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Abstract

Let X be a Banach function space over the unit circle such that the Riesz projection
P is bounded on X and let H[X] be the abstract Hardy space built upon X. We show
that the essential norm of the Toeplitz operator T (a) : H[X] — H[X] coincides with
llal| Lo for every a € C + H if and only if the essential norm of the backward shift
operator T (e_1) : H[X] — H[X] is equal to one, where e_1(z) = z~L. This result
extends an observation by Bottcher, Krupnik, and Silbermann for the case of classical
Hardy spaces.

Keywords Banach function space - Abstract Hardy space - Toeplitz operator -
Essential norm

Mathematics Subject Classification 47B35 - 46E30

1 Introduction and the main result

For a Banach space X, let B(X’) denote the Banach algebra of bounded linear operators
on X and let C(X') be the closed two-sided ideal of B(X) consisting of all compact
linear operators on X'. The norm of an operator A € B(X) is denoted by || Al 5.x).
The essential norm of A € B(X) is defined as follows:

Al Bx),e :=inf{l|A — Kllgx) K € K(X)}.
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For a function f € L! on the unit circle T := {z € C : |z| = 1} equipped with the
Lebesgue measure m normalised so that m(T) = 1, let

f(n) = 1 /n f (ei9> e de, neZ

27 J_,

be the Fourier coefficients of f. Let X be a Banach function space on the unit circle
T. We postpone the definition of this notion until Sect.2.1. Here we only mention
that the class of Banach function spaces is very reach, it includes all Lebesgue spaces
L?, 1 < p < oo, Orlicz spaces L® (see, e.g., [1, Ch. 4, Section 8]), and Lorentz
spaces L9, 1 < p < 00,1 < g < 00 (see, e.g., [1, Ch. 4, Section 4]). Moreover, all
mentioned above spaces are rearrangement-invariant (see Sect. 2.2 for their definition).
Let
H[X]:={ge X gn) =0 forall n <0}

denote the abstract Hardy space built upon the space X. In the case X = L”, where
1 < p < o0, we will use the standard notation H? := H[L?]. Consider the operators
S and P, defined for a function f € L! and at a.e. point ¢ € T by

1 f(r) 1
(SH@) == —=pv. | =——dr, (P@):=;(f@)+ (S)H@),
i TT—1t 2

respectively, where the integral is understood in the Cauchy principal value sense. The
operator S is called the Cauchy singular integral operator and the operator P is called

the Riesz projection. Assume that the Riesz projection is bounded on X. Fora € L*°,
the Toeplitz operator with symbol a is defined by

T(a)f = P(af), feH[X]
It is clear that T (a) € B(H[X]) and
T @ BExXD,e < 1T @IBHXY = I1PIBx)llalle. (1.1)

Let C denote the Banach space of all complex-valued continuous functions on T with
the supremum norm and let

C+H® ={felL*® f=g+h, geC, he H®}.
In 1967, Sarason observed that C + H® is a closed subalgebra of L (see, e.g., [4,

Ch. IX, Theorem 2.2] for the proof of this fact).
Letl < p < oo and a € L. It follows from [3, Theorem 2.30] and (1.1) that

lallee < IT(@BwHPy,e < NT@IB@EP) < IPlBwrllallLe.

Gohberg and Krupnik [5, Theorem 6] proved that || P || g(#),. > 1/ sin(sr/p) and con-
jectured that || P||g(z»y = 1/ sin(sr/p). This conjecture was confirmed by Hollenbeck
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and Verbitsky [6]. Thus
lallLe < IT(@IBHry.e < 1/sin(x/p)llaliL=, ae L™. (1.2)

Bottcher et al. [2, Section 7.6] asked whether the essential norm of Toeplitz operators
T (a) with a € C acting on the Hardy spaces H? is independent of p € (1, 00).
The second author answered this question in the negative [12]. More precisely, it was
shown that

IT (@)|BEr),e = llallpe forall a € C ifandonlyif p=2. (1.3)

Nevertheless, the following estimates for || T (a)||5(x»),. Were obtained for 1 < p <
ooanda € C + H*®:

lallz= < 1T @ sery.e < min {212/ 1/ sinGe/p) | a1

(see (1.2) and [12, Theorem 4.1]).
We will use the following notation:

en(z):=7", z€eC, mel.

The following result extends (1.3) to the class of rearrangement-invariant Banach
function spaces.

Theorem 1.1 Let X be a rearrangement-invariant Banach function space such that
the Riesz projection P is bounded on X. Then the following statements are equivalent:

(a) the equality
IT (@ BcEX).c = llallLe (1.4

holds for every Toeplitz operator T (a) : H[X] — H[X] witha € L*;

(b) equality (1.4) holds for every Toeplitz operator T(a) : H[X] — H[X] with
aeC+ H™®;

(c) IT(e—DBEx).e =1

(d) IT(e-DlBmEx) =1

(e) I1Plaxy =1,

) X = L? and there exists C € (0, 00) such that

lgllx = Cligly2 forall g e X.
The implication (f) = (a) follows from inequalities (1.2), which become equalities
for p = 2. The implications (a) = (b) = (c) are trivial. The equivalences (d)

< (e) <= (f) were proved in [10, Theorems 1.1-1.2] for arbitrary (not necessarily
rearrangement-invariant) Banach function spaces X. The equality

ITe—DIBEx) = IT€-DIBEHX).
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was proved in [8, Theorem 1.2] for rearrangement-invariant Banach function spaces
X, which gives the equivalence (c) <= (d) and completes the proof of Theorem 1.1.

