K(¢, A, A)K(y, A, A).
Proof of 2.1. a) Letx € B,, 4. Then x = a; --- a, for some £ < mand a; € A.
Therefore
Ixgl, = |(a; - ae)(P|A <layply + -+ +lagpl, <mK(g, A, A),

where the last inequality holds since £ < m and |a;¢| , < K(¢, A, A) for all i.
Since x € B,, 4 was arbitrary, K(¢, B, 4, A) < €K(¢p, A, A).

b) By the definition, we have K(¢, X, A) = max,.x|x¢|, < max,.y|xp|, =
K(9,Y, A).
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c) Let x € X. Then |x¢|, = p < K(¢, X, A). Thus x¢ = a, --- a, for some g; €
A.Since A € B, 4, wehave |a;] ,, < m,and so |xg|,, < mp <mK(¢, X, A).
Since x € X was arbitrary, it follows that K(¢, X, A" <mK (o, X, A).

d) Leta € A. Thenag = a, --- a, for some a; € Aand p < K(p, A, A). Thus

lagyl, = |(ay -+ a)vl,
Slaywyly +- +layyl,
< pK(y, A, A)
< K(p, A, A)K(y, A, A).

Since a € A was arbitrary, we have K(oy, A, A) < K(p, A, A)K(y, A, A).

The following proposition gives some elementary properties of growth.

PROPOSITION 2.2. Let A be a finite generating set for a semigroup S and let
¢@:S—> Sandy : S — S be endomorphisms. Then:

a) I'(p) =lim,_,o, VK(¢", A, A) = inf{ /K(¢", A,A) : n e N};
b) I'(p) < K(p, A, A) = max,c4lag| ,.
¢) I'(¢F) = I'(p)* for all k € N.

The proofs of these properties follow closely the analogous result for groups
[FFK11, Theorem 2.1]. We include proofs for completeness and because certain
technicalities are not emphasized in the group-theoretical proofs.

Proof of 2.2. First we must prove a technical lemma about the limits of certain
kinds of sequences:

LEMMA 2.3. a) Let(a,),cn be a sequence of positive real numbers satisfying
a;y; < a;+a; for alli, j € N. Thenlim,,_,, a, /n exists and equals inf{ a,,/n :
nelN}L

b) Let (a,),cn be a sequence of real numbers greater than or equal to 1 satisfying
ai,j < a;a; for alli, j € N. Then lim,_,, 3/a,, exists and equals inf{ 3/a,, :
nelN}L

Proof of 2.3. a) Since all the a,, are positive, {a,,/n : n € N} is bounded below
by 0 and so has an infimum €. The aim is to prove that a,/n — € asn — co.
Lete > 0. Let m € IN be such that a,,/m < € + €/2; such an m must exist
since ¢ is the infimum of {a,,/n : n € N}. Choose N € N large enough
such that a;/N < e/2fori=1,...,m— 1. Let n > N; we aim to prove that
a,/n < € + €. There exists ¢ € N U {0} and r € {0,...,m — 1} such that
n = gm+r.Note thata, = a,_,,,, < qa,, + a, by the hypothesis about the

qm-+
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sequence (a,,),cn> Where we formally take a, = 0 if r = 0. Thus

a,/n
< (qa,, +a,)/n
=qa,,/n+a,/n
=qa,,/[(gn+r)+a,/n

<qa,,/qm+a,[n

< a,,/m+el2 (since n = N and by the choice of N)
<l+el2+¢€/2 (by the choice of m)
=f+e.

Hence lim,,_,  a,,/n exists and equals € = inf{a,/n : n € N}.

b) Let b, = loga, for all n € N. Then (b,),cn is @ sequence of positive real
numbers, and b, ; = loga,,; < loga;a; = loga; +loga; = b; + b;. So, by
part1, lim,_, b, /n exists and equals inf{ b, /n : n € N }. Thus

lim (1/n)loga, = inf{(1/n)loga, : n € N}. (2.2)
Hence

inf{ /@, : n € N}

= exploginf{ ¥/a, : n € N}

= expinf{log ¥/a, : n € N} (since log preserves <)

= expinf{(1/n)loga, : n € N}

= explim,_,(1/n)loga, (by (2.2))

= explim,_,, log i/a,

= lim,_,, explog 4/a,, (since exp is continuous)

= lim, ., /@
By Lemma 2.1(4), K((p”j, A A) < K((pi, A, A)K((pj, A, A), and therefore, by

Lemma 2.3(2),

nlingo \VK(¢" A, A) = inf{ \[K(¢", A, A) : n € N} (2.3)
I'(p) = sup limsup \"/K((p”,Bm, 4 A)  (by definition)

meN n—oo

sup lim sup \/mK(¢", A, A)  (by Lemma 2.1(1))

melN n—oo

sup lim sup \/K(¢", A, A) (since ¥/m — 1)

melN n—oo

lim sup \/K(¢", A, A) (since m is not present)

n—-o00

lim \K (9", A, A) (since the limit exists by (2.3))
inf{ \/K(¢", A,A) :ne N}  (by(2.3))

Thus:

N
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In particular,

I'(¢) = inf{ YK(¢", A, A) : n —> 00} < \K(¢!, A, A) = K(, A, A),

which is part 2.
Next, let k € IN. Then

I(p) = lim '{/m
= nli_}rgo n\le(gok”,A, A)
- o ({7 2 2"
< (o R 7 A 0) "
= (@)
this proves part 3.

