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Abstract

Let Y be an irreducible plane curve germ with branch ¢ and s characteristic expo-
nents. We introduce a class of truncation sequences of { having finite support. For a
given (E,-)i: 1.....s from this class, we explicitly compute the convex hull of the min-
imal polynomial f; for each germ of plane curve Y;, with branch Zl We investigate
the relationships between the semigroup of the Y;’s, as well as the induced canonical
valuations. Additionally, we provide methods for selecting truncation sequences that
yield topologically equivalent approximations Y5 of Y. The sequence (Ei)i: 1,...s of
¢ provides a unique decomposition of each polynomial f;. Given that the minimal
polynomial f; can be written as a power of f;_; plus a tail §;, our first decomposition
theorem studies properties of the tail. The second decomposition theorem charac-
terizes the decomposition of §; and enables its explicit computation. To conclude, a
pseudocode algorithm is presented along with an example.

Keywords Singularities - Curves - Semigroup

1 Introduction

Describing a set using equations provides a straightforward mathematical and com-
putational method for determining whether a point belongs to that set. This type of
representation has garnered significant interest due to its applications in computa-
tional fields such as geometric modelling. There are several methods to obtain an
equation-based representation of an algebraic variety, including Grobner bases (see
[4]), resultants (see [6]), interpolation techniques (see [14]) and syzygies (see [7]).
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For the authors, the main interest in obtaining an equation for a germ of a plane curve
lies in studying equisingular versal deformations and microlocal versal deformations.

Section 2 is dedicated to establishing notations and definitions, as well as review-
ing key concepts related to plane curve germs, specifically characteristic exponents,
semigroup and the connection between valuation and semigroup. Additionally, we
present an essential known result for later use. Since the authors aim to generalize the
results of this article to quasi-ordinary hypersurfaces, the definition of characteristic
exponents used here is the one applicable to the quasi-ordinary case, rather than the
classical definition.

Let Y be an irreducible plane curve germ with s characteristic exponents. Inspired
by the proof of Theorem 3.9 of [19], in Sect. 3, we introduce the notion of a sequence
of admissible truncations of a branch of Y, along with the induced parameterizations
ti,fori =1,...,s,and valuations 9, . These truncations have finite support, and each
one corresponds to the branch of an irreducible plane curve Y;. The valuations #,, are
induced by polynomial parameterizations, making them suitable for computational
implementation. In Theorem 7, we explicitly compute the convex hull, N;, of the
support of the minimal polynomial, f;, for each branch in the sequence of truncations.

Since the Weierstrass Division Algorithm is extensively used in Sect. 4, Sect. 4.1 is
dedicated to reviewing the Algorithm and some of its properties. Lemma 11 examines
the behavior of the support of the quotient and the reminder when applying the Weier-
strass Division Algorithm to divide by a Weierstrass polynomial. This lemma, along
with Theorem 7, plays an important role in proving statement (D) of Theorem 15.

In Sect. 4.2 we present the decomposition results, Theorems 12 and 15. Theo-
rem 12 states that the minimal polynomial f;, fori € {1, ..., s}, can be obtained by
adding a polynomial tail, §;, with certain properties, to a power of f;_1. Furthermore,
Theorem 12 establishes a relationship between 19[_/. (fi=1), for j =1i,...,s, and the
generators of the semigroup of Y;. Lemma 14 provides relations between the valua-
tions ;. An important aspect of obtaining these relations is the decomposition given
in statement (B) of Lemma 14, which is also presented in the proof of Theorem 3.9 of
[19]. Theorem 15 refines the information about the tail §; and provides a method for
computationally obtaining §;.

Based upon the elimination procedure outlined in Sect. 5.1, we present an algorithm
in Sect. 5.2, Algorithm 1, to obtain f; from f;_;, by computing §;. This relies heavily
on Theorem 15. We compute §; as described in statement (B) and by applying the
constraints of statements (A), (C) and (D). This involves identifying points with
non-negative integers entries on a compact section of a hyperplane, whose orthogonal
complement is spanned by a vector with entries corresponding to the generators of the
semigroup associated to Y;. This section provides a detailed explanation of how this
Algorithm works, along with pseudocode. Lemma 18 offers a simple method to verify
if statement (D) is satisfied, which can also be easily implemented computationally.
Algorithm 1 requires the computation of valuations, which are performed using only
the 9,’s. Corollary 20 presents an upper limit for the number of iterations needed
to compute §;. We conclude with an Example whose computations were carried out
using an implementation of Algorithm 1 coded by the authors in Mathematica.
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2 Semigroup of the germ of an irreducible plane curve

In this section we review important concepts related to plane curve germs, such as
characteristic exponents, associated semigroup, parametrization and its induced valua-
tion. We begin by establishing some notations and definitions. Singletons are identified
with their elements when unambiguous. Let Ny [N] be the set of non-negative integers
[positive integers], Q>0 [Q~0] be the set of non-negative rationals [positive rationals]
and R the set of non-negative real numbers. For a = (a1, ..., a,) € Q, define
| = 30 o

We denote the polynomial ring, the convergent power series ring and the for-
mal power series ring in the variables xi,...,x, with complex coefficients by,
respectively, C[xy, ..., x,], C{x1, ..., x,} and C[[x1, ..., x,]]. Let f(x1,...,x,) =
> a0 agxy'---xy" € Cllx1,...,x,]]. Define the support of f, denoted by
Supp(f), as

Supp(f) = {a € Nj : aq # 0}

By convention, the support of the null series is the empty set. Let ord( f) denote the
order of f, defined as the infimum of the set

{lee] - o € Supp(f)}.

For a polynomial g € C[xy, ..., x,], the degree of g is denoted by deg(g). Given
p € C[[x1, ..., x,]][y] non-zero, we define degree of p in y as the greatest power of
y that appears in p with non-zero coefficient, and it is denoted by deg, (p). If p is the
zero polynomial, we set deg, (p) = —oo.

Let A be a subset of C[xq, ..., x,] or C{x1,...,x,} or C[[x1, ..., x,]]. Denote
by, when ithas meaning, (A)Cl[xy, ..., x,], (A)C{x1, ..., x,} and (A)C[[xy, . .., x,]]
the ideal generated by A in the ring C[x, ..., x,], C{xy, ..., x,}and C[[xy, ..., x,]],
respectively.

Throughout this paper, for simplicity, we will refer to plane curve germs at the
origin of C? simply as plane curves. Let ¥ be a singular irreducible plane curve. We
denote a representative of Y by {f(x,y) = 0}, where f € (x, y)C{x, y} and is of
order k > 1. The series f(x, y) can be expressed as ) ;- fi(x, y), where f; is either
null or a homogeneous polynomial of degree i, for i > k. Since k is the order of
f, fx is non-zero. The multiplicity of Y, denoted by m(Y), is defined as ord( f) (it
does not depend on the choice of the representative). After applying a linear change
of coordinates, we can assume that f(0, y) is non-zero and has order k. Under these
circumstances, the Weierstrass Preparation Theorem allows us to assume that f is a
Weierstrass polynomial in y of degree k, that is

k—1

[,y =Y+ aj(x)yl e Clxlyl,

j=0
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where a;(0) = O forall j € {0, ...,k — 1}. Again, after applying a linear change of
coordinates, it can be assumed that, for all j € {0, ..., k — 1}, the order in x of a; (x)
is strictly greater than k — j.

