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Battery reliability and risk prediction from a single survival model.
Model validation on data regions capturing protocol-to-protocol and cell-to-cell variability.
Demonstrated application in battery dynamic warranty adjustment and stock management.
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A B S T R A C T

Single-value prediction such as the End of Life and Remaining Useful Life is a common method of estimating
the lifetime of Li-ion batteries. Information from such prediction is limited when the entire degradation pattern
is needed for practical applications such as dynamic adjustment of battery warranty, improved maintenance
scheduling, and battery stock management. In this research, a predictive, semi-parametric survival model
called the Cox Proportional Hazards is proposed for the prediction of cell degradation in the form of survival
probability (battery reliability) and cumulative hazard (battery risk) functions. Once this model is trained, the
two functions can be obtained directly for a new cell without having to predict several cogent points. The
model is trained on the first 50 cycles of only the voltage profile from either the charge or discharge data
regime, implying that our methodology is data region agnostic. The signature method with both desirable
mathematical and machine learning properties was adopted as a feature extraction technique.
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The developed models are tested rigorously using application-driven strategies involving model robustness
to the number of cycles of data required for model training and prediction, different fractions of training
samples, and systematic data sparsity. The codes for modeling and testing are publicly available.
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1. Introduction

Common models predicting the lifetime of batteries focus on a
ingle-point prediction. Such models include those that predict the End
f Life (EOL) [1,2] and Remaining Useful Life (RUL) [3–5]. These

models have limitations regarding the prediction of the entire degra-
dation trajectory which is more informative as battery reliability can
be obtained for each cycle count. Several works have addressed these
limitations on predicting the full capacity and internal resistance (IR)
of Li-ion cells [3,6,7]. While addressing the limitations, these full-curve

odels rely on the prediction of several cogent points such as the knees
of the capacity curves [8] and elbows of IR rise curves [9]. Thus,
the prediction of the entire battery degradation reduces to building
multiple models to predict these cogent points. This poses challenges in
terms of resources (both time and computation infrastructure) needed
to train multiple models. In addition, they are not trained to handle
incomplete data, i.e., data that fails to meet degradation prediction
criteria and is thus removed from modeling. An example of this scenario
is when a cell is not cycled to the EOL due to either deliberate dropout,
esting failure or error in data measurement. The corresponding data

obtained under such a scenario cannot be used for building models that
predict the EOL or entire capacity/IR curves, nor can predictions be
made on such data.

With all these challenges mentioned, we propose a novel modeling
methodology which uses the concept of survival analysis to predict the
degradation pattern of Li-ion cells in the form of battery survival prob-
ability and hazard rate functions. Survival analysis refers to a collection
of statistical methods used for the analysis of data that involves time to
occurrence of an event [10]. In this research, we considered the event
f a cell reaching the EOL and proposed survival models that model

the time to this event. Two powerful and versatile battery degradation
redictions are obtained from a single trained survival model: the

survival probability and the cumulative hazard functions. The former
gives the probability of a cell surviving past a given time while the
latter provides the instantaneous rate at which a cell approaches its
ailure (in this case the EOL), and thus quantifies the risk of battery
apacity failure. In terms of incomplete data mentioned earlier, survival
nalysis is natural for handling incomplete data through incorporating
 dichotomy variable which is 0 if the cell does not reach the EOL (and
s thus right censored) and 1 otherwise.

After giving a concise introduction to survival analysis, we review
ome relevant past work on its application to battery lifetime prediction
nd highlight the challenges therein which we aim to address in this
tudy. Survival analysis was used in [11] to estimate the optimum

age at which to replace a medical equipment battery and distinguish
between groups of cells with the shortest and longest lifespans. The
Kaplan–Meier [12] methodology and Log-Rank Test [13] were used
or the estimation of survival probability and hypothesis testing re-
pectively. We emphasize that no predictive models were developed in

these works, they instead focus on the estimation of survival curves
of groups of cells to be able to use the Log-Rank Test for distri-
bution comparison. In addition, the Kaplan–Meier survival estimate
oes not take into consideration the cause of battery degradation as

no covariates or health indicators are used (only the event time and
ndicator are needed). In contrast to the work of [11], a data-driven,

predictive survival model was developed in [14] using a Random
Survival Forest [15] to predict the battery reliability function (i.e., the
survival probability function). The data used in the study belongs to
he lead–acid starter battery of trucks and were recorded during one
f the workshop’s maintenance visits. We point out that the data does
ot contain measurements directly related to battery health indicators
 p

2 
and no time series of battery health profiles are available. Thus, their
proposed models were developed on covariates specific to a given work-
shop’s maintenance routines. This poses challenges of wide adoption,
generalizability and versatility of the developed models. In particular,
its adoption in electric vehicle battery prognostics will be limited as
popular health indicator data captured in this case are voltage, current,
temperature, capacity, and IR (which are not used in their case). On
the use of data that directly impact battery degradation for lifetime
prediction, an Accelerated Failure Time (AFT) model was developed
n [16] to predict the EOL using cycling data including temperature,

current, and State of Charge (SOC); the AFT model is a parametric
survival model which only predicts the expected time to event, and
neither survival nor hazard curves. Here, we emphasize two points.
First, the parametric nature of the AFT model poses the challenge of
choosing a suitable distribution for the survival time. Second, only a
single-point lifetime estimate was considered (the EOL) and hence no
information about degradation at every cycle can be accounted for.

Following the challenges and gaps in the literature highlighted
bove, we present the following contributions of our study to address
hem:

1. A predictive, semi-parametric survival model called Cox Propor-
tional Hazards (Cox PH) [10] is proposed which does not require
the knowledge of the survival time distribution but only a base-
line hazard function (which is learned entirely from the data).
This model does not only provide a survival probability function
once it is trained but also the cumulative hazard function which
can be used to quantify battery risk of failure at a point in time.

2. The proposed model was trained and validated on two dif-
ferent cycling data regimes (one at a time): the charge volt-
age (which captures protocol-to-protocol variabilities) and the
constant-current (CC) discharge voltage (which encodes cell-
to-cell variabilities). This implies only the voltage profile was
considered as the health indicator and the modeling methodol-
ogy worked seamlessly under the popular battery data regions:
charge and discharge. In extracting features from the voltage
curve, the signature method [7,17] was adopted. This method is
versatile and uniquely captures cogent information for each cell
from the corresponding voltage curve. In addition, it has strong
mathematical properties (such as uniqueness, universal nonlin-
earity, and time and translation invariance) that are desirable
for a supervised machine learning task.

3. We propose several rigorous and application-driven model tests
including robustness to the number of cycles of data required
for model training and making inferences, different fractions of
training samples, and systematic data sparsity at the training
and inference levels. These tests were deployed on the proposed
models to guarantee their performance and reliability.