PROPOSITION 2.4. LetS be a semigroup and let ¢ : S — S be an endomor-
phism of S. Then I'(¢) is not dependent on the choice of finite generating set for
S.

Proof of 2.4. Let A and A’ be finite generating sets for S. Choose m, p € IN such
that AC B,, » and A’ € B, 4- Then

K(p", A", A") <mK(¢", A’, A) (by Lemma 2.1(3))
< mK(¢", By, 4> A) (by Lemma 2.1(2))
<mpK(¢", A, A) (by Lemma 2.1(1))

Hence
lim \"/K((p”,A’,A’)
n—0o0
< lim \"/mpK(q)”,A,A)
n—0o0
< lim yK(g" A, A); ince %/
nlLrEO K(¢", A, A) (since 3/mp — 1asn — 00)

Repeating the same reasoning with A and A’ interchanged shows the opposite
inequality. Hence

lim \K(¢", A, A) = lim \[K(¢", A’, A"),

and thus I'(¢) is independent the choice of generating set.

2.2 Rewriting systems

We now recall the terminology of rewriting systems, which
we will use heavily throughout the paper; see [BO93] or [BNg8] for further
background reading. Let A be a finite alphabet. By a rewriting system we will
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mean a subset of A* x A*, where A* denotes the free monoid over A. Every
element (u, v) of a system X is called a rule and normally denoted by u —5 v or
simply u — v. The relation — is then extended to a relation on A* by letting
w, — w, if and only if w; and w, admit decompositions w; = pug and
w, = puq for some rule u —5 vand p,q € A*. The reflexive and transitive
closure of — is denoted by —*. A rewriting system X is

o length-reducing if |u| > |v| for all rules u — v;
+ terminating if there is no infinite chain uy — u; - u, — -

o locally confluent if for all u,v,w € A* such thatw — u and w — v, there
exists x € A* withu —* xandv =" x.

o confluent if for all u,v,w € A* such that w —* wand w —* v, there exists
x € A" withu -»* xandv —* x.

Note that a length-reducing rewriting system is necessrily terminating. Any
rewriting system that is locally confluent and terminating is confluent. Rewriting
systems which are terminating and confluent are called complete. Complete
systems are computationally pleasant in the following sense: if a semigroup S is
defined by a presentation Sg(A |u; = v; (i € I)) such that the rewriting system
{(u;,v;) : i € I} is complete, then S is in one-to-one correspondence with the
non-empty normal forms of this rewriting system: that is, the words from A"
that do not contains subwords from {u; : i € I'} and thus cannot be rewritten
further. This allows us to work with such monoids S in a very convenient syntatic
way.

3 VALUES FOR GROWTH

THEOREM 3.1. Letr € Rwithr > 1. Then there is a finitely generated semi-
group S and an endomorphism ¢ : S — S such that I'(¢) = r.

Proof of 3.1. Obviously the growth of the identity endomorphism on any sem-
group is 1, so assume without loss of generality that r > 1.

Define p,, = [r"*'] + nfor n € N U {0}. Let A = {a, b} and let = consist of
the following rewriting rules over A:

abi(aPibPiab)Pia(aPibPiab) — ali+iv bPirivigb fori, j € N U {0}.

Note that 2 < py < p; < p, < ---. Therefore there cannot be any non-trivial
overlaps between any left-hand sides of these rewriting rules, and so this rewriting
system is confluent. This system is also terminating, since it is length-reducing,
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because
|ai (aPibPiab)Pia(aPibPiab)| = p; + (2p; + 2)p; + 2p; + 3
>2p;p; +8
=2([r"* 1 +4)([r7*1] + j) + 8
2rY2 4 20 4 27+ 2ij+ 8
20K p 14 i+ j4+2)+2

2pi+j+1 +2
- |api+j+1 bPi+j+1 abl

VvV WV WV

Thus the rewriting system X is complete.

Furthermore, since the rewriting system is length-reducing, the length of an
element is the length of its unique normal form word.

Let S = Sg(A|ZX). Define an endomorphism ¢ : S — Sbya — a and
b — aPobPogb. To check that ¢ is well-defined, note that it maps the two sides
of each rewriting rule to words that are equal in the semigroup (for clarity,
underlines indicate where rewriting is applied):

(an (aPibbi ab)Pj alaPibli ab))(p
= aPi(aPi (aPobPoab)Pi a(aPobPo ab))pj a(aPi(aPobPo ab)Pia(aPobPoab))
— apj (api+1 bpi+l ab)pja(api+l bpi+l ab)

— gPirinpPiriv2 g

and

(api+j+1 bPi+j+1 ab)(p = gPi+jn (apo bPo ab)Pi+j+1 a(aPo bPo ab)

— gPirinpPliviv2 gh.

Since ¢ fixes a, we have that |ag"| = 1 for all n. Note that
(api bpiab)(p = agbi (aPO bPo ab)Pia(apo bPo ab) — aPinipPinigh,

and this, together with by = afobPoab, shows that bp" = aP~1bPr-1ab for all
n € N. Since words aP+1bPn1gb are in normal form, this shows that

|be"| = |aPr-1bPr-1ab| = 2([r"]+n—1) + 2 = 2[r"] + 2n.
Hence K(¢", A, A) = 2[r"] + 2n and so

I'(p) = lim V2[r"]+2n=r.

