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Abstract: This paper analyzes vibrations induced by a moving bogie passing through a
single-layer railway track model. The emphasis is placed on the possibility of unstable
behavior in the subcritical velocity range. All results are presented in dimensionless form
to encompass a wide range of possible scenarios. The results are obtained semi-analytically,
however, the only numerical step involves solving the roots of polynomial expressions.
No numerical integration is used, allowing for the straightforward solution of completely
undamped scenarios, as damping is not required for numerical stability. The vibration
shapes are presented in the time domain in closed form. It is concluded that increased
foundation damping worsens the situation. However, in general, the risk of instability in
the subcritical velocity range for a moving bogie is lower than that of two moving masses,
particularly for higher mass moments of inertia of the bogie bar and primary suspension
damping. The study also examines how the results change when a Timoshenko-Rayleigh
beam is considered instead of an Euler-Bernoulli beam. Although some cases may appear
academic, it is demonstrated that instability in the supercritical velocity range cannot be
assumed to be guaranteed.

Keywords: contour integration; integral transforms; critical velocity; instability; transient
vibrations; analytical solution

1. Introduction
One effective way to combat climate change and reduce the carbon footprint is to

prioritize rail transport over road transport. This naturally necessitates an increase in
railway network capacity by enhancing travel velocity, the number of trains, and axle loads.
These increased demands emphasize the importance of ensuring passenger safety and
comfort. The upper limit for travel velocity is typically derived from the critical velocity,
which, in this context, corresponds to the critical velocity of a moving force. This velocity
equals the lowest wave propagation velocity in the supporting structure, resulting from
the dynamic interaction of all involved components, and can be referred to as the critical
velocity for resonance.

Another commonly used indicator for ensuring safe train passage is the receptance
curve, which, however, only indicates the natural frequencies of the supporting structure.
The frequencies that cause unstable behavior cannot be identified using receptance curves,
as they depend on the mass and velocity of the moving object. Therefore, it is necessary to
study the transient vibrations caused by the moving vehicle and the associated so-called
induced frequencies, which can determine whether the motion will be stable or unstable.
Nevertheless, the problem of instability has often been overlooked, as it was shown that
a single moving mass or oscillator can exhibit unstable behavior only in the supercritical
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velocity range. Since this region is a priori excluded from track design, instability has not
been considered a critical issue.

However, the dynamic interaction of two moving proximate masses can lead to a
different scenario, one that surprisingly worsens with increased foundation damping. Such
cases have already been identified in the author’s previous works.

The study of moving load problems remains a highly active topic in transportation
engineering, particularly in rail and road transport. Various simplifications have been
introduced to improve computational efficiency and present results in a more compact
form suitable for optimization and sensitivity analyses. These simplifications apply to
the supporting structure, the moving vehicle, or both, depending on the problem being
investigated. In addition to analyzing the influence of several parameters on dynamic
performance, key topics of interest include the critical velocity for resonance, the critical fre-
quency for resonance, instability, and the dynamic interaction of proximate inertial objects.

Typical simplifications at the level of the supporting structure have led to layered
models consisting of beams, point masses, and spring-damper elements. These models are
widely used due to their simplicity and computational efficiency. Such simplified models,
along with simplified vehicle models, are used in both practical and theoretical studies. The
applicability of the three-layer model in railway applications is analyzed in [1], while an
overview of the features of one-, two-, and three-layer models is provided in [2]. Notably,
these simplified models have proven adequate for modeling several railway dynamics
issues, as demonstrated by other researchers, including in classical works [3,4]. Other
works dealing with vehicle–track dynamic interaction modeling include [5–13], further
demonstrating the usefulness of simplified models. A classification of layered models is
introduced in [4], with validation against experimental results provided in [14]. Studies
aimed at defining the properties of such models consider the ballast pyramid model, as
referenced in [15,16], and the Saller assumption from 1932, which can be consulted in [17].
The pyramid model is further detailed in [18] under the name “stress cone model”, where
it is used to define vertical ballast stiffness and identify dynamically activated ballast
mass. Further improvements involve the superposition of cones between adjacent sleepers,
i.e., in the longitudinal direction [14].

Numerous research studies have been conducted over the past decades; thus, this
review primarily focuses on the most recent publications.

In [19], a critical discussion on developments in the field of the dynamic response
of rigid road pavements to moving vehicles is presented. Rigid pavements consist of an
elastic concrete plate or jointed plates resting on a supporting foundation. Similar models
are also used in railway engineering, albeit with different parameters. The supporting
medium can be modeled as a system of spring-damper elements or as a homogeneous or
layered half-plane/space with infinite or finite depth. The paper summarizes works in
which the material behavior of the subgrade layers is considered isotropic, anisotropic,
viscoelastic, poroelastic, or inelastic. In [20], the same authors provide a more detailed
review of both rigid and flexible pavements. These works simulate vehicles using either
constant concentrated forces or distributed forces over a finite line/area, omitting their
inertial effects and, consequently, the possibility of instability. In [21], a plane strain model
is used to analyze instability issues in the moving mass problem.

In [22], although the study focuses on road pavements, the guiding structure model
corresponds to a one-layer model commonly used in railway applications. The model is
traversed by a two-mass oscillator with a contact spring-damper element, a configuration
frequently encountered in railway applications. Harmonic roughness of the roadway is
considered, but neither instability nor critical velocity is analyzed. Since only a single
contact point is involved, the dynamic interaction of proximate objects cannot be observed.
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The study primarily analyzes the effects of foundation nonlinearity using the Adomian
decomposition method. Moving coordinates are implemented, and results are limited to
the steady-state response, as only a single Fourier transform is applied. This approach
effectively removes the inertial effects of the moving object. The study finds that there is a
critical value for nonlinear stiffness, which increases with vehicle velocity and foundation
damping.

Regarding railway applications, the nonlinearity of the supporting structure is ana-
lyzed in [23]. A two-layer model is implemented, and a simplified vehicle model is used.
A novel nonlinear stiffness model is developed to comprehensively characterize ballast
properties, incorporating displacement-dependent stiffness, frequency-dependent stiffness,
hysteresis, and time/space-varying features. The model is validated using experimental
measurements by processing ground-penetrating radar signals with the adaptive optimal
kernel time–frequency representation method.

Moving force problems are simpler than moving mass problems, particularly for finite-
length supporting structures, where analytical solutions exist and can be formalized using
modal expansion. However, a relatively recent study [24] still analyzes this problem for a
double-beam structure, focusing on the effects of various boundary conditions. Although
the motion of a mass on finite Euler-Bernoulli beams without an elastic foundation and
damping is a classical problem addressed by numerous researchers, new insights and
results continue to emerge, as shown in [25]. Furthermore, in [26], a new equivalent
lumped parameter model is proposed to describe the vibrations of simply supported beams
without an elastic foundation under moving force action. This classical problem has a fully
analytical solution. In [27], vibrations of a similar structure subjected to a moving mass are
solved using the Green’s function method to analyze the effects of boundary conditions,
mass velocity, and its ratio with respect to the beam mass.

More practical studies typically address railway line degradation, such as transition
zones, rail corrugation, maintenance optimization, and potential failures. For example,
in [28], the effect of temperature on concrete cracking in ballastless lines is analyzed, while
in [29] the failure of railway vehicle suspension dampers is examined using cross-correlation
analysis of bogie accelerations.

Regarding transition zones, it is well known that a sudden change in the vertical
stiffness of railway tracks increases dynamic loads and leads to numerous defects in
ballasted tracks. The main geometric parameters of the approach slab for short-span bridges
were optimized in [30]. A finite element model was developed and subjected to a series
of moving forces. The model was validated using field measurements obtained through
a laser/camera-based measuring technique. The geometric sensitivity analysis results
indicate that rail and ballast displacements can be significantly reduced by employing a
geometrically optimized approach slab along the transition zone of a railway bridge.

In [31], a recently proposed revolutionary design aimed at mitigating the negative
effects of transition zones is evaluated under extreme conditions. This transition structure,
called SHIELD (Safe Hull Inspired Energy Limiting Design), was designed to reverse
propagating waves by inverting the shape of the embankment zone, thereby directing wave
energy toward the foundation instead of upwards, where it could damage the railroad. The
study found that this novel design effectively reduces dynamic amplifications and ensures
a smooth distribution of deformation energy across subcritical, critical, and supercritical
velocity regimes in both travel directions. This results in a more uniform traffic-induced
degradation along the longitudinal direction.