Béttcher et al. [2, p. 472] provided an argument allowing to show directly that (c)
= (b) in the case of classical Hardy spaces H”, 1 < p < oco. The aim of this paper
is to show that their reasoning can be extended to the case of arbitrary Banach function
spaces (not necessarily rearrangement-invariant) on which the Riesz projection P is
bounded. Our main result is the following.

Theorem 1.2 (Main result) Let X be a Banach function space on which the Riesz
projection is bounded. Then the following statements are equivalent:

(i) the equality
1T (e—DlBwHEx),e =1

holds for the backward shift operator T (e_1) : H[X] — H[X];
(ii) the equality
IT(@IIBHx)).e = llallL=

holds for every Toeplitz operator T (a) : H[X] — H[X]witha € C + H*.

The paper is organised as follows. In Sect. 2, we recall the definition of the class of
Banach function spaces and of its distinguished subclasss of rearrangement-invariant
Banach function spaces. In Sect. 3, we prove that the Toeplitz operators 7 (e_, i) with
neZy:=1{0,1,2,...} and h € H* are bounded on H[X]. Further, we show that
T(e_1)T(e_,h) =T (e_,_1h)forn € Z andh € H* onthe space H[X]. Although
our main results have been obtained under the assumption that P is bounded on X, we
do not make this assumption in Sect.3 as we believe that this more general case is of
an independent interest. Using the results of Sect. 3, we prove Theorem 1.2 in Sect. 4.

2 Preliminaries
2.1 Banach function spaces

Let M be the set of all measurable complex-valued functions on T equipped with the
normalized Lebesgue measure m and let M ™ be the subset of functions in M whose
values lie in [0, oo]. Following [1, Ch. 1, Definition 1.1], amapping o : M™ — [0, c0]
is called a Banach function norm if, for all functions f, g, f, € M* withn € N, and
for all constants @ > 0, the following properties hold:

(Al) p(f) =0<% f=0ae., plaf) =ap(f), p(f +8) < p(f) + p(8),
(A2) 0 <g < fae. = p(g) <p(f) (thelattice property),

(A3) 0< fu? fae = p(fu) 1 p(f) (theFatou property),
(Ad) p(1) < oo,

(AS) /T Fydm(t) < Co(f)
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withaconstant C € (0, oo) thatisindependent of f. When functions differ only on a set
of measure zero are identified, the set X of all functions f € M for which p(| f|) < o0
is called a Banach function space. For each f € X, the norm of f is defined by
Il fllx := p(f]). The set X equipped with the natural linear space operations and this
norm becomes a Banach space (see [1, Ch. 1, Theorems 1.4 and 1.6]).

2.2 Rearrangement-invariant Banach function spaces
Let Mg (resp. Ma' ) denote the set of all a.e. finite functions in M (resp. in M™).
Following [1, Chap. 2, Definitions 1.1 and 1.2], the distribution function m ; of a
function f € My is given by

meA)=m{teT |[f@)] >Ar}, A=0.
Two functions f, g € My are said to be equimeasurable if m r (1) = mg4(A) for all
A > 0. A Banach functionnorm p : M — [0, co] is said to be rearrangement-invariant
if p(f) = p(g) for every pair of equimeasurable functions f, g € /\/lar . In that case,
the Banach function space X generated by p is said to be a rearrangement-invariant
Banach function space (see [1, Ch. 2, Definition 4.1]).
3 Auxiliary results

3.1 Operator P,

Forn e Nand f € L', put

n—1

Pof =) flkyep e H'.

k=0

Lemma 3.1 For every n € N, the operator P, : L' — H®™ is bounded and
| PullgLt, qooy < 1.

Proof For every f € L', one has

n—1 n—1
1Puflle = | Y Foree| <Y [F)] llexllze
k=0 Lo k=0
n—1 n—1
=D [F®[ =D I i =nllfl
k=0 k=0
So, P, € B(L', H®) and || P, || 11, gy < 1. |

) Birkhauser
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Corollary 3.2 Let X be a Banach function space. For every n € N, the operator
P, : X — H[X] is bounded.

Proof Axioms (A4) and (AS) imply the existence of a constant C > 0 such that

| PullBx.mHix) < CllPullgLt, mey < Ch,

which completes the proof. O

3.2 Boundendess of a special Toeplitz operator

We will need the following auxiliary lemma

Lemma3.3 [7, Lemma 3.1] Let f € L'. Suppose there exists g € H' such that
f(n) =gn) foralln > 0. Then Pf = g.