REMARK 3.2. Using the same general technique as in the proof of Theorem 3.1,
we could have constructed a surjective endomorphism ¢ with the same growth r:
to the alphabet A we add two letters ¢ and d, and to the previous set of rewriting
rules X we add the following ones:

caPobPogbd — b
calrbPragbd — aPr1bPr-1gb forn € IN.
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Then the resulting rewriting system is still complete and length-reducing. The
endomorphism ¢ given by a — a, b — aPobPoab, ¢ — cand d — d is again
well-defined, and since (cbd)¢ = caPobPoabd — b and ¢ fixes g, ¢, and d, it
follows that ¢ is surjective. As previously, we still have I'(¢) = r. Thus every
real number greater than or equal to 1 also arises as the growth of a surjective
endomorphism of a finitely generated semigroups.

Two natural questions arising from this discussion are

QUESTION 3.3. What are the growths of endomorphisms of finitely presented
semigroups? Are they always computable?

QUESTION 3.4. What are the growths of endomorphisms of semigroups
presented by finite complete rewriting systems?

4 ENDOMORPHISM GROWTH IN RELATION
TO INVARIANT SUBSEMIGROUPS

Consider the following situation: let ¢ : S — S be an endo-
morphism of a finitely generated semigroup S, and let T' be a finitely generated
subsemigroup of S such that Tg < T. The following natural question arises:
how are the growths of I'(¢) and I'(¢|;) related? In this section, we will study
this question, and we will also apply some of the results from this section in
Section 6.

4.1 General case: no relationship

We might initially hope that the growths of the endomorphism
and its restriction to the subsemigroup are related by an inequality like I'(¢) <
I'(@ly) or I'(¢) = I'(@ly). In this subsection, we give examples to show that
neither of these inequalities holds.

EXAMPLE 4.1. Let S = ({a}")° (that is, S is the free semigroup of rank 1 with
a zero adjoined), T = {0} and define ¢ : S — Sbya — a?, and 0 — 0. Note that
T =T.

Since [0¢"| = |0] = 1 and |ag"| = |a%"| = 2", we have

I(g) = lim K", {a, 0} {a,0}) = lim 427 =2,

T(gly) = lim \K(@", {0}, {0}) = lim 4T =1

by Proposition 2.21. Therefore in this case we have I'(p) £ I'(¢|r).

EXAMPLE 4.2. Let A be the alphabet {a, b, c,d}. Let ¢ be the endomorphism
of the free semigroup At defined bya— ab,b— ba,c— candd — d. Let S
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be the semigroup defined by the following infinite rewriting system

a"c"a"d — ag" forn € IN;

b"c"b"d — be" forn € N;
(agp*)"c"(ag*)"d — agt™ fork,n € N;
(bg*)"c" (bp")"d — byk*" for k,n € N.

Since every application of a rule reduces the number of symbols c, it follows
immediately that this system is terminating. The system is also confluent, since
if two left-hand sides of rules overlap, the exponents # must coincide and it is
easy to see that if (x<pk)” = (y(pf)” for some x, y € {a,b} and k, ¢,n € N, then
k = ¢ and x = y. Thus the rewriting system is complete.

It is straightforward to check that the endomorphism ¢ : A* — A* maps the
two sides of every rule to words which rewrite to the same normal form. Therefore
the endomorphism ¢ of the free semigroup A* factors to give an endomorphism
of S, which we also denote by ¢. It also follows that {a, b} forms a free basis for
T = (a,b). Note that Tep C T It is immediate that K(¢", {a, b}, {a,b}) = 2" and
so I'(p|) = 2. But from the presentation for S it follows that

lagp"| = |a"c"a"d| < 3n+1,
<

|be™| = |b"c"b"d| < 3n+ 1,
lcg™| = lc| = 1,
|de"| = |d| = 1;

thus K(¢", A, A) <3n+1,s0I'(p) = 1.
Thus, in this case, I'(¢) 2 I'(¢lr).

4.2 Mapping into a subsemigroup: growths coincide

In the restricted situation where the endomorphism ¢ maps
the semigroup S into the subsemigroup T', we have a positive result:

PROPOSITION 4.3. Let T be a finitely generated subsemigroup of a finitely
generated semigroup S. Let ¢ be an endomorphism of S such that Sp < T. Then

I'(g) = I'(glp).

Proof of 4.3. Let B be a finite generating set for T and extend it to a finite gen-
erating set A for S. Let m = K(¢, A, B). (Note that ap € T for alla € A and so
K(g, A, B) = max,¢ 4|ag| is defined.)

Leta € A. Thenag € T and soap = b, -+- b, for some p < m.

n+1 |A n+l |B

< lag
= [(ap)e" |,

= |(by - byl s

< byl + - + b0l
= pK(¢l[*, B, B)

< mK(¢|t, B, B).

lag
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Thus K((p”“,A, A) < mK(¢|F, B, B) and so

I'(p)

lim "VK(@™1, A, A)

n—oo

lim "\/[mK(g|%, B, B)

n—oo

= nli_)rgo "“\K(¢l%, B, B) (since "\/m — 1)
< nli_)rglo \n/K(<P|§’~,B, B)

= I'(¢lr).

/N

(4.1)

Now let b € B. Let q = |bg|7|, so that bg|t = a, -~ a, for some a; € A.
Note that g < K(¢", B, A). Then

n+l

bolt™ |5 = |(a10) -+ (ag9)] 5
< |a1<p|B + .+ |aq(p|B
< mq
<mK(¢",B, A)

<mK(¢", A, A). (by Lemma 2.1(2))

Since b was arbitrary, this shows that K(¢[%#!, B, B) < mK(¢", A, A). By reason-
ing similar to (4.1), I'(¢lr) < I'(g).
Therefore I'(¢) = I'(¢|r).