Transition zones are directly linked to the floating sleeper phenomenon, for which a
novel modeling approach is presented in [32]. This study provides an accurate mathemat-
ical model with a minimal number of degrees of freedom, supported by extensive field
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measurements of a railway track. Although the observed phenomenon is highly complex, a
simplified one-degree-of-freedom mathematical model has been found sufficiently accurate
for its characterization.

Regarding rail corrugation, a new hypothesis for the formation process of short-pitch
rail corrugation is proposed in [33]. A dynamic finite element (FE) wheel-track model
is used to verify the hypothesis by replicating the initiation and consistent growth of
corrugation. The FE model consists of discrete elements, similar to other works employ-
ing semi-analytical or analytical solutions. The supporting structure is represented as a
two-layer model extended to three dimensions, with rail pads and the foundation (cor-
responding solely to the ballast layer) modeled using spring-damper elements acting in
three directions. The wheelset and rails are detailed using 3D elements, while the remain-
ing vehicle mass is lumped and placed above the primary suspension. The study finds
that longitudinal compression modes are responsible for corrugation initiation, and the
proposed mechanism successfully explains field observations. The FE model is validated
using a downscaled V-Track test rig in [34].

Transition zones are also related to transition radiation. In this context, Refs. [35,36] are
worth mentioning. Additionally, Ref. [37] provides an insightful analysis using a one-layer
model, with adequate justification regarding how results obtained from simplified models
should be interpreted. It is well known that the one-layer model significantly overestimates
the critical velocity of a railway track. In light of this, the results should be understood
qualitatively, as the ratio of train velocity to critical velocity is more relevant than the
absolute values of these quantities.

In terms of maintenance, ballast tamping remains the most common method for
restoring ballast bed geometry. In [38], a novel test device is introduced that enables
real-time evaluation of the mechanical properties of ballast beds, which is essential for
optimizing tamping efforts in railway maintenance. The evaluation is based on measuring
the impact force on the tamper, and the results are validated numerically using a coupled
model where the ballast is represented using the discrete element method.

In [39], a closed-form solution is derived using the residue theorem and Green’s
function for the dynamic response of an infinite beam resting on a viscoelastic foundation
subjected to a harmonic moving load. However, closed-form results have already been
presented in [40]. In [39], these results are used to determine the most appropriate span
length of an analogous finite beam to best approximate the deflection of an infinite beam
for practical applications. As demonstrated in [41], this can be problematic for a constant
moving force, and a solution is proposed in that work. However, for a moving inertial
load, no solution is provided, despite previous studies by the author of this paper, where
validation was always performed on finite beams. The only precaution taken was to initiate
the load slightly farther from the support, as explained in [42]. When considering initial
conditions, this distance must be extended to ensure that the entire relevant portion of the
initial shape [43] is contained within the beam at time zero.

Similar models are discussed in [44], but only steady-state vibrations are analyzed,
thereby eliminating the possibility of instability. However, the model is more detailed,
incorporating rail roughness and contact springs. Rail corrugation effects are also
considered in [45].

Additionally, other works analyze the limitations of classical beam theories [46–48],
large deformations [49], non-uniform motion of an inertial object [50], and railway tracks
beyond classical ballasted ones [51].

The stability of a moving inertial object on an elastic structure in railway applications
has been investigated using various representations of the vehicle (moving object) and
the track (supporting or guiding structure). Simplified vehicle models include a moving
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mass [52,53], a two-mass oscillator [40,54], and a three-mass oscillator [55]. These models
have only one contact point, meaning dynamic interaction cannot be observed, unlike mod-
els considering two moving masses [42,56] or a sequence of two-mass oscillators [57–60]. A
more complex vehicle model can also be employed for stability analysis [61]. The guiding
structure is modeled using an Euler-Bernoulli infinite beam on a continuous foundation
with one elastic layer [53,55–57], two layers [42,62], or three layers [2]. Alternatively, the
Timoshenko beam can be used instead of the Euler-Bernoulli beam [56,63]. To account for
the influence of sleeper bays, an infinite beam model with discrete supports should be
considered for railway tracks [64].

The instability of a moving bogie has been analyzed in previous studies, but none
have provided complete vibration shapes, closed-form time-domain analytical solutions,
alternatives to the D-decomposition method, validation on finite beams, etc. A pioneering
study on railway vehicle stability [65] focused on lateral stability, a topic not covered in
this paper, which only examines vertical vibrations. However, the model presented here
is similar to the one in that study. The model in [65] incorporates rail irregularities but
restricts calculations to forced steady-state vibrations induced by harmonic irregularities.
Since transient vibrations are not evaluated, instability caused by anomalous Doppler
waves in the beam cannot be identified. In [66], the influence of track gauge and rail
irregularities on hunting motion instability is analyzed, which is beyond the scope of this
paper’s plane model.

The instability of a moving bogie passing through a single-layer model is examined
in [67] from multiple perspectives, including a comparison with a moving oscillator and an
analysis of critical primary suspension stiffness. In [68], the authors investigate how a more
complex foundation structure affects critical stiffness values. However, only isolated values
are provided without detailed comparison to [67]. The critical velocity for resonance differs
significantly from that of the one-layer model, requiring a different approach to comparison.
The same reference input data for the moving bogie as in [67] are used. Due to the large
distance between the wheels, the dynamic interaction between them is suppressed, and
instability is only detectable for realistic values in the supercritical velocity range. In [69],
more complex moving objects are introduced, but results are limited to a few discrete
values of critical primary suspension stiffness. The effects of foundation damping and
instability in the subcritical velocity range are not addressed in these studies.

The present paper analyzes a moving bogie to clarify the possibility of instability in
the subcritical velocity range. The results are presented as analytically as possible, building
upon previous developments in [40,53,56] while avoiding the Green’s function method
used by several other researchers due to its limitations. The primary drawback of this
method is its dependence on numerical integration, which necessitates the introduction of
damping for numerical stability. When damping is introduced, true resonance cannot be
precisely identified or analytically determined. A comparison of both methods is available
in [70]. Recent research has shown that the instability of two proximate moving masses
on a layered track model can occur in the subcritical velocity range [42,56], contradicting
the conventional belief that unstable velocities always exceed the lowest critical velocity
for resonance. While instability is mathematically impossible for a single moving object
with one contact point, it can occur for multiple moving objects due to dynamic interaction.
Additionally, increased foundation damping unexpectedly worsens the situation. This
paper’s novel contribution is analyzing how this behavior changes when the moving
masses are combined into a bogie, a more realistic representation. The study aims to
identify scenarios in which bogie instability occurs in the subcritical velocity range and
determine the parameters contributing to this unexpected phenomenon, as well as those
that push instability into the expected supercritical velocity range.
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The paper is organized as follows. Section 2 describes the model along with the
governing equations and their solutions, utilizing the new method from [53] to present
the results in closed-form formulas. Dimensionless parameters are introduced to cover
a broad range of possible scenarios, allowing the results to be applied without the need
for recalculations. Section 3, which presents the results, is divided into several parts. It
first defines the induced frequencies and then validates the results through analysis on
finite beams. The effects of transitioning from the Euler-Bernoulli beam to the Timoshenko-
Rayleigh beam are then examined, followed by a presentation of selected cases along with
their corresponding induced frequencies. Next, the conditions leading to instability in the
subcritical velocity range for two moving proximate masses are summarized and compared
with those for a two-axle bogie. The influence of suspension damping, beam theory, and
other input parameters is subsequently analyzed. The results section concludes with a
comparison to other published works, particularly [67]. Additional cases are provided in
Appendix A due to the length of the paper. Finally, the paper concludes with a discussion
of the results, followed by the conclusions.

