Linear Algebra and its Applications 723 (2025) 33-57

journal homepage: www.elsevier.com/locate/laa

Contents lists available at ScienceDirect

Linear Algebra and its Applications Appiications

Multiplicity lists by
< 7#4%

diameter: All trees of diameter

L))

Check for
Updates

Charles R. Johnson *, Benjamin Mudrak ", Carlos M. Saiago “*'

& 225 West Tazewells Way, Williamsburg, VA 23185-6525, USA

b Department of Mathematics, Kent State University, USA

¢ Center for Mathematics and Applications (NOVA Math) and Department of
Mathematics, NOVA School of Science and Technology (NOVA FCT), 2829-516

Campus da Caparica, Portugal

ARTICLE INFO

ABSTRACT

Article history:

Received 5 September 2023
Received in revised form 28 May
2025

Accepted 28 May 2025

Available online 3 June 2025
Submitted by R. Brualdi

This paper considers the problem of determining all multi-
plicity lists occurring among Hermitian matrices whose graph
is a given tree from a new perspective. For all trees of di-
ameter < 7, it is shown how to generate all possible lists.
For diameter 5 and 6, this includes many nonlinear trees. In
the process, for diameter 4 (double stars), the first succinct
and direct description of all ordered lists, for each instance, is

MSC:
05B20
15B57

Keywords:

Eigenvalues

Hermitian matrices
Inverse eigenvalue problem
Multiplicities

Trees

given. Observations of topological relationships are helpful.
© 2025 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

* Funding: This work was supported by National Science Foundation grant DMS #0751964.

* Corresponding author.

E-mail addresses: crjmatrix@gmail.com (C.R. Johnson), bmudrakl@kent.edu (B. Mudrak),

cls@fct.unl.pt (C.M. Saiago).

L This work is funded by national funds through the FCT-Fundacio para a Ciéncia e a Tecnologia,
I.P., under the scope of the projects UIDB/00297/2020 (https://doi.org/10.54499/UIDB/00297/2020)
and UIDP/00297/2020 (https://doi.org/10.54499/UIDP /00297/2020) (Center for Mathematics and

Applications).

https://doi.org/10.1016/j.1aa.2025.05.023
0024-3795/© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.laa.2025.05.023
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2025.05.023&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:crjmatrix@gmail.com
mailto:bmudrak1@kent.edu
mailto:cls@fct.unl.pt
https://doi.org/10.54499/UIDB/00297/2020
https://doi.org/10.54499/UIDP/00297/2020
https://doi.org/10.1016/j.laa.2025.05.023
http://creativecommons.org/licenses/by-nc-nd/4.0/

34 C.R. Johnson et al. / Linear Algebra and its Applications 723 (2025) 33-57

1. Introduction

For a simple undirected graph G on n vertices, let S(G) denote the set of all real
symmetric n-by-n matrices, the graph of whose off-diagonal entries is G. When the
graph is a tree T, we are interested in the possible multiplicity lists for the eigenvalues
occurring among matrices in S(T"). In this case, there is no difference between “real
symmetric” and “complex Hermitian” [1]. We are interested both in the multiplicity lists
ordered by the numerical values of the underlying eigenvalues (ordered multiplicity lists)
and the “unordered” multiplicity lists that follow from them. See [1] for background. We
measure the diameter of a tree T, d(T), as the number of vertices in a longest induced
path of T. Here we categorize trees by diameter and consider trees of diameter < 7.
A vertex of a tree is called a high degree vertex (HDV) if it has at least 3 neighbors.
And, a tree is linear if all its HDV’s lie on a single induced path. We know how to
generate all the multiplicity lists for linear trees [2,3], but generally little is known about
direct descriptions of all ordered (or unordered) lists in terms of the tree. As stars are
well understood, the first interesting case is double stars, the diameter 4 trees with two
(adjacent) HDV’s. These trees are linear, so that we do know how to generate all the
multiplicity lists (see also [4]), but, heretofore, an explicit description has been lacking.
In Section 3, we give such a description of all ordered lists.

By diameter 5, nonlinear trees appear and are, in fact, common. Heretofore, no way
has been known how to generate ordered or unordered lists for nonlinear trees. (Some
individual cases are included in the database, the Appendix B of [5].) In Section 4, we
show how to generate all unordered lists for diameter 5 trees. Because of a nice topological
relationship with diameter 5, we are able to do the same for diameter 6 in Section 5.
Examples are given. The idea here is to use “assignments”; except for multiplicity 1
eigenvalues of edges and stars, this is done by assigning values to vertices (diagonal
entries of the corresponding matrix). At diameter 7, there is a known [6] limitation of
assignments that prevents the same strategy from working more generally.

In the next section, we give some technical background necessary for this work.

2. Background

Given a graph G on n vertices 1,...,n, and A € §(G) and a C {1,...,n}, recall
that Afa] (resp. G[a]) is the principal submatrix of A (resp. induced subgraph of G)
determined by the index subset o and A(i) (resp. G\ ¢) denotes the principal submatrix
(resp. induced subgraph of G) resulting from deletion of row and column (resp. vertex)
i. For G’ = G[a], we often write A[G’] meaning the principal submatrix A[a]. When G is
a tree, A(7) is a direct sum, whose summands correspond to components of G \ ¢, which
we call branches of G at v. As usual, we often speak interchangeably about the graph
and the matrix, for convenience. We denote by m4(\) the (geometric) multiplicity of A
as an eigenvalue of matrix A and o(A) denotes the spectrum of A.
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Also recall that, when T is a tree, the maximum possible multiplicity of an eigenvalue
among matrices in S(T'), denoted by M(T), is the path cover number of T [7]. Also, the
smallest and largest eigenvalue of any matrix in S(T") both have multiplicity 1 [8].

For a tree T two remarkable facts govern the possible multiplicities of the eigenvalues
of matrices in S(T"). The first is the Parter-Wiener, etc. theorem [8] that governs multiple
eigenvalues, and even eigenvalues that occur in both A and A(i), for A € S(T'). Of course
the former implies the latter for each of the principal submatrices, by interlacing.

Theorem 1 (Parter-Wiener, etc. theorem). Let T be a tree and A a matriz in S(T) and
suppose that there is a vertex v of T and a real number A such that A € o(A) No(A(v)).
Then

1. there is a vertex u of T' such that m g,y (\) = ma(u) +1;

2. if my(\) > 2, then the prevailing hypothesis is automatically satisfied and u may be
chosen so that degy(u) > 3 and so that there are at least three components Ty, Ty
and Tz of T \ u such that m 47, 1(A) > 1, i =1,2,3; and

3. ifma(\) =1, then u may be chosen so that degy(u) > 2 and so that there are two
components Ty and Ty of T'\ u such that m a7, (N) =1, i = 1,2.