The practical applications of the proposed models are clear. One
of these is the dynamic adjustment of warranty. Battery manufacturers
can use the predicted survival probability/hazard functions of battery
ells to dynamically adjust warranty terms and conditions. This is made
ossible because predictions are curves rather than single value such as
he EOL. Being able to adjust warrant dynamically has lots of benefits
ncluding offering personalized and accurate warranty periods, poten-
ially extending warranties for cells with higher survival probabilities;
eduction in the costs associated with warranty claims by anticipating
ailures and proactively addressing potential issues; improvement of
ransparency and customer trust and satisfaction because warranty
pdate is backed by a data-driven approach (with battery survival
robabilities/hazard rates). Another application is in data-driven and
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improved maintenance scheduling. Fleet operators and service providers
can leverage predicted survival probabilities to optimize maintenance
schedules for battery-powered systems and devices. With this, main-
enance can be performed proactively, preventing unexpected failures
nd downtime. Also, efficient allocation of maintenance resources can

be achieved by focusing on high-risk batteries and thus unnecessary
maintenance on low-risk ones will be reduced. Another benefit lies
n battery stock management. Companies working with batteries can
lan stock more reliably rather than having a large stock of spare

batteries, they can order them on a rolling basis accounting for the
expected number of dying batteries, for instance, in a month. Data-
driven selection procedure is another application where a battery user

ay want to ensure that the battery survives a certain time with
igh probability. Survival analysis allows a more bespoke selection of

batteries, rather than going for a point estimate such as EOL.
The rest of this paper is arranged as follows: Section 2 provides

the description of the data used in this study; Section 3 gives an
ntroduction to survival analysis, feature extraction techniques and
odel building procedures; results and discussion are presented in

ection 4; and conclusions were left to Section 5. The mathematical
description of the signature method is presented in the Methods Section
(after the conclusions of Section 5).

2. Data source and data description

2.1. Data source and cycling procedures

The data used in this research is obtained from the Toyota data [1,
18]. This data contains 373 Lithium Ferrosphosphate (LFP)/graphite

123 APR18650M1A cells grouped into 8 batches (b1-b8). On the high
evel, each cell has an initial capacity and voltage of 1.1 Ah and 3.3 V
espectively. They are cycled using similar conditions of an ambient
emperature of 30 ◦C and the same discharging C-rate of 4C constant
urrent–constant voltage (CC–CV) to a minimum voltage of 2.0 V. On
he other hand, each cell is charged from 0%–80% SOC using one of
ver 80 different charging policies and then charged with the same C-
ate (1C CC-CV) from 80% to 100% SOC (reaching a maximum voltage
f 3.6 V). As a note, batches 1, 2, 3, and 8 are cycled to EOL while
he rest are not cycled to EOL but to a maximum of 120 cycles. From
he above descriptions, it can be deduced that the dataset contains
wo variabilities: protocol-to-protocol and cell-to-cell variabilities. The
rotocol-to-protocol differences arise from the charge regime where
ifferent charging policies are used to cycle cells resulting in different
ycling conditions. As for the cell-to-cell variability, it stems from the
ischarge regime where cells are discharged identically to observe
ntrinsic differences among cells. The number of cells in each batch
efore and after preprocessing is provided in Table 1. Overall, a total

of 373 cells were downloaded from the source but 362 (11 cells were
dropped after preprocessing) cells were used in this research for all the
modeling and experimentation.

2.2. Data analysis: feature and label data

We emphasize the different charging policies that have a direct
mpact on the charging profiles and introduce more variability in the
ataset. With this and the fact that charging profiles in electric vehicles
nd other battery-powered devices can be controlled during the real-life
sage of a battery (unlike discharging profiles which are dependent on
he depth of usage, chosen route, level of traffic, and driver habits), the
harging voltage profiles were considered as one of the data for feature
xtraction in this study; see Fig. 1(a) for a sample of charging voltage

profile for all cells. In addition, the second data regime considered
for feature engineering is discharging; see Fig. 1(b) for a sample of

C discharging voltage profile for all cells. This is motivated by the
fact that some situations might warrant using identical and controlled
ycling conditions to study intrinsic or cell-to-cell variabilities (which
3 
Table 1
The number of cells in each batch. The ‘Original’ column refers to the actual number of
cells in the downloaded Toyota data. After data preprocessing, the ‘Processed’ column
corresponds to the number of cells in each batch. For the Toyota data, 373 cells
were originally downloaded, 5 cells were carried into b2 but belonged to b1 and thus
removed from b2, and 6 cells from b3 were also removed because of noisy channels,
leaving a total of 362.

Dataset Batches Number of cells

Original Processed

Toyota

b1 46 46
b2 48 43
b3 46 40
b4 46 46
b5 46 46
b6 48 48
b7 48 48
b8 45 45

Total 373 362

is the case in the Toyota discharge data regime). Examples of such
situations are quality control done by cell manufacturers [19] and in
storage for renewable energy where the derived energy is controlled
and monitored [6]. Fig. 2 shows the degree of cycle-to-cycle variability.
The 𝑙2-norm of the difference between the signatures (see Section 3.4
for the details of signature calculation) of the first cycle voltage curve
and each of cycle 𝑛 (2 ≤ 𝑛 ≤ 50, 𝑛 ∈ N) was calculated and plotted
against 𝑛. The norm serves as an indication of ‘similarity’ between cycle
1 and 𝑛 > 1. This was taken to show the difference of cycle-to-cycle
variability in charge and discharge data regimes. It can be seen that
ariability is more pronounced in the discharge data than in the charge.
his is because the discharge data indicate the actual use of a battery
energy is being derived from it), thus, a higher deviation between
ycles is expected.

Labels for the survival model are EOL and an event indicator (a
ichotomy variable which is 1 if a cell is cycled to its EOL, otherwise
) were obtained from the capacity curves. The EOL is defined as the
ycle corresponding to an 80% decrease in capacity relative to the first
apacity value. The EOL of all the cells (in each batch) used in this
esearch are presented in Fig. 3. It can be seen that the datasets con-

sidered covered a wide range of EOL with a minimum and maximum
value of 101 and 2235 cycles, respectively. The figure also shows that
atches b4–b7 of the Toyota data were not cycled to EOL and that the

last cycle was taken as EOL (thus are censored with an event indicator
of 0).

3. Modeling and methodology

3.1. Overview of survival analysis

Survival analysis is a set of statistical techniques that focus on
nalyzing the time to the occurrence of an event. Time can be measured
n different scales or units, for instance, days, months, years, or cycle
ounts from the start of a procedure until an event of interest occurs.
n event is a particular experience that may happen to a subject during

heir lifetime. This can be the death of an individual, recovery from a
isease, or a cell reaching its EOL. In this study, an assumption of one

and only one event is adopted. In other words, a subject experiences an
event only once in their lifetime. In addition, the subjects in our case
are battery cells and an event is reaching the EOL. The EOL is defined as
he cycle at which a cell capacity falls to 80% of its initial capacity. The
ime until EOL is regarded here as survival time and EOL is depicted as
failure. When a cell is cycled to failure, we say that cell is uncensored
therwise right censored. Right censoring of a cell may result from losing
easurement tracking before reaching EOL or a deliberate dropout.

