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Abstract. This work focuses on the study of non-autonomous incompressible third-grade fluid equations in
two- and three-dimensional open and connected domains �, which may be either bounded or unbounded.
Ourmain goals are to investigate the well-posedness of the equations and to analyze the asymptotic behavior
of their solutions. First, we establish the existence of at least one weak solution for the system with the
Dirichlet boundary condition. Next, we show that every weak solution satisfies the energy equality, ensuring
continuity over time. This, in turn, helps to establish the uniqueness of weak solutions and guarantees that
the underlying system can be associated with a continuous cocycle �. Second, on bounded domains,
we prove the existence of a unique global pullback attractor (GPA) for the underlying system using the
compact Sobolev embeddingH1(�) ↪→↪→ L

2(�). Lastly,wedemonstrate the existence of a uniqueGPAby
considering the underlying system on unbounded Poincaré domains. Since the compact Sobolev embedding
H
1(�) ↪→↪→ L

2(�) is no longer available in this setting, we employ the uniform-tail estimates approach to
obtain the existence of a uniqueGPAon unbounded domains. This allows us to show the pullback asymptotic
compactness of�. We notice that the pullback asymptotic compactness of� in unbounded domains cannot
be obtained using the energy equality method due to the presence of strong nonlinear terms in the equations,
which substantially complicates the analysis, making the study of unbounded domains more challenging.
The main novelty of this work, compared to the existing literature, is that our results yield solutions that
satisfy energy equality and are continuous in time. Moreover, to the best of the authors’ knowledge, this
is the first work that considers 2D as well as 3D non-autonomous incompressible third-grade fluids and
establishes the existence of a unique GPA in bounded as well as unbounded domains.

1. Introduction

The well-posedness and existence of a unique global pullback attractor (GPA) for a
class of incompressible non-Newtonian fluids occupying a two- or three-dimensional
domain, whichmay be bounded or unbounded, under the Dirichlet boundary condition
are the key concerns of this work. It is worth mentioning that while most studies in the
literature have been devoted to Newtonian fluids governed by the Navier–Stokes equa-
tions, a wide range of real, industrial and biological flows (see [20,24,48] and their
references) do not obey Newton’s law of viscosity and, therefore, cannot be accurately
modeled by these equations. These fluids exhibit complex rheological properties, such
as shear-thinning, shear-thickening, and viscoelastic behavior, which conventional

Mathematics Subject Classification: 76A05, 35Q35, 37L30, 49K40, 35B40
Keywords: Third-grade fluids, Unbounded domains, Global pullback attractor, Pullback asymptotic

compactness, Uniform-tail estimates.

0123456789().: V,-vol

http://crossmark.crossref.org/dialog/?doi=10.1007/s00028-025-01101-w&domain=pdf
http://orcid.org/0000-0002-2876-4577


   71 Page 2 of 46 K. Kinra and F. Cipriano J. Evol. Equ.

Newtonian models fail to capture. Consequently, more advanced mathematical frame-
works and fluid models are necessary to properly describe their dynamics and predict
their behavior in practical applications. Non-Newtonian viscoelastic fluids of differen-
tial type have received a lot of attention lately; see for instance [15]. However, in order
to comprehend and explain the properties of various nanofluids, a number of simu-
lation studies have been conducted using third-grade fluid models (see for instance
[42,43] and the references therein). Nanofluids are engineered colloidal suspensions
of nanoparticles in a base fluid, such as water, ethylene glycol, or oil, and they exhibit
enhanced thermal conductivity in comparison with the base fluid, which shows great
promise for use in technology and microelectronics. Thus, in order to comprehend the
behaviors of these fluids, it is crucial to perform amathematical analysis of third-grade
fluid equations.

1.1. The underlying system

Let us now briefly recall how to obtain the fluid equations for non-Newtonian fluids
of differential type, for more details about Kinematics of such fluids we refer to [15].
Denote the velocity field of the fluid by q and introduce the Rivlin–Ericksen kinematic
tensors An, n ≥ 1, (see [44]), defined by

A1(q) = ∇q + (∇q)T ;
An(q) = D

Dt
An−1(q) + An−1(q)(∇q) + (∇q)TAn−1(q), n = 2, 3, · · · ,

where
D

Dt
≡ ∂

∂t
+ (q · ∇) is material derivative.

The constitutive law of fluids of grade n readsT = −pI+F(A1, · · · ,An),whereT
is the Cauchy stress tensor, p is the pressure and F is an isotropic polynomial function
of degree n, subject to the usual requirement of material frame indifference, see [15].
The constitutive law of third-grade fluids (n = 3) is given by the following equation

T = −pI + νA1 + α1A2 + α2A
2
1 + β1A3 + β2(A1A2 + A2A1) + β3Tr(A

2
1)A1,

where ν is the viscosity and α1, α2, β1, β2, β3 are material moduli. We recall that the
momentum equations, established by the Newton’s second law, are given by

Dq

Dt
= ∂q

∂t
+ (q · ∇)q = div(T).

If β1 = β2 = β3 = 0, the constitutive equations correspond to second grade fluids.
It has been shown that the Clausius–Duhem inequality and the assumption that the
Helmholtz free energy is a minimum in equilibrium require the viscosity and material
moduli to satisfy

ν ≥ 0, α1 + α2 = 0, α1 ≥ 0. (1.1)
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Although second grade fluids are mathematically more treatable, dealing with several
non-Newtonian fluids, the rheologists have not confirmed these restrictions (1.1), thus
give the conclusion that the fluids that have been tested are not fluids of second grade
but are fluids that are characterized by a different constitutive structure, we refer to
[24] and references therein for more details. Following [24], in order to allow the
motion of the fluid to be compatible with thermodynamics, it should be imposed that

ν ≥ 0, α1 ≥ 0, |α1 + α2| ≤ √
24νβ, β1 = β2 = 0, β3 = β ≥ 0. (1.2)

Consequently, the velocity field q satisfies the incompressible third-grade fluid equa-
tions

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t (z(q)) − ν	q + (q · ∇)z(q) +
d∑

j=1

z(q) j∇v j − (α1 + α2)div((A(q))2)

−βdiv[Tr(A(q)A(q)T )A(q)] = −∇P + g,

div q = 0,

z(q) := q − α1	q,

A(q) := ∇q + (∇q)T ,

(1.3)

where the viscosity ν and the material moduli α1, α2, β verify (1.2), P denotes the
pressure and g denotes an external force. Notice that if α1 = α2 = 0 and β=0, we
recover the Navier-Stokes equations (NSE). From amathematical point of view, fluids
of grade n constitute an hierarchy of fluids with increasing complexity and more
nonlinear terms, then compared with Newtonian (grade 1) or second-grade fluids,
third-grade fluids are more complex and require more involved analysis.
Our aim in this work is to study system (1.3) with a subset of physical conditions

(1.2), namely

ν > 0, α1 = 0, α2 = α, |α| <
√
2νβ, β1 = β2 = 0, β3 = β > 0, (1.4)

in the presence of time-dependent deterministic external force g and the Dirichlet
boundary condition, namely, the equations read

⎧
⎨

⎩

∂q

∂t
− ν	q + (q · ∇)q − αdiv((A(q))2) − βdiv(|A(q)|2A(q)) = g − ∇P;

div q = 0.

(1.5)

1.2. Literature and scope of the article

First, we review some early research on the system (1.3) with α1 > 0. The authors
of [1] demonstrated that the system (1.3) on bounded domains with the Dirichlet
boundary condition has a local (in time) solution in H

3(�) (see [47] as well). The
global (in time) existence in R

d , d ∈ {2, 3} for H2-valued solution and uniqueness
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in R2 were later demonstrated by the authors in [6]. Keep in mind that the H2-valued
solution’s uniqueness result in 3D is still up for debate. Using a Navier-slip boundary
condition, the authors of [7] examined system (1.3) and showed that a global (in time)
solution for initial conditions exists in H

2(Rd), d ∈ {2, 3}. They also demonstrated
that uniqueness is true in 2D.We point out that it is challenging to obtain the existence
of a solution with less regular initial data due to the complicated nonlinearities in (1.3),
and that an extra constraint on the parameters α1, α2, β, and ν is required to provide
any results. Indeed, the author in [41] showed that, under certain additional parameter
restrictions, there is a global weak solution for (1.3) in R

d , d ∈ {2, 3}. This allows
the use of monotonicity techniques when the initial data only belong to H

1(Rd) and
α1 > 0 (see [8] for the stationary case). The author also proved the validity of the
energy equality and a weak-strong uniqueness conclusion.
Now, let us focus on the literature related to system (1.5) (that is, (1.3) with α1 = 0).

Firstly, we draw the reader’s attention to the groundbreaking work [36], where the
author introduced a new system for incompressible viscous fluids with the viscosity
depending on the velocity gradient. This in fact has similar nonlinear terms as system
(1.5). In [27], the authors proved the global well-posedness to system (1.5) inR3 with
divergence-free initial data belonging to L

2(R3) using a monotonicity method and
some extra restriction on the parameters ν, α and β. We refer readers to the works
[31,41,56–58], etc., for the analysis of system (1.5).
There are two main aims of this article. The first objective of this article is to show

the existence of a unique weak solution (in the sense of Definition 2.1) satisfying
energy equality to system (1.5) with the Dirichlet boundary condition on any general
domain � ⊆ R

d (d ∈ {2, 3}). The other objective of this article is to investigate
the large-time behavior, that is, the existence of a unique GPA for system (1.5) by
making use of the abstract theory introduced in [11]. We remark that to the best of
authors’ knowledge, the large-time behavior of the solutions to system (1.5) has not
been investigated in unbounded domains till the date. For bounded domains and torus,
we refer readers to the works [12,16,17,19], etc. The theories and applications of
global/pullback/exponential/trajectory attractors of deterministic dynamical systems
can be referred to somewell-known books by Temam [50], Robinson [45], Chepyzhov
and Vishik [13] and many others.
Let us now state our main results whose proofs follow from Theorems 3.1, 5.7 and

6.11, respectively. Note that we impose some assumptions on g to obtain the following
results which are given in subsequent sections.

Theorem 1.1. There exists a unique weak solution (in the sense of Definition 2.1) to
system (1.5) satisfying the energy equality for any general domain � ⊆ R

d (which
may be bounded or unbounded).

Theorem 1.2. There exists a unique GPA for continuous cocycle associated with
system (1.5) on bounded domains � ⊂ R

d .

Theorem 1.3. There exists a unique GPA for continuous cocycle associated with
system (1.5) on unbounded Poincaré domains � ⊂ R

d (see Hypothesis 6.1).
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Remark 1.1. We remark that a bounded domain is also a Poincaré domain. The reason
to consider bounded and unbounded domains separately (see Theorems 1.2 and 1.3,
respectively) is the following: We require external forcing g ∈ L2

loc(R;L2(�)) to
prove the existence of unique GPA (Theorem 1.3); however, in bounded domains, we
are able to prove the existence of unique GPA (Theorem 1.2) with external forcing

g ∈ L2
loc(R;H−1(�)) + L

4
3
loc(R;W−1, 43 (�)) instead of L2

loc(R;L2(�)).

1.3. Difficulties and approaches

The existence and uniqueness of weak solutions to system (1.5) onR3 were demon-
strated by the authors in [27], which is insufficient for our objectives. One has to estab-
lish a continuous cocycle associated with system (1.5) (see Sect. 4) in order to analyze
the global pullback attractors (see [11]). This requires that the solution to system (1.5)
be unique and continuous in time. Therefore, we demonstrate that the weak solutions
satisfy the energy equality (see Theorem 3.1), which provides the continuity of the
solution in time. Next, we demonstrate that theweak solutions are unique. In this work,
we use an approach given by [39] (see [23] also) based on monotonicity argument,
known as Minty–Browder technique, to obtain the existence of weak solutions. Since
the approach given in [39] does not require any compactness argument, we obtain the
existence of weak solutions to system (1.5) in bounded as well as unbounded domains.
We also mention that the energy equality satisfied by the solution is not immediate
for the solution to system (1.5), therefore we provide an explicit proof to the energy
equality. For this purpose, we first define a compact operator using the idea of the
work [5, Subsection 2.3] (see Subsection 2.4). Finally, by enhancing the idea of the
works [2,22,33] and using the eigenvalues and eigenfunctions of the above compact
operator, we show that the solutions to system (1.5) satisfies the energy equality (see
Step II of the proof of Theorem 3.1).

Second,weare interested in the large-timebehavior of solutions, specificallywhether
system (1.5) has a unique GPA. Studying the long-time behavior of third-grade fluid
equations on the whole domain Rd is a difficult problem, much like the case of NSE.
However, such analyses may be performed on bounded or unbounded Poincaré do-
mains (Hypothesis 6.1); for example, see [4,10,30,46,54], etc. In this study, we show
that system (1.5) has a unique GPA by using the abstract theory put out in [11]. To
apply the abstract theory, we first demonstrate that a continuous cocycle� is generated
by system (1.5). Following that, we must demonstrate that � is pullback asymptoti-
cally compact and possesses a pullback absorbing set. Using the energy estimates,
we demonstrate the existence of an absorbing set. Pullback asymptotic compact-
ness of � is obtained on bounded domains using the compact Sobolev embedding
H

1(�) ↪→↪→ L
2(�). Note that unlike the Navier–Stokes equations (see [4,11,46]),

convective Brinkman-Forchheimer equations (see [32,33]), etc., we are not able to
show that the solutions of third-grade fluids equations (1.5) satisfy the weak conti-
nuity property with respect to the initial data. Due to this reason, we are not able to
use the energy equality method (due to Ball [3]) to obtain the pullback asymptotic
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compactness of � on unbounded domains. Therefore, for unbounded domains, we
explore the uniform-tail estimate method (due to Wang [53]) to prove the pullback
asymptotic compactness of � (Lemma 6.9).

Remark 1.2. As we have already mentioned that, in the context of attractor when �

is a bounded domains, we have considered the forcing term in some distributional
spaces (see Hypothesis 5.1). But for unbounded domain case, we need to restrict the
forcing term to be in a regular space (see Hypotheses 6.2 and 6.3). If one proves the
weak continuity of the solutions with respect to the initial data of the third-grade fluids
equation, it will be possible to work with the same regularity as in bounded domain
via energy equality method (see the works [11,32], etc., for Navier–Stokes equations
and related models). Unfortunately, we are not able to prove the weak continuity of the
solutions of third-grade fluids equations with respect to the initial data, so the method
of energy equality is not applied.