The roots of the irreducible Weierstrass polynomial f are elements of the ring
C{x'/k}. These roots of f are called branches of Y. In a natural way, the notions of
order and support can be extended to the elements of C{x!/¥} and the notion of degree
to the elements of C[x!/*]. Let ¢ be a branch of Y. There are A1, ..., Ay € Supp(¢),
the characteristic exponents of Y, such that

(C1) A < Ap < -+- < Ay )
(C2) Foralli € {1, ..., s}, A; does not belong to Z + Zle;ll Zhyg.
(C3) If A € Supp(¢) then A belongs to Z + 3, _; Zhe.

In fact, ¢ € C{x!/¥} is the branch of an irreducible curve if and only if there are
M, ... As € Supp(¢) such that (C1), (C2) and (C3) hold. Our choice of coordinates
for Y implies that A; > 1. Given a branch ¢ of Y, we can compute all the branches of
Y by evaluating ¢ (0x'/%), where 6 runs through all k-th roots of the unity. Due to our
choice of representative,

k

fen =TT (- (x'%)). M

j=1

Under these circumstances, we say that f is the minimal polynomial of Y.

Let My =Zand M; = M; 1+ ZA;,i =1,...,s.Fori =1,...,s,let k; be the
smallest positive integer such that k;A; € M;_1. Then k = ]_[?:1 k. By default, zero
will belong to all semigroups mentioned in this paper. We define I'(A1, ..., Ay) as the
semigroup generated by k,

vi =kiliandyjq1 =kjyj+khjp —kijforj=1,...,5 — 1. )
The semigroup I'(Aq, ..., As) is the semigroup of an irreducible curve with char-
acteristic exponents Ay, ..., As. Fori = 0,...,s, define I'; (A1, ..., As) = kNp +
Z’j:l Noy;, a subsemigroup of I'(Ag, ..., Ay).

In the following proposition, we present some properties that will be useful in
Sect. 4. Statement (B) also plays a key role in the initial step of the elimination
procedure outlined in Sect. 5.1.

Proposition 1 The following statements hold.

(A) Foralli €{0,...,s}, kM; = kZ + 2;21 Zy;.
(B) Leti € {1,...,stand t € {1,...,k;}. Then Ly; € Ti_1(A1, ..., Ay) if and only
ife = ki.

Proof See [3]. O

Let ¢ be a branch of Y. After a change of coordinates of the type
(x,y) = (x,y =), ¢ € C{x},
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we can assume that Supp(¢) contains no positive integers and therefore, we can write
¢ = xMH (%), where H € C{x} and H(0) # 0 (see Proposition 2.4 of [12]).
Branch ¢ induces a parameterization ¢ of Y by setting x = *. By (C3), we can write
the parametrization ¢ as

x=t y=ca™ 4 o1(0) + 2 o) + - et Y @), 3)
where
(P1) c1,....c; €C* g1, ..., 051 € Clt], ¥ € C{t}and 91 (0) = - - - = g1 (0) =
¥ (0) = 0;

(P2) foralli € {1,...,s—1},ord(g;) > kA;,deg(p;) < kA;4+1 and Supp(g;) C kM;;
(P3) ord(y) > kis and Supp(vy) C kM;.

Parameterization ¢ induces a map 9, : C[[x, y]] = No U {400} defined by
¥.(g) = ord(t*g).

This map is a valuation, that is, 9,(0) = +o0,

U.(gh) = 0.(8) + Uu(h), “
9.(g + h) = min{9,(g), ¥.(h)}. (&)

Zariski proved in Theorem 3.9 of [19] that

(Cllx, yII) =T (A1, ..., As) U {+o00}. (6)
This equality will play an important role in Sect. 5, namely in the elimination process
used in Algorithm 1.
3 Truncation and Newton polytope of the equation
In this section, we adopt the approach employed by Zariski in the proof of Theorem
3.9 of [19] and perform a suitable truncation of a branch of an irreducible curve.

This truncation corresponds to a root of a polynomial. Subsequently, we compute the
convex hull of the support of that polynomial.

Definition 2 Let o be a non-negative rational and

(=Y cax®

aeQxo

a branch of Y. We say that ¢ is an admissible exponent of Y if o € M and A; < o.
Take ¢o € C{x'/¥} equal to zero. Given o, an admissible exponent of Y, we say that a
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sequence (E,-)izl ,,,,, s of elements of C[x!/¥] is an admissible sequence of truncations
of Y with respect to o if

Supp(Zs) = Supp(¢) N {a € Qs0 : @ < 0} @)

and, foreachi € {1, ..., s}, thereis ¢; € (C[xl/k] such that

(T1) ¥i (%) =Yy a, cax®, where A; C {or € Supp(Zy) = o > A \Supp(&i—1).
(T2) Supp(yi) C M;.
(T3) Gy =Ty (V) 4 e3P + i (x1/5).

Remark 3 Chosen o, the support of g“s is always the same, independently of our choice
for ¢y, ..., &—1.

Example 4 Let o be an admissible exponent of Y,
A = Supp(¢) Nf{a € Q=0 1 @ < 0},
={dee€eA:a>Ag}and, fori e {1,...,s — 1},

={oeceA: A <o <Ay}

The intersection of the sets A;, A;,i, j =1,...,sandi # j, is the empty set. Also,
due to our choice of coordinates, A \ {A1,...,As} = UleAi. Statement C3) (see
Sect.2) implies A; € M;,foralli € {1,...,s}. Set A;41 = 0, {x,,0 €qual to zero and
( l/k) ZE: Co
aEA;

if A; is non-empty, ¥; (xV/%y = 0 otherwise. Then

o (7) = G0 () 4 () 1= 1,

is an admissible sequence of truncations of Y with respect to .

Example 5 Let Y be an irreducible plane curve with characteristic exponents 7/3, 5/2
and branch

7/3 5/2 8/3 17/6 19/6 11/3 23/6 25/6

= c1x + cx

31/6

+ c3x
37/6

+ cqx + c5x + cex + c7x + cgx

+ c9x + c10Xx

where ¢1,c» € C*,and¢; € C,i € {3,4, ..., 10}. Note that k; = 3, ko = 2 and
Supp(¢) N My ={7/3,8/3,11/3}.

The following sequences of truncations are all admissible:

(c1x”3,0), (@x7P +e3x%2,0), (e1x"P 4 e6x"13,0), (c1x"? + e3x83 4 e6x 13, ).
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The admissible sequence of truncations presented in Example 4, for this case, is
(c1x73, 7).

We keep the notations and the system of coordinates established in the previous
section. Let ¢ be as defined in (3) and ¢ be abranch of Y thatinduces the parametrization
t.Seteg = 1and, fori = 1,...,s, let us define ¢; = k;e;_1. Note that e, = k. From
now on, we assume an admissible sequence of truncations of Y with respect to a
0, (E,-)izl,,,,,s, has been chosen. For i € {1,..., s}, the truncation El is the branch
of an irreducible curve Y; with characteristic exponents Ap, ..., A;, hence having
multiplicity e; and semigroup I'(Aq, ..., A;). Additionally, E, € C[x1/¢]. Define i; as
the polynomial parametrization induced by Z,

Let ¢;, yl(’), )
defined as follows, based on (2):

..,)/,-(i) be the generators of I'(Aq, ..., A;). For j =1,...,1, yj(i) is

)/l(l) = e¢;A1 and V;:zl ijl/;l) +eidjy1—erjforj=1,...,i—1

The next proposition, for j < i, gives us arelation between I'j (A1, ..., A;) = ¢;No +
Y Noy and T(Ap, ..., A)).