Following the convention in [10], we denote the random survival
time of a cell as 𝑇 ≥ 0 (for us this is the number of cycles until EOL)
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Fig. 1. (a) Charge and (b) CC discharge voltage curves of the Toyota data for cycle 50. All cells from each batch are considered in each figure block. For the charge regime, it
can be seen that variability in the curves exists induced by the different charging policies. As for the discharge regime, cell-to-cell variabilities exist in the curves induced by the
intrinsic property of the cells despite the cells being cycled identically.
Fig. 2. Cycle-to-cycle variabilities in the charge and discharge curves for a sample cell from each batch: (a)-(h) corresponding to batches b1-b8 respectively. The 𝑙2-norm of the
difference in truncated signatures (calculated up to depth 3) of the voltage curves corresponding to the first cycle and cycle 𝑛 (2 ≤ 𝑛 ≤ 50, 𝑛 ∈ N) was used as a quantitative
measure of variability. There is more variability in the discharge curves than in the charge. Details about signatures are discussed in Section 3.4 and the Methods section.
a
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and a specific realization of it as 𝑡. To specify whether a cell is cycled to
failure or right-censored, a binary (0, 1) random variable 𝛿 is introduced
into the analysis and is defined as

𝛿 =

{

0, if a cell is censored
1, if a cell is cycled to failure.

(1)

After defining the underlying survival variables, we now introduce
and describe two functions which are the quantities of interest in any
survival analysis. These are the survival function, 𝑆(𝑡), and the hazard
function, ℎ(𝑡). The former provides the probability that a cell survives
4 
longer than a given time 𝑡, and the latter gives the instantaneous rate
t which a cell is approaching its EOL at a time 𝑡 given that the cell has
urvived up to 𝑡. These are defined mathematically as follows (where
denotes the probability of an event):

𝑆(𝑡) = P(𝑇 > 𝑡); ℎ(𝑡) = lim
𝛥𝑡→0

P(𝑡 ≤ 𝑇 < 𝑡 + 𝛥𝑡|𝑇 ≥ 𝑡)
𝛥𝑡

; (2)

and they are related via

𝑆(𝑡) = 𝑒−𝐻(𝑡); ℎ(𝑡) = −
𝑑 𝑆(𝑡)
𝑑 𝑡 . (3)

𝑆(𝑡)
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Fig. 3. EOL distribution and censorship summary of cells in each batch. Censored cells are cells that did not witness the event of being cycled to the EOL while uncensored reach
the EOL by the end of cycling. All cells from b4 to b7 are censored.
t
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e

b

where

𝐻(𝑡) ∶= ∫

𝑡

0
ℎ(𝑢) 𝑑 𝑢 (4)

is known as the cumulative hazard function (usually used to character-
ize ℎ(𝑡)).

The survival function is monotone decreasing, and further, it holds
that 𝑆(0) = 1 (i.e., a cell survives past 0 cycles with probability 1), and
(∞) = 0 (meaning if a cell is cycled or used indefinitely, its probability

of survival will eventually collapse to 0). In practice, on the other hand,
(𝑡) is usually estimated using a step function instead of smooth curves

denoted as 𝑆̂(𝑡)), and this approach is adopted in this study. The hazard
unction is nonnegative (ℎ(𝑡) ≥ 0).

3.2. Cox proportional hazards model

The Cox Proportional Hazards (Cox PH) model formula is expressed
n terms of the hazard model, which gives the hazard rate at time 𝑡
or a set of covariates or predictors. Given the covariate for a subject
= (𝑥1, 𝑥2,… , 𝑥𝑝), the Cox PH model is given as

ℎ(𝑡,𝒙) = ℎ0(𝑡) exp
[ 𝑝
∑

𝑖=1
𝛽𝑖𝑥𝑖

]

, (5)

where ℎ0(𝑡) is the baseline hazard function independent of 𝒙. We
emphasize that ℎ(𝑡,𝒙) is the hazard function ℎ(𝑡) of Eq. (2) for a subject
with covariate 𝒙. In this research, we consider the case where 𝒙 is
time-independent.

There are three important properties of the Cox PH model. First, it
assumes that the model reduces to the baseline hazard function when
all covariates are nil (note that this does not necessarily mean zero in
ll problems as it might not make sense). Second, it is a semiparametric
odel because ℎ0(𝑡) is not specified and needs to be estimated. Third,

it does not have an intercept term, and hazard functions for two
ubjects with covariates 𝒙𝑠𝑖 and 𝒙𝑠𝑗 are proportional at any time 𝑡,
hich motivates the ‘‘proportional hazard’’ assumption highlighted in

he model’s name. In mathematical terms, using Eq. (5), we have the
proportional hazards given by
ℎ(𝑡,𝒙𝑠𝑖 )
ℎ(𝑡,𝒙𝑠𝑗 )

= exp
[

(𝒙𝑠𝑖 − 𝒙𝑠𝑗 ) ⋅ 𝜷
]

, 𝜷 ∈ R𝑝

where the right-hand side is independent of time.
Two questions now arise: is it necessary to check the proportional

azards assumption when using Cox PH for predictive regression? How
an we best estimate ℎ (𝑡) and how can we find 𝜷 via maximum
0

5 
likelihood estimation? To answer the first question, if the goal is to
predict the survival function (and thus the hazard function as in the
case of this study), then it is not necessary to check for proportional
hazards [20]. This is because the goal is to maximize some scoring func-
tion (e.g. concordance index), which is independent of how predictions
are generated. This is in contrast to a scenario where the survivals of
two or more groups are investigated for significant survival differences.
To answer the second question, one of the ways of estimating ℎ0(𝑡) is
by using the Breslow estimator [21]. To demonstrate this, suppose that
he 𝑚 times of an event are 0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑚 where 𝑡𝑖 ≠ 𝑡𝑗 for 𝑖 ≠ 𝑗
nd each 𝑡𝑖 does not include censored times. Denote 𝑠𝑖 as subject with
vent time 𝑡𝑖. We define the risk set 𝑅𝑖 as the set of all subjects 𝑠𝑗 such

that 𝑡𝑗 ≥ 𝑡𝑖; i.e.,

𝑅𝑖 =
{

𝑠𝑗 ∶ 𝑡𝑗 ≥ 𝑡𝑖
}

. (6)

Using these ordered event times, the probability that the subject 𝑠𝑖
experiences the event at time 𝑡𝑖 is the ratio of its hazard at 𝑡𝑖 to the
sum of the hazards of all subjects who are available to get the event at
𝑡𝑖, that is

P(𝑠𝑖|𝑡𝑖) =
ℎ0(𝑡𝑖)𝑒

𝜷⋅𝒙𝑠𝑖
∑

𝑠𝑗∈𝑅𝑖 ℎ0(𝑡𝑖)𝑒
𝜷⋅𝒙𝑠𝑗

= 𝑒𝜷⋅𝒙𝑠𝑖
∑

𝑠𝑗∈𝑅𝑖 𝑒
𝜷⋅𝒙𝑠𝑗

,

where 𝒙𝑠𝑖 are the covariates for subject 𝑠𝑖. It can be seen that this proba-
ility is independent of 𝑡𝑖 but depends on the order of the occurrences of

the events. Breslow’s estimator for the baseline hazard and cumulative
hazard is given by