As a consequence of the results of the previous subsection and Lemma 3.3, we will
show that special Toeplitz operators with symbols of the form e_, h, where n € Z
and h € H®, are bounded on abstract Hardy spaces H[X] built upon Banach function
spaces X even without the assumption that the Riesz projection P is bounded on X.

Lemma 3.4 Let X be a Banach function space. If n € Zy and h € H™, then the
Toeplitz operator T (e_,h) : H[X] — H[X] is bounded.

Proof Let f € H[X] C H!. Since h € H®, it follows from [11, Section 3.3.1,
properties (a), (2)] that hif € H'.In the case n = 0, Lemma 3.3 implies that

T(h)f=Phf)=nhf 3.1
and
T fllaxy = 1hfllaxy < Rleell f s
whence
1T MW BHx < IlhlLe. (3.2)
If n € N, then

T(e—nh) f = P(e_yhf) = P(e—, Py(hf)) + P(e—,(I — Py)(hf)).
It follows from the definition of P, that

(e—n Py(hf))"(m) =0, m € Zy; (3.3)
(e—n(I — P))(hf))"(m) =0, m € Z\ ZLy.

Hence
Pe_,P,(hf)) =0, P(e_,(I —P,)(hf)) =e_,(I— Py)(hf)

W Birkhauser
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(see Lemma 3.3). So,
T(e_yh) f = P(e_,hf) =e_,(I — Py)(hf). 3.4
Hence, taking into account Corollary 3.2, we obtain

1T (e_nh) flluix) = 1T (e_nh) fllx = lle—y(I — Py)(hf)|x
= = P)AP)Ix < (14 1 PullBex,mixy) 1hfllx
= (L4 1PullBox, mixn) Nl Lol f | apx-

So, T'(e_,h) € B(H[X]) and

IT (e—nmllsarxy < (1+ 1 Pallsex.axy) Il
which completes the proof. O
The above lemma can be complemented by the following (cf. [3, Proposition 2.14]).
Lemma 3.5 Let X be a Banach function space. If n € Z4 and h € H*, then
T(e—1)T(e—yh) = T(e—n—1h)

on the space H[ X].

Proof 1t follows from Lemma 3.4 that the Toeplitz operators T (e—;), T (e_,h) and
T (e_,—1h) are bounded on the space H[X]. Let f € H[X]. If n = 0, then it follows
from (3.1) that

T(e-)T(h)f =T(e-1)(hf) = P(e—ihf) =T(e_1h)f.
If n € N, then (3.4) and (3.3) imply that

T(e_DT(e_nh) f = e_1(I — P)(T(e_nh) f)
=e_1 [T(e—ph) f — (T(e—ph) £)"(0)]
=e_1 [e_n(I — P)(hf) — (e—u(I — P)(hf)~(0)]
=e_,_1(I — Py)(hf) —e_1(e_,hf) (0)
=e_y1(I — Pus))(hf)

+e_u1(Pug1 — Po)(hf) — e_1(e_yhf)~(0)

= T(e_n_1h) f +e_n_1hf (n)e, — e_1hf(n)
= T(e_n_1h)f,

which completes the proof. O

) Birkhauser
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4 Proof of the main result
4.1 Extending an observation by Bottcher, Krupnik, and Silbermann

We start with the following auxiliary result, containing the essence of the argument in
[2, p. 472], in which we do not assume the boundedness of the Riesz projection on a
Banach function space X.

Lemma4.1 Let X be a Banach function space. If |T (e_1)|lpH[x)).e = 1, then
T @ BExXD.e < llallLe for every Toeplitz operator T (a) : H[X] — H[X] with
acle_,h:neN he H®}

Proof Leta = e_,h forsomen € Nand h € H*®. By Lemma 3.5 and (3.2), we have

IT @IBcHx).e = IT €t BHX),e = (T (€-1)"T (W) BH[X]).e
< NTE-Dlwxy. 1T MIBEHX). = 1T WBHX).
< I TWBExy < Ikl = llallr=,

which completes the proof. O

4.2 Proof of Theorem 1.2

It is clear that (ii) implies (i). Suppose (i) holds and a € C + H®. Since the set
G :={e_,h:n e N, he H®}isdense in C + H* (see, e.g., [4, Ch. IX, Theorem
2.2]), there is a sequence {a,, } of elements of G such that ||a—a, || — Oasm — oo.
By Lemma 4.1, |T (@m) | BH[X]),e < ll@mllLo for all m € N. On the other hand, it

follows from [9, Theorem 5.2] that ||ay ||Lo < IIT (am) |l B(H[x]),c for all m € N. Thus
I T (am)llBH1x1),6 = ll@m Iz~ for all m € N. Since

|||T(a)||B(H[X]),e - ||T(am)||B(H[X]),e| < |IT(@a—am)llBux1).e < IPlIBx)la—amllLe

and | llallLoe — [lamllL| < lla — amllL~ for all m € N and |la — ap| Lo — O as
m — 00, we get

1T @ BEx).e = Im (T (@)l BEx),e = Iim |lamllLe = |lallr=,
n—00 m— 00

which completes the proof of (ii). O
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