Proposition6 Foralli € {1,...,s}and j € {1,...,1},

e
r,-(xl,...,xi)ze—fr(xl,...,/\j). (8)
J

Proof See [3]. O

From now on f; will represent the minimal polynomial of Y;. The following
Theorem computes the convex hull of the support of f;.

Theorem7 Leti € {1,...,s}, u; be the degree ofzi and N; the convex hull of
Supp(fi). Then N; equals the convex hull of {(0, e;), (eiA1, 0), (e; i, 0)}, that is,

Ni = {(a. B) € RZ ki + (kid1)B > ei(kihy) A e + (eipni) B < ei(eipui)}.
©)

Proof Let C = {(0, ¢;), (ejr1,0), (e i, 0)}. From (1),
C < Supp(fi).
Therefore, the definition of convex hull implies (see Sect. 0 of [20])
Conv(C) € Conv(Supp(fi)).
The set Conv(C) is equal to
{(@, B) e RE: ejat + e 1B = ei(eihr) Aejat + ejpiB < ej(eifui)}.
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All that is left is to prove that Conv(Supp(f;)) € N;. The branches (Zi) Lseens ~(E})ei,
of Y;, have the same support. For each j € {1, ..., ¢;}, the support of y — (¢;); is
equal to

C = (Supp (&) x 0) U{(0, 1)}.

Since (1) holds for f;,
e
Supp(f;) € Y _C.
j=1

Notice that, since the set Supp(z,-) is totally ordered with minimum X and maximum
Wi, then

Conv(a):{(a,ﬂ)eRzzO:a+M,32A1Aa+u,~,3§u,-]. (10)

Forj=1,...,e,let (aj, B)), @;, B;) € C. Set
e; ej
P=(p,m=v) (a,B)+10—-v)) (@.8).
j=1 j=1

where v € R. The point P belongs to the convex hull of Zj’:] C and let us prove that
it belongs to N;. We have

e; €
eip+ern=eyv Z(aj +A1Bj) +e(1 — V)Z(&j +)»1l§)

j=1 j=1

and

e €
eipt+eiun=eyv Z(Olj + uiBj) +e(1—v) Z (@ + Mi,g)-

j=1 j=1

We apply (10) to the two previous equalities to conclude that P belongs to N;.
Therefore,

€ e;
Supp(fi) €Y € S Conv [ C| N
Jj=1 j=1

and we conclude that Conv (Supp(f;)) € N;. m]
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4 Truncation minimal polynomial decomposition

This section is split into two subsections and is dedicated to proving the existence
of a unique decomposition of the minimal polynomials associated to the truncations
El» e, EY. Section 4.2 presents the key decomposition results, Theorems 12 and 15,
which are subsequently applied in Algorithm 1. The proofs of these theorems rely
on the Weierstrass Division Algorithm and Sect. 4.1 is dedicated to proving some
technical results around it.

4.1 Weierstrass division algorithm

The Weierstrass Division Algorithm plays an important role in proof of Lemma 14
and Theorem 15, so we need to get (re)acquainted with it (see Theorem 6.2.6 of [10]
and its proof for the formal version). We are only interested in the case where we
divide an element of C[[x]][y] by a Weierstrass polynomial in y. Given m € N and
w(x,y) = ¥ yzgce(0)y’ € ClIxIlyl, define ryy (w)(x, y) = Y5y ce(x)y" and

1
() 3) = 37 ey = L ) = (W) V).

>m

Note that w(x, y) = h; (w)(x, Y)y™ + rm(w)(x, y), rm(w) € C[[x]][y] and, in our
case, h,;, (w) € C[[x]][y]. Let g € C[[x, y]], p € C[[x]][y] a Weierstrass polynomial
of degree m. Weierstrass Division Theorem states that there are uniquely determined
g € Cllx, yll and v € C[[x]][y] such that g(x, y) = ¢q(x, y)p(x,y) + v(x, y) and
deg, (v) < m— 1. We will refer to g and v as the quotient and remainder, respectively.
From its proof, we know that g verifies h,,(gp)(x, ¥) = h,(g)(x, y) and

q(x,y) =hu(@)x, y) + hm(—qrn(p)(x,y). (11)

The later equality results from the former with some computations, that we will not
replicate. Obviously, if deg,(g) < m — 1 then g is zero. Define the C-linear map

Hy(g)(x,y) = hp(—grm(p))(x, y).

Let H,% be the identity map and, for £ € N, H,fl be H,, composed with itself £ times.
We rewrite (11) as

q(x, y) = HO(hu(2))(x, ) + Hu(q)(x, ). (12)

The rest of this subsection focuses mostly on proving some technical results around
the Weierstrass Division Algorithm that are needed for future proofs. Some known
properties of this Algorithm, essential for future proofs, are presented in the following
lemma:
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Lemma8 Let g, p € C[[x]1[y] be such that p is a Weierstrass polynomial of degree
m and deg,(g) > m. Let q and v be, respectively, the quotient and the remainder of
the division of g by p. Then q, v € C[[x]][y] and the following statements hold:

(A) There is o € Ng such that
q(x,y) =Y Hy(hn(2))(x, ). (13)
£=0

(B) deg,(q) = deg,(g) —m.
(C) if g and p both belong to C[x, y] then g € C[x, y].

The following Lemma is a technical Polyhedral Geometry result needed for some
proofs.

Lemma9 LetveN s>2ie{2,...,standje{l,...,i —1} ThenSupp(f}’) is
contained in the convex hull of {(0, ve;), (ve;jr1,0), (veju;, 0)}, that is, in the set

Nj = {(a. B) € RE ki + (kiaDB = vej(kiap) Aejo + (ejiu)B < vej(ejm))}.

The set Supp( f ]V) is also a subset of

{(@. B) e REy o0 + i < vejpi).
Furthermore, ]Vj is a subset of N; if and only if v =kji1---k;.
Proof The Multinomial formula implies
v
Supp(f}) € ) Supp(f;).

=1

Since Supp(f;) is contained in its convex hull then Supp(f;) € N;, hence

% v
> " Supp(fj) € Y N;.
=1 (=1
Let (ag, Be) € Nj, £ =1,...,v. By (9), inequalities

ki Y ae+ (kir) Y Be= ) (kiar + (kix)Be) = vejkir)  (14)
=1 =1 (=1
and
ej Y ar+(einp) Y Be=Y (ejoae+(ejupBe) <vejleju;)  (15)
=1 =1 =1
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hold. From inequalities (14) and (15) we conclude that
vV
Z Nj - Nj .
=1

If N j 1s contained in NV; then the points (0, ve;) and (0, ¢;) must be the same, which
implies v = k1 ---k;. Assume that v = kj1 ---k;. Then N; is the convex hull of
{0, e:), (eir1,0), (eipj, 0)}. Since u; < w; then {(0, €;), (eir1,0), (eipj, 0)} is a
subset of N;, and we conclude that N; C N;.