ℎ̂0(𝑡𝑖) = 1
∑

𝑠𝑗∈𝑅𝑖 𝑒
𝜷⋅𝒙𝑠𝑗

; 𝐻̂0(𝑡) =
∑

𝑡𝑖≤𝑡
ℎ̂0(𝑡𝑖),

and the corresponding likelihood function (𝜷) (called the partial
likelihood because it only accounts for unique uncensored event times)
and log-likelihood 𝓁(𝜷) are given by

(𝜷) =
𝑚
∏

𝑖=1

𝑒𝜷⋅𝒙𝑠𝑖
∑

𝑠𝑗∈𝑅𝑖 𝑒
𝜷⋅𝒙𝑠𝑗

; 𝓁(𝜷) =
𝑚
∑

𝑖=1

⎡

⎢

⎢

⎣

𝒙𝑠𝑖 ⋅ 𝜷 − log
∑

𝑠𝑗∈𝑅𝑖

𝑒𝜷⋅𝒙𝑠𝑗
⎤

⎥

⎥

⎦

. (7)

3.3. Implementation of Cox PH models

Implementing the Cox PH models can be categorized mainly into
ordinary and regularized regression, tree-based and ensemble models,
and deep learning approaches. In the Python programming language,
these three categories have been implemented by popular libraries such
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as lifelines [20], scikit-survival [22] and pycox [23,24]. Our implemen-
tation choice is that of scikit-survival because of its seamless integration
with the scikit-learn [25] library (and thus allows the use of most of its
unctionalities such as cross-validation and hyperparameter tuning).

Different algorithms were explored in scikit-survival including or-
inary Cox regression, regularized Cox regression, random survival
orest [15], extratrees, and gradient boosting [26,27]. Of all these,

the gradient boosting algorithm was able to capture the feature-label
relation most as quantified by the metrics considered. The gradient
boosting algorithm is similar to how random forest works but differs
in how built trees are combined. While random forest averages the
predictions made by fitted trees, gradient boosting builds greedily and
sequentially (additively) such that a new tree (called base or weak
learner) is added by fitting it on the residuals of the previous tree. Thus,
the overall model 𝑓 (which takes the role 𝒙 ⋅ 𝜷) is given as

𝑓 (𝒙) =
𝑁𝑇
∑

𝑖=1
𝑤𝑖𝑔𝑖(𝒙; 𝜃𝑖); (8)

where 𝑁𝑇 is the total number of base learners, 𝑤𝑖 are weights, and 𝑔𝑖 is
 function that represents each tree structure parameterized by 𝜃𝑖. The
artial log-likelihood function in Eq. (7) is modified by replacing 𝒙 ⋅ 𝜷

with 𝑓 and introducing the binary random variable in Eq. (1) to allow
the following optimization problem on the uncensored unique event
times:

arg max
𝑓

𝑚
∑

𝑖=1
𝛿𝑖
⎡

⎢

⎢

⎣

𝑓 (𝒙𝑠𝑖 ) − log
∑

𝑠𝑗∈𝑅𝑖

𝑒𝑓 (𝒙𝑠𝑗 )
⎤

⎥

⎥

⎦

.

Three metrics were considered for evaluating the chosen model: the
concordance index (C-index), the cumulative dynamic receiver operat-
ing characteristic curve (cumulative dynamic AUC), and the integrated

rier score. The C-index measures the rank correlation between the
redicted risk scores and observed event times. To define it, we need
o define concordance. Given two subjects 𝑠𝑖 and 𝑠𝑗 , they are said to
e comparable if their observed event times 𝑡𝑖, 𝑡𝑗 satisfies 𝑡𝑗 > 𝑡𝑖 and
𝑖 = 1; i.e., the subject with lower observed time experienced the event.
omparable subjects 𝑠𝑖, 𝑠𝑗 are said to be concordant if their predicted
isks 𝑟̂𝑖, ̂𝑟𝑗 satisfies 𝑟̂𝑖 > 𝑟̂𝑗 and 𝑡𝑗 > 𝑡𝑖; i.e. the subject with lower risk has
 larger observed survival time (and vice versa). Thus, the C-index is the
atio of the number of concordant pairs to the number of comparable
airs:

C-index =
# concordant pairs
# comparable pairs . (9)

In situations of equal predicted risk scores for a comparable pair,
the number of concordant pairs is incremented by 0.5 instead of 1.

o define the cumulative dynamic AUC, it is necessary to introduce
umulative and dynamic subjects. The former are all subjects that
xperience an event before or at time 𝑡 (all subjects 𝑠𝑖 such that
𝑖 ≤ 𝑡) and the later are subjects whose survival times satisfy 𝑡𝑖 > 𝑡.
ollowing these definitions, the cumulative dynamic AUC measures the
ffectiveness of a fitted survival model to distinguish cumulative from
ynamic subjects:

AUC(𝑡) =
∑𝑛
𝑖=1

∑𝑛
𝑗=1 1(𝑡𝑗 > 𝑡)1(𝑡𝑖 ≤ 𝑡)𝜔𝑖1

(

𝑟̂(𝒙𝑠𝑗 ) ≤ 𝑟̂(𝒙𝑠𝑖 )
)

[
∑𝑛
𝑖=1 1(𝑡𝑖 > 𝑡)] [∑𝑛

𝑖=1 1(𝑡𝑖 ≤ 𝑡)𝜔𝑖
]

Here, 1 is an indicator function, 𝜔 = 1∕𝐺̂(𝑡) is the inverse probability
of censoring weights (IPCW) estimated from the Kaplan–Meier estimate
of the censoring survival function (i.e Kaplan–Meier formula applied to
censored times in which censored times are treated as failure times and
vice versa), 𝐺̂(𝑡), defined by
̂ (𝑡) =

∏

{𝑖|𝑡𝑖<𝑡}
1 − 𝑛𝑖

|𝑅𝑖|
, (10)

where 𝑛𝑖 is the number of subjects that fail at time 𝑡𝑖 and 𝑅𝑖 is the risk
et defined in Eq. (6). The function 𝑟̂(𝒙) is the model’s predicted risk
6 
score for a subject with covariate 𝒙. For an ordinary Cox regression,
it is estimated by 𝑟̂(𝒙) = 𝒙 ⋅ 𝜷 while for a gradient boosting ensemble

odel (as in the case of this study), it is estimated by 𝑟̂(𝒙) = 𝑓 (𝒙) where
𝑓 is as defined in Eq. (8). To summarize this metric, its mean value over
a time range 𝑡 ∈ [𝑎, 𝑏] is considered:

AUC(𝑎, 𝑏) = 1
𝑆̂(𝑎) − 𝑆̂(𝑏) ∫

𝑏

𝑎
AUC(𝑡) 𝑑𝑆̂(𝑡) (11)

where 𝑆̂(𝑡) is the estimated survival function. As for the time-dependent
Brier score, it measures the mean squared error of survival states at time
𝑡:

BS(𝑡) = 1
𝑛

𝑛
∑

𝑖=1

⎡

⎢

⎢

⎣

1(𝑡𝑖 ≤ 𝑡 ∧ 𝛿𝑖 = 1)
(

0 − 𝜋̂(𝑡|𝒙𝑠𝑖 )
)2

𝐺̂(𝑡𝑖)
+ 1(𝑡𝑖 > 𝑡)

(

1 − 𝜋̂(𝑡|𝒙𝑠𝑖 )
)2

𝐺̂(𝑡)

⎤

⎥

⎥

⎦

where 𝜋̂(𝑡|𝒙) is the model’s predicted probability of remaining event-
ree up to time 𝑡 for a given covariate (i.e., 𝑆̂(𝑡) for a subject or
ample with covariate 𝒙); and 𝐺̂(𝑡) is the Kaplan–Meier estimate of
he censoring survival function given by Eq. (10). The corresponding

integrated Brier score calculated in the time interval 𝑡 ∈ [𝑎, 𝑏] is given
by

IBS(𝑎, 𝑏) = ∫

𝑏

𝑎
BS(𝑡) 𝑑 𝑤(𝑡); 𝑤(𝑡) = 𝑡∕𝑏. (12)

The scikit-survival implementation of all these metrics was considered
and further information can be found in the library documentation. To
the best of our knowledge, there are no standardized benchmarks for
the values of each of the metrics in the literature and thresholds are
treated case-by-case based on the nature of the problem under consid-
eration. Moreover, the literature reviewed in this study (see [15,22,24])
has reported ≥ 0.65 for C-index/cumulative dynamic AUC; and ≤ 0.25
for integrated Brier score.

3.4. Data modeling

In this study, two groups of features were used as covariates for
he Cox PH models. The first group was extracted from the charge
oltage curves and the second from the discharge voltage curves. The
wo groups were engineered from the first 𝑛 cycles of the corresponding

profile, where the integer 𝑛 ∈ [2, 100] is chosen via cross-validation. The
choice of this cycle number interval was motivated by the notion of
using the minimum cycle data possible for modeling. Information from
these curves was extracted via path signatures. This extraction involves
creating a two-dimensional path 𝑋𝑡 = {𝑡, 𝑉 (𝑡)} where 𝑡 (in minutes)
and 𝑉 (𝑡) are the time and voltage values respectively. Signatures up
o depth 𝑘 were then extracted from this path using the iisignature
ython library [28]; see the Methods section for the mathematical

description and properties of the signature transform. The signature
depth, 𝑘 ∈ {2, 3, 4} was tuned to balance between model accuracy
and computational complexity. The higher the value of 𝑘, the more
information is derived from the voltage–time profile, however, the
higher the feature space dimension and thus the more complex the
resulting model. In particular,

Sig𝑘◦𝑋𝑖
𝑡 ∶=

(

𝑆1, 𝑆2, 𝑆1,1, 𝑆1,2, 𝑆2,1,… , 𝑆𝑖1 ,…,𝑖𝑘
)

are the truncated signatures of depth 𝑘 of a time–voltage path of
cycle 𝑖 corresponding to a given cell. The matrix of signatures of the
ime–voltage path was then calculated for the first 𝑛 cycles resulting in

Sig𝑘◦𝑋1∶𝑛
𝑡 ∶=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑆1
1 𝑆2

1 𝑆1,1
1 𝑆1,2

1 𝑆2,1
1 … 𝑆 𝑖1 ,…,𝑖𝑘

1

𝑆1
2 𝑆2

2 𝑆1,1
2 𝑆1,2

2 𝑆2,1
2 … 𝑆 𝑖1 ,…,𝑖𝑘

2

𝑆1
3 𝑆2

3 𝑆1,1
3 𝑆1,2

3 𝑆2,1
3 … 𝑆 𝑖1 ,…,𝑖𝑘

3

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑆1
𝑛 𝑆2

𝑛 𝑆1,1
𝑛 𝑆1,2

𝑛 𝑆2,1
𝑛 … 𝑆 𝑖1 ,…,𝑖𝑘

𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

∈ R𝑛×2(2𝑘−1).

(13)
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Table 2
Description of the proposed survival models considered in this study. Predicted survival
probability is denoted as 𝑆̂(𝑡) and cumulative hazard function as 𝐻̂(𝑡), which are the
estimates of 𝑆(𝑡) (given in Eq. (3)) and 𝐻(𝑡) (given in Eq. (4)) respectively.

Model name Model input What is predicted

Charge model
Charge voltage profiles of the first
𝑛 cycles were used to extract
features in Eq. (14) for each cell.

𝑆̂(𝑡) and 𝐻̂(𝑡)

Discharge model
CC discharge voltage profiles of the
first 𝑛 cycles were used to extract
features in Eq. (14) for each cell.

𝑆̂(𝑡) and 𝐻̂(𝑡)

Then, a path 𝑃 𝑐 = {𝑖, (Sig𝑘◦𝑋1∶𝑛
𝑡 )𝑐} consisting of cycles 𝑖 ∈ [1, 𝑛] as the

first component and column 𝑐 of the matrix Sig𝑘◦𝑋1∶𝑛
𝑡 as the second

component was formed. Finally, the truncated signatures of 𝑃 𝑐 were
calculated up to depth 𝑘 for each column 𝑐, and the resulting vectors

ere stacked horizontally forming a single vector for each cell. Thus
for a cell, its corresponding stacked row feature vector is given by

𝒇 cell ∶=
(

Sig𝑘◦𝑃 1, Sig𝑘◦𝑃 2, Sig𝑘◦𝑃 3,… , Sig𝑘◦𝑃 2(2𝑘−1)
)

∈ R4(2𝑘−1)2 ,

(14)

where each of Sig𝑘◦𝑃 𝑐 has exactly 2(2𝑘 − 1) elements.
The target for survival analysis is a structured array in which each

lement is the pair (𝑇 , 𝛿) where 𝑇 and 𝛿 are the EOL and the binary
andom variable defined in Eq. (1) respectively. Thus, the target vector
of all 362 cells considered in this research is given by

𝒚 ∶=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

(𝑇1, 𝛿1)
(𝑇2, 𝛿2)
(𝑇3, 𝛿3)

⋮
(𝑇362, 𝛿362)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

3.5. Model training

As described in Section 3.3, the model of choice is the gradient
oosting implementation of the Cox PH model. Two models were
roposed based on whether they use features extracted from charge or
ischarge data regime: the charge, and discharge models; see Table 2 for
he summary of each model description. The charge model was trained
sing the features extracted from the charge voltage profiles of the first
cycles for each cell. On the other hand, the discharge model was built
n top of features engineered from the CC discharge voltage.