Essentially unlike the parabolic or hyperbolic equations as considered in [9,37,53,
55], etc., the fluid equations like (1.5) contain the pressure term P. When we derive
these uniform tail-estimates, the pressure term P cannot be simply treated by the
divergence theorem (does not vanish). However, by taking the divergence in (1.5) and
using the incompressibility condition, we get the rigorous expression of the pressure
term

P = (−	)−1∇ · [∇ · (q ⊗ q)] + α(−	)−1∇ ·
[
∇ ·

{
(A(q))2

}]

+ β(−	)−1∇ ·
[
∇ ·

{
|A(q)|2A(q)

}]
− (−	)−1 [∇ · g] .

Then it is possible to derive uniform-tail estimates by estimating all nonlinear terms
in system (1.5) and pressure P carefully, see Lemma 6.8. As a result of uniform-tail
estimates, the pullback asymptotic compactness of � on unbounded domains follows
(see Lemma 6.9).

1.4. Organization of the article

The organization of this article is as follows: In the next section, we provide neces-
sary function spaces, some important inequalities, linear and nonlinear operators with
their properties for abstract formulation to system (1.5) and further analysis, abstract
formulation to system (1.5) and a compact operator for demonstrating the energy
equality satisfied by the solution to system (1.5). In Sect. 3, we prove our first main
result, that is, the existence and uniqueness of weak solutions to system (1.5) which
satisfy energy equality, Theorem 3.1. In Sect. 4, we show that system (1.5) generates
a continuous cocycle/non-autonomous dynamical system �. We consider � ⊂ R

d ,
d ∈ {2, 3} as a bounded domain in Section 5 and prove the existence of a unique GPA
for � using compact Sobolev embedding, Theorem 5.7. In final section, we consider
� ⊂ R

d as an unbounded Poincaré domain (see Hypothesis 6.1). First, we provide
the uniform energy estimates satisfied by the solutions to system (1.5) (see Lemma
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6.5) which helps us to prove the existence of pullback absorbing set for �. Next, we
show that the solutions to system (1.5) satisfy the uniform-tail estimates, see Lemma
6.8. Then, making use of the continuity property of solution with respect to initial data
(Lemma 4.1) and the uniform-tail estimates (Lemma 6.8), we prove that� is pullback
asymptotically compact (see Lemma 6.9) which helps us to prove the existence of a
unique GPA for �, see Theorem 6.11.

2. Mathematical formulation and preliminary results

The goal of this work is to study the well-posedness and large-time behavior of the
solutions of a class of third-grade fluids. For d ∈ {2, 3}, let the fluid fill open connected
domain � ⊆ R

d (which may be bounded or unbounded) with C2-boundary ∂� and,
for any given τ ∈ R, its dynamics is governed by the following equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂q

∂t
= g − ∇P + ν	q − (q · ∇)q + αdiv((A(q))2)

+ βdiv(|A(q)|2A(q)) in � × (τ,∞),

div q = 0 in � × [τ,∞),

q = 0 on ∂� × [τ,∞),

q(x, τ ) = qτ (x) in �,

(2.1)

where q is the velocity of the fluid, P is the pressure, and g corresponds to the external
force. The operator A is defined by A(q) := ∇q + (∇q)T . In addition, ν denotes the
viscosity of the fluid and α, β are material moduli. Note that for � = R

d , one needs
to replace boundary condition in (2.1)3 with |q| → 0 as |x | → ∞ (decay at infinity).

2.1. Notations and the functional setting

Let T > 0, for a Banach space E , we define

(E)k := {( f1, · · · , fk) : fl ∈ E, l = 1, · · · , k} for positive integer k.

The unknowns in system (2.1) are the velocity and the scalar pressure fields, g is a
given external forcing (we are considering time-dependent):

q : � × [τ,∞) → R
d , P : � × [τ,∞) → R, g : � × [τ,∞) → R

d

(x, t) �→ {qi (x, t)}di=1, (x, t) �→ P(x, t), (x, t) �→ {gi (x, t)}di=1.

Let m ∈ N
∗ := N ∪ {∞} and 1 ≤ p < ∞, we denote by W

m,p(�) (resp.
Wm,p(�)) the standard Sobolev space of matrix/vector-valued (resp. scalar-valued)
functions whose weak derivative up to order m belong to the Lebesgue space Lp(�)

(resp. Lp(�)) and set Hm(�) = W
m,2(�) and H

0(�) = L
2(�).
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Let us introduce the following spaces:

V := {q ∈ (C∞
c (�))d : div(q) = 0},

H := The closure of V in L2(�)

= {q ∈ L
2(�) : div(q) = 0 in � and q · n = 0 on ∂�},

V := The closure of V in H1(�) = {q ∈ H
1
0(�) : div(q) = 0 in �},

Vs := the closure of V in the Sobolev space Hs(�), for s > 1.

Now, we recall the Leray–Helmholtz projector P : L2(�) → H, which is a linear
bounded operator characterized by the following L

2-orthogonal decomposition q =
Pq + ∇ϕ, ϕ ∈ H1(�), (cf. [49]).
Next, let us introduce the scalar product between two matrices A : B = Tr(ABT )

and denote |A|2 := A : A. The divergence of a matrix A ∈ Md×d(E) is given by

(div(A)i )
i=d
i=1 = (

d∑

j=1

∂ j ai j )
i=d
i=1 . The space H is endowed with the L

2-inner product

(·, ·) and the associated norm ‖ · ‖2. We recall that

(p, q) =
d∑

i=1

∫

�

piqidx, for all p, q ∈ L
2(�)

and

(A, B) =
∫

�

A : Bdx; for all A, B ∈ Md×d(L
2(�)).

On the functional space V, we will consider the following inner product

(p, q)V := (p, q) + (∇p,∇q),

anddenote by‖·‖V the corresponding norm.The usual norms on the classical Lebesgue
and Sobolev spaces Lp(�) (resp. Lp(�)) and Wm,p(�) (resp. Wm,p(�)) will be
denoted by ‖ · ‖p and ‖ · ‖Wm,p (resp. ‖ · ‖Wm,p ), respectively. In addition, given a
Banach space E , we will denote by E ′ its dual.

Let us introduce the following Banach space (X, ‖ · ‖X)

X = W
1,4
0 (�) ∩ V, with ‖ · ‖X := ‖ · ‖W1,4 + ‖ · ‖V.

Indeed, we recall thatW1,4
0 (�) endowed with ‖ ·‖W1,4 -norm is a Banach space, where

‖u‖4
W1,4 =

∫

�

|u(x)|4dx +
∫

�

|∇u(x)|4dx .

We denote by 〈·, ·〉 the duality pairing between X
′ and X.

Let us recall an embedding result from [34, Subsection 2.4].

Lemma 2.1. For p > d, there exists a constant C = C(p) > 0 such that for all
u ∈ W

1,p
0 (�)

‖u‖∞ ≤ CS,3‖∇u‖p.
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Remark 2.1. Let us provide some inequalities which will be useful in the sequel.

(i) The well-known Gagliardo–Nirenberg inequality [40, Theorem 1] gives (for
d = 2, 3)

‖q‖4 ≤ C‖q‖
4

4+d
2 ‖∇q‖

d
4+d
4 , q ∈ L

2(�) ∩ W
1,4
0 (�). (2.2)

(ii) A Korn-type inequality (see [18, Theorem 2 (ii)] and [35, Theorem 4, p.90])
gives that there exists a constant CK > 0 such that

‖∇u‖4 ≤ CK ‖A(u)‖4, for all u ∈ W
1,4
0 (�). (2.3)

For the sake of simplicity, we do not distinguish between scalar, vector or matrix-
valued notations when it is clear from the context. In particular, ‖ · ‖E should be
understood as follows

• ‖ f ‖2E = ‖ f1‖2E + · · · + ‖ fd‖2E for any f = ( f1, · · · , fd) ∈ (E)d .

• ‖ f ‖2E =
d∑

i, j=1

‖ fi j‖2E for any f ∈ Md×d(E).

Throughout the article, we denote by C generic constant, which may vary from line
to line.

2.2. Linear and nonlinear operators

Let us define linear operator by

Aq := −P	q, q ∈ D(A) := V ∩ H
2(�).

Remember that the operator A is a non-negative, self-adjoint operator in H and

〈Aq, q〉 = ‖q‖2
V
, for all q ∈ V, so that ‖Aq‖V′ ≤ ‖q‖V. (2.4)

Next, we define the trilinear form b(·, ·, ·) : V × V × V → R by

b(p, q, u) =
∫

�

(p(x) · ∇)q(x) · u(x)dx =
d∑

i, j=1

∫

�

pi (x)
∂q j (x)

∂xi
u j (x)dx .

If p, q are such that the linear map b(p, q, ·) is continuous on V, the corresponding
element ofV′ is denoted byB(p, q). We representB(q) = B(q, q) = P(q ·∇)q. Using
an integration by parts, it is immediate that

{
b(p, q, q) = 0, for all p, q ∈ V,

b(p, q, u) = −b(p, u, q), for all p, q, u ∈ V.
(2.5)

For p, q ∈ V, we have
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〈B(p) − B(q), u〉 = b(p, p − q, u) + b(p − q, q, u)

≤ [‖p‖4‖∇(p − q)‖2 + ‖p − q‖4‖∇q‖2
]‖u‖4, (2.6)

for all p, q, u ∈ V. Thus the operator B(·) : V → V
′ is locally Lipschitz.

Let us now define the operator J(q) := −Pdiv(A(q)A(q)). Note that for q ∈ X, we
have

‖J(q)‖X′ ≤ C‖q‖2
X
,

and hence the map J(·) : X → X
′. For p, q ∈ X, we have

〈J(p) − J(q), u〉 = 1

2

∫

�

[A(p − q)A(p) + A(q)A(p − q)] : A(u)dx

≤ C
[‖A(p)‖4 + ‖A(q)‖4

]‖A(p − q)‖4‖A(u)‖2, (2.7)

for all p, q, u ∈ X. Thus the operator J(·) : X → X
′ is locally Lipschitz.

Finally, we define the operator K(q) := −Pdiv(|A(q)|2A(q)). It is immediate that

〈K(q), q〉 = 1

2
‖A(q)‖44.

Note that for q ∈ X, we have

‖K(q)‖X′ ≤ C‖q‖3
X
,

and hence the map K(·) : X → X
′. For p, q ∈ X, we have

〈K(p) − K(q), u〉 = 1

2

∫

�

[A(p − q) : A(p) + A(q) : A(p − q)]A(p) : A(u)dx

+ 1

2

∫

�

|A(q)|2A(p − q) : A(u)dx

≤ C
[‖A(p)‖24 + ‖A(q)‖24

]‖A(p − q)‖4‖A(u)‖4, (2.8)

for all p, q, u ∈ X. Thus the operator K(·) : X → X
′ is locally Lipschitz.

Lemma 2.2. For ε0 := 1 −
√

α2

2βν
∈ (0, 1), the operator G : X → X

′ given by

G (·) := νA · +B(·) + αJ(·) + βK(·) (2.9)

satisfies

〈G (q1) − G (q2), q1 − q2〉 + (CS,3CK )2

νε0
‖A(q2)‖24‖q1 − q2‖22

≥ νε0

4
‖A(q1 − q2)‖22 + βε0

2

∫

�

|A(q1(x) − q2(x))|2(|A(q1(x))|2 + |A(q2(x))|2)dx

≥ νε0

4
‖A(q1 − q2)‖22 + βε0

4
‖A(q1 − q2)‖44 ≥ 0, (2.10)

for any q1, q2 ∈ X.
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Proof. Firstly, note that ε0 = 1 −
√

α2

2βν
implies α2

4ν(1−ε0)
= β(1−ε0)

2 . We know that

〈νAq1 − νAq2, q1 − q2〉 = ν

2
‖A(q1 − q2)‖22. (2.11)

Now, using (2.5), Hölder’s inequality, Lemma 2.1, (2.3) and Young’s inequality, we
estimate

| 〈B(q1) − B(q2),q1 − q2〉 | ≤ |b(q1 − q2,q1 − q2,q2| + |b(q2,q1 − q2,q1 − q2)|
≤ 2‖q1 − q2‖2‖∇(q1 − q2)‖2‖q2‖∞
≤ CS,3CK ‖q1 − q2‖2‖A(q1 − q2)‖2‖A(q2)‖4

≤ νε0

4
‖A(q1 − q2)‖22 + (CS,3CK )2

νε0
‖A(q2)‖24‖q1 − q2‖22,

which implies

〈B(q1) − B(q2),q1 − q2〉 ≥ −νε0

4
‖A(q1 − q2)‖22 − (CS,3CK )2

νε0
‖A(q2)‖24‖q1 − q2‖22.

(2.12)

From [27, Equation (2.21)], we have

|α 〈J(q1) − J(q2), q1 − q2〉 | ≤ ν(1 − ε0)

2
‖A(q1 − q2)‖22

+ α2

4ν(1 − ε0)

∫

�

|A(q1 − q2)|2(|A(q1)|2 + |A(q2)|2)dx

≤ ν(1 − ε0)

2
‖A(q1 − q2)‖22

+ β(1 − ε0)

2

∫

�

|A(q1 − q2)|2(|A(q1)|2 + |A(q2)|2)dx,

which implies

α 〈J(q1) − J(q2), q1 − q2〉 ≥ −ν(1 − ε0)

2
‖A(q1 − q2)‖22 − β(1 − ε0)

2∫

�

|A(q1 − q2)|2(|A(q1)|2 + |A(q2)|2)dx .

Now, from [27, Equation (2.13)], we have

β 〈K(q1) − K(q2), q1 − q2〉
= β

2

∫

�

(|A(q1)|2 − |A(q2)|2)2dx + β

2

∫

�

|A(q1 − q2)|2(|A(q1)|2 + |A(q2)|2)dx .