2. Description of the Model and Governing Equations
The model considered in the present paper is depicted in Figure 1. In part (a),

two proximate masses pass through the one-layer model, while in part (b), a single bogie
moves across the model. The model consists of a beam characterized by its bending stiffness
EI and mass per unit length m, following the Euler-Bernoulli theory. The foundation is
described by its vertical k f and shear stiffness ks, as well as its viscous damping coefficient
c f . Both the moving masses and the moving bogie travel with a constant velocity v.
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Figure 1. One-layer model: (a) traversed by two masses; (b) traversed by a single bogie.

The bogie comprises a rigid bar of finite length with mass Mb and mass moment of
inertia Jb, along with spring-damper elements that characterize the primary suspension.
These elements are represented by stiffness and damping coefficients, kv and cv, respectively.
Additionally, the bogie includes two point masses M representing the wheels, positioned
symmetrically at a distance d/2 from the bogie bar’s mass center. The model in Figure 1a
uses only the moving masses, however, when necessary, their values are adjusted to
maintain the same total mass as the bogie for comparison purposes.

For simplicity and comparison between models, it is assumed that the moving masses
have equal values and are subjected to identical constant forces. The primary suspension
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of the bogie is modeled with spring-damper elements, each supporting a point mass that
represents a wheel in permanent contact with the beam. These supports are considered
identical and symmetrically positioned relative to the bar’s mass center.

The problem of two moving masses has been previously solved in [56]. The problem
of the moving bogie is governed in fixed coordinates by the following equations:

EIw,xxxx(x, t) + mw,tt(x, t) + c f w,t(x, t) + k f w(x, t) = p(x, t) (1)

p(x, t) =(
P − Mw01,tt(t)− kv

(
w01(t)− uv(t) + θ(t) d

2

)
− cv

(
w01,t(t)− uv,t(t) + θ,t(t) d

2

))
δ(x − x1)

+
(

P − Mw02,tt(t)− kv

(
w02(t)− uv(t)− θ(t) d

2

)
− cv

(
w02,t(t)− uv,t(t)− θ,t(t) d

2

))
δ(x − x2)

(2)

Mbuv,tt(t)− kv(w01(t) + w02(t)− 2uv(t))− cv(w01,t(t) + w02,t(t)− 2uv,t(t)) = 0 (3)

Jbθ,tt(t) + kv(w01(t)− w02(t) + θ(t)d)
d
2
+ cv(w01,t(t)− w02,t(t) + θ,t(t)d)

d
2
= 0 (4)

Equation (1) represents the beam equilibrium, Equation (2) describes the loading term,
Equation (3) is the vertical equilibrium of the bogie bar and Equation (4) is the moment
equilibrium of the bogie bar around its mass center. The unknown variables in this system
include the beam’s vertical displacement w, the bogie bar’s mass center vertical displacement
uv, and its rotation θ, with positive orientations as indicated in Figure 1. Derivatives are
represented using subscript notation preceded by a comma. The Dirac delta function is
denoted by δ, while the variables representing the positions of the rear and front masses in
the fixed coordinate system are denoted as x1 and x2, respectively, where x2 = x1 + d. The
initial conditions are assumed to be homogeneous, and the boundary conditions state that both
deflection and slope vanish at the beam’s endpoints when x → ±∞ .

Furthermore, it is assumed that the point masses remain in permanent contact with
the beam. The displacements of the contact points are denoted as w01 (for the rear mass)
and w02 (for the front mass). To eliminate these additional unknowns, the correct expansion
of time derivatives must be used:

w01,t(t) = vw,x(x, t) + w,t(x, t), w01,tt(t) = v2w,xx(x, t) + 2vw,xt(x, t) + w,tt(x, t)
where x = x1 = vt

(5)

w02,t(t) = vw,x(x, t) + w,t(x, t), w02,tt(t) = v2w,xx(x, t) + 2vw,xt(x, t) + w,tt(x, t)
with x = x2 = vt + d

(6)

Substituting these expressions into Equations (2)–(4) yields:

p(x, t) =
(

P − M
(
w,tt + 2vw,xt + v2w,xx

)
− kv

(
w − uv + θ d

2

)
− cv

(
vw,x + w,t − uv,t + θ,t

d
2

))
δ(x − vt)

+
(

P − M
(
w,tt + 2vw,xt + v2w,xx

)
− kv

(
w − uv − θ d

2

)
− cv

(
vw,x + w,t − uv,t − θ,t

d
2

))
δ(x − vt − d)

(7)

Mbuv,tt(t)− kv(w(vt, t) + w(vt + d, t)− 2uv)

−cv(vw,x(vt, t) + w,t(vt, t) + vw,x(vt + d, t) + w,t(vt + d, t)− 2uv,t) = 0
(8)

Jbθ,tt + kv(w(vt, t)− w(vt + d, t) + θd) d
2

+cv(vw,x(vt, t) + w,t(vt, t)− vw,x(vt + d, t)− w,t(vt + d, t) + θ,td) d
2 = 0

(9)

To simplify the problem, it is convenient to switch to moving coordinates, setting
r = x − vt, fixing the zero position on the rear mass and properly expanding the time
derivatives as follows:

w,t(x, t) = −vw,r(r, t) + w,t(r, t),
w,tt(x, t) = v2w,rr(r, t)− 2vw,rt(r, t) + w,tt(r, t)

(10)
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The system of equations then takes its final form:

EIw,rrrr + m
(

w,tt − 2vw,rt + v2w,rr

)
+ c f (w,t − vw,r) + k f w = p(r, t) (11)

p(r, t) =
(

P − Mw,tt − kv

(
w − uv + θ d

2

)
− cv

(
w,t − uv,t + θ,t

d
2

))
δ(r)

+
(

P − Mw,tt − kv

(
w − uv − θ d

2

)
− cv

(
w,t − uv,t − θ,t

d
2

))
δ(r − d)

(12)

Mbuv,tt(t)− kv(w(vt, t) + w(vt + d, t)− 2uv)− cv(w,t(vt, t) + w,t(vt + d, t)− 2uv,t) = 0 (13)

2Jbθ,tt + kv(w(vt, t)− w(vt + d, t) + θd)d + cv(w,t(vt, t)− w,t(vt + d, t) + θ,td)d = 0 (14)

To non-dimensionalize the system, the following parameters are introduced:

χ =
4

√
k f

4EI
, vre f =

4

√
4k f EI

m2 =
1
χ

√
k f

m
, wst =

Pχ

2k f
, ηP =

P
P
= 1 (15)

ξ = χr, d̃ = dχ, τ = χvre f t =

√
k f

m
t, w̃ =

w
wst

, ũ =
uv

wst
, θ̃ =

θ

wstχ
, α =

v
vre f

(16)

ηM =
Mχ

m
, µv =

Mbχ

m
, J̃b =

χ3

m
Jb, κv =

kvχ

k f
, ηv =

cvχ

2
√

mk f

, η f =
c f

2
√

mk f

(17)

This results in a system of three equations:

w̃,ξξξξ + 4α2w̃,ξξ + 4w̃,ττ − 8αw̃,ξτ + 8ηb
(
w̃,τ − αw̃,ξ

)
+ 4w̃ =

4
(

2ηP − ηMw̃,ττ − κv

(
w̃ − ũ + 1

2 θ̃d̃
)
− 2 ηv

(
w̃,τ − ũ,τ +

1
2 θ̃,τ d̃

))
δ(ξ)

+4
(

2ηP − ηMw̃,ττ − κv

(
w̃ − ũ − 1

2 θ̃d̃
)
− 2 ηv

(
w̃,τ − ũ,τ − 1

2 θ̃,τ d̃
))

δ
(

ξ − d̃
) (18)

µvũ,ττ(τ)− κv

(
w̃(ατ, τ) + w̃

(
ατ + d̃, τ

)
− 2ũ

)
− 2ηv

(
w̃,τ(ατ, τ) + w̃,τ

(
ατ + d̃, τ

)
− 2ũ,τ

)
= 0 (19)

2 J̃b θ̃,tt + κv

(
w̃(ατ, τ)− w̃

(
ατ + d̃, τ

)
+ θ̃d̃

)
d̃ + 2ηv

(
w̃,τ(ατ, τ)− w̃,τ

(
ατ + d̃, τ

)
+ θ̃,τ d̃

)
d̃ = 0 (20)

The solution is obtained using integral transforms. First, the Laplace transform is
applied:

F̃(ξ, q) =
∞∫

0

f (ξ, τ)e−qτdτwith q = iq (21)

Then, the Fourier transform

F(p, q) =
∞∫

−∞

F̃(ξ, q)e−ipξdξ (22)

is applied to the beam equilibrium equation. This transformation leads to:

W(p, q) = 1
D(p,q)

(
8ηP
iq + 4

(
ηMq2 − (κv + 2iηvq)

)
W̃(0, q) + 2(κv + 2iηvq)

(
2Ũ − Θ̃d̃

)
+
(

8ηP
iq + 4

(
ηMq2 − (κv + 2iηvq)

)
W̃
(

d̃, q
)
+ 2(κv + 2iηvq)

(
2Ũ + Θ̃d̃

))
e−ipd̃

) (23)

where:
D(p, q) = p4 − 4p2α2 − 4q2 + 8αpq + 8iη f (q − αp) + 4 (24)
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The other two governing equations in this transformed space are:(
µvq2 − 2( κv + 2ηviq)

)
Ũ + ( κv + 2ηviq)

(
W̃(0, q) + W̃

(
d̃, q
))

= 0 (25)

(
−2 J̃bq2 + (κv + 2ηviq)d̃2

)
Θ̃ + (κv + 2ηviq)

(
W̃(0, q)− W̃

(
d̃, q
))

d̃ = 0 (26)

Applying the inverse Fourier transform

F̃(ξ, iq) =
1

2π

∞∫
−∞

F(p, iq)eipξdp (27)

to Equation (23) leads to:

W̃(ξ, q) = 1
2π

(
8ηP
iq + 4

(
ηMq2 − (κv + 2iqηv)

)
W̃(0, q) + 2(κv + 2iqηv)

(
2Ũ − Θ̃d̃

))
K(ξ, q)

+ 1
2π

(
8ηP
iq + 4

(
ηMq2 − (κv + 2iqηv)

)
W̃
(

d̃, q
)
+ 2(κv + 2iqηv)

(
2Ũ + Θ̃d̃

))
K
(

ξ − d̃, q
) (28)

where:

K(ξ, q) =
∞∫

−∞

eipξ

D(p, q)
dp (29)

The final step involves the inverse Laplace transform, performed analytically using
contour integration. To do so, the unknowns W̃(0, q), W̃

(
d̃, q
)

, Ũ and Θ̃ must first be deter-

mined by solving the system obtained by substituting ξ = 0 and ξ = d̃ into Equation (28)
and adding Equations (25) and (26):


A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

 ·


W̃(0, q)

W̃
(

d̃, q
)

Ũ
Θ̃

 =



4ηP
iq K(0, q) + 4ηP

iq K
(
−d̃, q

)
4ηP
iq K

(
d̃, q
)
+ 4ηP

iq K(0, q)

0
0

 (30)

where:
A11 = π − 2

(
ηMq2 − κv − 2ηviq

)
K(0, q)

A12 = −2
(
ηMq2 − κv − 2ηviq

)
K
(
−d̃, q

)
A13 = −2(κv + 2ηviq)K(0, q)− 2(κv + 2ηviq)K

(
−d̃, q

)
A14 = (κv + 2ηviq)K(0, q)d̃ − (κv + 2ηviq)K

(
−d̃, q

)
d̃

(31)

A21 = −2
(
ηMq2 − κv − 2ηviq

)
K
(

d̃, q
)

A22 = π − 2
(
ηMq2 − κv − 2ηviq

)
K(0, q)

A23 = −2(κv + 2ηviq)K
(

d̃, q
)
− 2(κv + 2ηviq)K(0, q)

A24 = (κv + 2ηviq)K
(

d̃, q
)

d̃ − (κv + 2ηviq)K(0, q)d̃

(32)

A31 = κv + 2ηviq
A32 = κv + 2ηviq
A33 = µvq2 − 2κv − 4ηviq
A34 = 0

(33)

A41 = κvd̃ + 2ηviqd̃
A42 = −κvd̃ − 2ηviqd̃
A43 = 0
A44 = −2 J̃bq2 + κvd̃2 + 2ηviqd̃2

(34)
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Solving system (30) allows for substitution back into Equation (28) for the inverse
Laplace transform. It is convenient to switch coordinates, as shown below in Equation (35).
Using contour integration, the final result can be expressed as a sum of residues:

w̃(ξ, τ) =
1

2πi
lim

T→∞

a+iT∫
a−iT

W̃(ξ, q)eqτdq =
1

2π

−ia+∞∫
−ia−∞

W̃(ξ, q)eiqτdq = ∑
j

res
(

iW̃(ξ, q)eiqτ , qMj

)
+ Ibc (35)

where a is a small real number introduced to ensure that all poles and discontinuities lie on
the right-hand side of the integration line in the complex q-plane, that is, after switching,
above the integration line. The terms qMj represent the induced frequencies. It has been
demonstrated in [40] that there are step discontinuities in the K-function, which must be
removed by branch cuts. These discontinuities occur along the line where the imaginary
part of q is equal to η f . This yields to an additional term in Equation (35), Ibc, which
must be computed through numerical integration along the branch cuts. In most cases,
Ibc can be neglected, particularly when matching initial conditions exactly at the earliest
times. Another situation where Ibc becomes relevant is when some of the expected induced
frequencies are missing.

To obtain the closed-form solution for the rear mass deflection (after neglecting Ibc), it
is necessary to evaluate and sum the residues, as indicated in Equation (36):

w̃(0, τ) = ∑
j

res

4B2

[
2B5

(
d̃2B2

4 + B1B3

)
+ πB3(K− + K0)

]
eiqτ

qEchr
, qMj

 (36)

where:

B1 = ηMq2 − κv − 2iqηv; B2 = µvq2 − 2κv − 4iqηv; B3 = −2 J̃bq2 + κvd̃2 + 2iqηvd̃2;

B4 = κv + 2iqηv; K0 = K(0, q); K+ = K
(

d̃, q
)

; K− = K
(
−d̃, q

)
;

B5 = K+K− − K2
0; B6 = K+ + K− + 2K0; B7 = K+ + K− − 2K0;

(37)

and:

Echr = 4B5

(
d̃2B2

4 + B1B3

)(
2B2

4 − B1B2

)
+ πd̃2B2

4B2B7 + 2πB2
4B3B6 + πB2B3(π − 4K0B1) (38)

The denominator in Equation (36) corresponds to the simplified determinant of system
(30). Its roots indicate the poles of the system, which determine both the steady-state and
transient components of the solution. There is always one obvious pole at qM = 0, which
identifies the steady-state part w̃sd(0) of the full solution:

w̃sd(0, τ) = w̃sd(0) =
4B2

[
2B5

(
d̃2B2

4 + B1B3

)
+ πB3(K− + K0)

]
Echr

∣∣∣∣∣∣
q=0

(39)

with q = 0 substituted.
Furthermore, if qM is a root of Echr = 0, then the complex conjugate of its opposite

value (−qM)∗ is also a root. These pairs form a harmonic vibration referred to as the
unsteady harmonic part of the full solution, w̃usd(0, τ). The term “unsteady” is used to
indicate that this component belongs to the transient solution. Ibc is then called the truly
transient part to distinguish it from the unsteady harmonic part. Therefore, the transient
solution is the sum of w̃usd(0, τ) and Ibc. w̃usd(0, τ) reads as:

w̃usd(0, τ) = ∑
j

4B2

[
2B5

(
d̃2B2

4 + B1B3

)
+ πB3(K− + K0)

]
eiqτ

qEchr,q

∣∣∣∣∣∣
q=qMj

(40)
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To evaluate Equation (40), the derivative of Echr with respect to q must be considered.
This naturally involves derivatives of K0, K+ and K−. Each of these values (without
derivatives) is also determined using contour integration. When taking the derivative, all
poles are doubled. However, an analytical formula exists for evaluating residues at double
poles, making the full evaluation entirely analytical.