A vertex u guaranteed by this theorem (there may be more than one such vertex) is
called Parter (with respect to A and A), and such a multiplicity (which could be 1) is
called upward at u. Similarly, when m4(,)(A) = m4(u) — 1, then such vertex is called
downer and such a multiplicity is called downer at u. All multiplicities greater than 1
are upward at some respective Parter vertex, and multiplicities equal to 1 may or may
not be upward. There is a simple indicator of whether a vertex is Parter.

Theorem 2. For a tree T and a matric A € S(T), a vertex v of T is Parter for an
eigenvalue \ € o(A) if and only if there is a branch T' of T at v, such that the neighbor
u of v in T' is a downer for X in A[T'] (i.e., m g, (A) = myrg(A) —1).)

Together, Theorems 1 and 2 support the method of assignments to construct matrices
with given multiplicities for a given tree [1,6]. For example, if A appears as a diagonal
entry of A, corresponding to a pendent vertex of T', then that vertex is a downer, and
its neighbor is Parter for A\ in T.

A key fact about stars (trees of diameter 3) is included in [4,9,10]. This will be useful
for the analysis of double stars (trees of diameter 4) in Section 3. In a star the (unique)
center vertex must be Parter for any eigenvalue that appears on a pendent.

Let £(T') denote the set of ordered multiplicity lists among matrices in S(T'). This set
is also called the ordered catalog of T. For stars, from [4,9], we have

Theorem 3. If T is a star on n wvertices then L(T) consists of all lists (q1,...,¢r) in
which
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1. q1,...,q, are positive integers;
2.q1+---+¢ =mn; and
3. q;>1impliesl <i<nand g-—1=1=qit1-

Let T be a star on n vertices, v be the center vertex of T and A € S(T). Since
T is a star and v is the center vertex of T, if \ is an eigenvalue of A and A(v) then
m 4,y (A) = ma(A)+1 [4]. We call each eigenvalue ) of A satisfying m 4¢,)(A) = ma(\)+1,
an upward eigenvalue of A. The corresponding multiplicity of A in A is called an upward
multiplicity of A. If ¢ = (¢q1, ..., ¢) is the ordered multiplicity list of A, then the upward
multiplicity list of A, denoted by g, is the list with the same entries as ¢ but in which any
upward multiplicity ¢; is marked as @; in . Note that we may have upward multiplicities
equal 1 and that each multiplicity greater than 1 is, necessarily, an upward multiplicity
(at v). Thus, if ¢; is marked in g, then 1 < i < n and neither ¢;_1 nor ¢;11 can be marked
in ¢ (and, therefore, ¢;—1 = 1 = ¢;41). Let E(T) denote the set of upward multiplicity
lists of T', which we call the upward catalog of T. From [4] we have

—

Theorem 4. If T is a star on n vertices then E(T) consists of all lists ¢ = (q1,...,qr) in
which

1. q1,...,q, are positive integers;

2.1+ +¢q¢ =n; and

3. if q; is an upward multiplicity in @, then 1 < i < n and neither ¢;_1 nor q;4+1 s an
upward multiplicity in q.

A double star consists of two stars, whose center vertices are connected by an edge.
We assume one star has k pendent vertices (the star on k + 1 vertices, Si+1) and the
other [ (the star on [+ 1 vertices, Si1+1), and denote this double star as D(k,[). We also
assume wlog k > 1 > 2.

Since [4], it has been known how to (indirectly) generate all multiplicity lists (the
ordered catalog) for a double star, from the upward catalogs of the relevant stars, via
a Superposition Principle [4] (which is now a special case of the Linear Superposition
Principle, LSP [2,3] for linear trees) stated in the next result.

Theorem 5 (Superposition Principle). Let T be a double star D(k,l) and let b =
(b1,-..,bs,) € L(Sks1) and € = (c1,...,¢s,) € L(Siz1). Construct any lists bT =

bf,..., b;rl+t1) and ¢t = (cf,..., cj2+t2) subject to the following conditions:

1. t1,t9 € Ny and s1 +t1 = so + to;

2. bt (resp. ct) is obtained from b (resp. €) by inserting t; (resp. t2) 0’s;

3. b and ¢ cannot both be 0; and

4. if bf >0 and ¢ > 0, at least b or ¢; must be an upward multiplicity of b or C.
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Then b+ + ¢t € L(T). Moreover, a € L(T) if and only if there are b € L(Sky1) and
¢ € L(S;11) such that a=bT 4 c*.

Under the conditions and in the notation of Theorem 5 we say that the pair b and
c*, obtained from the upward multiplicity lists b and ¢, is a valid pair. We call the list b™
(resp. ¢™) an augmented list for the star Sky1 (resp. S;41) obtained from b (resp. ¢). If a

given multiplicity is an upward multiplicity in b or ¢ we still say that the corresponding
multiplicity in the augmented list is an upward multiplicity.

3. Multiplicity lists for trees of diameter 4

Our purpose here is to give a more explicit description of the ordered multiplicity lists
for double stars. In particular, we make new observations about the structure of such
lists and then use these to give, for a proposed list and a given k and [, a yes/no answer
to the question of whether the list occurs (as an ordered multiplicity list) for the double
star D(k,1).

For this end, we use some special terminology for the assignment structure of double
stars. We say that X is a split eigenvalue (for a multiplicity list) of D(k,[) if A appears on
pendent vertices, at least twice, among both k and [. On the other hand X is a one-sided
eigenvalue if A\ appears on pendents, at least twice, among k or [, but not both. It may
appear at most once on the “other side”. One sided k (resp. ) means that it appears
multiply among the k (resp. [) pendents. Note that in either case A must be an eigenvalue
of a corresponding matrix for D(k,!) (and may be multiple).

If X is a split eigenvalue then the corresponding multiplicity in the ordered multiplicity
list is called a split multiplicity.

As any ordered multiplicity list for a given tree, an ordered multiplicity list for D(k, 1)
must begin and end with a 1 [8,11]. Moreover, these two multiplicities 1 are not upward
at any vertex of the tree [8]. A contiguous sublist of an ordered multiplicity list is called
a string if it begins after, and ends before, a 1 and each multiplicity of that sublist is
greater than 1. These two 1’s are allowed to be the initial and terminal 1’s of the entire
list. More generally, a sequence L of positive integers, that begins and ends with a 1,
with ¢ > 0 strings, may be represented as

(17"'71up117"'7p151a17"‘717p217"'7p182717"'717pt1>"‘7ptst317’"71)

in which p;; > 1,i=1,...,tand j = 1...,s;. If t > 0 then, for each i € {1,...,t}, we
call s; the length of string pi1, ..., pis,- The size of L is just the sum of all entries of L.

Often, we focus upon a string of length 1, a singleton string. A multiple string has
length at least 2. As we will see, “alternation” in a multiple string is a necessary condition
in an ordered multiplicity list for a double star (Theorem 14). This alternation refers to
the situation in which each multiplicity must be one-sided (k or 1), and those multiplicities
must alternate between the two sides. On the other hand, certain ordered multiplicity
lists require one split eigenvalue which implies the existence of a singleton string.
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In order to give a yes/no answer to the question of whether a sequence L occurs as
an ordered multiplicity list for a given double star (Theorem 14), we now present useful
auxiliary results.