To prove the proposition’s last statement, it suffices to prove that N j is contained in
{(a, B) € Rio ca+u;B <ve;ju;}.Let(a, B) € N;. Thereare 11, 72, T3 non-negative
real numbers such that 7; + 75 + t3 = 1 and

(@, B) = 11(0, ve;) + 12(vejry, 0) + 3(ve i, 0). (16)
For this characterization of convex hull see Sect. 0 of [20]. From (16), we have
a+piB =T1veji + 13Vej ;i + TIVE) ;.
By definition, A1 < w; and ; < u;. Hence,
TvejAl +13veju; + Tiveju < (11 + 12 + 13)veji
and we conclude that o + p; 8 < ve;u;. O

Leti € {1,...,s}andv = (Bo,...,Bi—1) € Nf). Define N,Si) as the set of the
elements of Rzzo that verify

i1
kin + (kid)p = ei (ki) — (ki) Y Beer

=0

as well
i—1
N+ wip < eiti — i Y Bre.
=0

Note that if v = (0, ..., 0) then N,Ei) = N;.

Proposition 10 Let v € No,i € {1,...,s}, j € {1,...,i}, v = (Bo, ..., Bi—1) € N}
and A C Supp(ffjl). Then

N§? —(0,7ej_1) € N (17)
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and

ND +4cNY, (18)
where v = Bos.--»Bj—2.Bj-1 + T.Bj,....Bi-1) and YV =
Bo,---»Bj—2,0,8j, ..., Bi—1).
Proof Let (1, p) € lei). We have

i1
kin+ (ki) (p —tej—1) > er(kirr) — (k1A1) Zﬂzez — (k1ADTej 1
=0
i1
= ei(kir) — (kir) Y B,er,

£=0

Whereﬁ[ = B¢, forl £ j —1, andéj_1 = Bj-1+ 1. Also,

i—1 i—1

N+ ip —Tejo1) < eipi — i Y Pree — pitej 1 = eifti — i Y B ee.
£=0 =0

We conclude that (17) hold. We now prove (18) similarly. Let (i, ) € A. Then,

i—1
ki + ) + () (p + §) = er(king) — (kix) Y Bree + ki + (kir1)p.
=0

From Lemma 9, we know that
ki + (kix)p = (kir)Bj—1ej—1.

Therefore,

i—1 i—1
er(kian) — (kian) Y Bree + ki + (kian)d = ex(kidy) — (ki) Y Boee
=0 =0

with B, = By, for £ # j — 1, and Ej—] = 0. Lemma 9 also tells us that 7 + u;p <
Bj—1€j—11i, which allows us to conclude that

i—1

i—1
N+ T+ wi(o +P) < eipi — i Y Bree + wiBj-1ej-1 = eipi — i y_ Beer.
=0 £=0

Lemma 11 The following statements hold:
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(A) Let w, p € C[[x]lly], with p a Weierstrass polynomial in y with degree m. Then
Supp(Hy (w)) € [(Supp(w) + Supp(p)) — (0, m)] N RZ,.

(B) Lett e Nyi e {l,...,s}, je{l,...,i}and g € Clx, y]. Suppose that there is

v =(Bo, ..., Bi1) € N} such that fy = --- = B;—1 = 0 and Supp(g) < Ni".

Let g, v € Clx, y] be, respectively, the quotient and the remainder of the division

of g by fjr_l. Then Supp(v) is a subset of ngi) and Supp(q) is a subset of Néi),
wherev = (0,...,0,7,8;,..., Bi—1).

Proof The proof of statement (A) is pretty straightforward. Let
Hn = {(1,p) € Ry : p = m).
Since Supp(wry, (p)) € Supp(w) + Supp(r,, (p)), the definition of &, implies that

Supp(h(wry (p))) < [(Supp(w) + Supp(rn (p))) N Hml — (0, m).

Statement (A) is a direct result from the fact that Supp(r,, (p)) S Supp(p) and

[(Supp(w) + Supp(p)) N'Hm] — (0, m) = [(Supp(w) + Supp(p)) — (0, m)] N R,

We now proceed to prove statement (B). Note that if degy (g) < tej_1 — 1then
g = 0 and the result trivially holds. Let m = te;_1. We know from statement (A) of
Lemma 8 that there is o € Ny such that

q=>Y_ HY ().
{=0

Hence, Supp(g) € UﬁZOSupp(Hn(f ) (hm(g))). We have immediately that
Supp(H,y (7 (8))) = (Supp(g) — (0, m)) N R,
Since Supp(g) N\gi), from (17) of Proposition 10, we obtain that
Supp(H,? (hm(g))) € N

Assume that, for £ € {0, ..., 0 —1}, Supp(H,ﬁ,D (hm(g))) < Nvii). We apply statement
(A) to obtain

Supp(H D (1 (9))) S [(Supp(HA (him(£))) + Supp(f7_p)) — (0, m)] N R,

Taking into account (18) of Proposition 10,
Supp(HY (hn (8))) + Supp(ff_;) € N,
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and consequently, by (17) of Proposition 10, Supp(H,ﬁfH)(hm(g))) C ND Wwe

v

conclude that Supp(g) < Nv(i). From the equality v = g — ¢ f].ll , due to

Supp(qf7_;) < Supp(q) + Supp(f}_;) S N,

we obtain that Supp(v) C lei). O

4.2 Decomposition results

In this Subsection we present two theorems that form the core of Algorithm 1. The
first theorem, Theorem 12 states that we can express f; as the sum of flkil with a tail
that satisfies certain properties. It also provides the values of the induced valuations
at f;. These valuation values enable us to perform an elimination procedure, that is
used in Algorithm 1. The second Theorem, Theorem 15, asserts that we can uniquely
decompose our tail as a sum of products of the polynomials x, y, ..., fi—_1. This
decomposition is implemented in Algorithm 1 and allows us to compute the tail.

Let ¢ be as defined in (3), and let ¢; and f;, fori = 1,...,s be as described in
Sect.3. Fori € {1,...,s}, lete;, yl(l), e, yi(l) be the generators of the semigroup
I'(A1, ..., A;). Define fo(x, y) = y.

Theorem 12 The following statements hold.:
(A) Foralli €{l,...,s —1yand j € (i +1,....s}, 9,(f) = v 1.
(B) Foralli € {1,...,s}, there is §; € C[x, y] such that Supp(8;) C N; \ {(0, ¢;)},
9, 6) = ki, and fi(x,y) = £, (x, ) + 8 (x, y).

Proof Let i, j be as in statement (A). By construction E, is a root of f;. Let Ei(z),
£ ef{l,...,e;}, bethe roots of f;, thatis,
e
fitey =[] -72a" ).
=1
Definition 2 allows us to write
ey = G 4 oy x4 ), (19)
where 1;]- € C[x!/¢] and ord(tzj) > Ai+1. Hence,
e
G fio = [T[Gu) =TOa ) + oo+ 0] o)

=1

Set w = 1%/¢ . We can assume thata = Ei(l). Letf € {2,...,n}. Thereis 6, € Clw]
and £ € {1, ...,1} such that 6,(0) # 0 and

Ci(w) — 2 (w) = w6, (w) = 17416, (w). 1)
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Furthermore, as ¢ runs through ~{2, ..., n}, the order of the subtractions in (21) takes
all the values of the set {e;A;: £ € {1, ..., i}}. Equality (20) is equivalent to

G fi0 = fiw, Gw) + e [T (G - F0w) + R @2)

=2

Set

€

o) = et [ (G =5 0w)).