4.3 Finite number of cosets: only one direction of inequality

When a finite-index subgroup of a group is preserved by an
endomorphism, the growth of the endomorphism and the growth of the restric-
tion to the subgroup are equal [FFK11, Theorem 3.1]. For semigroups, using an
analogy of the notion of coset, an inequality holds in one direction. The proof
partly follows the group-theoretic result, but some extra care is needed because
in the semigroup case an element may lie in more than one ‘coset.

PROPOSITION 4.4. Let T be a finitely generated subsemigroup of a finitely
generated semigroup S such that there exists a finite subset R € S with S = RT. Let
@ : S — S be an endomorphism of S such that To € T. Then I'(¢) < I'(¢lr).

Proof of 4.4. Let A be a finite generating set for T. Obviously A U R is a (finite)
generating set for S. First, for every a € A we have

lag"| \ur < lagltl, < K(gr, A, A) (4.2)

Now, take any r € R. The aim is to calculate an upper bound for [r¢"|, . To
begin, for every r € R fix a canonical decomposition r¢ = r’'w where r’ € R
and w € T, and let

C = max{ |w| , : r¢ has canonical decomposition r'w for some r € R}.

Endomorphism growth in relation to invariant subsemigroups o 11



Now, r¢ decomposes as r,w;, with r; € R and |w,|, < C. Then r¢* =
(ne)(w,9) = ryw,(w,¢), where r; ¢ decomposes as r,w,, with r, € R and
|w, |, < C. Proceeding by induction we obtain the expansion

”‘Pn = rnwn(wn—l(P)(wn—Z(Pz) (wl(Pn_l)’
where r,, € Rand |w;|, < C for all i. Thus
lrg"| ,ug < 1 +C+CK(p, A, A) + CK(¢?, A, A) + - + CK(¢" 1, A, A).

Let y = I'(¢lp). Since Y/K(¢", A, A) — y asn — 00, for every € > 0 there exists
M > 1 such that K(¢", A, A) < M(y +¢€)" for alln > 1. Then

lrg"|jug <1 +C+CM(y+e€) + CM(y+€)*+ -+ CM(y +€)" !
< CM(y +e)" .
1-1/(y+e)

Combining this with (4.2) gives

K(¢",AUR,AUR) = max |agp"|

a€AUR

CM(y +e)" }

< K )AaA)
max{ (¢l,, ) T~ 1/ +e)

Taking n-th roots on both sides and then the limit as # — 00, and recalling that
y = I'(¢|r) shows that I'(p) < I'(¢|7).

The following example shows that the inequality in Proposition 4.4 can be
strict.

EXAMPLE 4.5. Let L = {a, b, c} and let
L= {ab”zkc” : k > 0,nis positive and odd }.

We are going to construct a rewriting system X over A and so define a monoid
S = Mon(A | Z). The rewriting system X will have the following properties:

a) X is complete;

b) the left-hand-sides of the rules of > form exactly the set L;

c) every word from A* — A* LA appears on the right-hand-side of some rule
in 2;

d) there is a well-defined endomorphism ¢ : S — S defined by a — a, b + b*
and ¢ - ¢;

e) I'(p) = 1.

Once we have constructed X, we reason as follows: first of all, by (1) and (2) the
language A" — A*LA” is a set of normal forms of S. Therefore by (2) and (3),
for any normal form word w, there is some word in L (beginning with a and
with all other letters from {b, c}) that rewrites to w, and so S = {1, a}T, where
T = Mon(b, c¢). By (4), ¢ is an endomorphism of S. Notice further that Tg € T.
Furthermore, since every rule on X has a letter a on the left-hand side by 2), it
follows that X is free on {b, c} and so clearly I'(¢|;) = 2. Hence, by (5), we have
I'(p) < I'(elp).
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We now have to construct X with the required properties. We will define
2 in stages by iteratively defining X, %, 2,, ... with £, € ¥, € ¥, C and then
letting X be the union of all the X;. Define the first set of rules X, as follows:
for all n € N, let p, be the n-th odd prime number. Then X, consists of the
following rules:

abpnzk Cpn N b2k+n

forn € Nand k € N U {0} (4.3)

For the next stages, enumerate all the words from A* — A*LA™ in some
order: uy,u,,us, ... and set n, = 1. Now iterate the following procedure. The
i-th step of the procedure, for i € N, is to take the first word u; from the list
which does not appear as a right-hand-side a rule in X;_;. Take also any odd
composite number n; > n;_; such thatn; > [u;]. Define ; to be the rules of %;_,
together with

ab"? ¢ — uigh  fork € N U{0}. (44)

Note that the left-hand sides of the newly added rules do not appear as left-hand
sides in 2;_,, because if we had n,2% = n,, 2¥' for some i’ < i, then since the n;
are chosen to be odd, we would have n; = n;; by the fundamental theorem of
arithmetic, contradicting the fact that the »; form a strictly increasing sequence.
Note also that since n; > [u;] that each rule in ; strictly decreases the total
number of symbols a and c.

Let ' = J;cujo) Zi- Note that by construction of ', for every odd n one

of two cases holds: either every element of the set { ab™c" k>0 } appears as
a left-hand side in X', or no element of this set does. Now let X be X’ together
with the rules

ab"zkc" — a where k > 0 and ab”c" is not a left-hand side in X'.

(4.5)

It is clear that every word in L is the left-hand side of exactly one rule in X, so (2)
holds. Similarly, by construction of the X;, every word in A* — A*LA* appears
on the right-hand side at least one rule in X, so (3) is satisfied.