From Theorem 4 and the Superposition Principle (Theorem 5) it is simple to conclude

Lemma 6. Let L = (my,...,my¢) be an ordered multiplicity list for a double star D(k,1)
and let bT and ¢ be a valid pair such that L = b+ + ct. For each multiplicity m; > 2
such that, both multiplicities b] and ¢/ are upward and one of them is an upward 1,
then, by replacing that upward 1 by the non-upward 1, on the relevant augmented list
and upward multiplicity list, we obtain a valid pair b’ T and ¢’ T such that L = b T 4+ T.

The next result states that each multiplicity m;, in an ordered multiplicity list for a
double star T'= D(k, 1), such that m; < 3, can always be obtained by an eigenvalue that
is upward in, at most, one of the stars Sk41 or Si41. In other words, given an ordered
multiplicity list for T, there is a matrix in S(T') such that, for each multiplicity m; < 3,
the corresponding eigenvalue is not a split eigenvalue.

Lemma 7. Let L = (mq,...,ms) be an ordered multiplicity list for a double star D(k,1).
Then there is a valid pair bT and ¢ such that L = b + c¢T, and this valid pair can be
chosen such that, for each m; < 3, at most one of the multiplicities bf and cj s an
upward multiplicity.

Proof. Let b = (b],...,b)and ¢t = (¢, ..., c]) be a valid pair such that L = b+ ¢,
guaranteed by the Superposition Principle. Let m; be a multiplicity in L such that
m; < 3. If m; is the sum of two upward multiplicities (bj and cj') thenm; =2orm; =3
and, therefore, at least one of them (b] or ¢;) must be an upward 1. By Lemma 6,
replacing that upward 1 by a non-upward 1 (in the relevant list b™ or ¢T) we still obtain

a valid pair whose sum gives L. O

A given multiplicity, in an ordered multiplicity list for a double star D(k,1), is called
a mandatory split multiplicity if the corresponding eigenvalue must be an eigenvalue
of, at least multiplicity 2, of each star Sk41 and S;41. In such case, the corresponding
eigenvalue is called a mandatory split eigenvalue.

Example 8. Given a double star T' = D(k, 1), with k > [ > 3, there are always multiplicity
lists having a mandatory split multiplicity.

Note that L = (1, k,1,1) is always an ordered multiplicity list for T which is obtained,
by the Superposition Principle, from the upward multiplicity lists b= (1, k;/—\l, 1) and
c=(1, ﬁ\l, 1) for the stars Si11 and Sj, 1, respectively. For example, b+ = (1, k:/f\l, 1,0)
and ¢t = (0,1, l/—\l, 1) is a valid pair such that L = b™ + ¢*. We represent, informally,
this process in a diagram as
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Spp1: 1 k-1 1 0
Siygp: 01 I-1 1
1k 1

in which, we may replace “Sy1” and “S;;1” by “bT” and “ct”, respectively, or, for
simplicity, we may omit this information.

If kK > 1 > 3, then the multiplicity M(T) = k + 1 — 2 is always a mandatory split
multiplicity (because M(T') = M(Sk+1) + M(Si41) = (k—1)+( —1) and M(T) > k and
M(T') > 1) and the corresponding ordered multiplicity list must be L = (1,1, M(7T),1,1).
Such list is, again, obtained from the upward multiplicity lists b = (1, k/—\l, 1) and ¢ =
(l,l/—\l, 1) of the stars S, 1 and Sj;1, respectively. For example, b+ = (0, 1, k/—\l, 1,0)
and ¢t = (1,0, ﬁ\1,0, 1) is a valid pair such that L = b* + ¢*.

Spe1: 01 k-1 1 0
Sii: 10 -1 01
11 k+1-2 1 1

As we will see, the position of a multiplicity greater than 1 in a multiplicity list may
require, depending on the particular double star, that such multiplicity be a mandatory
split multiplicity. Given the importance of this phenomenon in this work, we present
some illustrative examples.

Example 9. Let T be the double star D(7,7).

1. Thelist L = (1,2,2,2,2,1,4,1,1) is an ordered multiplicity list for 7" in which 4 is a
mandatory split multiplicity. There is a valid pair bT and ¢ such that L = bT 4 cT,
however, by inspection, the multiplicity 4 must be a sum of two upward multiplicities
2. We must have something like this:

bt 117111201
ct 11T 1110210
1 2 2 2 2 4 1 1

Note that, by the nature of this multiplicity 4, this multiplicity must be located, in
L, between two 1’s, . Moreover, each of these two 1’s must be an “interior” 1
of L, i.e., cannot be the left end 1 or the right end 1 of L.

2. The list L = (1,2,2,1,4,1,2,2,1) is also an ordered multiplicity list for 7" in which
4 is a mandatory split multiplicity. Again, by inspection, the multiplicity 4 must be
a sum of two upward multiplicities 2. We must have something like this:

bt - 1171217110
et 111 2 11 1
1 2 2 1 4 2 2 1
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Note again that, the mandatory split multiplicity 4, is located, in L, between two
interior 1’s, |1,4,1|

3. The list L = (1,2,2,2,1,4,1,2,1), with the same multiplicities as in the previous
two examples, is now an ordered multiplicity list for 7" in which 4 is not a mandatory
split multiplicity. Note the new position of the sequence in L. We have, for

example,
bvt: 01 1T 1 1 3 10
et 1 1711011711
1 222141 2 1
or
bt 1 1T013 11
et 1 1T120101°1
1 222141 2 1
or, another possibility,
bvt: 01 1 1 0 4 1 0
et 11711101711
1 222141 2 1

4. The list L = (1,4,4,1,4,1,1) is also an ordered multiplicity list for T in which the
multiplicity 4, located between two interior 1’s, is a mandatory split multiplicity. We
must have something like this:

bt 1 31210
et 1310201
1 4 41 41 1

As we will see, a mandatory split multiplicity plays an important role on the proposed
work.

Lemma 10. Let L = (myq,...,my) be an ordered multiplicity list for a double star. We
have:

1. If m; is a mandatory split multiplicity of L then
(a) m; > 4; and
(b) 2<i<t—1andmi—1 =1=myy1.

2. L has, at most, one mandatory split multiplicity. Moreover, if L has a mandatory
split multiplicity, such multiplicity may be chosen among the multiplicities of L, with
the highest value, satisfying (1a) and (1b).
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Proof. 1. Lemma 7 justifies (1a). For (1b), let b™ and ¢t be a valid pair such that
L = bt 4 ¢*. Since, by the Superposition Principle, m; results from the sum of two
upward multiplicities, and an upward multiplicity of a star is located between two
non-upward 1’s in the corresponding upward multiplicity list for that star, it follows,
again by the Superposition Principle, that there are at least two multiplicities on
the right (resp. left) of m;, so that 2 < ¢ < ¢t — 1. Again, by the Superposition
Principle, we have either (b, ¢/, ;) = (1,0) or (b, ,¢f ) = (0,1) which implies
that m;y1 =1 (and m;_1 = 1, with a similar argument).