=2

Note that f,-(wef,zi(w)) = 0. Taking into account that A; < X;41 and the order of
Y (¢) is strictly bigger than e;A; 1, the order of R(¢) is strictly bigger than the order
of ¢(t). To prove statement (A) we just have to prove that the order of e(¢) equals
yi(_i)l. Given £ € {1, ..., i}, there are ky — 1 roots of f; that coincide with E, up to the
term, but excluding, c,\exlf. Therefore, there are
(ke = Degr - ki = —— — =L
e—1 e

roots of f; that coincide with E, up to the term, but excluding, c;, Zx“ . The total number
of roots of f; that are not equal to ¢; is

Y ()= =,
eg

= \€t—1 €o
We conclude that the order of &(¢) is
(ki1 = Dk - kiejry + (ky — Dk3 -+ - kiejho + -+ + (ki — D)ejhri +ejhit
(23)
Expression (23) equals yl.(i)l (see Section 2 of [9]) and statement (A) is proved.

We now proceed to prove statement (B). Once again, we turn to Definition 2 to
write

~( ; ~ ; ¢ . ¢ )
{i( )(xl/e,) _ é.i(_ll)(xl/e,_l) + c§i2)xk’ + 1//l_( 2)(x1/e,)’

where £ € {1,...,e;}, €1 € {1,...,¢ei_1}, €2 € {1,...,k;} and cﬁfﬁ is a non-zero
complex number. Note that to obtain all roots of f;, £; must run through all the values
of {1,...,e;_1}. Hence,

€

fiey=]] <y _Fo (xl/e,.»

=1
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= . (y - Z';(Zl) (xl/ei*1)> +38i(x,y).

t=1¢=1
But
k,‘ €i—1 k,‘
> ; ki
111 (y _ge (xl/ezfl)) =[] ficix. ) = .
t=1¢6=1 =1

By Lemma 9, the support of flkil is contained in N;. Therefore, the support of

8i(x, y) = filx,y) — £ (x, y)

is contained in N;. Since f; and flkil are Weierstrass polynomials in y of degree e;,
(0, e;) does not belong to the support of §;. We must have

9,80 = 0, () = kiv.
Otherwise,
9, (f) = min{d, (8;), 9, (£ )} # +oo.

]

Remark 13 Statement (A) of Theorem 12 tell us that Ez is an i-semi-root of f; (see
(2] or [9]).

Note that if («, 8) € N; N N3, then ord(x®y#) = ¢; if and only if (o, B) = (0, &;).
One immediate consequence of this fact is that Supp(5;) C N; \ {(0, ¢;)} implies
ord(;) > e;. The following Lemma is needed for the proof of Theorem 15.

Lemma 14 Foralli € {1,...,s — 1}, the following statements hold:

(A) Leta, B € No. Leta(x, y), b(x, y) € Cl[[x, yl] be non-zero such that v, (a) and
¥, (b) are elements of T';_1 (A1, ..., Ap). If O (af ) =0, (bfl.ﬁ_l) thena — B is
a multiple of k;.

(B) Letn € Nand g € C[[x]]ly] such that deg,(g) = nandej—y < n < e;. Then
there are uniquely determined a; € C[[x]][y], £ € {0, ..., ki — 1}, such that

ki—1

gr,y) =Y ar(x, ) (x, ) (24)

£=0

and degy(ag) < ej_1. Furthermore, ¥,,(g) € U'(A1, ..., ;) and

o
ﬂ¢@=jm@y
l
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Proof We will prove the Lemma by induction on i. For i = 1, the proof of both
statements is straightforward. Let us begin by proving statement (A). We can assume

a > B. Equality 9, (a fi‘i]) =0, f,ﬁ, 1) is equivalent to

(@ =By =9, (b) =V (@). (25)
Letg andr € {0, ..., k; — 1} be the unique non-negative integers such that
o— B =qki+r. (26)

We apply (26) to (25) and obtain
© =9, (b) — 0, (@ — gkiy” 27
ry; - = (D) @ —q iV - 27

By hypothesis, &, (b) — ¥, (a) € ¢Z + Z'J_:l] Zyj(’), which is a subset of ¢; M; |
by statement (A) of Proposition 1. Also, by Proposition 1, we know that k; @ is an
element of e¢; M;_1. We conclude that ryi(l) € e; M;_1. We apply (2) to this fact and
obtain that rA; € M;_1. Since r € {0, ..., k; — 1}, the definition of k; implies r = 0.

We now prove statement (B). Let d, T be the unique non-negative integers such
thatn = dej_1 +tand 7 < e¢;_1. Since ¢,_1 < n < ¢; then 1 < d < k;. The
fact that f;_; is a Weierstrass polynomial with deg, (fi—1) = e;—1 and coefficients
in C[x] implies that fl.d_l is a Weierstrass polynomial with degy( fl.d_l) = de;_1 and
coefficients in C[x]. Let aq,rgy € C[[x]][y] be, respectively, the quotient and the
reminder of the division of g by fi‘i]. Then, degy (rq) < d e;—1 and, by statement (B)
of Lemma 8, deg,(aq) =n — dei_1 =1.Letp €{l,...,d}. Suppose that there are
uniquely determined a¢ € C[[x]l[y], £ € {p,...,d}, and r, € C[[x]][y] such that
deg,(rp) < pei—1,

d
g, y) =rp(x,y) + Y ar(x, ) (x, y) (28)
t=p

and degy(ag) <ej_1.If p=1thenap(x,y) =ri(x,y), otherwise, seta,_1,7,-1 €

CI[x]1[y] as the quotient and the reminder, respectively, of the division of r,, by flp_ ]1 .
Therefore, deg, (r,—1) < (p — 1)e;—1 and

deg,(ap—1) = deg,(rp) — (p — Dei—1 < ei—1.
Thus, iterating the division process, equality (24) holds.

By the induction hypothesis, for a; # 0, there is iy < i — 1 such that ﬂlil (ap) €
I'(A1, ..., Aj,). Furthermore,

e
9 (ar) € =T, ..oy hiy).