In view of (2.11) and (2.12), we obtain (2.10). This completes the proof. �

Lemma 2.3. The operator G : X → X
′ is demicontinuous.
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Proof. Let us take a sequence qn → q in X, that is, ‖qn − q‖X = ‖qn − q‖V + ‖qn −
q‖W1,4 → 0 as n → ∞. For any ψ ∈ X, we consider

〈G (qn) − G (q),ψ〉 = ν〈Aqn − Aq,ψ〉 + 〈B(qn) − B(q),ψ〉 + α〈J(qn) − J(q),ψ〉
+ β〈K(qn) − K(q),ψ〉. (2.13)

Next, we take 〈Aqn − Aq,ψ〉 from (2.13) and estimate as follows:

|〈Aqn − Aq,ψ〉| = |(∇(qn − q),∇ψ)| ≤ ‖qn − q‖V‖ψ‖V → 0, as n → ∞,

(2.14)

since qn → q in V. We estimate the term 〈B(qn) −B(q),ψ〉 from (2.13) using (2.5),
Hölder’s inequality and Lemma 2.1 as

|〈B(qn) − B(q),ψ〉|
≤ |b(qn − q,ψ, qn − q)| + |b(qn − q,ψ, q)| + |b(q,ψ, qn − q)|
≤ ‖qn − q‖2‖qn − q‖∞‖ψ‖V + ‖qn − q‖2‖q‖∞‖ψ‖V + ‖qn − q‖2‖q‖∞‖ψ‖V
≤ C‖qn − q‖2‖qn − q‖W1,4‖ψ‖V + ‖qn − q‖2‖q‖W1,4‖ψ‖V

+ ‖qn − q‖2‖q‖W1,4‖ψ‖V
→ 0, as n → ∞, (2.15)

since qn → q in X. We estimate the term α〈J(qn) − J(q),ψ〉 from (2.13) using
Hölder’s inequality as

|α〈J(qn) − J(q),ψ〉| = |α||〈A2(qn) − A2(q),∇ψ〉|
≤ |α||〈A2(qn − q),∇ψ〉| + |α||〈A(qn − q)A(q),∇ψ〉|

+ |α||〈A(q)A(qn − q),∇ψ〉|
≤ |α|‖qn − q‖2

W1,4‖ψ‖V + |α|‖qn − q‖W1,4‖q‖W1,4‖ψ‖V
+ |α|‖qn − q‖W1,4‖q‖W1,4‖ψ‖V → 0, as n → ∞,

(2.16)

since qn → q inW1,4(�). We estimate the term 〈K(qn)−K(q),ψ〉 from (2.13) using
Hölder’s inequality as

|β〈K(qn) − K(q),ψ〉|
= β|〈|A(qn)|2A(qn) − |A(q)|2A(q),∇ψ〉|
≤ β|〈|A(qn − q)|2A(qn − q),∇ψ〉| + β|〈|A(qn − q)|2A(q),∇ψ〉|

+ 2β|〈[A(qn − q) : A(q)]A(qn − q),∇ψ〉| + 2β|〈[A(qn − q) : A(q)]A(q),∇ψ〉|
+ β|〈|A(q)|2A(qn − q),∇ψ〉|

≤ β‖qn − q‖3
W1,4‖ψ‖W1,4 + 3β‖qn − q‖2

W1,4‖q‖W1,4‖ψ‖W1,4

+ 3β‖qn − q‖W1,4‖q‖2
W1,4‖ψ‖W1,4
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→ 0, as n → ∞, (2.17)

since qn → q inW1,4(�).
From the above convergences, it is immediate that 〈G (qn) − G (q),ψ〉 → 0, for all

ψ ∈ X. Hence the operator G : X → X
′ is demicontinuous, which implies that the

operator G (·) is hemicontinuous also. �

2.3. Abstract formulation and weak solution

Let us write the abstract formulation to system (2.1) by taking the projection P as:
⎧
⎨

⎩

dq(t)

dt
+ νAq(t) + B(q(t)) + αJ(q(t)) + βK(q(t)) = Pg(t), t ∈ (τ,∞),

q(τ ) = qτ ∈ H,

(2.18)

where g ∈ L2
loc(R;H−1(�)) + L

4
3
loc(R;W−1, 43 (�)), that is, we can write g = g1 + g2

such that g1 ∈ L2
loc(R;H−1(�)) and g2 ∈ L

4
3
loc(R;W−1, 43 (�)). Let us now provide

the notion of weak solution to system (2.18).

Definition 2.1. A function q(·) := q(·; τ, qτ ) is called aweak solution to system (2.1)
on time interval [τ,∞), if

q ∈ Cw([τ,∞);H) ∩ L2
loc(τ,∞;V) ∩ L4

loc(τ,∞;W1,4
0 (�)),

dq

dt
∈ L2

loc(τ,∞;V′) + L
4
3
loc(τ,∞;W−1, 43 (�)),

1 and it satisfies

(i) for any ψ ∈ X,

〈
dq(t)

dt
, ψ

〉
= −〈νAq(t) + B(q(t)) + αJ(q(t)) + βK(q(t)) − g, ψ〉 , (2.19)

for a.e. t ∈ [τ,∞);
(ii) the initial data:

q(τ ) = qτ in H.

2.4. A compact operator

We follow [5, Subsection 2.3] for the contents of this section. Consider the natural
embedding j : V ↪→ H and its adjoint j∗ : H ↪→ V. Since the range of j is dense in
H, the map j∗ is one-to-one. Let us define

1Cw([τ, ∞);H) denotes the space of functions q : [τ, ∞) → H, which are weakly continuous.
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D(A) := j∗(H) ⊂ V,

Aq := ( j∗)−1q, q ∈ D(A). (2.20)

Note that for all q ∈ D(A) and q ∈ V

(Ap, q)H = (p, q)V.

Let us assume that s > 2. It is clear that Vs is dense in V and the embedding js :
Vs ↪→ V is continuous. Then, there exists a Hilbert space U (cf. [29], [5, Lemma
C.1]) such that U ⊂ Vs , U is dense in Vs and

the natural embedding ιs : U ↪→ Vs is compact.

It implies that

U ↪−→
ιs

Vs ↪−→
js

V ↪−→
j
H ∼= H

′ ↪−→
j ′

V
′ ↪−→

j ′s
V

′
s ↪−→

ι′s
U

′.

Consider the composition

ι := j ◦ js ◦ ιs : U → H

and its adjoint

ι∗ := ( j ◦ js ◦ ιs)
∗ = ι∗s ◦ j∗s ◦ j∗ : H → U.

We have that ι is compact and since its range is dense in H, ι∗ : H → U is one-one.
Let us define

D(L) := ι∗(H) ⊂ U,

Lq := (ι∗)−1q, q ∈ D(L). (2.21)

Also we have that L : D(L) → H is onto, D(L) is dense in H and

(Lq, u)H = (q, u)U, q ∈ D(L), u ∈ U.

Furthermore, for q ∈ D(L),

Lq = (ι∗)−1q = ( j∗)−1 ◦ ( j∗s )−1 ◦ (ι∗s )−1q = A ◦ ( j∗s )−1 ◦ (ι∗s )−1q,

where A is defined in (2.20). Since the operator L is self-adjoint and L−1 is compact,
there exists an orthonormal basis {ei }i∈N of H such that

Lei = μi ei , i ∈ N, (2.22)

that is, {ei } are the eigenfunctions and {μi } are the corresponding eigenvalues of
operator L. Note that ei ∈ U, i ∈ N, because D(L) ⊂ U.
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Let us fix m ∈ N and let Pm be the operator from U
′ to span{e1, . . . , em} =: Hm

defined by

Pmq
∗ :=

m∑

i=1

〈q∗, ei 〉U′×Uei , q∗ ∈ U
′. (2.23)

Wewill consider the restriction of operator Pm to the spaceH denoted still by the same.
In particular, we have H ↪→ U

′, that is, every element q ∈ H induces a functional
q∗ ∈ U

′ by

〈q∗, p〉U′×U := (q, p), p ∈ U. (2.24)

Thus the restriction of Pm to H is given by

Pmq :=
m∑

i=1

(q, ei )ei , q ∈ H. (2.25)

Hence, in particular, Pm is the orthogonal projection from H onto Hm .

3. Existence of global weak solutions satisfying energy equality and uniqueness

In this section, we establish the existence of unique global weak solution (in the
sense of Definition 2.1) to system (2.1) which satisfies energy equality. Due to (1.4),
we can define

ε0 := 1 − α2

2νβ
. (3.1)

Next theorem is the main result of this section which provides the existence and
uniqueness of global weak solutions to system (2.1) satisfying energy equality.

Theorem 3.1. Let (1.4) hold. For qτ ∈ H and g ∈ L2
loc(R;H−1(�)) + L

4
3
loc(R;

W
−1, 43 (�)) (that is, we can write g = g1 + g2 such that g1 ∈ L2

loc(R;H−1(�)) and

g2 ∈ L
4
3
loc(R;W−1, 43 (�))), there exists a unique weak solution q(·) := q(·; τ, qτ ) to

system (2.1) in the sense of Definition 2.1 which satisfies the following energy equality:

‖q(t)‖22 + ν

∫ t

τ

‖A(q(s))‖22ds + β

∫ t

τ

‖A(q(s))‖44ds + 2α
∫ t

τ

〈J(q(s)), q(s)〉ds

= ‖qτ‖22 + 2
∫ t

τ

〈g(s), q(s)〉ds, (3.2)

for all t ∈ [τ,∞). Consequently, q ∈ C([τ,∞);H) (cf. [25]).

Proof of Theorem 3.1. Let us fix T > 0. Note that it is enough to prove the result on
the interval [τ, τ + T ]. The proof is divided into the following four steps.
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Step I. Finite-dimensional approximation and weak limits. Let us consider the follow-
ing approximate equation for system (2.18) on the finite-dimensional space Hn (see
Sect. 2.4):

⎧
⎨

⎩

dqn(t)

dt
= −νAnq

n(t) − Bn(q
n(t)) − αJn(q

n(t)) − βKn(q
n(t)) + gn(t),

qn(τ ) = qτ n,

(3.3)

where Anq
n = PnAqn , Bn(q

n) = PnB(qn), Jn(qn) = PnJ(qn), Kn(q
n) = PnK(qn),

gn = Pn[Pg] and qτ n = Pn[qτ ]. Since An · +Bn(·) + αJn(·) + βKn(·) is locally
Lipschitz (see (2.4), (2.6), (2.7) and (2.8)), system (3.3) has a unique local solution
qn ∈ C([τ, T ∗];Hn), for some τ < T ∗ < τ + T . The following a priori estimates
show that the time T ∗ can be extended to time τ + T . Taking the inner product with
qn(·) to the first equation of (3.3), we obtain

1

2

d

dt
‖qn(t)‖22 = −ν

2
‖A(qn(t))‖22 − β

2
‖A(qn(t))‖44

+ α

2

∫

�

(A(qn(t)))2 : A(qn(t))dx + 〈g(t), qn(t)〉. (3.4)

Next, using the Hölder’s inequality, (1.4) and Young’s inequality, we estimate the
terms of the right hand side of (3.4) as
∣∣∣∣
α

2

∫

�

(A(qn))2 : A(qn)dx

∣∣∣∣ ≤ |α|
2

∫

�

∣∣A(qn)
∣∣2 ∣∣A(qn)

∣∣ dx ≤ |α|
2

‖A(qn)‖24‖A(qn)‖2

≤ ν(1 − ε0)

4
‖A(qn)‖22 + α2

4ν(1 − ε0)
‖A(qn)‖44

≤ ν(1 − ε0)

4
‖A(qn)‖22 + β(1 − ε0)

2
‖A(qn)‖44 (3.5)

and
∣∣〈g, qn〉∣∣ = ∣∣〈g1 + g2, q

n〉∣∣
≤ ‖g1‖H−1‖qn‖V + ‖g2‖

W
−1, 43

‖qn‖W1,4

≤ C‖g1‖2H−1 + νε0

4
‖qn‖2

V
+ C‖g2‖

W
−1, 43

(‖qn‖4 + ‖∇qn‖4)
≤ C‖g1‖2H−1 + νε0

4
‖qn‖22 + νε0

4
‖∇qn‖22 + C‖g2‖

W
−1, 43

(‖A(qn)‖
d

4+d
4 ‖qn‖

4
4+d
2 + ‖A(qn)‖4)

≤ C‖g1‖2H−1 + νε0

4
‖qn‖22 + νε0

8
‖A(qn)‖22 + C‖g2‖

4
3

W
−1, 43

+ βε0

4
‖A(qn)‖44

+ C‖g2‖
4(4+d)
16+3d

W
−1, 43

‖qn‖
16

16+3d
2

≤ C‖g1‖2H−1 + νε0

4
‖qn‖22 + νε0

8
‖A(qn)‖22 + C‖g2‖

4
3

W
−1, 43

+ βε0

4
‖A(qn)‖44
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+ C(‖g2‖
4
3

W
−1, 43

+ 1)(‖qn‖22 + 1)

≤ νε0

8
‖A(qn)‖22 + βε0

4
‖A(qn)‖44 + C(‖g1‖2H−1 + ‖g2‖

4
3

W
−1, 43

+ 1)

+ C(‖g2‖
4
3

W
−1, 43

+ 1)‖qn‖22. (3.6)

Combining (3.4)–(3.6), we deduce

d

dt
‖qn(t)‖22 + ν

2

(
1 + ε0

2

)
‖A(qn(t))‖22 + βε0

2
‖A(qn(t))‖44

≤ C(‖g1(t)‖2H−1 + ‖g2(t)‖
4
3

W
−1, 43

+ 1) + C(‖g2(t)‖
4
3

W
−1, 43

+ 1)‖qn(t)‖22, (3.7)

which gives for all t ∈ [τ, τ + T ]

‖qn(t)‖22 + ν

2

(
1 + ε0

2

) ∫ t

τ

‖A(qn(s))‖22ds + βε0

2

∫ t

τ

‖A(qn(s))‖44ds

≤ ‖qn(τ )‖22 + C
∫ t

τ

[
‖g1(s)‖2H−1 + ‖g2(s)‖

4
3

W
−1, 43

+ 1

+ (‖g2(s)‖
4
3

W
−1, 43

+ 1)‖qn(s)‖22
]
ds. (3.8)

Hence, an application of Gronwall’s inequality and the fact that ‖qn(τ )‖2 ≤ ‖q(τ )‖2,
g1 ∈ L2(τ, τ + T ;H−1(�)) and g2 ∈ L

4
3 (τ, τ + T ;W−1, 43 (�)), we have from (3.8)

that

{qn}n∈N is a bounded sequence in L∞(τ, τ + T ;H) ∩ L2(τ, τ + T ;V)

∩ L4(τ, τ + T ;W1,4(�)). (3.9)