2. Let L=(1,...,1,m;,1,...,1,m;,1,...,1), in which m; > 2 and m; > 2, and let b"
and ¢T be a valid pair such that L = b* + ¢. Suppose that each multiplicity b,
cj', b;‘ and c;-' is an upward multiplicity. In a diagram, we have

Skt e e bj b;r
Sl—‘rl: . e . e Cj_ PP “ee . o c;'_
1 m; 1 1 m; 1

Suppose, wlog, that m; > m;. Then we have, necessarily, bj' > cj-' or cf > bj'.
Suppose, wlog, that b;‘ > c;r. In the augmented list b* replace the multiplicity b;’
by b — (c;r — 1) and replace the multiplicity bj by bj+ + cj+ — 1, in order to obtain
a new list b’ . Note that

+ + + 4t —pt o pt
(b — (¢ =D+ b +¢f —1]=b] +b]

and, because b™ is an augmented multiplicity list for Sy, 1, the same happens with
the new list o' *.

Now, in the augmented list ¢t replace the multiplicity c;" by cj‘ + c;' — 1 and replace
the multiplicity cj by a non-upward 1, in order to obtain a new list ¢/ 7. Note that

[cj'—l—c;-'—l]—I—l:cj—l—c;'

and ¢’ T is an augmented multiplicity list for S;y1. Moreover, by construction of b’
and ¢’ form a valid pair such that L = b’ + ¢/, in which m; is not a mandatory
split multiplicity. In a diagram we have

b;r+_(C;+r_1) bj+c;r—1
1 m; 1 .- 1 m; 1

Therefore, we may conclude that L may have, at most, one mandatory split multi-
plicity. O

We say that a mandatory split multiplicity, in a ordered multiplicity list, is located
between two interior 1’s (distinct from the non-upward multiplicities 1 corresponding to
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the smallest and largest eigenvalues). See Examples 8 and 9. (Note that, a split multi-
plicity m, in a ordered multiplicity list, must be m > 2 and, with the same justification
for a mandatory split multiplicity, m is also located between two interior 1’s.)

In the following two results, given a multiplicity list L of a double star D(k,1), we
obtain multiplicity lists of each double star D(k’,1’), in which ¥' > k and I’ > I, by
inserting some multiplicities in L.

Lemma 11. Let L be an ordered multiplicity list for a double star D(k,l). If L' is a list
obtained from L by inserting s (s > 1) 17s, then L’ is an ordered multiplicity list for each
double star D(K',I'), on k + 1+ s + 2 vertices, such that k¥’ >k and ' > 1.

Proof. Since L is an ordered multiplicity list for D(k, 1), there is a valid pair b* and ¢t
(in which b* and c* are, respectively, augmented lists for the stars Sy,; and S;; 1) such
that L =b* + ¢t

Let s > 1 and let L’ be a list obtained from L by inserting s new 1’s. Choose any
integers s1, 52 > 0 such that s; + so = s. Among the s new inserted 1’s, in L', choose
any set of s; new 1’s and identify the remaining s new 1’s in L'.

For each “1” of the chosen s; new 1’s of L’ insert, in the corresponding position, a
“1” in bT and a “0” in c¢*. For each “1” of the chosen sy new 1’s of L’ insert, in the
corresponding position, a “0” in b+ and a “1” in ¢T. Note that, from this insertion in
bT and in ¢ we obtain, respectively, an augmented list &'t for the star S5 11 and
an augmented list ¢/ T for the star S;is,11, such that, by the Superposition Principle,
L' =V T + . Therefore, L' is an ordered multiplicity list for D(k + s1,l + s2). O

Lemma 12. Let L be an ordered multiplicity list for a double star D(k,l) and consider a
string p11,---,p1s of length s > 1. Let

(kl = Z plj and ll = Z plj) or (kl = Z plj and ll = Z plj)~

j odd Jj even Jj even j odd

If L' is the sequence obtained from L by appending the sequence pi1,...,p1s,1 at the
right end of L, then L’ is an ordered multiplicity list for each of the double stars D(k +
ki,l+1i+1) and D(k+ k1 + 1,1+ 11). Moreover, none of the multiplicities p11,...,D1s
is a split multiplicity.

Proof. Since L is an ordered multiplicity list for D(k, 1), there is a valid pair b* and ¢t
(in which b* and c* are, respectively, augmented lists for the stars Sy, ; and S;; 1) such
that L = b™ + ¢T. Note that the right end entry of L is 1 so that we suppose, wlog, that
the right end entry of b+ (resp. ¢*) is a 1 (resp. 0). Now we will extend each list b™ and
¢t in order to obtain augmented lists b’ ¥ and ¢’ T, respectively, such that L' = 't +¢/ T,

Suppose that k; = Z pi; and [ = Z p1;. (For the other possibility the dis-

j odd j even
cussion is similar.) We have to consider two cases.
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Case 1. We set

Vto= bt pn—1 1 pp-1
ci = ¢t 1 pr2 —1 1
L L P11 P12 P13

in which a 0 is appended at the right end of ¥+ or ¢/ *. By construction, ¥’ * (resp. ¢/ 1)
is an augmented list for Si414+k, (resp. Si+1+1,+1) and, by the Superposition Principle,
we have L' =0T + ¢ *. Thus, L’ is an ordered multiplicity list for D(k + k1,1 + 11 + 1).

Case 2. We set

Vto= bt pn 1 p13 — 1
dt = ¢t 0 pa-—-1 1
L L pn P12 P13

in which a 0 is appended at the right end of ' or ¢/ *. By construction, b’ * (resp. ¢ 1)
is an augmented list for Si414k,+1 (resp. Sit144,) and, by the Superposition Principle,
we have L' = b’ 4 ¢’ T in which, by construction, none of the multiplicities pi1, ..., pis
is a split multiplicity. Thus, L’ is an ordered multiplicity list for D(k+ k1 +1,1+10;). O

Of course, in Lemma 12, we may replace “appending the sequence pi1,...,p1s, 1 at
the right end of L” by “appending the sequence 1,p11,...,p1s at the left end of L”.
We now consider a list with ¢ strings and exactly ¢t +1 1’s.

Lemma 13. Let L = (1,])117 cosP1sqs 1,])21, ce ;p23217 ey Pty e -5 Ptsys 1) be a list with
t > 1 strings, in which the string i, i = 1,...,t, with length s;, is pi1,...,Dis,. For each
string i € {1,...,t} let

(kl = Z pij CLTLd lz = Z plj) or (kl = Z pij G/de ll = Z p”)

j odd J even J even j odd

Letk! =ki+ -+ ke andl' =11 +---+ 1.

Then L is an ordered multiplicity list for each of the double stars D(k,1), on k'+U'+t+1
vertices, such that k > k' and 1 > I'. Moreover, none of the multiplicities is a split
multiplicity.