The rationale behind these proposed models is as follows. When
here is data that captures the protocol-to-protocol or cycling conditions
ariabilities, the charge model can be built to predict the survival
nd hazard functions of cells. On the other hand, when the available
ata captures the cell-to-cell variability (a situation where all cells are
ycled identically to capture the intrinsic properties of cells), then the
ischarge model will be preferred. Thus, these two modeling options
ere proposed to handle the two well-known cycling options and to

how their robustness (to different data regimes) and versatility.
For the two models, the 80%–20% train–test split strategy was

adopted, and hyperparameter tuning was achieved via a grid search
using the C-index as the scoring metric. The train–test splitting was
one in a way that each batch maintains the split ratio in the train
nd test set to ensure unbiased representation. Each model was trained
nd evaluated across 100 train–test splits (each split was randomly
enerated). This ensures that accurate and representative performance
etrics are obtained for each model. Performance metrics on the test

et were estimated using the three metrics defined in Eqs. (9), (11) and
(12).
7 
Table 3
Performance metrics of the charge and discharge models on the test set. The mean
(𝑥̄) and standard deviation (𝜎) of the metrics were calculated across 100 train–test
splits. Both the cumulative dynamic AUC and integrated Brier score were calculated
for 𝑡 ∈ [500, 1000]. For both C-index and cumulative dynamic AUC (both in the range
[0, 1]), the higher they are the better the model while the reverse is the case for the
integrated Brier score.

Model C-index Cumulative
dynamic AUC

Integrated
Brier score

𝑥̄ 𝜎 𝑥̄ 𝜎 𝑥̄ 𝜎

Charge 0.7944 0.0281 0.9015 0.0269 0.1122 0.0163
Discharge 0.8098 0.0302 0.9149 0.0248 0.1046 0.0152

4. Results and discussion

4.1. Choosing the signature depth and number of cycles of data for modeling

Central to this study is the choice of the number of cycles of data re-
uired to achieve accurate models. To accomplish this, 50 cycles worth
f data was first fixed for both the charge and discharge models to

choose the right value of signature depth 𝑘. As discussed in Section 3.4,
𝑘 ∈ {2, 3, 4} was considered and the cross-validated results (using the C-
index) on the train data are presented in Fig. 4(a). The C-index in both
charge and discharge models significantly increases as 𝑘 rises from 2 to
3, however, the difference at 𝑘 = 3 and 𝑘 = 4 is less significant. While
this trend may not apply consistently for 𝑘 > 4, 𝑘 = 3 was chosen for
signature depth in extracting features from charge and discharge data
regimes.

As for choosing the number of cycles 𝑛 of data for modeling, integer
values 𝑛 ∈ [2, 100] were considered. Features under each cycle were fed
o the charge and discharge models for cross-validation on the training
ata. The results of this experiment are presented in Fig. 4(b). It was

observed that each model’s performance increases between cycles 2 and
50, but approximately remain the same over the rest of the cycles. In
his regard, the optimal cycle number was chosen to be 50 throughout
he rest of the experiments performed in this study.

Further in this experiment, it was observed that the charge model
appears less sensitive to changes in the selected signature depth and
cycle threshold than the discharge model. This is because inter-cycle
variability in voltage curves is more significant in the discharge data
than in the charge data. As a result, the discharge model is expected to
be more sensitive to both changes in signature depth and cycle number;
this finding also agrees with the results of Section 4.4.

4.2. Model performance

The performance metrics of the charge and discharge models cal-
culated on the test set are given in Table 3. In both models, the
performance across the 100 train–test splits is consistent and this
is evident in the low standard deviation (≈0.03 for all models and
metrics). In addition, both models perform similarly on the test set and
this implies that the modeling methodology employed in this research
is robust to different data regimes used for feature extraction. Thus,
if either cell-to-cell or protocol-to-protocol variabilities need to be
captured, the proposed models can be used for the early prediction of
battery survival probability and hazard rate curves.

Figs. 5 and 6 show the predicted survival and cumulative hazard
functions for the test cells in each batch. For brevity, only results
obtained under the discharge model were presented. It can be seen
that each batch has different survival patterns which suggests there is a
significant variability in degradation across batches. This trend is also
repeated within a batch. The variability in survival can be linked to
differences in cells’ intrinsic properties as survival is taken as a function
of features extracted from the identically discharged voltage curves.
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Fig. 4. Choosing optimal (a) signature depth for feature extraction and (b) number of cycles of data for modeling. For brevity, 50 cycles were fixed to observe the effect of
ignature depth on model performance. Signature depth 𝑘 = 3 was chosen as optimal depth and was used to extract features under different cycle number thresholds to show the

effect of varying cycle numbers on model performance. Lastly, 50 cycles worth of data was chosen as the optimal threshold for all other experiments in this study.
Fig. 5. Predicted survival probabilities for the test data using the discharge model. Survival functions for all cells in each batch ((a)-(i) correspond to batches b1-b8 respectively)
are plotted in a single figure block.
Fig. 6. Predicted cumulative hazards for the test set using the discharge model. Each cumulative hazard is transformed using log (1 + 𝐻̂(𝑡)) to see differences within a batch.
Cumulative hazards for all cells in each batch ((a)-(i) correspond to batches b1-b8 respectively) are plotted in a single figure block.
p
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4.3. Effect of number of training samples on model performance

This section focuses on the effect of varying the number of training
amples on the models’ performances. This experiment is motivated
y two practical reasons: (i) a practical model should improve in
ccuracy as the number of training samples increases; (ii) we want
o investigate how the proposed models perform under small training
amples. For this experiment, we fixed a train–test split (80%–20%),
nd then sampled (without replacement) a given fraction of cells from
he whole training set. These sampled cells were then used to train
he charge and discharge models. The resulting models were evalu-
ted on the fixed test set. We considered sample fractions in the set
0.2, 0.3,… , 1.0}. Each sample fraction was repeated 100 times and the
orresponding metrics were averaged. The results of this investigation
re presented in Fig. 7. As expected, both models’ accuracy improves

(C-index and cumulative dynamic AUC increases while the integrated
 f

8 
Brier score decreases accordingly) as the sample fraction increases. The
roposed models demonstrate robust performance in our experiments

even with limited training data. Specifically, under scenarios with low
sample sizes, the model consistently achieves high accuracy (C-index,
cumulative dynamic AUC, and integrated Brier score of approximately
.72, 0.84, and 0.18 for both models) compared to the highest sample
raction of 1.0 (C-index, cumulative dynamic AUC, and integrated Brier
core of approximately 0.82, 0.93, and 0.10 for both models), indicat-
ng its effectiveness in data-scarce environments. This performance can
e attributed to the quality of features (signatures) extracted from the
harge and discharge regimes.

4.4. Low-cycle prediction experiment

The feature extraction technique introduced in Section 3.4 allows
or the use of different numbers of cycles of data when training models
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Fig. 7. Results of the training sample increment experiment. The charge and discharge models were trained on varying sample fractions from the whole training set and then
validated on a fixed test set. The averaged metric value is presented at each sample fraction for (a) C-index, (b) cumulative dynamic AUC, and (c) integrated Brier score.
Fig. 8. Results of the low-cycle prediction experiments. The charge and discharge models were trained on features extracted from 50 cycles of voltage profiles but validated on
features obtained under different cycle number thresholds. The charge model was observed to be more robust under low-cycle data situations at inference time. The averaged
metric value is presented at each cycle number threshold for (a) C-index, (b) cumulative dynamic AUC, and (c) integrated Brier score.
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and when using trained models for inferences. This is because the
final feature vector of Eq. (14) will always have a fixed length (for a
given signature depth) regardless of the number of rows of the matrix
in Eq. (13). However, as the number of rows of the matrix increases
(i.e. increasing the number of cycles of data used), more information
is expected to be derived from the voltage of a given data region. In
this section, we investigate the performance of the proposed models
when they are trained on the first 50 cycles worth of data but making
redictions with a lower number of cycles of data. This experiment
s applicable in a low-data situation at inference time. Each model
as trained on training data with 50 cycles worth of voltage profiles
nd then evaluated on test data with an increasing number of cycles
integer cycle numbers 𝑛 ∈ [3, 50] were considered). This procedure
as repeated 100 times for each testing cycle using a different random

rain–test split at each repetition. The resulting performance metrics
ere averaged over the considered repetitions.