Similar formula as for w̃usd(0, τ) can be deduced for the front mass deflection:

w̃usd

(
d̃, τ
)
= ∑

j
res

4B2

[
2B5

(
d̃2B2

4 + B1B3

)
+ πB3(K+ + K0)

]
eiqτ

qEchr
, qMj

 (41)

for the mass center of the bogie bar vertical displacement:

ũusd(0, τ) = ∑
j

res

−4B4

[
4B5

(
d̃2B2

4 + B1B3

)
+ πB3B6

]
eiqτ

qEchr
, qMj

 (42)

and for the rotation:

θ̃usd(0, τ) = ∑
j

res

(
4πd̃B2B4(K+ − K−)eiqτ

qEchr
, qMj

)
(43)

The way q is introduced implies that the solution becomes unstable as soon as the
imaginary part of qM becomes negative. Ibc can never destabilize the solution because the
branch cuts are located in the region of the complex q-plane where the imaginary part is
non-negative.

After defining all displacements at the active points, it is possible to substitute back
into Equation (28) and determine the full deflection shapes of the beam at any time using a
closed-form formula:

w̃sd(ξ, τ) = w̃sd(ξ) =
8ηPEchr + E1

2πEchr

∣∣∣∣
q=0

K(ξ, 0) +
8ηPEchr + E2

2πEchr

∣∣∣∣
q=0

K
(

ξ − d̃, 0
)

(44)

where:

E1 = 4B1B2

(
8B5

(
d̃2B2

4 + B1B3

)
+ 4πB3(K− +K0)

)
− 2B3

[
8B3

(
4B5

(
d̃2B2

4 + B1B3

)
+πB3B6

)
− 4πd̃2B2B4(K− −K+)

]
(45)

E2 = 4B1B2

(
8B5

(
d̃2B2

4 + B1B3

)
+ 4πB3(K+ +K0)

)
− 2B3

[
8B3

(
4B5

(
d̃2B2

4 + B1B3

)
+πB3B6

)
+ 4πd̃2B2B4(K− −K+)

]
(46)

and:

w̃usd(ξ, τ) = ∑
j

 8ηPEchr + E1

2πqEchr,q

∣∣∣∣∣
q=qMj

K
(

ξ, qMj

)
+

8ηPEchr + E2

2πqEchr,q

∣∣∣∣∣
q=qMj

K
(

ξ − d̃, qMj

)e
iqMj

τ
(47)

3. Results
Several cases are selected to demonstrate when instability can occur in the subcritical

velocity range. However, this is not the sole objective. The study also illustrates how
the obtained results relate to the case of two moving masses, how they are influenced by
input parameters, and how they are affected by considering a Timoshenko-Rayleigh beam
instead of an Euler-Bernoulli beam. Several additional cases are presented to highlight the
ease of using the closed-form formulas. The results are validated through analysis of long
finite beams, where the solution is obtained by modal expansion. Finally, the results are
compared with previously published works
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3.1. Induced Frequencies

To apply the closed-form formulas derived in Section 2, it is necessary to determine
the complex roots of the characteristic equation:

Echr = 0 (48)

These roots are referred to as induced frequencies. As established in the author’s
previous works, these frequencies can be efficiently determined using iterative procedures
described therein. Generally, there are four pairs of roots, and as explained earlier, instability
arises if at least one of these pairs is unstable.

3.2. Validation on Finite Beams

Similar to previous studies, validation is performed on long finite beams using modal
expansion. Given that the number of modes must be substantial, 500 modes were imple-
mented in all tested cases to ensure accuracy while optimizing computational efficiency. It
was confirmed that 500 modes were sufficient for all tested scenarios.

To solve the problem, the governing equations are retained in their original parameters
and converted to dimensionless form only for comparison purposes. As in prior studies,
without loss of generality, the beam is considered simply supported, as its vibration modes
can then be expressed as sine functions, with modal frequencies and numbers determined
analytically. In accordance with previous works, the loading is applied slightly off the left
support to minimize its influence.

The beam equilibrium equations (Equations (1) and (7)) are multiplied by a mode
shape and integrated over the beam length. In Equations (8) and (9), only the modal
expansion of the beam deflection is introduced, after which all equations are assembled
into a matrix form:

M(t) · q,tt(t) + C(t) · q,t(t) + K(t) · q(t) = p(t) (49)

The key step involves introducing additional variables:

Q1,tt = P − ∑
k

Mwk(vt)qk,tt − ∑
k
(2Mvwk,x(vt) + cvwk(vt))qk,t

−∑
k

(
Mv2wk,xx(vt) + cvvwk,x(vt) + kvwk(vt)

)
qk

(50)

Q2,tt = P − ∑
k

Mwk(vt + d)qk,tt − ∑
k
(2Mvwk,x(vt + d) + cvwk(vt + d))qk,t

−∑
k

(
Mv2wk,xx(vt + d) + cvvwk,x(vt + d) + kvwk(vt + d)

)
qk

(51)

resulting in the governing matrices for mass M(t), damping C(t), and stiffness K(t)
with the vector of unknowns q(t) = [q1, . . . qn, uv, θ, Q1, Q2]

T and of the loading term
p(t) = [0, . . . 0, 0, 0, P, P]T .

M(t) =


δjk 0 0 −wj(vt) −wj(vt + d)
0 Mb 0 0 0
0 0 Jb 0 0

Mwk(vt) 0 0 1 0
Mwk(vt + d) 0 0 0 1

 (52)
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C(t) =


δjk

cb
m −cvwj(vt)− cvwj(vt + d) 1

2 dcvwj(vt)− 1
2 dcvwj(vt + d) 0 0

−cvwk(vt)− cvwk(vt + d) 2cv 0 0 0
d
2 (cvwk(vt)− cvwk(vt + d)) 0 1

2 cvd2 0 0
2Mvwk,x(vt) + cvwk(vt) 0 0 0 0

2Mvwk,x(vt + d) + cvwk(vt + d) 0 0 0 0

 (53)

K(t) =



δjkω2
j −kvwj(vt)− kvwj(vt + d) d

2 kvwj(vt)− d
2 kvwj(vt + d) 0 0

−kv(wk(vt) + wk(vt + d))
−cvv(wk,x(vt) + wk,x(vt + d))

2kv 0 0 0

d
2 kv(wk(vt)− wk(vt + d))
+ d

2 cvv(wk,x(vt)− wk,x(vt + d))
0 1

2 kvd2 0 0

Mv2wk,xx(vt) + kvwk(vt) + cvvwk,x(vt) 0 0 0 0
+Mv2wk,xx(vt + d) + kvwk(vt + d)
+cvvwk,x(vt + d)

0 0 0 0


(54)

3.3. Timoshenko-Rayleigh Beam

When a Timoshenko beam is considered, Equation (1) is replaced by a set of equations:

−GAw,xx + GAφ,x + mw,tt + c f w,t + k f w = p(x, t) (55)

−GAw,x + GAφ + Jφ,tt − EIφ,xx = 0 (56)

where G is the shear modulus, A is the reduced cross-sectional area, φ is the cross-sectional
rotation angle and J is the mass moment of inertia of the cross-section, which can be
rewritten as mr2 with r being the radius of gyration.

By transitioning to moving coordinates, the equations transform into:

−GAw,rr + GAφ,r + m
(

w,tt − 2vw,rt + v2w,rr

)
+ c f (w,t − vw,r) + k f w = p(r, t) (57)

−GAw,r + GAφ + mr2
(

φ,tt − 2vφ,rt + v2 φ,rr

)
− EIφ,rr = 0 (58)

The introduction of additional dimensionless parameters:

φ̃ =
φ

wstχ
, S̃ =

GA

2
√

k f EI
, r̃ = rχ (59)

further simplifies the problem, leading to:

−4S̃w̃,ξξ + 4S̃φ̃,ξ + 4α2w̃,ξξ + 4w̃,ττ − 8αw̃,ξτ + 8η f
(
w̃,τ − αw̃,ξ

)
+ 4w̃ = p̃(ξ, τ) (60)

−4S̃w̃,ξ + 4S̃φ̃ + 4r̃2
(

α2 φ̃,ξξ − 2αφ̃,ξτ + φ̃,ττ

)
− φ̃,ξξ = 0 (61)

Applying integral transforms allows the solution of φ̃:

Φ̃ =
4ipS̃

4S̃ − 4r̃2(αp − q)2 + p2
W̃ (62)

which is then substituted into the first equation. The subsequent steps follow the same
derivation process as before.
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3.4. Tested Cases

Multiple cases were analyzed to meet the objectives of this study. To define an
admissible range of parameters, a broad spectrum of real-world values was considered. For
the supporting structure, the parameters EI and m fall within a relatively narrow interval,
approximately EI ∈ ⟨4.7; 6.4⟩MNm2 and m ∈ ⟨54; 60⟩kg/m, respectively. The parameter
ks is sometimes omitted in similar models, allowing for a zero value, while variations are
primarily assigned to k f ∈ ⟨0.22; 1000⟩MN/m2.