Proof. Note that L has t strings and, if ¢ > 1, there is exactly one 1 between two
consecutive strings. We prove the result by induction on the number ¢ of strings in L.
If t =1 then L = (1,p11,...,p1s,, 1) has exactly one string. Suppose, wlog, that

ki=> py and L= > py

j odd J even
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and consider the upward multiplicity lists for stars Si,+1 and S, +1, respectively,
b= (1,p11 — m—1,1 ,p13—1,...,1) and ¢=(1,p12 — o — 1,1 ,p1a—1,...,1).

Note that the number of terms in the sum of k; is, at least, the number of terms of [;. By
inserting a 0 in the left end of ¢ (the upward multiplicity for Sj, +1) and, either inserting
a 0 in the right end of ¢ (if the number of parts of [; is (one) less than the number of
parts of k1) or inserting a 0 in the right end of b (if the number of parts of 1 equals the
number of parts of k1), as a result of this insertion we obtain, from b and ¢, respectively,
augmented lists b™ and ¢ for Sk, 1 and S}, 11 such that, by the Superposition Principle,
L = bT + c¢t. Thus L is an ordered multiplicity list for the double star D(ky,;) and,
therefore, we are done with the case ¢ = 1. By construction, none of the multiplicities
D11, ---,D1s, 1S & split multiplicity.

Let t > 1 and suppose the result valid for ¢ — 1 strings. Let L’ be the list L without
the sequence . By the induction hypothesis, for any choice of k1, ..., ki1
and Iq,...,l;_1, setting ¥ = ky +---+k_yand I’ =1; +---+1l;_1, L' is an ordered
multiplicity list (with no split multiplicities) for each double star D(k” "), on k' +1' +¢
vertices, and such that k" > k' and [ > I’. Choosing

=Y pyandli= Y py) or (k= Y pyandl =Y pyy),

j odd j even j even j odd

by Lemma 12 we conclude that L is an ordered multiplicity list (with no split multiplic-
ities) for each double star, on k' + k; + ' + I +t + 1 vertices,

D(K" + ke, l" +1,+1) and D(K" +k + 1,1" + 1),

such that ¥/ > k' = k; +---+ kg and I” > 1' =1y +--- + l;_1. Therefore, L is an
ordered multiplicity list for each double star D(k,l), on k1 +---+ki+li+-- -+l +t+1
vertices, such that k > k1 +---+k;and Il > 11 +---+ ;. O

The main theorem is now

Theorem 14. Let T be a double star D(k,l) and let L be the list

(17"'71ap117-"7pls1a17"'717p217~"7p13271a'"717pt13-"7ptsta17"'71)

with t > 1 strings, in which the string ¢, 1 = 1,...,t, with length s;, is pi1,...,Pis;- In

case there are strings of length 1 in L, whose entry is greater than or equal to 4, located

between two interior 1’s, let pp1 be a string with the highest value among such strings.
For each string i € {1,...,t} \ {h} choose

= Z Dij and lz = Z pij) or (k‘l = Z Dij and lz = Z pij)-

j odd j even J even 7 odd
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Then L is an ordered multiplicity list for T if and only if

1. the size of L is k + 1+ 2; and

t t
2. there is a choice of k;’s and l;’s such that Zkl <k and Z l; <.
iZh iZh

Proof. First, the stated conditions are necessary. Condition 1 because T has k + [ 4 2
vertices. For condition 2 it suffices to note that: (i) each multiplicity in a string of length 1
in L (except for some multiplicity pp1, if it exists) can be chosen as a non-split multiplicity
(Lemma 10), and (ii) a non-split multiplicity m; uses, at least, m; pendent vertices of one
of the stars of T; and (iii) in a string of length > 2 in L, there are no split multiplicities
(by Lemma 10) and adjacent multiplicities, m; and m;11, in such string, the multiplicity
m; uses, at least, m; pendent vertices of one of the stars and the multiplicity m;,1 uses,
at least, m;1 pendent vertices of the other star of T (by Lemma 10 and Superposition
Principle).

We turn now to sufficiency of the stated conditions. If there are strings of length 1 in
L, whose entry is greater than or equal to 4, located between two interior 1’s, let p = pn1
(for some h € {1,...,t}) be a string with the highest value among such strings. If such
a string does not exist in L we set h = 0. We consider two cases.

t
Case 1: For each string i € {1,...,¢} there is a choice of k; and [; such that kK = Z ki <k
i=1

¢
and ! = Z I; <. By Lemma 13 the list
i—1

(1ap117-"7p13171ap217~"ap252]-7~-'apt17~"7ptst7]-)

is an ordered multiplicity list for each double star D(k, 1), on k' +1’ 4t + 1 vertices, such
that k£ > k' and [ > I’. By Lemma 11 we conclude that L is an ordered multiplicity list
for each double star D(k, 1), on k+1+ 2, such that k > k’ and [ > I’. Therefore, because
k> k" and I > ', we conclude that L is an ordered multiplicity of T. (Note that this
case includes the case in which h = 0.)

t
Case 2: h # 0. By hypothesis, there is a choice of k;’s and [;’s such that k' = Z ki <k
iZh
t
and ' = > I; <1 Let ky = k— K and I, = 1 —I'. Since L has size n = k + [ + 2
iZh
and p = pp is a string of length 1, located in L between two interior 1’s, we must have
k+1> kK +1U' + 2+ p which implies that k, + 1, = (k—K)+ ({1 —-1) >2+p.

Case 2.1: If p < kp, or p <}, then, by Case 1, L is an ordered multiplicity list for T It
suffices to note that, if p < ky, (if <, the argument is similar) then setting k, = p and
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t t
lp, = 0, we have Z k; <k and Zli < I. (Note that this case includes the case kp, = 0
orlp,=0.) o o

Case 2.2: If p > kp and p > lj,. From p > k;, we get p + I, > kp + l; and, because
ky + 1l > 2 4 p, we conclude that p+1;, > 3+ p, i.e., I, > 3. Similarly we conclude that
kp > 3. Thus, in this case, we have p >k, > 3 and p >l > 3 and p > 4.

Let p1,p2 be integers such that p; + po = p and k;, > p1 and [, > ps. Since p =
p1+p2 > ky > p1 and p = p1 +p2 > I, > p2 we have p; > 0 and pa > 0. (p1 and py are,
respectively, the parts of p that will use “free” vertices among the k — k' “free” vertices
of Si41 and the I —I” “free” vertices of Sj;1.)

We start this case by considering the list L', obtained from L, by replacing the se-
quence by the sequence . Let r be the position of the left 1 of the sequence
in L'. The size of L isn = k+ 1+ 2 and L’ has size n — p. By Lemmas 13 and 11,
L’ is an ordered multiplicity list for each double star D(k, ), on n — p vertices, such that
k >k and [ > I'. Among these double stars we consider a particular double star D(k, 1),
in which £ = k — p; and [ = [ — p,. Note that k > &k’ (because k = k — p; and kj, > p;)
and [ > I’ (because | = [ — py and lj, > p3).