The results of this experiment are presented in Fig. 8. For the charge
odel, model performance improves steadily in the first 10 cycles but

ecomes less significant over the rest of the cycle numbers. On the
ther hand, the discharge model’s performance rises slightly in the
irst 10 cycles, remains approximately the same between cycles 10 and
0, and eventually increases from cycle 20 until it plateaus at the
0-cycle mark. These results suggest that the charge model shows a
ignificant level of robustness in a low-data prediction situation with
-index and cumulative dynamic AUC climbing over 0.75 in 10 ≤
≤ 30. In contrast, when using low-cycle numbers (𝑛 ≤ 30) in the

ischarge regime, the C-index and cumulative dynamic AUC values are
pproximately 0.5, indicating a limited predictive accuracy in these
ow-cycle scenarios. The reason behind the difference in robustness
s not far-fetched. Cycle-to-cycle variability in voltage curves is more
ronounced in the discharge data region than the charge counterpart,
hus the resulting model is expected to be more sensitive to the cycle
umber drift at inference time.

4.5. Effect of voltage curve sparsity on model performance

In this section, we investigate the impact of data sparsity on the
redictive performance of the proposed models. By data sparsity, we
9 
mean systematically considering only voltage values recorded at every
index step 𝑖 ∈ {1, 2, 3,… , 10}. For instance if 𝑉 = [2.0, 2.5, 3.0, 3.5, 4.0]
nd 𝑖 = 2, the corresponding sparse 𝑉sparse = [2.0, 3.0, 4.0]. Note that the
ase 𝑖 = 1 gives the original voltage curve and this was considered for
enchmark purposes. To obtain more representative results, each case

of 𝑖 was repeated 100 times using a different random train–test split
at each repetition. We considered two cases of sparsity: (i) sparsity at
the training data level, where sparsity was introduced to voltage curves
used for training models, and (ii) sparsity at the test data level, where
sparsity was considered in the voltage curves used for model testing.

The results of this investigation are presented in Fig. 9. In both
sparsity cases, the discharge model was robust to every resulting sparse
voltage curve and its performance was relatively the same compared
o the original voltage curves (when 𝑖 = 1). In contrast to the charge

model, model performance decreases as the degree of voltage curve
sparsity increases, suggesting that the charge model is less robust. The
ifference in sparsity is most likely due to the induced variation in
he voltage curves. Because the charge model used the charge voltage
alues and variations in the charge data region are induced by the
ifferent charging protocols, it will be more sensitive to the distribution
f recorded measurements and value omission. In addition, within
 given charge voltage curve, at least 3 different charging policies
ere employed, and thus more variations are introduced into voltage
alue distributions. However, the discharge model utilized data from
he discharge data region, where variabilities are only induced by the
ntrinsic differences of the cells as the cells were discharged identically.
s a result, the corresponding voltage distribution geometry will be
onserved even in the presence of systematic sparseness. Another factor
hat is likely to contribute to the significant difference in sparsity
obustness is the duration of each data region considered. The CC
ischarge regime takes approximately 15 min for the maximum cycle 50
hile that of the charge takes between 9 to 13 min (see Fig. 1). Given

that data are recorded at the same rate in both regions, more points
re expected to be concentrated at the CC discharge than at the charge
egion, thus resulting in a different degree of sparsity at the same index
tep.
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Fig. 9. Effect of voltage curve sparsity on the proposed models’ performance. Sparsity was introduced at training (a-c) and test (d-f) data levels. It was observed that the discharge
model was more robust to the systematic sparsity introduced at both levels.
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5. Conclusion

A study has been carried out using different battery data regimes
to develop battery survival models. We have proposed battery survival
models which work seamlessly with features extracted from either
the charge or discharge regime. This is outstanding as the models
cater for both protocol-to-protocol differences (using different cycling
conditions) and cell-to-cell variabilities (when cells are cycled iden-
tically). The models are meant to be used for making predictions at
the early life of batteries taking only the first 50 cycles of the voltage
profiles. In addition, the models are robust to small training samples
and decent/accurate predictions can be achieved even at low training
sample rates. When more training data are available, the proposed
models’ performances have been shown to improve steadily. All models
were trained on an HP EliteBook 850 G7 Notebook PC with 32 GiB RAM
and 1.0 TB Disk capacity. Each model training takes approximately
20.78 s (wall-clock time) to run for the dataset considered in this study.

We conducted additional real-life application-driven experiments:
(i) robustness to low-cycle data at prediction time, and (ii) robustness
o data sparsity at both training and inference time. Both proposed
odels show a significant degree of robustness when given less than 50

ycles worth of data at prediction time. In this case, the charge model
howed a more significant robustness. On data sparsity, we carried out
 systematic sub-sampling of voltage values at different degrees both at
raining and test data levels. The discharge model accuracy maintains
ts predictive performance at all sparsity degrees and levels while the
harge model performance decays as the sparsity rate rises. This is an
ndication that the discharge model is preferable for a sparsity-aware
pplication.

The predicted cells’ survival and cumulative hazard functions are
reat tools for battery manufacturers and fleet operators. They can be
sed to adjust the battery warranty and schedule data-informed main-
enance. In terms of future research, other known data regimes such

as the Electrochemical Impedance Spectroscopy (EIS) and Reference
Performance Test (RPT) data could be investigated for potential data
for feature extraction to further show the versatility and robustness of
the proposed methods.

Methods

Introduction to signature method

The signature method is a set of feature extraction strategies for
ultivariate time series data. It takes a continuous, piecewise smooth
10 
path representing the multivariate time series and transforms it into
a sequence of real numbers that encode the area, segmental, and
geometric information of such path over a real interval. The truncated
sequence (of fixed length) of the transform can then be used as features
for any machine learning task such as supervised learning. Its applica-
tion to machine learning problems has been studied extensively. This
includes, among others, sound compression [29], handwriting char-
cter recognition [30], detecting hand-to-face touch with supervised

contrastive learning [31], and early detection of sepsis in patients [32].
More recently, its application in the prediction of battery lifetime
was introduced in [7] where signatures of a two-dimensional path
consisting of the time and the discharge voltage of the CC were used
s features for machine learning models that predict the full capacity
nd IR curves. In light of the success above of the signature method, we
dopted it in this research with an additional layer to capture signature
hanges as a function of cycle number; see Section 3.4 for how the
ignature method was deployed in this research.