For any arbitrary element ψ ∈ L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�)), using
Hölder’s inequality and Lemma 2.1, we have from (3.3) that
∣∣∣∣∣

∫ τ+T

τ

〈
dqn(t)

dt
, ψ(t)

〉
dt

∣∣∣∣∣

≤
∫ τ+T

τ

[
ν
∣∣(∇qn(t),Pn∇ψ(t))

∣∣ + ∣∣b(qn(t),Pnψ(t),qn(t))
∣∣ + |〈g,Pnψ(t)〉|

]
dt

+ |α|
∫ τ+T

τ

∫

�
|A(qn(t))|2|Pn∇ψ(t)|dxdt + β

∫ T

0

∫

�
|A(qn(t))|3|Pn∇ψ(t)|dxdt

≤ C

[
‖qn‖L2(τ,τ+T ;V) + ‖qn‖L4(τ,τ+T ;W1,4) + ‖g‖

L2(τ,τ+T ;H−1)+L
4
3 (τ,τ+T ;W−1, 43 )

]

×
[
‖ψ‖L2(τ,τ+T ;V)∩L4(τ,τ+T ;W1,4)

]
,

which implies that the sequences

{ dqndt }n∈N and {G (qn)}n∈N are bounded in L2(τ, τ + T ;V′) + L
4
3 (τ, τ + T ;W−1, 43 (�)),

(3.10)
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where G (·) given by (2.9). Using (3.9), (3.10) and the Banach–Alaoglu theorem, we
infer the existence of an element q ∈ L∞(τ, τ + T ;H)∩L2(τ, τ + T ;V)∩L4(τ, τ +
T ;W1,4(�)) with dq

dt ∈ L2(τ, τ + T ;V′)+L
4
3 (τ, τ + T ;W−1, 43 (�)) and an element

G0 ∈ L2(τ, τ + T ;V′) + L
4
3 (τ, τ + T ;W−1, 43 (�)) such that

qn
w∗
−⇀ q in L∞(τ, τ + T ;H), (3.11)

qn
w−⇀ q in L2(τ, τ + T ;V), (3.12)

qn
w−⇀ q in L4(τ, τ + T ;W1,4(�)), (3.13)

dqn

dt

w−⇀dq

dt
in L2(τ, τ + T ;V′) + L

4
3 (τ, τ + T ;W−1, 43 (�)), (3.14)

G (qn)
w−⇀G0 in L2(τ, τ + T ;V′) + L

4
3 (τ, τ + T ;W−1, 43 (�)), (3.15)

along a subsequence (still denoted by the same symbol). Note that gn → Pg in

L2(τ, τ + T ;H−1(�)) + L
4
3 (τ, τ + T ;W−1, 43 (�)). Therefore, on passing to limit as

n → ∞ in (3.3), the limit q(·) satisfies:
dq

dt
= −G0 + Pg, (3.16)

in the sense of distribution. Note that the embedding of H ⊂ V
′ is continuous and

q ∈ L∞(τ, τ + T ;H) implies q ∈ L∞(τ, τ + T ;V′ + W
−1, 43 (�)). Thus, we get

q, dq
dt ∈ L

4
3 (τ, τ + T ;V′ + W

−1, 43 (�)) and then invoking [21, Theorem 2, Section

5.9.2], it is immediate that q ∈ C([τ, τ + T ];V′ + W
−1, 43 (�)). Since H is reflexive,

using [14, Proposition 1.7.1], we obtain q ∈ Cw([τ, τ + T ];H) and the map t �→
‖q(t)‖2 is bounded. Thus the condition (ii) in the Definition (2.1) makes sense.

Step II. Energy equality satisfied by q(·). Let us first note that, from [13, Chapter II,
Theorem 1.8], q ∈ L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�)) and dq

dt ∈ L2(τ, τ +
T ;V′)+L

4
3 (τ, τ+T ;W−1, 43 (�)) imply q ∈ C([τ, τ+T ];H), the real-valued function

t �→ ‖q(t)‖22 is absolutely continuous and the following equality is satisfied:

d

dt
‖q(t)‖22 = 2

〈
dq(t)

dt
, q(t)

〉
, for a.e. t ∈ [τ, τ + T ]. (3.17)

The proof of Theorem 1.8 in [13, Chapter II] requires a regularization technique which
is not explicitly provided in [13]. Therefore we are not using Theorem 1.8 from [13,
Chapter II] directly. We provide a sketch of proof of the energy equality (3.17) explic-
itly. We also mention that the similar process has been adopted to prove the energy
equality for the solution of convective Brinkman-Forchheimer equations in periodic
domains, bounded domains and unbounded domains in [2,22,26,33], respectively.
Since we are working on unbounded domains, we discuss the sketch of the idea used
in [33], that is, we use the eigenfunctions of operatorL (cf. (2.21) and (2.22)) to obtain
a sequence which approximates q(·). Set

qm(t) := P1/mq(t) =
∑

μ j<m2

e−μ j /m〈q(t), e j 〉U′×Ue j . (3.18)
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Since, for s > 2, {e j } j∈N ⊂ D(L) ⊂ Vs ⊂ V ∩ W
1,4(�), one can obtain (cf.

[2,22,33])

‖qm − q‖L2(τ,τ+T ;V)∩L4(τ,τ+T ;W1,4(�)) → 0 as m → ∞. (3.19)

Now, we define VT := {φ ∈ C∞
0 (�×[τ, τ +T )) : ∇ ·φ(x, t) = 0}. Observe that, for

each φ ∈ VT , φ(·, τ + T ) = 0 and VT is dense in Lp(τ, τ + T ;H1(�) ∩ W
1,4(�))

(cf. [25, Lemmas 2.5, 2.6]). For some t > τ , q ∈ Lp(τ, τ + T ;X), 1 ≤ p < ∞ and
τ < h + τ < τ + T − t and h < t , the mollifier qh (in the sense of Friederichs) of q
is defined by

qh(s) := (q ∗ jh)(s) =
∫ τ+T

τ

1[τ,t] jh(s − ζ )q(ζ )dζ,

where jh(·) is an infinite times differentiable function having support in (−h, h), which
is even and positive, such that

∫ +∞
−∞ jh(ζ )dζ = 1. In view of [25, Lemma 2.5], we

have that for q ∈ Lp(τ, τ + T ;X) with 1 ≤ p < ∞, qh ∈ Ck([τ, τ + T ];X) for all
k ≥ 0 and

lim
h→0

‖qh − q‖Lp(τ,τ+T ;X) = 0. (3.20)

Furthermore, if {qm}m∈N ⊂ Lp(τ, τ + T ;X) converges to q in the norm of Lp(τ, τ +
T ;X), then

lim
m→∞ ‖(qm)h − qh‖Lp(τ,τ+T ;X) = 0. (3.21)

In particular, form (3.21) and (3.19), we have

lim
m→∞ ‖(qm)h − qh‖L2(τ,τ+T ;V)∩L4(τ,τ+T ;W1,4) = 0. (3.22)

We write the weak solution of (2.18) as

∫ t

τ

〈
dq

dt
+ G0 − Pg,φ

〉
dζ = 0, (3.23)

for all t < τ + T and φ ∈ VT . Choosing φ = (qm)h =: qm,h in (3.23), where (·)h is
the mollification operator discussed above, for τ ≤ t < τ + T , we get

∫ t

τ

〈
dq

dt
+ G0 − Pg, qm,h

〉
dζ = 0. (3.24)

Using (3.21), we obtain
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∣∣∣∣

∫ t

τ

〈
dq

dt
+ G0 − Pg,qm,h − qh

〉
dζ

∣∣∣∣ ≤
∥∥∥∥
dq

dt
+ G0 − Pg

∥∥∥∥
L2(τ,τ+T ;V′)+L

4
3 (τ,τ+T ;W−1, 43 )

‖qm,h − qh‖L2(τ,τ+T ;V)∩L4(τ,τ+T ;W1,4) → 0.

Hence, passing limit m → ∞ in (3.24), we obtain

∫ t

τ

〈
dq

dt
+ G0 − Pg, qh

〉
dζ = 0. (3.25)

Using (3.20) and similar arguments as above, we find the following convergence also:

lim
h→0

∫ t

τ

〈G0 − Pg, qh〉 dζ =
∫ t

τ

〈G0 − Pg, q〉 dζ. (3.26)

An integration by parts results to

∫ t

τ

〈
dq

dt
, qh

〉
dζ = −

∫ t

τ

〈
q,

dqh
dt

〉
dζ − (q(τ ), qh(τ )) + (q(t), qh(t))

= −
∫ t

τ

∫ t

τ

d jh(ζ − s)

dt
(q(ζ ), q(s)) dsdζ

− (q(τ ), qh(τ )) + (q(t), qh(t)) = − (q(τ ), qh(τ )) + (q(t), qh(t))

→ −1

2
(q(τ ), q(τ )) + 1

2
(q(t), q(t)) = −1

2
‖q(τ )‖22 + 1

2
‖q(t)‖22,

(3.27)

as h → 0, where we have used the property of mollifiers and the fact that the kernel
jh(·) in the definition of mollifier is even in (−h, h). From (3.25)–(3.27), we infer that
q(·) satisfies the energy equality, that is,

‖q(t)‖22 + 2
∫ t

τ

〈G0(s) − Pg(s), q(s)〉 ds = ‖q(τ )‖22.

Hence, an application of Fundamental Theorem of Calculus gives

d

dt
‖q(t)‖22 = 2 〈G0(t) − Pg(t), q(t)〉 = 2

〈
dq(t)

dt
, q(t)

〉
, for a.e. t ∈ [τ, τ + T ].

(3.28)

Recalling that every weak solution of (3.16) isH-weakly continuous in time, all weak
solutions satisfy the energy equality (3.28) and so, all weak solutions of (3.16) belong
to C([τ, τ + T ];H) (cf. [14, Proposition 1.7.1] and see [25,26] also).

Step III.Minty–Browder technique: From (3.28), for a measurable function η(t) ≥ 0,
we have the following equality:

e−2η(t)‖q(t)‖22 + 2
∫ t

τ

e−2η(s) 〈G0(s) − Pg(s) + η′(s)q(s), q(s)
〉
ds = ‖q(τ )‖22,

(3.29)
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for all t ∈ [τ, τ + T ]. Similar to (3.29), for system (3.3), we obtain the following
energy equality:

e−2η(t)‖qn(t)‖22 + 2
∫ t

τ
e−2η(s) 〈G (qn(s)) − gn(s) + η′(s)qn(s),qn(s)

〉
ds = ‖qn(τ )‖22,

(3.30)

for all t ∈ [τ, τ + T ]. Remember that qn(τ ) = Pnq(τ ), and hence the initial value
qn(τ ) converges strongly in H, that is, we have

lim
n→∞ ‖qn(τ ) − q(τ )‖2 = 0. (3.31)

For any ψ ∈ L∞(τ, τ + T ;Hm) with m < n, we define

η(t) = (CSCK )2

νε0

∫ t

τ

‖A(ψ(s))‖24ds, for all t ∈ [τ, τ + T ].

Using (2.10), we obtain

∫ τ+T

τ
e−2η(t){〈G (ψ(t)) − G (qn(t)), ψ(t) − qn(t)

〉 + η′(t)(ψ(t) − qn(t), ψ(t) − qn(t))}dt ≥ 0.

(3.32)

Making use of (3.30) in (3.32), we obtain

∫ τ+T

τ

e−2η(t) 〈G (ψ(t)) + η′(t)ψ(t),ψ(t) − qn(t)
〉
dt

≥
∫ τ+T

τ

e−2η(t) 〈G (qn(t)) + η′(t)qn(t),ψ(t) − qn(t)
〉
dt

=
∫ τ+T

τ

e−2η(t) 〈G (qn(t)) + η′(t)qn(t),ψ(t)
〉
dt

+ 1

2

[
e−2η(T )‖qn(τ + T )‖22 − ‖qn(τ )‖22

]

−
∫ τ+T

τ

e−2η(t) 〈gn(t), qn(t)
〉
dt. (3.33)

Taking limit infimum on both sides of (3.33), we deduce

∫ τ+T

τ

e−2η(t) 〈G (ψ(t)) + η′(t)ψ(t),ψ(t) − q(t)
〉
dt

≥
∫ τ+T

τ

e−2η(t) 〈G0(t) + η′(t)q(t),ψ(t)
〉
dt

+ 1

2
lim inf
n→∞

[
e−2η(T )‖qn(τ + T )‖22 − ‖qn(τ )‖22

]

−
∫ τ+T

τ

e−2η(t) 〈g(t), q(t)〉 dt
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≥
∫ τ+T

τ

e−2η(t) 〈G0(t) + η′(t)q(t),ψ(t)
〉
dt

+ 1

2

[
e−2η(T )‖q(τ + T )‖22 − ‖q(τ )‖22

]
−

∫ τ+T

τ

e−2η(t) 〈g(t), q(t)〉 dt, (3.34)

where we have used the weak lower semicontinuity property of the H-norm and the
strong convergence of the initial data (3.31) in the final inequality. Now, using the
equality (3.29) in (3.34), we further have

∫ τ+T

τ

e−2η(t) 〈G (ψ(t)) + η′(t)ψ(t),ψ(t) − q(t)
〉
dt

≥
∫ τ+T

τ

e−2η(t) 〈G0(t) + η′(t)q(t),ψ(t)
〉
dt

−
∫ τ+T

τ

e−2η(t) 〈G0(t) + η′(t)q(t), q(t)
〉
dt

≥
∫ τ+T

τ

e−2η(t) 〈G0(t) + η′(t)q(t),ψ(t) − q(t)
〉
dt. (3.35)

Note that the estimate (3.35) holds true for any ψ ∈ L∞(τ, τ+;Hm), m ∈ N, since
the inequality given in (3.35) is independent of both m and n. Using a density argu-
ment, one can show that the inequality (3.35) remains true for any ψ ∈ L∞(τ, τ +
T ;H) ∩ L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�)). In fact, for any ψ ∈ L∞(τ, τ +
T ;H)∩L2(τ, τ + T ;V)∩L4(τ, τ + T ;W1,4(�)), there exists a strongly convergent
subsequence ψm ∈ L∞(τ, τ + T ;H) ∩ L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�)),

that satisfies the inequality (3.35).
Taking ψ = q + ru, r > 0, where u ∈ L∞(τ, τ + T ;H) ∩ L2(τ, τ + T ;V) ∩

L4(τ, τ + T ;W1,4(�)), and substituting for ψ in (3.35), we get
∫ τ+T

τ

e−2η(t) 〈G (q(t) + ru(t)) − G0(t) + rη(t)u(t), ru(t)〉 dt ≥ 0. (3.36)

Dividing the inequality (3.36) by r , using the hemicontinuity property of the operator
G (·) (see Lemma 2.3), and then passing r → 0, we find

∫ τ+T

τ

e−2η(t) 〈G (q(t)) − G0(t), u(t)〉 dt ≥ 0, (3.37)

for any u ∈ L∞(τ, τ + T ;H)∩L2(τ, τ + T ;V)∩L4(τ, τ + T ;W1,4(�)). Therefore,
from (3.37), we deduce that G (q(·)) = G0(·). In addition, q(·) satisfies the energy
equality (3.2) for all t ∈ [τ, τ + T ] (see (3.28)).
Step IV. Uniqueness: Define F = q1 − q2, where q1 and q2 are two weak solutions to
system (2.18) in the sense of Definition 2.1. Then F ∈ C([τ, τ + T ];H) ∩ L2(τ, τ +
T ;V) ∩ L4(τ, τ + T ;W1,4(�)) and satisfies

⎧
⎨

⎩

dF(t)

dt
= − [G (q1(t)) − G (q2(t))] ,

F(τ ) = 0,
(3.38)
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in the weak sense. Therefore, we have

1

2

d

dt
‖F(t)‖22 = −〈G (q1(t)) − G (q2(t)), q1(t) − q2(t)〉

≤ (CSCK )2

νε0
‖A(q2)(t)‖24‖F(t)‖22, (3.39)

for a.e. t ∈ [τ, τ + T ], where we have used (2.10). An application of the variation of
constants formula and the fact that F(τ ) = 0 give q1(t) = q2(t), for all t ∈ [τ, τ + T ]
in H, which proves the uniqueness.