Le
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By Proposition 6,
W, (ae) € Ty, (A1, ..., Ap).
Sinceiy <i —1thenI;,(A1,...,A;) is asubsemigroup of I';_1 (A1, ..., A;), and we
conclude that ¢, (a¢) € I'i—1 (A1, ..., A;).
Let
C= {z?ti(agﬁz_]) cag #0and € € {0, ...,d}} and p = minC. (29)

Statement (A) implies that, if o, T € C are such that ¥, (as f” ;) = ¥, (a; f"_) then
o = 1. Let 7 be the element of C such that

Dy (ar f71) = p. (30)
Therefore, ¥,(g) = p. Since ¥, (a;) belongs to I';_1(A1,...,A;), which is a

subsemigroup of I'(Aq, ..., A;). Then, also taking into account statement (A) of
Theorem 12,

9,(8) = 0, (ar) + 17 € T, .., M),

Forall j € {i,...,s}and £ € {0, ..., d}, the induction hypothesis implies that
¢ €j )
ﬁtj (a(fifl) = ﬁtj (ai) + g'l?Lj (ﬁ*l) = e_.l%i({ (aﬁ) + ZV; .
iy

Applying Proposition 6, we obtain that

T
y @ = &0
e

Apply the induction hypothesis once more to obtain

ej e; e
J J *i
gy, a) = L0y,
» :

174

o
J

(ag) = =B, (ap).
€ €j, €

Thus,

. e e
O (acft)) = Loy @) + Loy = 2o, (acfl ).
J e; €; é;

1

We conclude that

e;j e;j
Py (8) = —tp = L, ().
i

€
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We now refine the decomposition presented in statement (B) of Theorem 12 in
Theorem 15. To simplify writing, we endow R” with the partial order

(@, ....,an) <(b1,....,by) & a; <b;,Viell,... n}.

Leti € {l,....s},v=(a Bo. ..., Bi—1) € Nj'. Define

i—1
W, (x, y) = xyP T 1. (31)

=1
Theorem 15 Let i € {1,...,s}. There are uniquely determined o € N, non-zero
complex numbers c1, . .., cs and vy = (a(z), ,Béﬂ), R ,Bi(f)l) € Ng“, £el{0,...,0},

such that
(A) Forallt e {1,....a}, (B, B, ..., 80D <tk — Lka—1,... .k — 1).
(B) fi(x,y) = fim1 (e, )N + 30 coW, (x, ).
(C) Forall e {1,...,0), 0, (¥,,) > kiy".
(D) Forallt € {1,...,0}, Supp (‘-IJW) C N;.
Proof Assumei = 1. The Theorem holds since Supp(8;) € N \ {(0, k1)} and, for all
(@, B) € Ny N2, 9, (x*yP) > ki(kir1) = kiy,". Assume i > 2. Let

ki—1
Six,y) =Y ap(x. ) fE(x.y) (32)
£=0
be as in statement (B) of Lemma 14, ry41(x,y) = §i(x,y), r € {l,...,d + 1},

aqs1(x,y) = 0 and

d
8iCx,y) =re(x,y)+ Y ae(x, ) i (x, y)
=t

be as in (28). From statement (B) of Lemma 14, we know that d < k; — 1 and the
decomposition (32) is uniquely determined. Assume that, for all £ € {r,...,d +
1}, Supp(ag) € N, where vy = (0, ...,0,¢) € Nj, and Supp(r¢) C N;. Since
we obtain r; = a;_; ff:ll + r;_1 by dividing r; by fl.T_jI, using the Weierstrass
Division Algorithm, statement (B) of Lemma 1 1 and the fact that Supp(r;) € N; imply
Supp(r;—1) € N; and Supp(a,—_1) C NSill. We conclude that, forall £ € {0, ..., d},
Supp(ag) < N,S,’;). We now iterate this reasoning.

Let j € {1,...,i — 1}. Suppose that there are uniquely determined deN, ag €
Clx, yland v, = (0,....0, 7. ..., Bi”)) € N for £ € {1, ..., d}, such that
d -
Six,y) =y ate, ) [] rF. (33)
=0 7=
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U < (ki — Lky—1,....k — 1), Supp(@) S Ny and deg (@) < e;. Assume
j = 1.Let (n, p) € Supp(ag). Then,

i—1 (©)
®
Supp (x”yp 1_[ fff ) C N(l) + Z Supp(flﬂ’ !

=1 o=1

which means, by (18) of Proposition 10, that

Supp (x” o 1—[ fﬂ(a)

=1

We conclude that statements (B) ang (D) hold. Statement (A) is a direct consequence
of the fact that, for £ € {1,...,d}, degy(ﬁg) < e1 = kj. Assume j > 2. Let
efo,...,dyand v = (0,...,0, 1, ﬁ}“, o B), T € N. Since deg, (@) < ej,
by statement (B) of Lemma 14, we have the uniquely determined decomposition

dy

acx,y) =Y alP e, i, y), (34)
=0

for some non-negative integer d strictly smaller than k;. Obviously, if deg, (a¢) <

ej_1 thendy = 0. Let r},{ll =ay. Fort € {0,...,d¢}, we know from the proof of

statement (B) of Lemma 14, that a( ) Verifies the equahty r(e)1 = c_zge) f jr—l + rg)

obtained by applying the Weierstrass Division Algorithm. Note that if 7 = 0 then
gg) = rl(l) and r(gé) is zero. Since Supp(a,;) C NS’) once again by statement (B) of
Lemma 11, we conclude that Supp(r; Z)) < Ny, @) and Supp(a(z)) CN (Z)

All that is left is to prove statement (C). Let pbeasin (29)and t as in (30). Since
¥, (8;) = p, then

vy (af-fir—l) =1 (fkl) .

By statement (A) of Lemma 14, we conclude that T = 0, that is 9, (ap) = k; yi(i) and,
forall £ € {1,...,d}, 9, (agff_l) > k; yi(’). Suppose that, in (33), we also have

i—1
_ ® ;
ﬂu ag l_[ fft = kiV,'(l)- (35)

Assume j = 1 and let (n, p) € Supp(ay). Since degy(ag) < ey, then, by statement
(A) of Lemma 14,

%, (@) = min{d, (x"y”) : (n, p) € Supp(@r)}.
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Hence, 9, (x"y”) > ¥,, (a;). From statement (B) of Lemma 14, we have
nyey — Ei 1P
29l,‘(-x y )_zﬂu(-x y )
and
— €j _
¥, (ag) = —b, (@e).
el

Consequently, &, (x7y”) > ¥, (ag). Therefore,
o o o
D (x"y” [1rF ) = 0, ("y") + 0, <H Vi ) > 9, @) + ¥, <H Vi ) :
=1 =1 =1
Inequality (35) allows us to conclude that
-1 '
v, (@e) + 9, (l_[ i ) z ki)’i(l)'
=1

Hence, statement (C) holds. Assume j > 2. Taking into account that degy (ap) < ej,

statement (A) of Lemma 14 tell us that, for 71, 72 € {0, ..., d¢}, if ¥, (ng)fj”_l) =
z‘/‘lj @? fjril) then g(f:) = gg) = 0 or 11 = 1p. Consequently, there is one and
only one T € {0,...,k;} such that V(ae) = 9y (c_zg)fj?_l). Furthermore, for all
T €{0,...,ds}, Uy (c_z(f) fjf,l) > 9y (Qg)f,il)' Following the same reasoning as in
the case where j = 1, but now using statement (B) of Lemma 14, we obtain the
inequality ,, (at” f7_;) > 9, @), forall T € {0, ... d;}, which in conjunction with

(35) allow us to conclude that

i—1
) ;
v, C_l(e) ;,] 1_[ fff > kiVj(l)-

T=j

5 Computational implementation

In this section, we present Algorithm 1, which computes f; from flkil This algorithm
is based on the two theorems stated in Sect. 4.2. Algorithm 1 constructs §;, as described
in statement (B) of Theorem 12, by applying the decomposition outlined in statement
(B) of Theorem 15, using a valuation based elimination procedure. We detail the
elimination procedure in Sect. 5.1, while Sect. 5.2 is dedicated to presenting and
elaborating on Algorithm 1.
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5.1 Elimination procedure

We begin with two technical lemmas that validate the elimination procedure.
Lemma 16 The following statements hold:
(A) Foralli e {1,...,s}and j €{1,...,i},
j/;i) > €j—-1€;.
(B) Assume s > 2. Foralli € {2,...,s}and j € {1,...,i — 1},

ej—l)/i(t) - ei—ly]'(l) > 0.