Regarding the moving bogie, combining all possible parameter values would be
impractical, as the bogie bar’s mass should relate to the wheel masses and, along with the
wheel spacing, determine its mass moment of inertia. To account for this, two additional
coefficients, c f1 and c f2, are introduced to link these values:

µv = c f1ηM, J̃b = c f2ηM d̃2 (63)

Using Equations (16) and (17), this also implies that:

Mb = c f1M, Jb = c f2Md2 (64)

The primary suspension stiffness spans a wide range of values, and two representative
values were selected: 0.02 for a soft suspension and 0.2 for a stiffer suspension. The
damping parameters η f and ηv, as well as the velocity ratio α, vary based on the effects
being analyzed. Table 1 presents the input data for all tested cases, while Table 2 summarizes
the induced frequencies used in the residue evaluation.

Table 1. Input data of cases analyzed in time series.

Parameter ηf ηM
~
d cf1 cf2 κv ηv α

Case 1 0.1 20 1 1.7 0.01 0.02 0 0.8

Case 2 0 20 2 2 0.1 0.2 0 0.5

Case 3 0 20 5 2 0.1 0.2 0 0.5

Case 4 0 20 5 1.7 0.1 0.2 0 0.5

Case 5 0.05 40 1.5 1.7 0.01 0.2 0 0.7

Case 6 0.05 40 1.5 1.7 0.01 0.2 0.05 0.7

Case 7 0.05 30 2 1.7 0.01 0.2 0.05 0.4

Case 8 0.05 30 2 1.7 0.01 0.2 0 0.4

Case 9 0 30 2 1.7 0.01 0.2 0.05 0.4

Case 10 0 30 2 1.7 0.01 0.2 0 0.4

Case 11 0.05 25 2 1.7 0.01 0.2 0.05 0.4

Case 12 0.15 50 1.5 1.7 0.1 0.2 0 0.85

Case 13 0.15 15 1 1.7 0.1 0.2 0 0.95

The selection of cases shown in the time series, as well as the parameters listed in
Table 1, was made as follows. Case 1 was selected as the only instance where the moving
bogie performs worse than moving masses. Cases 2 and 3 were chosen to demonstrate that
the strong dynamic interaction discussed in [56] for two moving masses is also present in
the case of a moving bogie. Case 4 was selected for comparison with Case 3 to examine
the effect of c f1. Cases 2–4 are undamped, therefore, all amplitudes remain unchanged,
the induced frequencies are real (Table 2), and these cases also serve to illustrate how
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undamped cases can be handled without numerical difficulties. Cases 5 and 6 were chosen
such that Case 5 is unstable for subcritical velocity, but by adding damping to the primary
suspension while keeping the other parameters unchanged, stability is achieved, leading to
Case 6. Cases 7–10 demonstrate the effect of damping at different levels. A low damping
level of 5% was chosen, and all four combinations were tested by applying damping to
the foundation and/or primary suspension. Case 11 complements Case 7, highlighting
the effect of changing the moving masses (wheels) value. The final two cases, Case 12 and
Case 13, were selected to demonstrate instability in the subcritical velocity range, however,
unlike Cases 1 or 5, instability arises here even for a higher mass moment of inertia of the
bogie bar.

Table 2. Induced frequencies of analyzed cases.

Parameter qr
M1

qi
M1

qr
M2

qi
M2

qr
M3

qi
M3

qr
M4

qi
M4

Case 1 ±0.307227 0.021025 ±0.222538 −0.000130 ±0.184817 0.028535 ±0.033910 0.000014

Case 2 ±0.319059 0 ±0.290698 0 ±0.200435 0 ±0.094072 0

Case 3 ±0.310632 0 ±0.294334 0 ±0.200910 0 ±0.094035 0

Case 4 ±0.310639 0 ±0.294718 0 ±0.200910 0 ±0.101860 0

Case 5 ±0.505305 0.000454 ±0.206528 −0.000472 ±0.174711 0.007546 ±0.070460 0.000121

Case 6 ±0.501188 0.063327 ±0.206521 0.000448 ±0.174683 0.008301 ±0.070451 0.001137

Case 7 ±0.577601 0.084896 ±0.255723 0.003197 ±0.236572 0.004611 ±0.083388 0.001565

Case 8 ±0.583823 0.000110 ±0.255859 0.001562 ±0.236478 0.004163 ±0.083397 0.000047

Case 9 ±0.577617 0.084792 ±0.255809 0.001646 ±0.236376 0.000436 ±0.083390 0.001518

Case 10 ±0.583817 0 ±0.255864 0 ±0.236346 0 ±0.083394 0

Case 11 ±0.631225 0.101825 ±0.279230 0.003868 ±0.257027 0.005435 ±0.091336 0.001877

Case 12 ±0.186008 −0.000482 ±0.148407 0.016963 ±0.122981 0.013168 ±0.062675 0.000636

Case 13 ±0.354144 0.025958 ±0.249576 −0.000631 ±0.167778 0.148504 ±0.113114 0.004749

The general trend of the frequency lines is illustrated in Figure 2, using the parameters
of Case 1 but extending over the entire velocity range. Since the values are significantly
different, they are plotted separately. In general, four pairs of induced frequencies can
be observed. Their evolution is interrupted when their imaginary part reaches η f , as
demonstrated in [40].

Unlike more complex models, the critical velocity for resonance in this study is well-
defined by an analytical formula, referring to the critical velocity of a single constant force
moving at a constant velocity over the one-layer model:

αE−B
cr = αre f

√
1 + ηs with αre f = 1 (65)

For the Timoshenko-Rayleigh beam, the critical velocity is presented, for instance,
in [71] or [67]. Expressed in the dimensionless parameters used here, it becomes more
explicit how this value relates to that of the Euler-Bernoulli beam:

αT−R
cr = αre f

√
r̃2 − S̃ − 8r̃2S̃2 + 4S̃3/2

√
4r̃4S̃ − r̃2 + S̃

2
(

S̃ − r̃2
) with αre f = 1 (66)
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3.5. Comparison with Moving Masses

Unlike a single moving inertial object with a single contact point on the supporting
structure, which cannot experience instability in the subcritical velocity range, multiple
moving objects can interact dynamically, leading to subcritical instability. Instability at
subcritical velocity is common but, in many cases, requires unrealistically high mass values,
as shown in [56].

To summarize the negative effects of foundation damping, Figure 3 illustrates the
instability lines for different levels of damping. To illustrate the analyzed features and
provide insight into general tendencies, the vertical axis is extended up to ηM = 200, which
is already an academic value. The parameter α extends up to 1.2, where α = 1 corresponds
to the critical velocity for resonance. For simplicity and to maintain consistency with the
moving bogie case, two equal moving masses subjected to the same constant forces are
considered. In dimensionless parameters, when the effect of shear stiffness is neglected,
the only variables are the distance between the masses and foundation damping.
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Figure 3. Instability lines for two moving proximate masses of equal value. Different colors represent
various distances d̃ = 1 : 0.25 : 2.25, as indicated in the legend. The black dotted line marks the
critical velocity. Parts (a–f) correspond to η f = 0.05 : 0.05 : 0.3.
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The instability lines were traced by identifying real-valued induced frequencies, which
in damped cases necessarily alter the number of unstable frequencies by one. This method
clearly delineates stable and unstable velocity intervals for specific moving mass ratios and
is both more effective and simpler than the traditional D-decomposition method used by
other researchers (e.g., [67–69]).