�

4. Non-autonomous dynamical system

In this section, we demonstrate the existence of global pullback attractor for non-
autonomous third-grade fluid equations on bounded as well as unbounded Poincaré
domains. In order to define the non-autonomous dynamical system associated with
(2.18), we consider a family of shift operators {ϑt }t∈R, for each t ∈ R, given by

ϑtτ = τ + t, for all τ ∈ R. (4.1)

and define a map � : R+ × R × H → H by

�(t, τ, qτ ) := q(t + τ ; τ, qτ ). (4.2)

Since, q(·; τ, qτ ) is the unique solution to system (2.18), it implies that

�(t + s, τ, qτ ) = �(t, s + τ,�(s, τ, qτ )), τ ∈ R, t, s ≥ 0 and qτ ∈ H.

(4.3)

4.1. Continuous cocycle

In the next lemma, we show that the operator �(t, τ, ·) : H → H, for t ≥ 0 and
τ ∈ R, is continuous.

Lemma 4.1. Let (1.4) hold. Let T > 0 be fixed, qnτ → qτ in H and gn → g in

L2
loc(R;H−1(�)) + L

4
3
loc(R;W−1, 43 (�)). Let us denote by q(·) := q(·; τ, qτ ) for the

solution to system (2.18) and by qn(·) := q(·; τ, qnτ ) for the solution to system (2.18)
with qτ , g being replaced by qnτ , gn. Then

qn(·) → q(·) in C([τ, τ + T ];H) ∩ L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�)).

Proof. Let us introduce un(·) := qn(·) − q(·) and ĝn(·) := gn(·) − g(·). It is easy to
see that un(·) solves the following initial value problem:

⎧
⎨

⎩

dun
dt

= −[G (qn) − G (q)] + Pĝn,

un(τ ) = qnτ − qτ ,

(4.4)
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in V
′ + W

−1, 43 (�). Taking the inner product with un(·) to the first equation of (4.4)
and using (2.10), we get

1

2

d

dt
‖un(t)‖22 = −νε0

4
‖A(un(t))‖22 − βε0

4
‖A(un(t))‖44

+ (CS,3CK )2

νε0
‖A(q(t))‖24‖un(t)‖22 + 〈

ĝn(t), un(t)
〉
, (4.5)

for a.e. t ∈ [τ, τ + T ]. Similar to (3.6), we find for gn = g1,n + g2,n , g = g1 + g2 and
ĝn = ĝ1,n + ĝ2,n

∣∣〈ĝn, un〉
∣∣ ≤ νε0

8
‖A(un)‖22 + βε0

8
‖A(un)‖44 + C

[
‖ĝ1,n‖2H−1 + ‖ĝ2,n‖

4
3

W
−1, 43

+‖g2,n‖
4(4+d)
16+3d

W
−1, 43

]
+ C‖g2,n‖

4(4+d)
16+3d

W
−1, 43

‖un‖22. (4.6)

Combining (4.5)–(4.6), we deduce

d

dt
‖un(t)‖2H + νε0

4
‖A(un(t))‖22 + βε0

4
‖A(un(t))‖44

≤ C

[
‖ĝ1,n(t)‖2H−1 + ‖ĝ2,n(t)‖

4
3

W
−1, 43

+ ‖g2,n(t)‖
4(4+d)
16+3d

W
−1, 43

]

+
[

(CS,3CK )2

νε0
‖A(q(t))‖24 + C‖g2,n(t)‖

4(4+d)
16+3d

W
−1, 43

]
‖un(t)‖22, (4.7)

for a.e. t ∈ [τ, τ + T ]. Then by the classical Gronwall lemma, we arrive at

‖un(t)‖2H + νε0

4

∫ t

τ

‖A(un(s))‖22ds + βε0

4

∫ t

τ

‖A(un(s))‖44ds

≤
[
‖un(τ )‖2

H
+ C

∫ τ+T

τ

[
‖ĝ1,n(s)‖2H−1 + ‖ĝ2,n(s)‖

4
3

W
−1, 43

+ ‖g2,n(s)‖
4(4+d)
16+3d

W
−1, 43

]
ds

]

× exp

{
(CS,3CK )2

νε0

∫ τ+T

τ

‖A(q(s))‖24ds + C
∫ τ+T

τ

‖g2,n(s)‖
4(4+d)
16+3d

W
−1, 43

ds

}
, (4.8)

for all t ∈ [τ, τ + T ]. Since qnτ → qτ in H, gn → g in L2
loc(R;H−1(�)) +

L
4
3
loc(R;W−1, 43 (�)) and A(q) ∈ L4(τ, τ + T ;L4(�)), by (4.8), we infer that qn(·) →

q(·) in
C([τ, τ + T ];H) ∩ L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�))

as n → ∞. This completes the proof. �

Lemma 4.1 shows that for all τ ∈ R, t ≥ 0 the mapping�(t, τ, ·) defined in (4.2) is
continuous fromH into itself. Therefore, the mapping � given by (4.2) is continuous
ϑ-cocycle on H ([11]).
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4.2. A class of families of nonempty subsets of H

Let R be the set of all functions r : R → (0,+∞) such that

lim
t→−∞ ect [r(t)]2 = 0, for all c > 0, (4.9)

and denote by D the class of all families D̂ = {D(t) : t ∈ R} ⊂ P(H) such
that D(t) ⊂ B̄(0, rD̂(t)), for some rD̂ ∈ R, where P(H) denotes the family of all
nonempty subsets of H and B̄(0, rD̂(t)) denotes the closed ball in H centered at zero
with radius rD̂(t).

5. Global pullback attractor: Bounded domains

In this section, we establish the existence of a unique global pullback attractor on
bounded domains. It is well known that for a bounded domain �, the operator A is
invertible and its inverse A−1 is bounded, self-adjoint and compact in H. Hence the
spectrum of A consists of an infinite sequence 0 < λ1 ≤ λ2 ≤ . . . ≤ λk ≤ . . . , with
λk → ∞ as k → ∞ of eigenvalues, and there exists an orthogonal basis {wk}∞k=1
of H consisting of eigenfunctions of A such that Awk = λkwk , for all k ∈ N. Since
q = ∑∞

j=1(q, w j )w j , we have Aq = ∑∞
j=1 λ j (q, w j )w j . Thus, it is immediate that

‖∇q‖22 = 〈Aq, q〉 =
∞∑

j=1

λ j |(q, w j )|2 ≥ λ1

∞∑

j=1

|(q, w j )|2 = λ1‖q‖22, (5.1)

for all q ∈ V, which is known as Poincaré inequality. Throughout this subsection, we
assume that external forcing term g = g1 + g2 satisfies following hypothesis:

Hypothesis 5.1. Let g ∈ L2
loc(R;H−1(�)) + L

4
3
loc(R;W−1, 43 (�)) and satisfy the fol-

lowing condition:

lim
t→−∞ ect

∫ 0

−∞
eν

∗λ1ξ
[
‖g1(ξ + t)‖2

H−1 + ‖g2(ξ + t)‖
4(4+d)
8+3d

W
−1, 43

]
dξ < +∞, for all c > 0,

(5.2)

where g1 ∈ L2
loc(R;H−1(�)) and g2 ∈ L

4
3
loc(R;W−1, 43 (�)) are such that g can be

uniquely written as g = g1 + g2. Also, here

0 < ν∗ =
{
2ν

(
1 − ε0

4

)
, f or d = 2;

ν
(
1 + ε0

2

)
, f or d = 3; (5.3)

is constant related to the parameters defined in (3.1) and λ1 > 0 is a constant as in
(5.1).

A direct consequence of above Hypothesis 5.1 is as follows:
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Proposition 5.2 (Proposition 4.2, [32]). Assume that Hypothesis 5.1 holds. Then
∫ τ

−∞
eν∗λ1ξ

[
‖g1(ξ)‖2

H−1 + ‖g2(ξ)‖
4(4+d)
8+3d

W
−1, 43

]
dξ < ∞, for all τ ∈ R. (5.4)

Remark 5.1. Thecondition (5.2) does not needg to bebounded inH−1(�)+W
−1, 43 (�)

at ±∞ (cf. [52]). For instance, for any p ≥ 0 and g∗ ∈ H
−1(�) + W

−1, 43 (�), the
function g(·, t) = t pg∗ satisfies both (5.4) and (5.2).

Lemma 5.3. Assume that (1.4) andHypothesis 5.1 are satisfied. Then, for every τ ∈ R

and K̂ = {K (τ ) : τ ∈ R} ∈ D, and for all s ∈ [τ−1, τ ], there existsT = T (τ, K̂ ) >

0 and a constant Cbd > 0 such that for all t ≥ T ,

‖q(s; τ − t, q∗)‖22 ≤ Cbd

∫ τ

−∞
e−ν∗λ1(τ−ξ)

[
‖g1(ξ)‖2

H−1 + ‖g2(ξ)‖
4(4+d)
8+3d

W
−1, 43

+ 1

]
dξ,

(5.5)

where q∗ ∈ K (τ − t).

Proof. Let us take q(·) = q(·; τ − t, q∗). By taking the inner product with q(·) to the
first equation to system (2.18) and keeping in mind that 〈B(q), q〉 = 0, we get

1

2

d

ds
‖q(s)‖22 = −ν

2
‖A(q(s))‖22 − β

2
‖A(q(s))‖44

+ α

2

∫

�

(A(q(s)))2 : A(q(s))dx + 〈g(s), q(s)〉, (5.6)

for a.e. s ∈ [τ − t, τ − t + T ] with T > 0. Using the Hölder’s inequality, (1.4) and
Young’s inequality, we obtain (see (3.5))

∣∣∣∣
α

2

∫

�

(A(q))2 : A(q)dx

∣∣∣∣ =
∣∣∣∣
α

2

∫

�

Tr[(A(q))3]dx
∣∣∣∣

≤
{
0, d = 2;
ν(1−ε0)

4 ‖A(q)‖22 + β(1−ε0)
2 ‖A(q)‖44, d = 3.

(5.7)

Using the Cauchy–Schwarz, (5.1), (2.2), (2.3) and Young’s inequalities, we obtain

|〈g, q〉| ≤ ‖g1‖V′ ‖q‖V + ‖g2‖
W

−1, 43
‖q‖W1,4

≤ C‖g1‖H−1‖A(q)‖2 + ‖g2‖
W

−1, 43
‖q‖4 + ‖g2‖

W
−1, 43

‖∇q‖4
≤ C‖g1‖H−1‖A(q)‖2 + C‖g2‖

W
−1, 43

‖∇q‖
d

4+d
4 ‖q‖

4
4+d
2 + ‖g2‖

W
−1, 43

‖∇q‖4
≤ C‖g1‖H−1‖A(q)‖2 + C‖g2‖

W
−1, 43

‖A(q)‖
d

4+d
4 ‖A(q)‖

4
4+d
2

+ C‖g2‖
W

−1, 43
‖A(q)‖4

≤ νε0

8
‖A(q)‖22 + βε0

4
‖A(q)‖44 + C

[
‖g1‖2H−1 + ‖g2‖

4
3

W
−1, 43

+ ‖g2‖
4(4+d)
8+3d

W
−1, 43

]
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≤ νε0

8
‖A(q)‖22 + βε0

4
‖A(q)‖44 + C

[
‖g1‖2H−1 + ‖g2‖

4(4+d)
8+3d

W
−1, 43

+ 1

]
. (5.8)

Combining (5.6)–(5.8), we obtain

d

ds
‖q(s)‖22 + ν∗

2
‖A(q(s))‖22 + βε0

2
‖A(q(s))‖44

≤ C

[
‖g1(s)‖2H−1 + ‖g2(s)‖

4(4+d)
8+3d

W
−1, 43

+ 1

]
,

for a.e. s ∈ [τ − t, τ − t + T ] with T > 0, which due to Poincaré inequality (5.1)
implies

d

ds
‖q(s)‖22 + ν∗λ1‖q(s)‖22 ≤ C

[
‖g1(s)‖2H−1 + ‖g2(s)‖

4(4+d)
8+3d

W
−1, 43

+ 1

]
, (5.9)

for a.e. s ∈ [τ − t, τ − t +T ] with T > 0, where ν∗ > 0 is a constant defined in (5.3).
Now, an application of the variation of constants formula gives

eν∗λ1s‖q(s; τ − t, q∗)‖22 ≤ eν∗λ1(τ−t)‖q∗‖22 + C
∫ τ

τ−t
eν∗λ1ξ

[
‖g1(ξ)‖2

H−1

+‖g2(ξ)‖
4(4+d)
8+3d

W
−1, 43

+ 1

]
dξ, (5.10)

for t > 1 and for all s ∈ [τ −1, τ ]. Since q∗ ∈ K (τ −t), we have ‖q∗‖22 ≤ [rK̂ (τ −t)]2.
Therefore, there exists a time T = T (τ, K̂ ) > 1 such that for all t ≥ T ,

eν∗λ1(τ−t)‖q∗‖22 ≤ C
∫ τ

τ−t
eν∗λ1ξ

[
‖g1(ξ)‖2

H−1 + ‖g2(ξ)‖
4(4+d)
8+3d

W
−1, 43

+ 1

]
dξ. (5.11)

Putting (5.11) in (5.10), we infer that there exists T = T (τ, K̂ ) such that for all
t ≥ T ,

‖q(s; τ − t, q∗)‖22 ≤ 2Ce−ν∗λ1s
∫ τ

τ−t
eν∗λ1ξ

[
‖g1(ξ)‖2

H−1 + ‖g2(ξ)‖
4(4+d)
8+3d

W
−1, 43

+ 1

]
dξ,

for all s ∈ [τ − 1, τ ]. This completes the proof. �

5.1. Pullback asymptotic compactness of �

Now, we prove D-pullback asymptotic compactness using compact Sobolev em-
beddings on bounded domains.