Each application of a rule of X strictly decreases the total number of symbols
aand ¢, and so X is terminating. Since left-hand sides of rules have no non-trivial
overlaps, X is locally confluent and thus confluent. So X is complete, and so (1)
is satisfied.

Now we have to check that the endomorphism ¢ is well-defined, which
means checking that ¢ maps the two sides of each rule to words that are equal in
S. First consider a rule ab?2 cPn — b of the form (4.3). Then (abpnzk cPr)p =
abP?"" P and bsz(p = 2" and abPr 2" cPr — b*™"' is also a rule in 2.
Now consider a rule ab™2‘c" — ujq)k of the form (4.4). Then (abn"zkcn")‘l) =

k k
ab?" ¢ and (uj(pk)q) = ujcpk:1, and ab™?" ¢ - uj(pk“ is also e}(rule in
2. Finally, consider a rule ab™ ¢" — a of the form (4.5). Then (ab™ x"e =
k k
ab™" ¢ and ag = a, and ab™ "¢" = aisalso a rule of the form (4.5). So @is

a well-defined endomorphism, which is (4).
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Note that |a¢"|, = |al, = 1 and |cg"|, = |c|, = 1. Furthermore, |bp"|, =
b?'|, = labPrcPr|, < 2p, + 1. Hence K(¢", A, A) < 2p, + 1, and so I'(g) =
lim,,_,, 32p, + L. Since p,_; < n(lnn +Inlnn) for all n > 6 (see [RS62, Corol-
lary to Theorem 3]), it follows that I'(¢) = 1, which is condition (5).

4.4 Finite Green index subsemigroups: growths coincide

With the notion of ‘finitely many cosets’ used in Proposition 4.4,
we have an inequality, possibly strict by Example 4.5, showing that the growth
of the endomorphism of the semigroup is bounded above by the growth of the
restriction to a subsemigroup. In this subsection, we show that the Green index
serves as a better analogy of the group index [GRo8] and gives us equality, directly
generalizing the result for groups. The Green index, which was introduced by
[GRo8], has proven to be a very useful generalization of both the group-theoretic
notion of index and the more established Rees index for semigroups, and has
yielded many Reidemeister-Schreier-type theorems about the inheritance of
various finiteness properties by subsemigroups or extensions of finite index; see,
for example, [CGR12, CM14, GRo8, GMMR, KMC15, MMRog]. We recall the
definition here: Let T be a subsemigroup of a semigroup S. For x, y € S, let

xﬂ{Ty(:)xTU{x}zyTU{y}
xlTy@)TxU{x}zTyU{y},

and let #HT = RT n 2T, Then RY, 27, and H' are equivalence relations on S
that respect T. The Green index of T in Sis 1 + (S ~ T)/H').

PROPOSITION 4.6. Let T be a finite Green index subsemigroup of a finitely
generated semigroup S, and let ¢ : S — S be an endomorphism of S such that
To € T. Then I'(¢) = I'(¢l7).

Proof of 4.6. Let A be a finite generating set for S. The proof of [CGR12, Theo-
rem 4.3] constructs a finite generating set B for T such that for every w € T,
lwlp < lwl,. In particular, for every b € B, we have |bpl7|, = |bl7| ,. Hence
K(¢l7, B, B) = K(¢|T,B, A) < K(¢", A, A), where the second inequality follows
from Lemma 2.1(2). Thus I'(¢|r) < I'(¢). We observed that T is finitely gener-
ated, and so Proposition 4.4 applies to show that I'(p) < I'(¢|r). Therefore we
have I'(¢) = I'(¢|7).

4.5 Ideals: exact formula via factor semigroups

In the setting of semigroups, the counterpart of a ‘normal sub-
group’ is a notion borrowed from ring theory: a subset I of a semigroup S is called
an ideal if IS U SI C I. To every ideal I in S, one associates the Rees congruence
pr =1idg; U (I x I) (see [Howos, § 1.7]). The corresponding factor semigroup is
called the Rees factor and is denoted by S/I.

Let p be a congruence on a semigroup S and let ¢ : S — S be an endomor-
phism that respects p, in the sense that x p y = x¢ p yg for all x, y € S. Then
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p factors to give a well-defined endomorphism ¢/p of the factor semigroup S/p,
defined by [x]Pgo = [x<p]p.

Before stating the result on Rees factor semigroups, we note the following
immediate observation, which is worth stating separately.

LEMMA 4.7. Let ¢ : S — S be an endomorphism of a finitely generated
semigroup S and let p be a congruence on S such that ¢ respects p. Then I'(¢/p) <

I'(p).

Proof of 4.7. Let A be a finite generating set for S. Let A/p = { [a]P ta€ Al
notice that A/rho generates S/rho. Let x € S and let p = |x[,. Then x =
ay - a, for some a; € A. Thus [x]p = [y ---ap]p = [al]p [ap]p, and so
|[x]P|A/p < |x|,. Consequently, K(¢", A/p, A/p) < K(¢",A,A) foralln € N
and so I'(¢/p) < I'(¢).

PROPOSITION 4.8. Let I be a finitely generated ideal of a finitely generated
semigroup S, and let ¢ : S — S be an endomorphism of a semigroup S such that

Ip € I. Then I'(¢) = max{I'(¢l;), I'(¢/pp)}.

Proof of 4.8. Let B be a finite generating set for I and extend B to a finite gener-
ating set A for S.