Proof We prove statement (A) by induction on j. Since yl(i) =¢;A1 and A1 > 1 then

yl(’) > ¢;. Now let j € {2,...,i}. Statement C1) implies A; — A ;_; > 0. By (2),

(l) =kj- 13/1(1)1 +ei(hj—Aj-1).
The induction hypothesis as well the fact that A; — A ;1 > 0 imply that

@)
)/j > kjflejfzei =e€j—1¢6;.

To prove statement (B), we rewrite the expressione; 1 yi(i) —ei_1y ;i) in the following
manner:

d i) ) ¢j-1 i)
ej—1Y; ) e 1)/1( =€j717/, ) e 1)/, )+ Z - e: 1}/(5(1 Z eeileifll’z(l
=1 ¢ t=j+1
i e i—1 e
Jj—1 (@) Jj—1 (i)
= ——e_ — —ei_
Z e 1Y Z e 1Y

t=j+1 t=j

Il
o
;
D
\
5’;\
I
\N
I
A
|
<

@ _ el (i))
Ve = ——v,"
4 er—n -1

Il Il
o Q|
sk
2 2
| |
L
I

=~

N

L

5
\_/

t=j+1

Foralli =1, , 8, e; > 0 since, by definition, k; > 0. Furthermore, from (2) we
conclude that y(') ko— 1)/(')1 >O0forall¢ € {j +1,...,1}. Therefore,

i

ei_q
Z . ei—l( D gy 1)/(1)) 0.
er—1

t=j+1
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O
Lemma 17 Let m(z, xg,...,Xxi—1) = Z + Zle;%) evxy, for (z,x0,...,Xi—1) € Ri+!

and i > 2 an integer. Consider the set

1
R =1(z,%0, ..., xi—1) € R 1 (z,x0, ..., xi_1) Z(O,~-~,0)A€iZ+ZV@(2 X¢ >sz(l)

Then m(R) admits minimum, equal to e;, and this value is reached only at
©,...,0,k).

Proof Note that m(0, ..., 0, k;) = kiei_1 = ¢;. Let (H, ho, ..., hi—1) € Rt such
that

(H,ho,....,hi—1)+(0,...,0,k)) e R.

Then hy > 0, forall £ € {0,...,i —2}, H >0, h;_; +k; > 0and

i-2
(hict + kv +eiH+ >y he = iy (36)
=0
Inequality (36) is equivalent to
2
hi1 > Z (37)
Vi £=0 i
Hence,
i—-2
m(H, ho,...,hi—2,hi—1 +ki) = (hi—1 +ki)ej—1 + H + Zezhz
=0
(1) i—2
>e —ei— e,lz [-H]’l +H+Zez/’l@
i i =0

(l)
=ei+<1 (1))H+Z< - (l) )h@.
y Y

From statement (B) of Lemma 16 we conclude that, for all £ € {0, ...,i — 2},
(i)

€= yo)

e, 1 >0,

and, from statement (A), that

l—e¢_1— () > 0.
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Hence, if H > O or there is £ € {0, ...,i — 2} such that &, > 0, we conclude that
m(H, ho,...,hi—2,hi_1 + ki) > e;.

Assume that H = hg = --- = h;_» = 0. Then inequality (37) implies h;_; > 0. If
hi_1 > 0, we have

m@,...,0,hj_1+ k) =hi_1e;_1 + e > e;.

We conclude that the result holds. O

.Leti efl,...,s—1}.Given u € I'(Ay, ..., Aj), thereis v = («, Po, ..., Bi—1) €
NBH such that

i—1
p=aei+ Yy Byl (38)
£=0

Note that &, (¥,) = u (see 31). Define f; o(x,y) = fikjl(x, y). Let j > 0. If
J = 1, assume that we have constructed a sequence f; ¢, £ € {0, ..., j}, of non-zero
polynomials such that

(i) 400 # 0, (fie) >V, (fie—1) forall€ e (l,..., j}.
(ii) ord(fi¢) =ei,forall€ € {0,..., j}.

Let 4 = 9, (fi,j) and J,, be a non-empty finite set whose elements v € NBH verify
equality (38). If j = 0, also assume that the elements of J,, verify ;1 = 0. This
assumption can be made due to u = k; yi(i) and statement (B) of Proposition 1. Define
i, j+1(x,y) as

Z a¥y(x, y),

veJy,

where ¢, € C,and f; j11(x,y) = fi,j(x,y) + gi,jﬂ(x, y). There are u, 6, € C[t],
v € Jy, such that u(0) # 0, 6,(0) # 0, (7 f; ; = t*u(t) and (W, = t#6,(¢). Then

1
t_p,L;kﬁJ-i-l =u(t) + Z 0, (1) =

vedy,
=u(0)+ Y c0u(0) +u(t) —u0) + Y co(0s(t) — 6,(0)).
veJ, veJdy

Note that

u(t) —u0) + Y cy(O,(t) — 6,(0)) € (1)Cle].

veJy
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Since u#(0) and all the 6, (0) are non-zero, the linear affine variety of CMul, defined by

w(0) + Y c,0,(0) =0, (39)

veJy,

does not contain the origin. Apply condition (39) to f; j+1. Then
ﬁti(fi,j+1) = p+ 1> l?L,' (fl,j)

Note that ord( fl.ki]) = ¢;. To prove that f; ;41 is non-zero, it suffices to prove that,
forallv € Jy, ord(W,) > e;. Forall £ € {0, ...,i — 1}, ord( f¢) = e,. Therefore,

i—1

m(a, ﬁ07 B IBi—l) =u+ Zefﬁﬁ

£=0

equals the order of W,. If j = 0, then B;_1 = O and u = ¥,(fi0) = kiyl.(i).
Lemma 17, in this case, allows us to conclude that m (e, Bo, ...,0) > e;. Assume
now that j > 1. Since u = 9,(f;,;) > V,;(fi,0) = kiyl.(i), Lemma 17 implies
m(a, Bo, ..., Bi—1) > ej.

5.2 Decomposition algorithm

The following lemma facilitates the implementation of the restriction stated in
statement (D) of Theorem 15 within our algorithm.

Lemma 18 Leti € {l,...,s}and v = (&, fo, - .., Bi—1) € N5, Then Supp(¥,) C
N; if and only if (@, Y"\_t Brer) € Ni.

Proof If By = --- = Bi—1 = 0 then the Lemma holds. Assume 8; # 0 for some
€€ {0,...,i —1}. Then yfo flﬁ1 e fﬁ]l is Weierstrass polynomial in y of degree
ZQ;%) Beeg and P = («, Zz;%) Beey) belongs to the support of W,,. Then Supp(¥,) €

N; implies that P belongs to N;. Let us prove the other implication. The point P
belongs to N; if and only if

i—1

ko + (kix) Y Bree > ei(kinr) (40)
£=0
and
i—1
a0+ i Y Bree < eifui. (41)
£=0

Given (1, p) an element of Supp(W,), there are (n¢, p¢) € Supp(ffz) such that
n, p) = (a, Bo) + Zlg;ll (n¢, pe). We prove that (1, p) verifies the inequalities found
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in (9). By Lemma 9, forall £ € {1,...,i — 1},
king + (kiA1)pe > Beeg(kiry).