Lemma 5.4. Assume that (1.4) andHypothesis 5.1 are satisfied. Then for every τ ∈ R

and t > τ , the solution mapping q(t; τ, ·) : H → H is compact, that is, for every
bounded set B in H, the image q(t; τ, B) is precompact in H.
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Proof. Consider the solution q(s; τ, ·) of (2.18) for s ∈ [τ, τ + T ], where T > 0.
Assume that the sequence {q0m}m∈N ⊂ B. We know that (see the proof of Theorem
3.1)

{q(·; τ, q0m)}m∈N is bounded in L∞(τ, τ + T ;H) ∩ L2(τ, τ + T ;V)

∩ L4(τ, τ + T ;W1,4(�)),

and
{
d

dt
(q(·; τ, q0m))

}

m∈N
is bounded in L2(τ, τ + T ;V′) + L

4
3 (τ, τ + T ;W−1, 43 (�)).

Since L2(τ, τ + T ;V′) + L
4
3 (τ, τ + T ;W−1, 43 ) ⊂ L

4
3 (τ, τ + T ;V′ + W

−1, 43 ), the
above sequence is bounded in L

4
3 (τ, τ +T ;V′ +W

−1, 43 (�)). Note also thatV ⊂ H ⊂
V

′+W
−1, 43 and the embedding ofV ⊂ H is compact. By theAubin-Lions compactness

lemma, there exists a subsequence (keeping as it is) and p ∈ L2(τ, τ +T ;H) such that

q(·; τ, q0m) → p(·) strongly in L2(τ, τ + T ;H). (5.12)

Along a further subsequence (again not relabeling), we infer from (5.12) that

q(s; τ, q0m) → p(s) in H for almost all s ∈ (τ, τ + T ). (5.13)

Since τ < t < τ + T , we obtain from (5.13) that there exists s ∈ (τ, t) such that
(5.13) holds true for this particular s. Then by Lemma 4.1, we obtain

q(t; τ, q0m) = q(t; s, q(s; τ, q0m)) → q(t; s, p(s)) in H.

This completes the proof. �
Interestingly, Lemma 5.4 helps us to prove theD-pullback asymptotic compactness

of � in H on bounded domains.

Corollary 5.5. Assume that (1.4) and Hypothesis 5.1 are satisfied. Then for every
τ ∈ R, K̂ = {K (τ ) : τ ∈ R} ∈ D and tm → ∞, q0m ∈ K (τ − tm), the sequence
q(τ ; τ − tm, q0m) of solutions to system (2.18) has a convergent subsequence in H.

Proof. From Lemma 5.3 with s = τ −1, we have that there existsT = T (τ, K̂ ) > 0
such that for all t ≥ T and q∗ ∈ K (τ − t),

q(τ − 1; τ − t, q∗) ∈ H. (5.14)

Since tm → ∞ and q0m ∈ K (τ − tm), from (5.14), we infer that there exists M1 =
M1(τ, K̂ ) ∈ N such that the sequence

{q(τ − 1; τ − tm, q0m)}m≥M1 ⊂ H, (5.15)

is bounded. Hence, by (5.15) and Lemma 5.4, we conclude that the sequence

{q(τ ; τ − tm, q0m)}m≥M1 = {q(τ ; τ − 1, q(τ − 1; τ − tm, q0m))}m≥M1

has a convergent subsequence in H, which completes the proof. �
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5.2. Existence of a unique global D-pullback attractor

In this subsection, we first give the result on the existence of aD-pullback absorbing
set in H for �. Then, we prove the existence of a unique global D-pullback attractor
for �.

Lemma 5.6. Assume that (1.4) and Hypothesis 5.1 are satisfied. Then, there exists a
closed D-pullback absorbing set Kbd = {Kbd(τ ) : τ ∈ R} ∈ D for �.

Proof. Let us denote, for given τ ∈ R,

Kbd(τ ) = {q ∈ H : ‖q‖22 ≤ Mbd(τ )},
where

Mbd(τ ) = Cbd

∫ τ

−∞
e−ν∗λ1(τ−ξ)

[
‖g1(ξ)‖2

H−1 + ‖g2(ξ)‖
4(4+d)
8+3d

W
−1, 43

+ 1

]
dξ.

From Lemma 5.3, we have that for each τ ∈ R and K̂ ∈ D, there exists T =
T (τ, K̂ ) > 0 such that for all t ≥ T ,

�(t, τ − t, K (τ − t)) = q(τ ; τ − t, K (τ − t)) ⊆ Kbd(τ ). (5.16)

Now, in order to complete the proof, we only need to prove thatKbd ∈ D, that is, for
every c > 0 and τ ∈ R

lim
t→−∞ ectMbd(t) = 0.

For every given c > 0 and τ ∈ R,

lim
t→−∞ ectMbd (t) = lim

t→−∞ ectCbd

∫ t

−∞
e−ν∗λ1(t−ξ)

[

‖g1(ξ)‖2
H−1 + ‖g2(ξ)‖

4(4+d)
8+3d

W
−1, 43

+ 1

]

dξ

= Cbd lim
t→−∞ ect

∫ 0

−∞
eν

∗λ1ξ

[

‖g1(ξ + t)‖2
H−1 + ‖g2(ξ + t)‖

4(4+d)
8+3d

W
−1, 43

+ 1

]

dξ = 0,

where we have used (5.2) in final equality. This completes the proof. �
Remark 5.2. We address an abstract result for pullback attractors in this remark that
was developed in [11] (see to [11, Theorem 7 and Remark 14]). Let D be a class
of nonempty subsets of H. There is a minimal global D-pullback attractor for � if
the ϑ-cocycle � is continuous and D-pullback asymptotically compact, and there
exists K ∈ D which is D-pullback absorbing (see [11, Theorem 7]). Furthermore,
this global D-pullback attractor is unique if K(τ ) is closed for every τ ∈ R and D is
inclusion-closed (see [11, Remark 14]).

Finally, in view of the abstract result introduced in [11], we obtain the main result
of this section.

Theorem 5.7. Assume that (1.4) and Hypothesis 5.1 are satisfied. Then, there exists
a unique globalD-pullback attractor for the continuous ϑ-cocycle � associated with
system (2.18).
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Proof. Corollary 5.5 indicates that� isD-pullback asymptotically compact. Further-
more, for all τ ∈ R, Kbd(τ ) is a closed D-pullback absorbing set of � in H, as
demonstrated by Lemma 5.6. The definition ofDmakes it evident that it is inclusion-
closed. We therefore deduce that there is a unique globalD-pullback attractor for the
continuous ϑ-cocycle � associated with system (2.18) based on the abstract result
obtained in [11] (see Remark 5.2).

6. Global pullback attractors: Unbounded Poincaré domains

We prove the existence of a unique global pullback attractor on unbounded Poincaré
domains in this section. When we refer to an unbounded Poincaré domain, we mean
one that satisfies the Poincaré inequality (see inequality (6.1)). � = R× (−L , L) and
� = R

2 × (−L , L) with L > 0 are common examples of an unbounded Poincaré
domain in R

2 and R
3, respectively; see [50, p.306] and [45, p. 117]. More precisely,

we consider the following hypothesis on the domain �:

Hypothesis 6.1. Let� be an open, connected and unbounded subset ofRd , the bound-
ary of which is uniformly of class C3 (see [28]). We assume that, there exists a positive
constant λ such that the following Poincaré inequality is satisfied:

λ

∫

�

|ψ(x)|2dx ≤
∫

�

|∇ψ(x)|2dx, for all ψ ∈ H
1
0(�). (6.1)

In order to prove the result of this subsection, we need the following hypotheses on
non-autonomous forcing term g(·, ·).
Hypothesis 6.2. Let g ∈ L2

loc(R;L2(�)) and satisfies the following condition:

lim
t→−∞ ect

∫ 0

−∞
eν∗λs‖g(s + t)‖22ds = 0, (6.2)

where ν∗ > 0 is a constant given in (5.3) and λ > 0 is a constant given in Hypothesis
6.1.

Hypothesis 6.3. Let g ∈ L2
loc(R;L2(�)) and there exists δ ∈ [0, ν∗λ

2 ) such that
∫ τ

−∞
eδs‖g(s)‖22ds < ∞, for all τ ∈ R. (6.3)

Remark 6.1. It is worth mentioning here that we require Hypotheses 6.2 and 6.3 to
obtain uniform-tail estimates satisfied by the solutions to system (2.1) (see Lemmas
6.6 and 6.8) which helps us to obtain D-pullback asymptotic compactness of �.
Also, note that Hypothesis 5.1 is enough if one uses energy equality method given
by [3] to show D-pullback asymptotic compactness of � (see the articles [11] and
[32] for Navier–Stokes equations and convective Brinkman-Forchheimer equations,
respectively). Unfortunately, for third-grade fluid equations (2.1), we are not able to
use energy equality method.
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A direct consequence of above Hypothesis 6.2 is as follows:

Proposition 6.4. (Proposition 4.2, [32]) Assume that Hypothesis 6.2 holds. Then
∫ τ

−∞
eν∗λs‖g(s)‖22ds < ∞, for all τ ∈ R, (6.4)

Moreover, (6.3) implies that

lim
k→∞

∫ τ

−∞

∫

�∩{|x |≥k}
eν∗λs |g(x, s + τ)|2dxds = 0, for all τ ∈ R. (6.5)

Lemma 6.5. Assume that (1.4), and Hypotheses 6.1 and 6.2 are satisfied. Then, for
every τ ∈ R and K̂ = {K (τ ) : τ ∈ R} ∈ D, and for all s ∈ [τ − 1, τ ], there exists
T1 = T1(τ, K̂ ) > 0 and a constant Cubd > 0 such that for all t ≥ T1,

‖q(s; τ − t, q∗)‖22 +
∫ s

τ−t
eν∗λ(s−τ)‖A(q(s; τ − t, q∗))‖44ds

≤ Cubd

∫ τ

−∞
e−ν∗λ(τ−ξ)‖g(ξ)‖22dξ, (6.6)

where q∗ ∈ K (τ − t).

Proof. Let us take q(·) = q(·; τ − t, q∗). By taking the inner product with q(·) to the
first equation to system (2.18) and keeping in mind that 〈B(q), q〉 = 0, we get

1

2

d

ds
‖q(s)‖22 = −ν

2
‖A(q(s))‖22 − β

2
‖A(q(s))‖44

+ α

2

∫

�

(A(q(s)))2 : A(q(s))dx + (g(s), q(s)), (6.7)

for a.e. s ∈ [τ − t, τ − t + T ] with T > 0. Using the Hölder’s inequality, (1.4) and
Young’s inequality (see (3.5)), we obtain

∣∣∣∣
α

2

∫

�

(A(q))2 : A(q)dx

∣∣∣∣ =
∣∣∣∣
α

2

∫

�

Tr[(A(q))3]dx
∣∣∣∣

≤
{
0, f or d = 2;
ν(1−ε0)

4 ‖A(q)‖22 + β(1−ε0)
2 ‖A(q)‖44, f or d = 3.

(6.8)

Using the Cauchy–Schwarz, (6.1), (2.2), (2.3) and Young’s inequalities, we obtain

|(g, q)| ≤ ‖g‖2‖q‖2 ≤ C‖g‖2‖A(q)‖2 ≤ νε0

8
‖A(q)‖22 + C‖g‖22. (6.9)

Combining (6.7)–(6.9), we obtain

d

ds
‖q(s)‖22 + ν∗

2
‖A(q(s))‖22 + βε0‖A(q(s))‖44 ≤ C‖g(s)‖22, (6.10)
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for a.e. s ∈ [τ − t, τ − t + T ] with T > 0, which due to Poincaré inequality (6.1)
implies

d

ds
‖q(s)‖22 + ν∗λ‖q(s)‖22 + βε0‖A(q(s))‖44 ≤ C‖g(s)‖22, (6.11)

for a.e. s ∈ [τ − t, τ − t + T ] with T > 0, where ν∗ > 0 is a constant defined in
Hypothesis 6.2. Now, an application of the variation of constants formula gives

eν∗λξ‖q(ξ ; τ − t, q∗)‖22 + βε0

∫ ξ

τ−t
eν∗λs‖A(q(s; τ − t, q∗))‖44ds

≤ eν∗λ(τ−t)‖q∗‖22 + C
∫ ξ

τ−t
eν∗λs‖g(s)‖22ds, (6.12)

for all τ ≥ ξ > τ − t . In particular, for t > 1 and for all s ∈ [τ − 1, τ ], we have

eν∗λs‖q(s; τ − t, q∗)‖22 + βε0

∫ s

τ−t
eν∗λξ‖A(q(ξ ; τ − t, q∗))‖44dξ

≤ eν∗λ(τ−t)‖q∗‖22 + C
∫ τ

−∞
eν∗λξ‖g(ξ)‖22dξ. (6.13)

Since q∗ ∈ K (τ − t), we have ‖q∗‖22 ≤ [rK̂ (τ − t)]2. Therefore, there exists a time

T1 = T1(τ, K̂ ) > 1 such that for all t ≥ T1,

e−ν∗λ(τ−t)‖q∗‖22 ≤ C
∫ τ

−∞
eν∗λξ‖g(ξ)‖22dξ. (6.14)

Putting (6.14) in (6.13), we infer that there exists T1 = T1(τ, K̂ ) such that for all
t ≥ T1,

‖q(s; τ − t, q∗)‖22 + βε0

∫ s

τ−t
eν∗λ(ξ−τ)‖A(q(ξ ; τ − t, q∗))‖44dξ

≤ 2Ce−ν∗λτ

∫ τ

−∞
eν∗λξ‖g(ξ)‖22dξ,

for all s ∈ [τ − 1, τ ], which completes the proof. �

6.1. Pullback asymptotic compactness of �

The following result is needed to obtain the uniform-tail estimate satisfied by the
solutions to system (2.1) (see the proof of Lemma 6.8).