Part 1: >. First, Lemma 4.7 gives I'(¢/p;) < I'(9), so it remains to show that
I'(pl;) < I'(g). Our first aim is to prove that there exists a constant m € N
such that for every w € Sand b € B, we have |bw|; < m|w|,. Soletb € Band
w=ap-a, where a; € Aand p = |w|,. Put C = max{|bal; : a € A,b € B}.
Then

bw = bal ap = wlaz ...ap,

where w, is a word over B with |w;|; < m. Take the last letter b’ from w,
and repeat the process for the subword b'a, --- a,,. Proceeding in this way, we
eventually obtain the an expression of bw as a product w, -+ w, of elements w;
of B, with |w;|; < m for all §; thus |[bw|; < mp = m|w|,.

Now letb € Bbe arbitrary. Consider a shortest expression of by as a product
of elements of B: we have bg" = b, --- b, with b; € Band p < K(¢", B, B). Then
in

bo™ = (byby - b,)p" = (b,9")(B,9") -+ (byg")

we take a shortest expression for b;¢" = ub’ as a product of elements of B, and
shortest expressions for b,¢", ..., b,¢" as products of elements of A. Then

b | 5
<|by9"|p = 1+ 16" (,9") -+ (b, 9"
< |by19"|p = 1+ ml(by9") -+~ (by9™)| 4
619" |5 — 1+ m(byp"| 4 + -+~ + |bp‘Pn|A)
|by¢" |z + mpK(¢", B, A)
|by¢" |5 + mpK(¢", A, A) (by Lemma 2.1(2))
< mK(¢", B, B) + mK(¢", B, B)K(¢", A, A)
=mK(¢", B, B)(1 + K(¢", A, A)).

N

NN
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Since n € B was arbitrary, this shows that K(cpzn, B,B) < mK(¢",B, B)(l +
K(¢", A, A)), and so taking the limit as n — oo in

VK@, B, B) < ¥m3[K(¢", B, B) {1+ K(¢", A, A),

we obtain I'(¢|;) < I'(¢l;)I'(¢). Thus we also have I'(p|;) < I'(¢), as required.

Part 2: <. For each a € A, there are two possibilities: either ap” € I for some
neNorap" e S~Iforalln e N.Let A’ ={a e A: (InecN)ag" €I}
Let k be such that a’¢* € I foralla’ € A, and let m = max, . la’¢"|,. Let
a' € A" andn > k. Then |a'¢"|, < |a'¢"|5 < |(a’gok)<p”_k|B < mK(¢"*,B,B).

On the other hand, leta € A — A’, so that agp” € S~ I for alln > 1. Then

it follows that |a¢"| , = Ha(Pn]PI'A/p] and so |ag"|, < K(¢", A/p;, Alp;) for all
nzl.

So K(¢", A, A) < max{mK(¢"*, B, B), K(¢" %, A/p;, A/p;)}. This proves
that I'(¢p) < max{I'(¢l;), I'(¢/pp)}-

REMARK 4.9. As Example 4.1 shows, the inequality I'(¢|;) < I's(¢) can be
strict, and thus the term I';;(¢/I) cannot be eliminated from the formula in
Proposition 4.8.

5 CONSTRUCTIONS

In this section we consider the interaction of endomorphism
growth with two fundamental semigroup constructions, namely free and direct
products. The first result is about free products is straightforward to prove:

PROPOSITION 5.1. Let ¢ and y be endomorphisms of a finitely generated
semigroups S and T respectively. Let ¢ U y be the lift of these endomorphisms to
an endomorphism of the free product S = T. Then I'(¢ U ) = max{I'(¢), ['(v)}.

Proof of 5.1. Let A and B be finite generating sets for S and T respectively. Then
AUBi s a finite generating set for S+ T'. Since S * T'is a free product, |x| , = |x|, 5
for any element x € Sand |y|; = |y|, p for any element y € T. Hence, since
alpUy)" =ag" € Sforalla e Aandb(p U y)" =by" € T forallb € B, we
have

K((euy)",AUB,AUB)
= max{K((p Uy)", A, AUB),K((p Uy)", B, AU B)}
= max{K(¢", A, AU B),K(y", B, AU B)}
max{K(¢", A, A), K(y", B, B)},

and the result follows.

The situation with direct products of semigroups has some special features
that do not arise for groups, because a direct product of finitely generated semi-
groups is not necessarily itself finitely generated. Robertson et al. [RRW 98]
characterized direct products of semigroups are finitely generated: S x T is
finitely generated if and only if both S and T are finitely generated and
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+ if Sand T are both infinite, then S> = Sand T?> = T
 if S is finite and T is infinite, then S? = S;
+ if S is infinite and T is finite, then T? = T.

PROPOSITION 5.2. Let @ and y be endomorphisms of finitely generated semi-
group S and T respectively. Suppose S x T is finitely generated. Let ¢ & y be the
endomorphism of ST with (s,t) — (sy,ty). Then I'(p @ y) = max{I'(¢), I'(y)}.