Since L' is an ordered multiplicity list for D(k,1), there is a valid pair 5" and ¢t (in
which 5" and &+ are, respectively, augmented lists for the stars Sy ; and Sj, ;) such that
=5 +¢'. By Lemmas 13 and 11, we may assume that L’ has no split multiplicities.

Now we will insert exactly one entry, in each list 5" and €', between the positions r
and r+1, and make the necessary changes, in order to obtain augmented lists b and ¢,
for Sx41 and Sp1, respectively, such that b™ and ¢* form a valid pair and L = b + ¢™.
Focussing the attention on the r and r + 1 entry of 5+, ¢t and I, in a diagram we have

-+ —+ T+
b o= - b by
+ = -+ =

c o .. CT CT + 1

L e
By the Superposition Principle, and avoiding cases of similar discussion, we must have
cither b, =1 = 5:;_1 and ¢} =0=¢/,, (Case A), or b, =1= ¢hand gl =0= l_):r_s_1
(Case B), i.e.,

(Case A)

— o =

1 e
0 -+ and (CaseB)
1

— o =
== O

In the process of constructing the desired valid pair b* and ct, from the valid pair pt
and ¢, given an identified entry of b (resp. €1) it will be important to know the status,
as upward or non-upward, of the closest non-zero multiplicity, either on the left or on the
right, of that entry. Thus, again avoiding similar cases, in Case A we need to consider
two cases, (A.1) and (A.2),
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e 101 e
(A1) — 00 —, (A2) -
1 1

— o =
— | o =
)

(note that, in an augmented list, the non-zero entries closest to a 0, on the right and on
the left of that 0, cannot be both upward) and, in Case B, we have three more cases,
(B.1), (B.2) and (B.3),

.10
B1) — 01 - (B2 - ., (B3) T~
11

—_ o -
== O
— o
el =)

in which the symbol ™ (resp. —) close to an entry a; means that the closest non-zero
entry, in the direction from a; to that symbol, is (resp. is not) an upward multiplicity.

In Cases A.1 and B.1 it is enough to insert the upward multiplicities p1 and p3,
between positions r and r+1, in 5" and ¢', respectively. Note that each inserted upward
multiplicities are located between two non-upward multiplicities, producing a valid pair
bt and ¢t such that L = bt + ¢T. In a diagram we have

11 1 5 1
(Al) - 0 O insertion - O 13\2 O -
. . P
and
1 0 - 1 5 0 -—
(B].) - 0 1 e insertion - 0 13\2 1
... . P

In Case A.2, we need to consider the cases

R
(A21) — O T, (A22) -
1

_— | O =

— o

o =
)

and, each one, have subcases listed below, in which fdenotes the relevant upward mul-
tiplicity. Recall that L’ has no split multiplicities so that, for example, in case ELQ = f,

necessarily we must have either 5:_ 12=0or 5:_ 4o = 1. The subcases of (A.2.1) are

—
insertion

(Case A.2.1a) —

an
2 changes

| © %)
: y -

=l o -
=] -
=] o ~
s

~]|o ~
N
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L1 Q‘ ) insertion ! b 0 /1\
(Case A.2.1b) — 0 0 f --- 4 pnd - 0 py 1 f—1---
e changes

[l 1] p 1] f
and the subcases of (A.2.2) are

1pi+i0 1

o111
(Case A.2.2a) — 0 0 f - ;n:%él;; - 0p—11 f -
.f_|_1... P f+1...
1 1 0 — 1 pi+i 0 0 -
(Case A22b) — 0 0 pgmd™ — 0 pp-1 1 f
f p f
1 1 1 _ 1 pi+1 0 1
(Case A22c) — 0 0 0 ~ znﬁ;‘lg - 0 pp—1 1 0
1 P 1
in which 0 means a 0.
We turn now to Case B.2. We need to consider the cases
1 0 ° o1 ~
2. - — an 2. - -
B.2.1 0 1 d (B.22 0 1
1 1 - 1 1
For (Case B.2.1) we have
1 0o ° - 1 p—-1i 1 °
(Case B2.1) — 0 1 - ;nsfxfﬁtdlonq — 0 pat+1 0 -
changes

p

and for (Case B.2.2) we have the subcases (B.2.2a) and (B.2.2b) listed below, depending

on the location of the relevant upward multiplicities

10 f- _ 1o 1 f—1--
(Case B.2.2a) — 0 1 0 7 ms;lrlmog - 0pmO0O0 1 °
4 changes
SNyE [ p f
Lo (’)\ ) insertion ol E 0 /1\ h
(Case B.2.2b) # ) C}alggges — 0 pp+11 f—1---

.f... P f



C.R. Johnson et al. / Linear Algebra and its Applications 723 (2025) 35-57 49

We turn now to Case B.3. We need to consider the cases

10 - 10
(B31) — 01 and (B32) ~ 0 1 -
1 1 11
For the Case (B.3.1) we consider two subcases
-1 0 ~ - 10 -
(B.3.1.1) ~ 0 1 and (B.3.1.2) o1 -
1 1 1 1

For (B.3.1.1) we have the subcases (B.3.1.1a), (B.3.1.1b) and (B.3.1.1c) listed below,
depending on the location of the relevant upward multiplicities f; and fs

N i A—11pi4+11 fo—1--
~ ~ insertion —~ - —~
(Case B.3.1.1a) 0010 . :};jgg;es 1 0p—10 1
- A0 fo - N p f2
A fl Lo 9 B insertion o fl -h ﬁ\l 0 /1\ )
(Case B311b) 0 01 f2 e 4 Cﬁggges 1 0 D2 1 f2 -1 .-
- A A fe o e[ f
) 9 Lo f2 A insertion ) /!\ 0 ﬁ\l ! f2 -l
(Case B.3.1.1¢) -+~ f1 0 1 0 soid fi-11p0 1

A A o e O f

For (B.3.1.2) we have the subcases (B.3.1.2a) and (B.3.1.2b) listed below, depending on
where are the relevant upward multiplicity f

- 10 7F- - — 0p+1 1 f-1--
(Case B.3.1.2a) 010" éﬁﬁ; ~ 1p—-10 1 °

[l ~- 1 e [ f

: Lo (’)‘ insertion : 0 ]il 0 /1\
(Case B.3.1.2b) 01 f-- 2 e 1 pp 1 f—1--

f ...p f

We finally turn to Case B.3.2. We need only to consider
— 10 ™ - 0pr 1~
~ 1 — inseﬁtion ~ 15 _
(Case B.3.2) 0 s p2 0
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Each displayed small change in 5" and &t (and no other changes are performed)
guarantees that: (1) an upward multiplicity is inserted between two non-upward multi-
plicities, and (2) the obtained lists are augmented lists b* and ¢* for Sk, and Sjiq,
respectively, and (3) b" and ¢ form a valid pair such that b* + ¢t = L. Therefore, L is
an ordered multiplicity list for the double star D(k,l). O

We now present some illustrative examples of application of Theorem 14.
Example 15. Let T be the double star D(9,4). From Theorem 14 we conclude:

1. L =(1,3,2,3,2,3,1) is an ordered multiplicity list for T and, any other sequence
with these multiplicities, distinct of L, is not a an ordered multiplicity of T,

(a) Ly =(1,2,2,2,2,2,2,1,1) is not an ordered multiplicity list for T

(b) Ly =1(1,2,2,2,2,2,1,2,1) is an ordered multiplicity list for 7T".