Lemma 6.6. Assume that (1.4), and Hypotheses 6.1 and 6.3 are satisfied. Then, for
every τ ∈ R and K̂ = {K (τ ) : τ ∈ R} ∈ D, there exists T2 = T2(τ, K̂ ) > 0 and a
constant C1 > 0 such that for all t ≥ T2,

∫ τ

τ−t
eν∗λ(s−τ)‖q(s; τ − t, q∗)‖42ds ≤ C1

[∫ τ

−∞
eδ(s−τ)‖g(s)‖22ds

]2
< +∞,

(6.15)
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and there exists T3 = T3(τ, K̂ ) ≥ T2 and a constant C2 > 0 such that for all t ≥ T3,

∫ τ

τ−t
eν∗λ(s−τ)‖A(q(s; τ − t, q∗))‖22ds

≤ C2

∫ τ

−∞
eν∗λ(s−τ)

[
‖g(s)‖22 + 1

]
ds + C2

[∫ τ

−∞
eδ(s−τ)‖g(s)‖22ds

]2
< +∞,

(6.16)

where q∗ ∈ K (τ − t) and δ > 0 is the constant same as in Hypothesis 6.2.

Proof. We know from (6.12) that

eν∗λξ‖q(ξ ; τ − t, q∗)‖22 ≤ eν∗λ(τ−t)‖q∗‖22 + C
∫ ξ

τ−t
eν∗λs‖g(s)‖22ds, (6.17)

for all τ ≥ ξ > τ − t , which leads to
∫ τ

τ−t
eν∗λξ‖q(ξ ; τ − t, q∗)‖42dξ

≤ 2
∫ τ

τ−t

{

e−ν∗λξ e2ν
∗λ(τ−t)‖q∗‖42 + e−ν∗λξ

[
C

∫ ξ

τ−t
eν∗λs‖g(s)‖22ds

]2}

dξ

≤ 2
∫ τ

τ−t

{

eν∗λ(τ−t)‖q∗‖42 +
[
C

∫ ξ

τ−t
e

ν∗λ
2 s‖g(s)‖22ds

]2}

dξ

≤ 2
∫ τ

τ−t
e(ν∗λ−2δ)ξdξ

{

e2δ(τ−t)‖q∗‖42 +
[
C

∫ τ

−∞
eδs‖g(s)‖22ds

]2}

, (6.18)

where δ is same asHypothesis 6.2. Since q∗ ∈ K (τ−t), we have ‖q∗‖22 ≤ [rK̂ (τ−t)]2.
Therefore, there exists a time T2 = T2(τ, K̂ ) such that for all t ≥ T2,

eδ(τ−t)‖q∗‖22 ≤ C
∫ τ

−∞
eδs‖g(s)‖22ds. (6.19)

Putting (6.19) in (6.18), we infer that there exists T2 = T2(τ, K̂ ) such that for all
t ≥ T2,

∫ τ

τ−t
eν∗λs‖q(s; τ − t, q∗)‖42ds ≤ C

[∫ τ

−∞
eδs‖g(s)‖22ds

]2
, (6.20)

which is finite by Hypothesis 6.3.
Next, from (6.10), we have

d

ds
‖q(s)‖22 + ν∗λ‖q(s)‖22 + ν∗

2
‖A(q(s))‖22 ≤ C‖g(s)‖22 + ν∗λ‖q(s)‖22

≤ C

[
‖g(s)‖22 + ‖q(s)‖42 + 1

]
,
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for a.e. s ∈ [τ − t, τ − t + T ] with T > 0. Again, an application of the variation of
constants formula implies

ν∗

2

∫ τ

τ−t
eν∗λs‖A(q(s; τ − t, q∗))‖22ds

≤ eν∗λ(τ−t)‖q∗‖22 + C
∫ τ

τ−t
eν∗λs

[
‖g(s)‖22 + 1

]
ds

+
∫ τ

τ−t
eν∗λs‖q(s; τ − t, q∗)‖42ds. (6.21)

Since q∗ ∈ K (τ − t), we have ‖q∗‖22 ≤ [rK̂ (τ − t)]2. Therefore, there exists a time

T3 = T3(τ, K̂ ) ≥ T2 such that for all t ≥ T3,

eν∗λ(τ−t)‖q∗‖22 ≤ C
∫ τ

−∞
eν∗λs

[
‖g(s)‖22 + 1

]
ds. (6.22)

In view of (6.20), (6.21) and (6.22), we infer that there exists T2 = T2(τ, K̂ ) such that
for all t ≥ T2,

ν∗

2

∫ τ

τ−t
eν∗λs‖A(q(s; τ − t, q∗))‖22ds ≤ C

∫ τ

−∞
eν∗λs

[
‖g(s)‖22 + 1

]
ds

+ C

[∫ τ

−∞
eδs‖g(s)‖22ds

]2
, (6.23)

which is finite by Hypothesis 6.3. This completes the proof. �

The following result is used to obtain the pullback asymptotic compactness of �.

Lemma 6.7. Assume that g ∈ L2
loc(R;H−1(�))+L

4
3
loc(R;W−1, 43 (�)) and {q0m}m∈N

be a bounded sequence in H. Then, there exists q̃ ∈ L∞(τ, τ + T ;H) ∩ L2(τ, τ +
T ;V) ∩ L4(τ, τ + T ;W1,4(�)) such that along a subsequence

q(·; τ, q0m) → q̃ in L2(τ, τ + T ;L2
loc(�)), (6.24)

for every T > 0.

Proof. Let qm(·) = q(·; τ, q0m). Since {q0m}m∈N is a bounded sequence in H, the
sequence
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{qm}n∈N is bounded in L∞(τ, τ + T ;H) ∩ L2(τ, τ + T ;V)

∩ L4(τ, τ + T ;W1,4(�)). (6.25)

Hence, there exists a subsequence {qm′ }m′∈N of {qm}m∈N and

q̃ ∈ L∞(τ, τ + T ;H) ∩ L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�)),

such that, as m′ → ∞, (by the Banach–Alaoglu theorem)

⎧
⎨

⎩
qm′

w∗
−⇀ q̃ in L∞(τ, τ + T ;H);

qm′
w−⇀ q̃ in L2(τ, τ + T ;V) ∩ L4(τ, τ + T ;W1,4(�)).

(6.26)

From Theorem 3.1, we have
∥∥ dqm

dt

∥∥
L
4
3 (τ,τ+T ;V′+W

−1, 43 )
≤ C, for some C > 0 and all

m ∈ N. Therefore, by the Cauchy–Schwarz inequality, for all τ ≤ t ≤ t +a ≤ τ + T ,
m ∈ N and ϕ ∈ V ∩ W

1,4(�), we obtain

|(qm(t + a) − qm(t),ϕ)| ≤
∫ t+a

t

∣∣∣∣

〈
dqm(s)

dt
,ϕ

〉∣∣∣∣ds ≤ C(T )a
1
4 ‖ϕ‖V∩W1,4 . (6.27)

Since qm(t + a) − qm(t) ∈ V ∩ W
1,4(�), for a.e. t ∈ (τ, τ + T ), choosing ϕ =

qm(t + a) − qm(t) in (6.27), we obtain

‖qm(t + a) − qm(t)‖22 ≤ C(T )a
1
4 ‖qm(t + a) − qm(t)‖V∩W1,4 . (6.28)

Integrating from τ to τ + T − a, we further find

∫ τ+T−a

τ

‖qm(t + a) − qm(t)‖22dt

≤ C(T )a
1
4

∫ τ+T−a

τ

‖qm(t + a) − qm(t)‖V∩W1,4dt

≤ C(T )a
1
4

[
(T − a)1/2

(∫ τ+T−a

τ

‖qm(t + a) − qm(t)‖2
V
dt

)1/2

+ (T − a)
3
4

(∫ τ+T−a

τ

‖qm(t + a) − qm(t)‖4
W1,4dt

) 1
4
]

≤ C̃(T )a
1
4 , (6.29)

where we have used the Hölder’s inequality and (6.25). Also, C̃(T ) is an another
positive constant independent of m. Furthermore, we have

lim
a→0

sup
m

∫ τ+T−a

τ

‖qm(t + a) − qm(t)‖22dt = 0. (6.30)
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Let us now consider a truncation function χ ∈ C1(R+)with χ(s) = 1 for s ∈ [0, 1]
and χ(s) = 0 for s ∈ [4,∞). For each k > 0, let us define

qm,k(x) := χ

( |x |2
k2

)
qm(x), for x ∈ �2k,

where �k = {x ∈ � : |x | < k}. It can easily be seen from (6.30) that

lim
a→0

sup
m

∫ τ+T−a

τ

‖qm,k(t + a) − qm,k(t)‖2L2(�2k )
dt = 0, (6.31)

for all T, k > 0. Moreover, from (6.25), for all T, k > 0, we infer

{qm,k}m∈N is bounded in L∞(τ, τ + T ;L2(�2k)) ∩ L2(τ, τ + T ;H1
0(�2k)).

(6.32)

Since the injectionH1
0(�2k) ⊂ L

2(�2k) is compact, we can apply [38, Theorem 16.3]
(see [51, Theorem 13.3] also) to obtain

{qm,k}m∈N is relatively compact in L2(τ, τ + T ;L2(�2k)), (6.33)

for all T, k > 0. From (6.33), we further infer

{qm}m∈N is relatively compact in L2(τ, τ + T ;L2(�k)), (6.34)

for all T, k > 0. Using the estimates (6.25) and (6.34), we can extract a subsequence of
{qm}m∈N (not relabeling) such that qm → q̃ in L2(τ, τ +T ;L2(�k)), for all T, k > 0.
This completes the proof. �

Next, we show that the solution to system (2.1) satisfies the uniform-tail estimates.
Let � be a smooth function such that 0 ≤ �(ξ) ≤ 1 for ξ ∈ R and

�(ξ) =
{
0, for |ξ | ≤ 1,
1, for |ξ | ≥ 2.

(6.35)

Then, there exists a positive constant C∗ such that |�′(ξ)| ≤ C∗ and |�′′(ξ)| ≤ C∗
for all ξ ∈ R.

Lemma 6.8. Assume that (1.4), and Hypotheses 6.1 and 6.3 are satisfied, τ ∈ R and
K̂ = {K (τ ) : τ ∈ R} ∈ D. Then, for each ε > 0 and for each s ∈ [τ − 1, τ ], there
exists k0 := k0(ε, s) ∈ N such that the solution q(·) to system (2.1) satisfies

‖q(s; τ − t, q∗)‖2L2(�c
k)

≤ ε, (6.36)

for all q∗ ∈ K (τ − t), for all t ≥ T = max{T1,T3} and for all k ≥ k0, where
�k = {x ∈ � : |x | < k}, �c

k = �\�k , and T1 and T3 are the same time given in
Lemmas 6.5 and 6.6, respectively.
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Proof. Taking the divergence of the first equation of (2.1), we obtain

−	P = ∇ ·
[
(q · ∇)q + αdiv((A(q))2) + βdiv(|A(q)|2A(q))

]
− ∇ · g

= ∇ ·
[
∇ ·

{
(q ⊗ q) + α(A(q))2

}]
+ β∇ ·

[
∇ ·

{
|A(q)|2A(q)

}]
− ∇ · g

=: −	P1 − 	P2,

in the weak sense, where

− 	P1 = ∇ ·
[
∇ ·

{
(q ⊗ q) + α(A(q))2

}]
− ∇ · g and

− 	P2 = β∇ ·
[
∇ ·

{
|A(q)|2A(q)

}]
.

Note that, by Lemmas 6.5 and 6.6, we have for all t ≥ T = max{T1,T3}

e
ν∗λ
2 (·−τ)

(
∇ ·

[
∇ ·

{
(q(·) ⊗ q(·)) + α(A(q(·)))2

}]
− ∇ · g

)
∈ L2(τ − t, τ ;H−2(�))

and

e
3ν∗λ
4 (·−τ)

(
β∇ ·

[
∇ ·

{
|A(q(·))|2A(q(·))

}])
∈ L

4
3 (τ − t, τ ;W−2, 43 (�)),

which gives

e
ν∗λ
2 (·−τ)P1(·) ∈ L2(τ − t, τ ;L2(�)) and e

3ν∗λ
4 (·−τ)P2(·) ∈ L

4
3 (τ − t, τ ;L 4

3 (�)).