Figure 3 demonstrates that increasing damping shifts all instability branches to lower
moving masses while also making them straighter. Consequently, lower masses occupy
larger velocity intervals, proving that, contrary to expectations, foundation damping
worsens instability. However, in closed intervals, the degree of instability is generally lower
than in semi-closed intervals.

In Figure 3, only relevant distances between masses are included, specifically those
that still contain part of the branch within the defined scale in the subcritical velocity range.
A broader analysis of distances between masses reveals that the starting point of the first
instability branch shifts leftward as the distance increases, while at the same time, the
moving masses increase.

When considering the moving bogie, additional parameters come into play. To make
the comparison more realistic, the total mass should remain the same. Figure 4 presents
the case where c f1 = 1.7, requiring the instability lines from Figure 3 to be recalculated
accordingly, to be comparable. In addition to c f1 = 1.7, the moving bogie is characterized
by c f2 = 0.01 and κv = 0.02, chosen to minimize its influence as much as possible.

It can be concluded that even for weak primary suspension stiffness and a low
mass moment of inertia of the bogie bar, all cases with a moving bogie perform better—
meaning the instability lines are positioned above those for moving masses—except for
the lowest tested distance d̃ = 1. The instability lines in Figure 4 are represented only
up to the critical velocity. The relevant instability lines are those that contain a segment
within the chosen scale in the subcritical velocity range. The following rule applies: if a
particular instability line (d̃) is relevant for moving masses but not for a moving bogie,
then d̃ + 0.25 is not plotted for moving masses, even if it would otherwise be considered
relevant.

To analyze in detail the only case where the moving bogie performs worse than
moving masses, Case 1 from Table 1 is selected. This case is unstable. However, as shown
in Table 2, the unstable frequency has a relatively low imaginary part (in absolute value).
This implies that the instability becomes significant only at later times, while initially, this
case behaves similarly to a highly damped system. Figure 5 presents time series obtained
using closed-form formulas, as well as results from a finite beam model for validation. The
high-time behavior shown in Figure 6 is calculated exclusively using closed-form formulas,
as performing these calculations on a finite beam would be computationally prohibitive
due to the excessive number of vibration modes. Similarly, numerical integration would be
impractical due to limitations in numerical precision.
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Figure 4. Instability lines for a moving bogie (solid lines) compared to two moving masses (dashed
lines). Different colors represent various distances d̃ = 1 : 0.25 : 2.25, as indicated in the legend.
Curves labeled ‘a’ have been adapted to represent the same total mass. Parts (a–f) correspond to
η f = 0.05 : 0.05 : 0.3.
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Figure 5. Time series in Case 1. Solid lines represent a finite beam, while dashed lines correspond
to an infinite beam calculated using closed-form formulas. (a) Beam deflection at the rear mass;
(b) bogie bar mass center displacement; (c) bogie bar mass center rotation.
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3.6. Effect of Suspension Damping

Suspension damping has a significantly positive impact on bogie stability, an effect
further enhanced by a higher mass moment of inertia of the bogie bar. To demonstrate
this, c f1 = 1.7, and the other coefficient varies between c f2 = 0.01 and c f2 = 0.1. A weak
foundation damping of η f = 0.05 and a stiffer primary suspension stiffness of κv = 0.2 are
implemented.

Figure 7 clearly shows that, with a higher mass moment of inertia of the bogie bar,
nearly all instability lines for the cases with primary suspension damping are removed
from the subcritical velocity range.
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Figure 7. Instability lines for a moving bogie. Different colors represent various distances
d̃ = 1 : 0.25 : 2, as indicated in the legend. Solid lines correspond to no damping in the suspension, while
dashed lines correspond to a suspension damping value of ηv = 0.05. (a) c f2 = 0.1; (b) c f2 = 0.01.

3.7. Impact of Beam Theory on the Results

To assess the influence of beam theory on the results, two cases are analyzed in
Figure 8. Since the additional parameters in the Timoshenko-Rayleigh theory must be
chosen consistently, as is clear from Equation (59), the values for a softer foundation S̃ = 100
and r̃ = 0.03, and for a stronger foundation S̃ = 10 and r̃ = 0.09, were selected. The other
parameters are: c f1 = 1.7 and c f2 = 0.1. Weak foundation damping of η f = 0.05 and a
stiffer primary suspension stiffness of κv = 0.2 with no damping are used.

Only the subcritical velocity range is shown. However, since the difference in critical
velocity in the Timoshenko-Rayleigh case using Equation (66) is very small—0.993 and
0.980, respectively—the graphs are plotted up to the value of 1, as before.

The results indicate that for a softer foundation, there is virtually no difference between
the Euler-Bernoulli and Timoshenko-Rayleigh theories. Some differences are noticeable for
a stronger foundation, but they do not appear to be fundamental.
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Figure 8. Instability lines for a moving bogie comparing Euler-Bernoulli (solid lines) and Timoshenko-
Rayleigh (dashed lines) theories. Different colors represent various distances d̃ = 1 : 0.25 : 2.25, as
indicated in the legend. (a) S̃ = 100, r̃ = 0.03; (b) S̃ = 10, r̃ = 0.09.

3.8. Time Series of Other Cases from Table 1

This subsection has three objectives: to analyze the effect under consideration, to demon-
strate the ease of using closed-form formulas, and to verify that the contribution of integration
along the branch cuts is negligible by comparing results with finite beam analysis.

Further time series analyses are conducted for Cases 2–6 from Table 1, comparing
finite and infinite beam models. These cases explore dynamic interactions, stability effects,
and induced frequency variations under different conditions. Cases 2 and 3 are selected to
show that the dynamic interaction discussed in previous works for two moving masses is
maintained for a moving bogie. A slightly higher parameter c f1 = 2 is introduced, but the
changes are not significant. Two distances are compared (d̃ = 2 in Figure 9 and d̃ = 5 in
Figure 10). Other parameters are included in Table 1.

Figure 9 shows a strong dynamic interaction. In Figure 10, this effect is less pronounced,
however, similar to the two moving masses case, dynamic interaction persists up to relatively
high distances. Only when K+ and K− start to have negligible values relative to K0, then the
interaction become negligible. This proves that the function envelopes for θ̃ still show a very
strong interaction in Figure 10 because K0 is not included in Equation (43).

Case 4 is selected for comparison with Case 3 to assess the effect of c f1 = 1.7 with
respect to c f1 = 2. In addition to the time series (Figure 11), differences in induced
frequencies are also examined in Table 2.
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Figure 9. Time series in Case 2. Solid lines represent a finite beam, while dashed lines correspond
to an infinite beam calculated using closed-form formulas. (a) Beam deflection at the rear mass;
(b) bogie bar mass center displacement; (c) bogie bar mass center rotation.
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Figure 10. Time series in Case 3. Solid lines represent a finite beam, while dashed lines correspond
to an infinite beam calculated using closed-form formulas. (a) Beam deflection at the rear mass;
(b) bogie bar mass center displacement; (c) bogie bar mass center rotation.
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Cases 2–4 are undamped, therefore, all amplitudes remain unchanged, and the induced
frequencies are real (Table 2). These cases also serve to demonstrate that undamped cases
can be handled without numerical problems.

Cases 5 and 6 are chosen such that Case 5 is unstable for subcritical velocity, but by
adding damping to the primary suspension while keeping other parameters unchanged, it
becomes stable (Case 6). Time series of Case 5 are shown in Figure 12. During the initial
stages, there is no indication of instability as the rate of instability is very low (Table 2). The
unstable frequency surpasses the stable ones only at higher times (Figure 13).
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to an infinite beam calculated using closed-form formulas. (a) Beam deflection at the rear mass;
(b) bogie bar mass center displacement; (c) bogie bar mass center rotation.
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Figure 13. Beam deflection at the rear mass in Case 5.

Case 6 is already stable. Times series are shown in Figure 14 for initial stages and in
Figure 15 for higher times.
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Figure 14. Time series in Case 6. Solid lines represent a finite beam, while dashed lines correspond
to an infinite beam calculated using closed-form formulas. (a) Beam deflection at the rear mass;
(b) bogie bar mass center displacement; (c) bogie bar mass center rotation.
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The other cases from Table 1 are summarized in Appendix A.
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3.9. Comparison with Other Published Works

While [68] presents only isolated cases, Ref. [67] offers an evolution over a range of
velocities, providing better insight into the problem. However, the reference case in [67]
assumes a large distance between wheels (15 m), making it more of a simplified vehicle
with two axles than an actual bogie. The evolution of the critical stiffness of the primary
suspension is chosen for comparison. The results are shown in Figure 16 using the input
data from [67].
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Figure 16. Critical stiffness of the primary suspension using data from [67] (different colors indicate
different roots of the characteristic equation).