Hence,

i1 i-1
kin + (kian)p = ki + (kid)Bo+ Y (kine + (kirn)pe) = ke + (kir) Y Beer.
=1 =0

Inequality (40) implies that k11 + (kjA1)p > e;j(kiA1). Lemma 9 tell us that, for all
Lefl,....i — 1}, ng + pipe < Bregpi. Hence,

i—1 i—1

N+ wip =o+uifo+ Z(W +uipe) <@+ i Zﬂzez
=1 =0

and from inequality (41) we conclude that n + @ p < e; ;. O

We now proceed to explain Algorithm 1. As input for this algorithm we need:

e The polynomials fo, ..., fi—1,

e The list CE;_ of the characteristic exponents Ay, ..., Aj_1,

e The list SG;_; of the generators of the semigroup associated to characteristic
exponents CE;_1,

e Thelist E;_| = {ep, €i,...,ei_1},

e The parametrization ¢; 1 given by x;_1 and y;_1,

e The characteristic exponent A;, the positive integer k; and the polynomial y; (¢).

Set xo(t) = t, yo(t) = 0, CEy as the empty list and Ey = SGo = {1}.
Lines 1 to 7: We update the lists CE;_1, SG;_1 and E;_;. We compute ¢; and store
itin x; and y;. If we are computing f then Line 4 must be

Int y; =k« CE((1);

Lines 8 to 10: The lists LS| and L S; store vectors needed to apply Lemma 18. The
lists VE and V C contain variables needed for future computations.

Lines 11 to 12: We initiate the elimination procedure outlined in Sect.5.1. The
variable n stores the valuation we are currently applying the elimination procedure.

Lines 13 to 14: We start a loop that will only end when we obtain g such that
1,,(g) = +oo. For line 14 we assume that we have access to a procedure, denoted
by intregion, that computes all (i + 1)-tuples with entries non-negative integers, on a
compact region of a hyperplane, and we store those tuples on the list R E. The equality

VE.SG; ==n

defines the hyperplane accordingly to the current valuation we are eliminating.
Inequalities

VE-LS, > SGi(1) % E;(2) *x CE;(1)
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and

VE - LS < SG;(1)* SG;(1) x E;(2) * Deg(y; (1))

come from Lemma 18. We apply statement (A) of Theorem 15 in inequality

(VE\{“})S{Ei(1> TR

Ei(2) Eii+1

|

Lines 15 to 18: In this loop, we update the decomposition of §;, as in statement
(B) of Theorem 15, from the elements of the list R E. We also update the list V C with

the coefficients of the decomposition introduced in each cycle of the loop.

Lines 19 to 20: We solve the linear non-homogeneous equation, with variables the
elements of VC, obtained by requiring that the coefficient of " in (7 g is zero. For
computational reasons, we are assuming that the solution of this equation is given in

rule form, so we apply it to g.

Algorithm 1 Decomposition Procedure

Require: k;, A;, ¥, xi—1, Yi—1, Ei—1, SGi—1, CE;—1, fo, - -+, fi—1
Ensure: f;

clist CE; = CE;_; U{}\;}

clist E; = Ej_j Uk x{E;_1 (D)}

clist SG; =k; - SGi_

tinty; = b0 SGi(D) + SGi (1) 4 = SGi(1) * CE;( = 1)

clist SG; = SG;—1 U {y;}

: poly x; (1) = x;—1 (1)

s poly y; (1) = yi—1 (tKi) + ¢;rSGi i 4y ()

clist VE = {«, Bo, ..., Bi—1 1 list VC = {}

9: list LS| = {E;(2)} U (E;(2) * CE;(1)) * E;

10: list LSy = {SG; (1)} Udeg(y; (1)) * E;

11: poly g(x. y) = £ (x. y)

12: int n = ord(g(x; (¢), y; (¢)));int j = 1

13: while n # +oo do

14:  list RE = intregion(VE - SG; ==n A

VE-LS| > SG;(1) % E;(2)  CE; (1) A

VE - LSy < SG;(1) xdeg(y; (1)) A
Ei(®

0N NN AW =

(VE\{a) <(FH -1, B 1y AvE= ...

E;i (i)
15:  for ¢ = 1 to length(RE) do

i E
16 poly g(x.y) = glr.y) + €, xEOW T[HL pEQ
17: list VC = VC U {ej ¢}
18:  end for

19:  rule S=linsolve(coef(g (x; (1), y; (1)), n)==0,V C)
20:  poly g(x,y)=applyrule(S,g(x, y))

21:  intn =ord(g(x;(t),y;(t)));int j = j +1

22: end while

23: poly fi(x,y) = g(x, y)
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The elimination process in the algorithm starts with valuation k; yl.(i) and each
iteration is associated to a strictly increasing valuation. From Proposition 19 it is quite
easy to obtain an upper bound for the number of iterations needed to obtain f;.

Proposition19 Leti € {1, ..., s} and g € C[x, y] such that Supp(g) C N;. Then
Supp(i; g) C [ei(eir1), ei(eijui)].
Proof We begin by proving the result for the monomial case. Given a monomial x% y#,

B
Supp(t}"xo‘yﬁ) C{ea+ Zaz tap,...,ag € Supp(t;y)
=1

Note that e;A; = min Supp(:}y) and e;1; = max Supp(:}y). Hence,
min Supp(tfx“yﬁ) =e;a + (e;A1)B, max Supp(tz‘xo‘yﬁ) =eja + (ej i) B-
If (o, B) € N; then, by the inequalities in (9), we must have
Supp(;;x*y) € [ei(eir), ei(eiu)] 42)

We conclude that the proposition holds from (42) and the fact that

Supp(tfg) € Ua. p)esupp(e) SUpp(tix®y?).
o

Corollary 20 An upper bound for the number of iterations of the While loop initiated
in line 13 of Algorithm 1 is

ei(eipi) — ki)/i(i) + L

In the following example, the computations were performed using an implementa-
tion, coded by the authors, of Algorithm 1 in Mathematica.

Example 21 We return to the branch

7/3 5/2 8/3 17/6 19/6 11/3 23/6 25/6

 =c1x + cx

31/6

+ c3x

+ Clox37/6

+ cax + c5x + cex + c7x + cgx

+ co9x
of Example 5. Let us consider the admissible sequence of truncations
fo=cx"P+ex® =1
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B
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Fig.1 Set A

The induced parameterizations are, respectively,
x=0, y=cit’ +c3t®
and

X = t6, y = c1t14 + czt15 + C3t16 + C4t17 + C5t19 + c6t22 + C7t23
+C8125 + 69t31 + C10t37.

Let A be the set of black points in Fig. 1. We apply the Algorithm 1 to obtain

fite,y) =y} —cfx” = 3cie3x’y — 3x®

and

Hy) = ffx.y) + Z do px”y",
(o,B)EA

with dy g non-zero elements of Clc; : i € {1, ..., 10}].
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