Also note that an application of Poincaré inequality (6.1) allow us to write

λ

∫

�

�2
( |x |2

k2

)
|q|2 dx

≤
∫

�

∣∣∣∣∇
(

�

( |x |2
k2

)
q

)∣∣∣∣

2

dx ≤ 1

2

∫

�

∣∣∣∣A
(

�

( |x |2
k2

)
q

)∣∣∣∣

2

dx

= 1

2

∫

�

∣∣∣∣∣
∇

(
�

( |x |2
k2

)
q

)
+

[
∇

(
�

( |x |2
k2

)
q

)]T ∣∣∣∣∣

2

dx

= 1

2

∫

�

∣∣∣∣
2

k2
�′

( |x |2
k2

)
xT q + �

( |x |2
k2

)
∇q + 2

k2
�′

( |x |2
k2

)
qT x

+�

( |x |2
k2

)
(∇q)T

∣∣∣∣

2

dx

= 1

2

∫

�

∣∣∣∣�
( |x |2

k2

)
A(q) + 2

k2
�′

( |x |2
k2

)
xT q + 2

k2
�′

( |x |2
k2

)
qT x

∣∣∣∣

2

dx

≤ 1

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + C

k

∫

�

[
|A(q)||q| + |q|2

]
dx
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≤ 1

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + C

k
‖A(q)‖22,

which implies

−1

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx ≤ −λ

∫

�

�2
( |x |2

k2

)
|q|2 dx + C

k
‖A(q)‖22. (6.37)

Taking the inner product of the first equation of (2.1) with �2
( |x |2

k2

)
q in L

2(�),

we have

1

2

d

dt

∫

�

�2
( |x |2

k2

)
|q|2dx = ν

∫

�

(	q)�2
( |x |2

k2

)
qdx

︸ ︷︷ ︸
I1(k,t)

−b

(
q,q,�2

( |x |2
k2

)
q

)

︸ ︷︷ ︸
I2(k,t)

+ α

∫

�

(div((A(q))2))�2
( |x |2

k2

)
qdx

︸ ︷︷ ︸
I3(k,t)

+ β

∫

�

(div(|A(q)|2A(q)))�2
( |x |2

k2

)
qdx

︸ ︷︷ ︸
I4(k,t)

−
∫

�

(∇P)�2
( |x |2

k2

)
qdx

︸ ︷︷ ︸
I5(k,t)

+
∫

�

g�2
( |x |2

k2

)
qdx

︸ ︷︷ ︸
I6(k,t)

. (6.38)

Let us now estimate each term on the right hand side of (6.38). Integration by parts,
(1.4), and Hölder’s, Gagliardo–Nirenberg’s (2.2) and Young’s inequalities help us to
obtain

I1(k, t) = −ν

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx − 4ν

k2

∫

�

�

( |x |2
k2

)

�′
( |x |2

k2

)
[(x · ∇)q · q + (q · ∇)q · x]dx

≤ −ν

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + 4

√
2ν

k
∫

�∩{k≤|x |≤√
2k}

∣∣∣∣�
′
( |x |2

k2

)∣∣∣∣ |q| |∇q| dx

≤ −ν

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + C

k

∫

�

|q| |∇q| dx

≤ −ν

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + C

k

(
‖q‖22 + ‖∇q‖22

)

≤ −ν

2

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + C

k
‖A(q)‖22, (6.39)

|I2(k, t)| =
∣∣∣∣
2

k2

∫

�

�

( |x |2
k2

)
�′

( |x |2
k2

)
x · q|q|2dx

∣∣∣∣

=

∣∣∣∣∣∣∣

2

k2

∫

�∩{k≤|x |≤√
2k}

�

( |x |2
k2

)
�′

( |x |2
k2

)
x · q|q|2dx

∣∣∣∣∣∣∣
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≤ 2
√
2

k

∫

�∩{k≤|x |≤√
2k}

∣∣∣∣�
′
( |x |2

k2

)∣∣∣∣ |q|3dx ≤ C

k
‖q‖33 ≤ C

k

[
‖q‖44 + ‖q‖22

]

≤ C

k

[
‖q‖44 + ‖A(q)‖22

]
≤ C

k

[
‖A(q)‖44 + ‖q‖42 + ‖A(q)‖22

]
, (6.40)

I4(k, t) = −β

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx − 4β

k2

∫

�

�

( |x |2
k2

)

�′
( |x |2

k2

)
[|A(q)|2A(q) : (xT q)]dx

= −β

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx − 4β

k2
∫

�∩{k≤|x |≤√
2k}

�′
( |x |2

k2

)
[|A(q)|2A(q) : (xT q)]dx

≤ −β

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx + C

k

∫

�∩{k≤|x |≤√
2k}

|A(q)|3|q|dx

≤ −β

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx + C

k
‖A(q)‖34‖q‖4

≤ −β

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx + C

k

[
‖A(q)‖44 + ‖q‖44

]

≤ −β

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx + C

k

[
‖A(q)‖44 + ‖q‖42

]
, (6.41)

|I3(k, t)| =
∣∣∣∣
α

2

∫

�

�2
( |x |2

k2

)
[(A(q))2 : A(q)]dx + 4α

k2

∫

�

�

( |x |2
k2

)

�′
( |x |2

k2

)
(A(q))2 : (xT q)dx

∣∣∣∣

≤ ν(1 − ε0)

4

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + β(1 − ε0)

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx + C

k

[
‖A(q)‖44 + ‖q‖22

]

≤ ν(1 − ε0)

4

∫

�

�2
( |x |2

k2

)
|A(v)|2dx + β(1 − ε0)

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx + C

k

[
‖A(q)‖44 + ‖A(q)‖22

]
, (6.42)

|I5(k, t)| =
∣∣∣∣
4

k2

∫

�

P �

( |x |2
k2

)
�′

( |x |2
k2

)
(x · q)dx

∣∣∣∣
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≤ C

k

∫

�∩{k≤|x |≤√
2k}

|P| |q| dx

≤ C

k

∫

�

∣∣∣(−	)−1∇ · [∇ · (q ⊗ q)]
∣∣∣ |q| dx

+ C

k

∫

�

∣∣∣(−	)−1∇ ·
[
∇ ·

{
(A(q))2

}]∣∣∣ |q| dx

+ C

k

∫

�

∣∣∣(−	)−1∇ ·
[
∇ ·

{
|A(q)|2A(q)

}]∣∣∣ |q| dx

+ C

k

∫

�

∣∣∣(−	)−1 [∇ · g]
∣∣∣ |q| dx

≤ C

k

[
‖q‖24‖q‖2 + ‖A(q)‖24‖q‖2 + ‖A(q)‖34‖q‖4 + ‖g‖2‖q‖2

]

≤ C

k

[
‖q‖44 + ‖q‖22 + ‖A(q)‖44 + ‖g‖22

]

≤ C

k

[
‖A(q)‖22 + ‖q‖42 + ‖A(q)‖44 + ‖g‖22

]
, (6.43)

|I6(k, t)| ≤ νλε0

4

∫

�

�2
( |x |2

k2

)
|q|2dx + C

∫

�

�2
( |x |2

k2

)
|g|2dx . (6.44)

Combining (6.38)–(6.44) and using (6.37), we reach at

1

2

d

dt

∫

�

�2
( |x |2

k2

)
|q|2dx + βε0

2

∫

�

�2
( |x |2

k2

)
|A(q)|4dx

≤ −ν

4
(1 + ε0)

∫

�

�2
( |x |2

k2

)
|A(q)|2dx + νλε0

4

∫

�

�2
( |x |2

k2

)
|q|2dx

+ C
∫

�

�2
( |x |2

k2

)
|g|2dx + C

k

[
‖q‖42 + ‖A(q)‖22 + ‖A(q)‖44 + ‖g‖22

]

≤ −νλ

2
(1 + ε0)

∫

�

�2
( |x |2

k2

)
|q|2dx + C

k
‖A(q)‖22 + νλε0

4

∫

�

�2
( |x |2

k2

)
|q|2dx

+ C
∫

�

�2
( |x |2

k2

)
|g|2dx + C

k

[
‖q‖42 + ‖A(q)‖22 + ‖A(q)‖44 + ‖g‖22

]
,

which implies

d

dt

∫

�
�2

(
|x |2
k2

)

|q|2dx + ν∗λ

∫

�
�2

(
|x |2
k2

)

|q|2dx + βε0

∫

�
�2

(
|x |2
k2

)

|A(q)|4dx

≤ C
∫

�
�2

(
|x |2
k2

)

|g|2dx + C

k

[
‖q‖42 + ‖A(q)‖22 + ‖A(q)‖44 + ‖g‖22

]
. (6.45)

Applying variation of constants formula to (6.45), we obtain for all s ∈ [τ − 1, τ ] for
t ≥ T = max{T1,T3}

∫

�
�2

(
|x |2
k2

)

|q(s; τ − t,q∗)|2dx + βε0
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∫ s

τ−t
eν

∗λ(ξ−τ)

∫

�
�2

(
|x |2
k2

)

|A(q(ξ ; τ − t,q∗))|4dxdξ

≤ e−ν∗λt
∫

�
�2

(
|x |2
k2

)

|q∗(x)|2dx + C
∫ s

τ−t
eν

∗λ(ξ−τ)

∫

�
�2

(
|x |2
k2

)

|g(x, ξ)|2dxdξ

+ C

k

∫ s

τ−t
eν

∗λ(ξ−τ)

[
‖q(ξ ; τ − t,q∗)‖42 + ‖A(q(ξ ; τ − t,q∗))‖22

+ ‖A(q(ξ ; τ − t,q∗))‖44 + ‖g(ξ)‖22
]
dξ

≤ e−ν∗λt
∫

�
�2

(
|x |2
k2

)

|q∗(x)|2dx + C
∫ τ

τ−t
eν

∗λ(ξ−τ)

∫

�
�2

(
|x |2
k2

)

|g(x, ξ)|2dxdξ

+ C

k

∫ τ

τ−t
eν

∗λ(ξ−τ)

[
‖q(ξ ; τ − t,q∗)‖42 + ‖A(q(ξ ; τ − t,q∗))‖22

+ ‖A(q(ξ ; τ − t,q∗))‖44 + ‖g(ξ)‖22
]
dξ ≤

∫

�∩{|x |≥k}
|q∗(x)|2dx

+ C
∫ 0

−∞
eν

∗λs
∫

�∩{|x |≥k}
|g(x, τ + s)|2dxds + C

k
→ 0 as k → ∞, (6.46)

where we have used the bounds obtained in (6.6) and (6.15)–(6.16), and Hypothesis
6.2. Hence, from (6.46), we conclude that for any ε > 0 and for any s ∈ [τ − 1, τ ],
there exists a k0 ∈ N such that

∫

�∩{|x |≥k}
|q(s; τ − t, q∗)|2dx +

∫ s

τ−t
eν∗λ(ξ−τ)

∫

�∩{|x |≥k}
|A(q(ξ ; τ − t, q∗))|4dxdξ ≤ ε,

for all k ≥ k0 and t ≥ T. This completes the proof. �

The following lemma provides the D-pullback asymptotic compactness of �.

Lemma 6.9. Assume that (1.4), and Hypotheses 6.1 and 6.3 are satisfied. Then, for
every τ ∈ R, K̂ = {K (τ ) : τ ∈ R} ∈ D, tm → ∞ and q0m ∈ K (τ − tm), the
sequence �(tm, τ − tm, q0m) or q(τ ; τ − tm, q0m) of solutions to system (2.18) has a
convergent subsequence in H.

Proof. Lemma 6.5 implies that there existsT1 = T1(τ, K̂ ) > 0 such that for all t ≥ T

and q∗ ∈ K (τ − t),

‖q(τ − 1; τ − t, q∗)‖2 ≤ C, (6.47)

where C is a positive constant independent of t and q∗. Since tm → ∞, there exists
M2 = M2(τ, K̂ ) ∈ N such that tm ≥ T1, for all m ≥ M2. Since q0m ∈ K (τ − tm),
(6.47) implies that for all m ≥ M2, the sequence

{q(τ − 1; τ − tm, q0m)}m≥M2 ⊂ H (6.48)
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is bounded inH. We infer from (6.48) and Lemma 6.7 that there exists s ∈ (τ − 1, τ ),
p̃ ∈ H and a subsequence (not relabeling) such that for every k ∈ N

q(s; τ − tm, q0m) = q(s; τ − 1, q(τ − 1; τ − tm, q0m)) → p̃ in L
2(�k). (6.49)

as m → ∞. Therefore, we infer from the proof of Lemma 4.1 that there exists a
positive constant CLip such that

‖q(τ ; s, q(s; τ − tm, q0m)) − q(τ ; s, p̃)‖22 ≤ CLip‖q(s; τ − tm, q0m) − p̃‖22. (6.50)

Let us now choose η > 0 and fix it. Since p̃ ∈ H, there exists K1 = K1(τ, η) > 0
such that for all k ≥ K1,

∫

�∩{|x |≥k}
|p̃|2dx <

η2

6CLip
, (6.51)

where CLip > 0 is a constant defined in (6.50). Also, we know from Lemma 6.8
that there exists M3 = M3(s, K̂ , η) ∈ N and K2 = K2(s, η) ≥ K1 such that for all
m ≥ M3 and k ≥ K2,

∫

�∩{|x |≥k}
|q(s; τ − tm, q0m)|2dx <

η2

6CLip
. (6.52)

From (6.49), we have that there exists M4 = M4(τ, K̂ , η) > M3 such that for all
m ≥ M4,

∫

�∩{|x |<K2}
|q(s; τ − tm, q0m) − p̃|2dx <

η2

3CLip
. (6.53)

Finally, we infer from (6.50) that

‖q(τ ; s, q(s; τ − tm, q0m)) − q(τ ; s, p̃)‖22

≤ CLip

⎡

⎢
⎣

∫

�∩{|x |<K2}
|q(s; τ − tm, q0m) − p̃|2dx

+
∫

�∩{|x |≥K2}
|q(s; τ − tm, q0m) − p̃|2dx

⎤

⎥
⎦

≤ CLip

[ ∫

�∩{|x |<K2}
|q(s; τ − tm, q0m) − p̃|2dx

+ 2
∫

�∩{|x |≥K2}
(|q(s; τ − tm, q0m)|2 + |p̃|2)dx

]

< η2, (6.54)

for every m ≥ M3, where we have used (6.51)–(6.53). Since η > 0 is arbitrary, we
conclude the proof.
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6.2. Existence of a unique global D-pullback attractor

In this subsection, we first give the result on the existence of aD-pullback absorbing
set in H for �. Then, we prove the existence of a unique global D-pullback attractor
for �.

Lemma 6.10. Assume that (1.4), andHypotheses 6.1 and 6.2 are satisfied. Then, there
exists a closed D-pullback absorbing set Kubd = {Kubd(τ ) : τ ∈ R} ∈ D for �.

Proof. Let us denote, for given τ ∈ R,

Kubd(τ ) = {q ∈ H : ‖q‖22 ≤ Mubd(τ )},
where

Mubd(τ ) = Cubd

∫ τ

−∞
e−ν∗λ(τ−ξ)‖g(ξ)‖22dξ.

Using a similar argument as in the proof of Lemma 5.3, one can complete the proof
(we are not repeating it here). �
Finally, in view of the abstract result introduced in [11], we obtain the main result

of this section.

Theorem 6.11. Assume that (1.4), and Hypotheses 6.1, 6.2 and 6.3 are satisfied.
Then, there exists a unique globalD-pullback attractor for the continuous ϑ-cocycle
� associated with system (2.18).

Proof. In view of Lemmas 6.9 and 6.10 and Remark 5.2, one can complete the proof
(see the proof of Theorem 5.7). �
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