It can be concluded that there is very good agreement after recalculating to dimen-
sionless data as in [67]. Minor differences can be attributed to improvements in symbolic
software, which now allow for higher accuracy and faster evaluation compared to when [67]
was written.

In [67–69], the distance between wheels is so large that dynamic interaction is not
significant, and as a result, instability in the subcritical velocity range does not occur.

4. Discussion
This paper presents a detailed analysis of the instability of a bogie passing through a

one-layer model, focusing on the possibility that this may occur in the subcritical velocity
range. All presented results were obtained (semi)analytically, quickly, and with very high
accuracy.

The results of two moving proximate masses are used as a reference case, and it is
shown that in general, the more realistic the moving object, the lower the risk of instability at
such low velocities. This was confirmed even under the conditions of neglected suspension
damping, reduced suspension stiffness, and small mass moment of inertia of the bogie bar.
On the other hand, it was confirmed that the negative effect of foundation damping found
in the two moving mass cases is preserved for the moving bogie. This effect is in contrast
to the effect of foundation damping in the case of a single moving inertial object, where
increased damping always shifts the onset of instability to higher velocities.

It has been demonstrated in selected examples that instability lines related to moving
bogies have more branches than those related to moving masses, which complicates the
analysis.

It has been shown in selected examples that suspension damping improves the unsta-
ble behavior in all cases, but it is much more efficient with a higher mass moment of inertia
of the bogie bar.
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As each of the presented examples covers a large range of possible scenarios due to
its unidimensional nature, these conclusions might be considered general. Nevertheless,
further studies are required as it would be exhaustive to explore the full admissible domain
of all involved parameters.

Regarding the distances between the masses, it is not necessarily true that the lowest
values indicate worse stability. Larger distances shift the starting point of the first instability
branch to lower velocities, but at the same time, the smallest moving mass ratio of such a
branch increases. Therefore, it is necessary to balance these two tendencies.

It has been proven that there are cases with realistic parameters where instability
occurs in the subcritical velocity range. This article serves as a warning that instability at
supercritical velocities cannot be taken for granted a priori. Nevertheless, it is necessary to
bear in mind that the model, especially for the supporting structure, is very simple, and
further research and validation are required.

Unlike all other works published by other researchers (e.g., [67–69]), where instability
is determined by the D-decomposition method, here the so-called lines of instability are
traced in the plane of velocity-moving mass ratios by identifying the real-valued induced
frequencies. In a damped case, these frequencies necessarily alter the number of unstable
induced frequencies by one, so that stable and unstable velocity intervals are clearly visible
for any specific moving mass ratio. This approach is much more powerful and simpler
than the D-decomposition method.

The presented analysis can be easily extended to other types of supporting structures
since all expressions can be used for more complicated foundation models by simply
replacing Equation (24) with an equation reflecting the new foundation model. There is
only one complication: in other foundation models, the analytical formulas have limited use
since discontinuities in the K-function prevent resolving all necessary induced frequencies
for all velocities. This is only relevant for the time series—the instability lines are not
affected. As an alternative for the time series, either numerical integration or finite models
can be used.

5. Conclusions
In this paper, the possibility of instability in the subcritical range of velocities was

discussed in detail. The results presented are easy to use, as the dimensionless parameters
cover a wide range of possible scenarios, and the instability lines provide an overall view
of the onset or aggravation of unstable behavior or the recovery of stable behavior. Such
comprehensive information is very useful, as readers do not have to repeat the calculations
and can use their dimensionless parameters for the case they are analyzing. However,
it would be exhaustive to explore the full admissible domain of all involved parameters.
Therefore, it would be incorrect to state that all possible cases are covered by the graphs
presented in this paper.

The validation of the results on finite beams is clearly described and easily applicable
to other researchers. The author of this paper believes that this is simpler than numerical
integration associated with the inverse Laplace transform, which is numerically sensitive.

The unstable induced frequencies compared to the stable ones provide an initial
estimate of the degree of instability. Indeed, it can be seen in Table 2 that the unstable
frequencies of the selected cases have a relatively low imaginary part (in absolute value). As
has been shown, the effect of foundation damping worsens instability. However, during the
initial stages, it has a strong impact on the stable frequencies, making the vibrations initially
resemble heavily damped cases. The unstable frequency only surpasses the stable ones at
higher times. This is important for assessing the severity of instability and can be used in
vibration mitigation measures. Since the analysis allows for the determination of vibration
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amplitude, together with the degree of instability, it identifies the time required for the
unstable harmonics to overcome the stable ones. For this reason, it is important to have
analytical formulas that are not affected by numerical approximations during numerical
integration so that the time response can be extended as needed.

The main limitation of the results presented in this paper is the simplicity of the
supporting structure, modeled as a one-layer system. It is well known that the one-layer
model significantly overestimates the critical velocity of the railway track. In light of this,
the results should be understood in a qualitative manner, as the ratio of the train’s velocity
to the critical velocity is important, rather than the absolute values of these quantities. In
order to make more general conclusions, it is necessary to extend the model to at least a
three-layer system and include nonlinear behavior. The method is easily extendable to
other layered models, and the nonlinearity is planned to be incorporated using Adomian
decomposition. This will be the subject of further research.
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Appendix A
The aim of this section is to summarize the time series of additional cases listed in

Table 1 that are not discussed in the main text. Cases 7–10 demonstrate the effect of damping
at different levels. A low damping level of 5% is chosen, and all four combinations are
tested by applying damping to the foundation and/or primary suspension. Case 7 has
damping at both levels, and its results are presented in Figure A1.

Figure A2 compares all four cases together.
From Figure A2, it can be concluded that, as expected, the foundation damping has a

larger influence than the primary suspension damping, and all the curves are approximately
in phase. This is also evident from Table 2, where the real parts of the frequencies are
very similar, and the noticeable differences are only in the imaginary parts. The dynamic
interaction is also very pronounced.

Case 11 complements Case 7 and shows the difference caused by changing the moving
masses representing the wheels, from those in Case 7 (ηM = 30) to those in Case 11
(ηM = 25). This is illustrated in Figure A3.

It can be observed that the movements are no longer in phase because the frequencies
are different: lower for higher moving masses and vice versa.

The last two cases, Case 12 and Case 13, are chosen to demonstrate unstable cases in
the subcritical velocity range. However, unlike Case 1 or 5, these cases involve a higher
mass moment of inertia of the bogie bar, that is, for c f2 = 0.1. In Case 12, the moving mass
is rather academic (Figures A4 and A5), while in Case 13, it is more realistic (Figures A6
and A7). Nevertheless, both cases exhibit a relatively low degree of instability, as can be
concluded from Table 2. Therefore, higher times must be shown to confirm the instability,
as illustrated in Figures A5 and A7.
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Figure A1. Time series in Case 7. Solid lines represent a finite beam, while dashed lines correspond
to an infinite beam calculated using closed-form formulas. (a) Beam deflection at the rear mass;
(b) bogie bar mass center displacement; (c) bogie bar mass center rotation.
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rotation.
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Figure A3. Time series in Cases 7 and 11. Case 11: orange line in all parts of the figure. (a) Beam
deflection at the rear mass (Case7: blue line); (b) bogie bar mass center displacement (Case 7: red
line); (c) bogie bar mass center rotation (Case 7: green line).
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Figure A4. Time series in Case 12. (a) Beam deflection at the rear mass; (b) bogie bar mass center
displacement; (c) bogie bar mass center rotation.
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Figure A5. Time series in Case 12. (a) Beam deflection at the rear mass; (b) bogie bar mass center
displacement.
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Figure A6. Time series in Case 13. (a) Beam deflection at the rear mass; (b) bogie bar mass center
displacement; (c) bogie bar mass center rotation.
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