(¢) Ly =1(1,2,2,2,2,1,2,2,1) is not an ordered multiplicity list for 7.

(d) Ly =(1,2,2,2,1,2,2,2,1) is an ordered multiplicity list for 7.

3. L =1(1,5,3,3,2,1) is not an ordered multiplicity list for 7" and, any other sequence
with these multiplicities, is not an ordered multiplicity list for T'.

4. L =(1,2,3,1,2,2,3,1) is an ordered multiplicity list for 7" which can be obtained,
by the Superposition Principle, as

510201§ /1\1/2\1
Ss: 1.1 0 1110
1 2312 2 31
or
So: 01 212121
Ss: 11100110
1 2312 2 31

In the following example we focus upon proposed lists with a singleton string.

Example 16. Let T be the double star D(7,7).

1. L=1(1,2,2,2,2,1,5,1) is not an ordered multiplicity list for T'.

2. L=(1,2,2,2,2,1,1,4,1) is not an ordered multiplicity list for 7.

3. L=(1,2,2,2,2,1,4,1,1) is an ordered multiplicity list for 7" in which 4 is a manda-
tory split multiplicity (see Example 9).

4. L =(1,2,2,2,1,4,1,2,1) is an ordered multiplicity list for T but the multiplicity 4
is not a mandatory split multiplicity (see Example 9).
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5. L = (1,2,2,1,4,1,2,2,1) is also an ordered multiplicity list for 7' in which 4 is
a mandatory split multiplicity (see Example 9). Note the new position of the se-
quence in L.

6. L=(1,4,4,1,4,1,1) is an ordered multiplicity list for T in which the multiplicity 4
is a mandatory split multiplicity (see Example 9).

The following example is about ordered multiplicity lists with several strings and with
a singleton string corresponding to a mandatory split multiplicity.

Example 17. We may have double stars with an ordered multiplicity list, with several
strings, and a mandatory split multiplicity.

1. (1,6,2,1,4,1,1) is an ordered multiplicity list for the double star D(9,5) in which 4

is a mandatory split multiplicity.
Since we have the string and k£ = 9 and ! = 5, the multiplicity 6 must be
one sided k (because 6 > [) and the multiplicity 2 must be one sided . Thus, the
multiplicity 4 of the singleton string must be a mandatory split multiplicity and the
corresponding eigenvalue must appears on 3 pendent vertices among k and .

2. With a similar analysis to the previous example, we conclude that (1,12,2,1,12,
2,1,12,2,1,6,1,1) is an ordered multiplicity list for the double star D(41,11) in
which 6 is a mandatory split multiplicity.

3. More generally, for any positive integer j, setting [ = 2 + 35 and k = 2 + 45 + 352
and p = 3 + j, the list

L=(1,14+1,21,014+1,2,1,...,01+1,2,1,p,1,1),

with size k + [ + 2, in which the string appears j times, is an ordered
multiplicity list for the double star D(k, 1), in which the multiplicity p is a mandatory
split multiplicity.

Since multiplicity { + 1 in each string of L is greater than the number [ of
pendent vertices of the star S;;1, and that string occurs j times in L, we must have
Jj eigenvalues one sided k (each eigenvalue with multiplicity [ 4+ 1) and j eigenvalues
one sided [ (each eigenvalue with multiplicity 2). Setting &' = j(I+1) = j(3+ 3j) =
3j 4+ 352 and I’ = 2j, we have k = k — k' = (2+45 +35%) — (35 +3j2) =2+
and [ =1 —1' = (2+3j) —2j =2+ 4. Because p = 3+j > k = 2+ j and
p =344 >1=2+j, we conclude that the multiplicity p can occur because
p+2=0B+7)+2=5+7<k+1=4+2j and, therefore, this multiplicity must
occur in L, as claimed, as a mandatory split multiplicity.

Finally, we show that the described list L has size k + 1 +2 = (2 +4j + 352) + (2 +
37) +2 =352 +7j + 6. The size of L is the sum of the size of j strings , plus
j + 3 1’s, and the multiplicity p = 3 + j, which gives j(l+14+2)+ (j +3)+p =
J(2435+3)+2(j+3) =352 +7j +6.
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4. Diameter 5 trees

We now turn to trees of diameter 5 and ask a somewhat different question. Since
diameter 5 permits nonlinear trees and very little is known about even unordered mul-
tiplicity lists for nonlinear trees (save the specific cases contained in the database [5,
Appendix B]), we show how to generate all unordered multiplicity lists for diameter 5.
As it turns out, there is a relationship between diameter 5 and diameter 6 trees that
permits a similar analysis for diameter 6. And so diameter 6 is presented in the next
section. Our method is to use assignments, which is almost the only method generally
available. Unfortunately, because an example for diameter 7 that shows a limitation of
assignments [6, example 2.3], our methods do not generally work past diameter 6. Of
course, the linear trees of diameter 5 (and 6) could be analyzed via superposition [4,2,3],
but these are a modest portion of diameter 5 and 6 trees [12], so we simply consider all
diameter 5 (and then 6) trees at once. Previously, there was no way to generate all lists
for all such trees.

An important observation is that any tree T' of diameter 5 must have a (unique) center
vertex ¢ that is the middle vertex of every diameter. Adjacent to ¢ are vertices of only

3 types: (1) centers of nontrivial stars; (2) vertices of pendent edges; and (3) pendent

vertices. Call the stars Sq,..., Sk, with centers, respectively, b1,..., by, ; call the edges
Eiit+1, ..., By 4k, with vertices adjacent to ¢, respectively, by, 41, .., bk, +k,, and call
the pendent vertices at ¢ by br,+ky+1,-- - Oky+kotks- 1 star S;, ¢ =1,..., k1, has p; > 2

pendents, we have a total of Zf;l pi+ko+ ks pendents in all and a total of Zf;l pi+ki+
2ko 4+ k3 +1 vertices in all. Star S;, i = 1,..., k1, has a total of p; +1 eigenvalues; edge F;,
i=k1+1,...,k +ko, has 2 eigenvalues; and pendent b;, i = k1 +ko+1,..., k1 +ka+ ks,
has 1 eigenvalue, the number that appears on the vertex. Any multiple eigenvalue A of
A € S§(T) must have at least one of ¢, b1,..., by, , as a Parter vertex.