Proof of 5.2. Interchanging S and T if necessary, it is sufficient to consider the
following two cases:

a) S is finite and S* = S. Let A be a finite generating set for T. Then S x
A is a finite generating set for S x T. Let (s,a) € S x A be arbitrary. Let
lag™|, = p < K(y", A, A). Then ay™ = a, --- a, for some a; € A. Let
also s = s, -+- 5, be any decomposition of s¢” € § into a product of p
elements of S. (This decomposition exists since $%2 = S). Then |(s, a)p e
V’)nlsXA = I(S(Pn> al//n)|5><A = |(s;,ay) - (s ’ap)|S><A S ps K(an A A).
Thus K((p@y)",Sx A,Sx A) < K(y", A, A)and so I'(p ® v) < I'(y).

b) Both S and T are infinite and S? = Sand T2 = T. As was proved in [RRW 98],
S and T admit finite generating sets A and B satisfying the additional condi-
tions that A € A%, B € B? and A x B s a finite generating set for S x T. Let
(a,b) € AxB.Letag" = a, e ap, andby” = by --- bq where p = |a¢"|, and

= |by"|;. By the conditions A C A% and B C B2, we may find alternative
decompositions ag” = aj ---a, and by" = b{ --- b} where r = max{p, g}.
This implies that [(a, b)(¢ ® ¥)"| .5 < r < max{K(¢", A, A), K(y", B, B)}.
Thus I'(¢ & v) < max{I'(¢), I'(y)}. By Lemma 4.7, max{I'(¢), ' (y)} < I'(p @ v)
and so the result holds.

6 SPECIAL CLASSES OF SEMIGROUPS
6.1 Homogeneous semigroups

Let S be a semigroup admitting a homogeneous presentation
over a generating set A = {a,, ..., a;}: that is, a presentation such that in every
defining relation the length of the left-hand side equals the length of the right-
hand side. Therefore if two products of generators from A are equal in §, they
must have the same length. Let ¢ : S — S be an endomorphism. The map ¢ is
determined by its effect on the generators: a; — w;, ..., a; — wy. Denote by

(") the number of letters a; in a;¢" forall 1 < i, j < k and n € IN. Note that

(n) .

each Xjj is a non-negative integer.

(] is the number of g; in a; (p”Jrl For each h, there are xh] symbols
ay, in a;¢", and the image of each of these symbols under ¢ contributes xi(h)
symbols a; to the total x(”“) That is,

(n+1) (1) ,.(n)
Z Xin xh]

Now, x
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Therefore,

(n+1)

X OREMO (n)

(1)
X1t Xk X1 X1j
o S lop|

(n+1) ) ) (n) (n)
xk;‘l X1 Xkk xk;‘l xk?

where P is the matrix whose i, j-th entry is xl-(jl). Then, since S is homogeneous,

Mo
1j
lajp" = [1 - 1P|
o
Kj
Since
K(¢", A A) = "y < "y <k ", < kK(¢", A, A),
(¢", A, A) = maxlag”| , < ) lag"|, < kmaxlag"|, < kK(¢, A, A)

acA

and since lim,,_,, VK(¢", A, A) = lim,,_,, VkK(¢", A, A), it follows that
Ilg) = lim i}, Jag"|

and so we have

n NI

I(g) = lim [1 - 1] P

D g e

If xl-(ll) + ot xl.(kl) > 0 for all 4, then it follows that
I(p) = lim V|P"|,
n—-0oo

where || X| is the sum of the absolute values of all entries of the matrix X.
If xl-(ll) +.o+ xi(kl ) = 0 for some i, then ¢ maps S to the subsemigroup T' =
(aj,...»a;_1,4i1> ... »a), which is obviously also a homogeneous semigroup,
and so by Proposition 4.3 we reduce the calculation of I'(¢) to calculation of the
growth of the endomorphism ¢| on the subsemigroup T', which has a smaller
generating set than S.

Therefore there is a correspondence between endomorphisms of S and non-
negative integer k x k matrices. In the case when § is free, any such matrix
corresponds to an endomorphism. Thus we reduce the problem of describing
the growths of endomorphisms of homogeneous semigroups to studying the
asymptotics of the powers of such matrices. It remains to notice that by Gelfand’s
formula, we immediately obtain that I'(¢) = lim,,_, ., V[P"|| = p(P) (the spectral
radius of P), and so I'(¢) is the largest eigenvalue of a non-negative integer matrix.
In particular, we have the following result:

THEOREM 6.1. The growth of an endomorphism of a homogeneous semigroup
is an algebraic number.
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6.2 Group-embeddable semigroups

For every group-embeddable semigroup S, there exists a uni-
versal group G, containing S and generated by S as a group, such that for every
group H and homomorphism « : § — H with Gr(S«) = H, there exists a homo-
morphism & : G — H such that the following diagram commutes (see [Caios]
and [CP67, Chapter 12]):

s
L

Let S be a semigroup generated by a finite set A and ¢ : S — S an endomor-
phism. We may treat ¢ as a homomorphism from S to the subgroup Gr(S¢) of
G and so ¢ extends to an endomorphism ¢ : G — G of the group G. Obviously
for every generatora € A

N

9

T

la™' @™ quat = 1a@" | gt < lag" 4,

and so I'(¢) < I'(p). However, this inequality may be strict, as the following
example shows:

EXAMPLE 6.2. Let A = {a,b} and let S, be the semigroup defined by Sg(A | ab
ba*). The semigroup Sy is one of the Baumslag-Solitar semigroups, which
are well-known to be group-embeddable. The universal group of S, is G, =
Gp(A|ab = ba*). Define an endomorphism ¢ : S; — S by a > af and b — b.
It is easy to check that ¢ is well-defined. Note that ag™ = a*", and that no other
word over A equals a*" since the defining relation cannot be applied to a word
that does not contain symbols b. Hence |a¢”| = k" and so, since b is fixed by ¢,
we have K(¢", A, A) = k" and so I'(¢) = k.

However, a =G, b~laband so " = a¥' = b™"ab". Thus K(¢, AUA™!, AU
A <2n+1andsoT(P) = 1.