After giving high-level information about the signature, we delve
nto its mathematical build-up and structures. We first define a path,
terated integrals and finally present a formal definition of path signa-
ure.

Definition 5.1 (Path). A d-dimensional real-valued path 𝑋𝑡 is a contin-
uous mapping from a real interval [𝑎, 𝑏] ∋ 𝑡 into a 𝑑-dimensional real
space:

𝑋𝑡 = {𝑋1
𝑡 , 𝑋2

𝑡 , 𝑋3
𝑡 ,… , 𝑋𝑑

𝑡 } ∶ [𝑎, 𝑏] ↦ R𝑑 . (15)

Definition 5.2 (Iterated Integral [17]). Suppose 𝑋𝑡 is a real
-dimensional, continuous piecewise smooth path defined on [𝑎, 𝑏] as
iven in Eq. (15). Then the 𝑘th level iterated integral of 𝑋𝑡 is given

by
𝑆(𝑋𝑡)

𝑖𝑖 ,…,𝑖𝑘
𝑎,𝑡 ∶= ∫𝑎<𝑡𝑘<𝑡

⋯∫𝑎<𝑡1<𝑡2
𝑑 𝑋𝑖1

𝑡1
… 𝑑 𝑋𝑖𝑘

𝑡𝑘
, (16)

where 𝑖1,… , 𝑖𝑘 ∈ {1,… , 𝑑}.

Definition 5.3 (Signature [17]). The path signature of 𝑋𝑡 over [𝑎, 𝑏]
is defined as an infinite sequence of all possible calculated iterated
integrals defined in Eq. (16):

Sig◦𝑋𝑡 ∶=
(

1, 𝑆(𝑋𝑡)1𝑎,𝑏, 𝑆(𝑋𝑡)2𝑎,𝑏, 𝑆(𝑋𝑡)
1,1
𝑎,𝑏 , 𝑆(𝑋𝑡)

1,2
𝑎,𝑏 ,… , 𝑆(𝑋𝑡)

𝑖1 ,…,𝑖𝑘
𝑎,𝑏 ,…

)

.

If the sequence is truncated at depth 𝑘 (as in the case of feature
extraction for machine learning task), then we obtain a truncated
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signature of 𝑋𝑡 (of fixed length) given by

Sig𝑘◦𝑋𝑡 ∶=
(

1, 𝑆(𝑋𝑡)1𝑎,𝑏, 𝑆(𝑋𝑡)2𝑎,𝑏, 𝑆(𝑋𝑡)
1,1
𝑎,𝑏 , 𝑆(𝑋𝑡)

1,2
𝑎,𝑏 ,… , 𝑆(𝑋𝑡)

𝑖1 ,…,𝑖𝑘
𝑎,𝑏

)

.

Usually, the first value of the sequence Sig𝑘◦𝑋𝑡 is omitted during
feature extraction as this will be constant for all samples. An example
of the signature of a two-dimensional continuous piecewise path 𝑋𝑡 =
{𝑓 (𝑡), 𝑔(𝑡)} calculated up to depth 𝑘 = 2 is

Sig2◦𝑋𝑡 =
(

1,∫

𝑏

𝑎
𝑓 ′ 𝑑 𝑡,∫

𝑏

𝑎
𝑔′ 𝑑 𝑡,∫

𝑏

𝑎

[

∫

𝑡2

𝑎
𝑓 ′(𝑡1) 𝑑 𝑡1

]

𝑓 ′(𝑡2)𝑑 𝑡2,

∫

𝑏

𝑎

[

∫

𝑡2

𝑎
𝑓 ′(𝑡1) 𝑑 𝑡1

]

𝑔′(𝑡2) 𝑑 𝑡2,

∫

𝑏

𝑎

[

∫

𝑡2

𝑎
𝑔′(𝑡1) 𝑑 𝑡1

]

𝑓 ′(𝑡2) 𝑑 𝑡2,∫
𝑏

𝑎

[

∫

𝑡2

𝑎
𝑔′(𝑡1)𝑑 𝑡1

]

𝑔′(𝑡2)𝑑 𝑡2
)

.

Properties of signature transform

The path signature has some properties that make it natural to ex-
ract information from a time series data that can be carved into a path.
hese properties also enable signatures to be used for various machine-

learning tasks. We state and discuss three of these properties in this
section which most relate to feature extraction and machine learning;
see [17,33] for the details of other properties. The first property focuses
n the uniqueness of the signature of a path. This essentially implies
hat there is no loss of information from a path when its signature is

calculated as its encoding.

Proposition 5.1 (Uniqueness of Path Signature [17,34]). Suppose 𝑋𝑡 is a
real 𝑑-dimensional, continuous piecewise smooth path defined on [𝑎, 𝑏] as
iven in Eq. (15). Then Sig◦𝑋𝑡 uniquely characterizes 𝑋𝑡 up to translation.

Next, a function of the path 𝑋𝑡 can be approximated by a linear
unction of its signature. This is called the universal nonlinearity prop-
rty of signature [33,35]. This property is applicable in a supervised

learning task. For a machine learning problem of predicting a label 𝑦
by learning a function 𝑓 of the path 𝑋𝑡 (i.e., 𝑓 (𝑋𝑡) = 𝑦), the universal
nonlinearity implies that we can instead learn a linear function 𝐿 of the
signature of 𝑋𝑡 without losing information about 𝑓 . This is powerful as
𝑓 might be highly nonlinear and 𝑋𝑡 might also be highly dimensional
with a large number of data points.

Proposition 5.2 (Universal Nonlinearity [33,35]). Suppose 𝑋𝑡 is a real
-dimensional, continuous piecewise smooth path defined on [𝑎, 𝑏] as given
n Eq. (15). Let 𝑓 be a real-valued continuous function defined on all 𝑋𝑡
and let  be a compact set of all 𝑋𝑡. If the translation invariance is removed
for all 𝑋𝑡 ∈ , then there exists a linear function 𝐿 such that for all 𝑋𝑡 ∈ ,
|

|

|

𝑓 (𝑋𝑡) − 𝐿(Sig◦𝑋𝑡)
|

|

|

< 𝜖 , 𝜖 > 0.

Lastly, the signature is invariant to time reparameterizations and
ranslation. This property is a direct consequence of the signature being

a sequence of iterated path integrals. Invariance to time reparametriza-
tion is important when encoding information about the order in which
a given measured data profile arrives at a point without caring about
when it precisely arrives at such a point. Thus, if one desires features
that are both invariant to time parameterization and translation of the
underlying path, then signature transform is a natural choice.

Proposition 5.3 (Time Reparameterization Invariance [17,36]). Suppose
𝑡 is a real 𝑑-dimensional, continuous piecewise smooth path defined on
𝑎, 𝑏] as given in Eq. (15). Let 𝜓 ∶ [𝑎, 𝑏] ↦ [𝑎, 𝑏] be a reparametrization (a
ontinuously differentiable, non-decreasing, and subjective function). Then
ig◦𝑋𝑡 = Sig◦𝑋𝜓(𝑡).
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