Each pendent vertex of star .S; may be assigned by an eigenvalue and, additionally,
each star may be assigned by two multiplicity 1 eigenvalues. Each edge may be assigned
by two multiplicity 1 eigenvalues, and each pendent from ¢, by one eigenvalue of multi-
plicity 1. These assignments are essentially independent, except, of course, that the two
additional multiplicity 1 eigenvalues of star S; must be one above and the other below
the assignments to its pendents. There are no other constraints on the numerical order
of the eigenvalues, and each eigenvalue may be assigned independently of the others. Of
course, there are only so many “slots” for eigenvalues, and when they are exhausted, no
more assignments may be made.

For an eigenvalue A to be multiple, it must have a Parter vertex (possible several)
from among ¢, by, ..., by, . There are three possibilities to consider: (i) The Parter vertices
for A are a nonempty subset of {b1,...,bg, } and not ¢; (ii) ¢ alone; or (iii) a nonempty
subset of {b1,...,bx, }, together with c.

We may now determine the multiplicity of each eigenvalue A, one at a time, i.e., m4(\)
for A e S(T).
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Fig. 1. First illustration of Example 18.

In Case (i), we count the number of pendent vertices on which A\ appears among the
stars S1,..., Sk, and subtract the number of such stars. If X is an eigenvalue (once) of
the residual tree left after removal of the indicated stars, we add 1 to the multiplicity
of A\. This is the total multiplicity of A in T'. In the residual tree A\ cannot occur more
than once and would be non-upward, else there would be another Parter vertex among
HDV’s in the residual tree.

In Case (ii), we count the number of stars among Si,..., Sk, add the number of
edges among Ey, 11, ..., Eg, +k, on which A appears, add the number of pendents among
Dly+kat1s -« > Okiy+kot+ks O Which A appears, and subtract 1 (for ¢) and this is the total
multiplicity for A.

In Case (iii), we first count the number of pendent vertices of stars on which A appears
and subtract the number of such stars, as in Case (i). Then, we add the number of stars
on which A appears non-upwardly, plus the number of vertices and edges pendent from ¢
on which X appears and subtract 1 (for ¢). This is the total multiplicity of A in Case (iii).

Finally, if we continue the same process for each of the other eigenvalues, add the total
of all multiplicities found, and subtract this quantity from the total number of vertices
in T', we have the number of 1’s that occur in our list. We can then form an unordered
multiplicity list for T by combining the multiplicities found for each eigenvalue.

Example 18. Fig. 1 gives an example of how our process can be used to find a multiplicity
list for a diameter 5 nonlinear tree. Using our process, we note the following multiplicities:
mA) =6—-4=2 m(a) =8-3 =5, m(f) =6—3 = 3. Also, the number of “1”s in
our list will be 20 — 10 = 10. Thus (5,3,2,1,1,1,1,1,1,1,1,1,1) will be an unordered
multiplicity list for this tree.
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Fig. 2. Second illustration of Example 18.

Fig. 2 shows the occurrence of a different multiplicity list on the same diameter 5
nonlinear tree. Using our process, we note that m(\) =14 — 4 =10, m(a) =4 — 1 = 3,
and m(8) =6 —1 = 5. Also, there will be 20 — 18 = 2 “1”s in our list. Thus (10,5,3,1,1)
will be another unordered multiplicity list for this tree.

5. Diameter 6 trees

Again, for diameter 6, a tree may be linear or nonlinear and the linear case is again
covered by the LSP. Nonetheless, it is simplest to consider all diameter 6 trees in the
same way. There is little known about the nonlinear case (which is the majority [12]) and
we focus upon unordered lists. Fortunately, the form of diameter 6 trees is only slightly
more complicated than the diameter 5 case. In place of the center vertex c is a center
edge with endpoints {c1, c2}, i.e., a diameter 6 tree is a vertex partition of a diameter 5
one. Our procedure is similar to the diameter 5 case. The center vertex c is partitioned
into 2 adjacent vertices ¢; and co and the neighbors of ¢ are partitioned between ¢; and
c2. So, we now label these analogously. The stars Si1,...,Sik,, pendent at ¢;, ¢ = 1,2,
have centers b;1, ..., b, , etc.

As in diameter 5 case, we wish to find multiplicity of each A, one at a time. Now, there
are a few more combinations of the possible Parter vertices: ¢1,co,b11, ..., 01k, 021, - .,
bok,, to consider. The combinations are a subset of C' = {¢1,ca} with a subset of By =
{b11,..., b1k, } With a subset of By = {ba1, ..., bog,, }, at least one of which is nonempty.
But there are obvious symmetries in the cases, and most are analogous to diameter 5
cases.

A subset of By or By or of both is exactly analogous. The set C' is analogous, and the
sets {c1} or {ca} are similar, except that, in each case, the residual tree (diameter 5 with
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Fig. 3. First illustration of Example 19.

the other of ¢; or ¢o as centers) may add 1 to the multiplicity of A if A is a multiplicity 1
(non-upward) eigenvalue of the residual tree.

This leaves subsets of By and/or By combined with a subset of C. Up to obvious
symmetries, the possible combinations are

(i) Bi,{a},

(ii) Bi,{ca},

(iii) Bl,Bg,{cl} and
(IV) Bl7BQ,

Case (i) is analogous to Case (iii) in the diameter 5 case, except that the diameter 5
subtree with center co may contribute an additional 1 to the multiplicity of A. Case (ii),
if B; includes all the star centers pendent at ¢y, is simply the union of Cases (i) and (ii)
from the diameter 5 case. In Case (ii) if some star centers are absent from Bj, the residual
diameter 5 tree with center co may contribute an additional 1 to the multiplicity of A.
Case (iii) above is analogous to the diameter 5 case (iii), except that, again, the residual
tree (as well as each of the vertices, edges and other stars pendent at ¢;) may add 1 to the
multiplicity. Case (iv) is exactly analogous to the diameter 5 case (iii). This completes
the analysis necessary for diameter 6.

Finally, as in the diameter 5 case, we continue the same process for each of the other
eigenvalues, add the total number of all multiplicities found, and subtract this quantity
from the total number of vertices in T'. We then have the number of non-upward 1’s
that occur in our list. We can then form a multiplicity list for 7" by combining the
multiplicities found for each eigenvalue.
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Fig. 4. Second illustration of Example 19.

Example 19. Fig. 3 gives an example of how our process can be used to find a multiplicity
list for a diameter 6 nonlinear tree. Using our process, we note the following multiplicities:
m(A\) =10—4 =6, m(a) =5-3 = 2, m(f8) = 7—3 = 4. Also, the number of 1’s in our list
will be 21 — 12 = 9. Thus (6,4,2,1,1,1,1,1,1,1,1,1) will be an unordered multiplicity
list for this tree.

Finally, Fig. 4 shows the occurrence of a different multiplicity list on the same
diameter 6 nonlinear tree. Using our process, we note that m(A) = 14 — 4 = 10,
m(a) =4—2 =2, and m(8) = 6 — 2 = 4. There will be 21 — 16 = 5 “1”s in our
list and so (10,4,2,1,1,1,1,1) will be another unordered multiplicity list for this tree.
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