Note that the Baumslag-Solitar semigroups belong to a special class of
group-embeddable semigroups: left-reversible semigroups, or equivalently those
semigroups which admit groups of right quotients; see [CP67, § 1.10]. This
suggests that in the general case there is little hope for an exact formula relating
I(g) and I (@).

However, we conjecture that the equality I'(¢) = I'(¢) holds for the class of
finitely generated subsemigroups of free semigroups (perhaps surprisingly, this
class has a rich theory; see for example [CRRo6, Lal79]).

QUESTION 6.3. Isit true that I'(¢) = I'(p) for every endomorphism ¢ of a
finitely generated subsemigroup of a free semigroup?

6.3 Free inverse semigroups

We close by briefly examining endomorphisms of free inverse
semigroups, which we believe will be an important area for further research.
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We assume familiarity with the use of Munn trees to represent the elements
of a free inverse semigroup FIS(A) over a basis A (see [Lawg8, Chapter 6] for
details). Let ¢ be an endomorphism of FIS(A). Recall the relation = on FIS(A)
defined by u = v if and only if red(#) = red(v), where red(w) stands for the
reduced word in the free group FG(A) of the word w € FIS(A). This relation =
is the minimal group congruence of FIS(A) and the factor monoid FIS(A)/= is
isomorphic to FG(A). Let ¢ be the induced endomorphism on FG(A). Then of
course I'(¢) < I'(p) by Lemma 4.7.

When ¢ is an endomorpism of a free monogenic inverse semigroups we
actually have I'(¢) = I'(9):

PROPOSITION 6.4. Let ¢ be an endomorphism of FIS(a), the free inverse
semigroup of rank 1. Then

a) if ag is an idempotent (equivalently, red(ap) = ¢€) then I'(¢) = I'(§) = 1;
b) otherwise, I'(p) = I'(p) = |red(ag)l, ,-1;-

Proof of 6.4. Recall that FIS(a) can be viewed as the set
{((prg1) : T €Zp<0,r20,p<g<r}
with multiplication
(p,g.7)(p'.q",r") = (min{p, p' +q}.q+q', max{r,q +r'}).

A tuple (p, g, ) corresponds to the following Munn tree, where p, g, and r record
the ‘x-coordinates’ of, respectively, the left-most vertex, the final vertex w, and
the right-most vertex, with the ‘origin’ at the initial vertex «:

p q

a a a a a a
———e - >——He——He. .- > ——e—e - >o———e
[04 w

r

The generator a is (0,1,1). An element (p, g, ) has inverse (-r,—gq, —p). The
element (p, g, r) is equal to the product a’?a Pa"a™"a and so |(p, g, 1)| < 2|p| +
Igl + 2|r|. The image of (p, g, r) in FG(a) is a?. Idempotents are elements of the
form (p,0,7).

a) Suppose a¢ is an idempotent. Then, ag is of the form (p, 0, 7). Thus (ag) ! is
(=r,0,—p). For n > 1, the element a¢" is a product of ap and ap™'. An easy
induction shows that a¢” and a_lgo” are triples (x, 0, y), where x € {p, -1}
and y € {r, - p}, and so ap" and a~'¢" have bounded length over AU A™*.

Hence I'(p) = 1. Since 1 < I'(p) < I'(¢) = 1, the result follows.

b) Suppose ag is not an idempotent. Then ap = (p,q,r) for some g # 0.
Suppose g > 0; the other case is similar. It is easy to see that (x, y,2)¢ =
(xq+ p, yg, zq + p); thus, by induction, ap” = (¢"p+...+qp+p,q""*, q"r +
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... +qr +r). Hence
K(¢" {a,a '}, {a,a™'})
= |ag"|
29" p+ ... +qp+ pl + 19" +21q"r + ... + qr + 1]

N

zlqn+1p| + |qn+1| + zlqn+1r|

VA

Cq" for a constant C.
Hence I'(¢) < lim,,_,, 3/q" = g. On the other hand,
K(@" {a, a Y {a,a™ 1)) = ap” = at’,
so I'(p) = q. Hence g = I'(9) < I'(¢) < gand so
I(§) = I(9) = q = laf] = [red(ag)] , -1,

However, in the general case the inequality may be strict and I'(¢) may
depend strongly on the overlaps between the Munn trees of the elements to
which ¢ maps the generators in A. We provide an example to illustrate: let
A = {a, b} and define ¢ by

aw— a'ab 'ba
b alab™'bb.
Then ¢ is the identity map on FG(a, b) and so I'(¢) = 1. To calculate I'(¢), by

symmetry it suffices to consider only the iterations of a. The Munn trees of ap"
look like rooted trees: the Munn trees of ag, ap?, and a¢® are, respectively:

where o and w indicate the initial and final vertices of the Munn trees.

For every element w € FIS(A), let e(w) denote the number of edges in
the Munn tree of w. In general, e(w) < |w| 4,1 < 2e(w) because at least e(w)
edges are traversed in a path visiting all vertices of the tree, and at most 2e(w)
edge-traversals are required to start from «, visit every vertex, and finish at w.

Clearly, e(ag™) = e(bg") = 2"*! — 1. Together with the observations in the
previous paragraph, this shows that 2"*! — 1 < K(¢", A, A) < 2™*? - 2, and so
I'(p) =2.

QUESTION 6.5. Is there any formula to calculate the growth of an endomor-
phism of a free inverse semigroup relative to the growth of the corresponding
endomorphism of the free group? Is this growth always an algebraic number?

QUESTION 6.6. Are there connections between growths of endomorphisms
of free inverse semigroups and Lindenmayer systems?
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