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Abstract
This paper addresses the problem of performing aggressive manoeuvres by using multirotor vehicles that include passing
through any specific point within the full state space of the vehicle. To this end, the design of optimal trajectories considers
the dynamical model of the vehicles by numerically integrating it backwards in time, in the manifold where the dynamics
evolve, and dividing the manoeuvres into three distinct phases to accommodate any combination of initial, desired, and final
states. In the first phase, the vehicles fly from an initial to a launch configuration to achieve the necessary momenta to reach
the desired one in the second phase. To ensure the feasibility of executing the second phase, the relation between snap and
body torques is exploited by commanding the vehicles to track geodesic curves on SO(3) during the backwards integration.
The vehicles are then driven to a final configuration in the third phase. Most existing solutions to execute aggressive and
precise manoeuvres with these rotorcraft focus either on the attitude control problem, leaving the position in open-loop, or
use different controllers for different sections of the manoeuvre. In this work, a single tracking controller is considered to
validate the proposed trajectory planning strategy in a realistic simulation environment, which involves the PX4 firmware,
and in a controlled experimental setup. The results demonstrate that accurate tracking of the designed trajectories enables
the vehicles to perform 360-degree loops at great speed and manoeuvres that facilitate the exchange of a parcel between two
multirotor vehicles during flight.

Keywords Trajectory planning · Trajectory tracking ·Geometric numerical integration ·Aggressive manoeuvres ·Multirotors

1 Introduction

Autonomous flight of multirotors has been a subject of sig-
nificant research – for the mechanical simplicity, compact
size, high manoeuvrability, and the ability of these vehicles
to carry a diverse set of sensors and a considerable payload.
Given the features of these vehicles, relevant applications,
namely disaster assessment and assistance, tracking of fast
moving targets, and efficient package delivery, benefit from
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their use as long as agile motion and high-speed naviga-
tion are available. To address the scientific and technological
challenges common to these applications, solid estimation,
control, and planning strategies are required. The focus of
this paper is on designing dynamically feasible and aggres-
sive trajectories – which may involve fast changes in linear
acceleration and its time derivatives – such that the vehicles
reach a desired state (position, orientation, linear and angu-
lar velocity) in full state space, and devising controllers that
enable the accurate tracking of those trajectories.

State-of-the-art methods for optimal trajectory planning
leverage the differential flatness property [1] of the multiro-
tor dynamics, which allows to formulate convex optimisation
problems that include constraints on position, velocity, accel-
eration, and higher order time derivatives [2–6]. These
methods have been successfully employed to generate poly-
nomial trajectories that enable the vehicle to fly through
narrow gaps and perch on inclined surfaces, under the
assumption that an integrator model describes the multirotor
dynamics. Even though the simplicity of these strategies is
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whatmakes themmost attractive, to perform large excursions
from the hover condition with high accuracy, a more expres-
sive model of the vehicle dynamics should be considered.
Approaches rooted in trajectory optimisation on Riemannian
manifolds to plan feasible trajectories on both translation and
rotation have been proposed [7], however, they require solv-
ing non-convex problems.

Recent years have also witnessed active research on plan-
ning time-optimal trajectories so that multirotor vehicles
are able to fly seamlessly through multiple waypoints in
minimum time. In [8], the authors depart from smooth,
polynomial trajectories and present a solution to exploit the
full actuator potential. Feasible, time-optimal trajectories are
designed in [9] using a machine learning approach to refine
the execution speed of pre-defined polynomial trajectories.
These planning strategies, though, in addition to being com-
putationally demanding, were not devised with the main
goal of enabling multirotors to execute precise manoeuvres
in full state space. To enable these vehicles to fly through
narrow gaps under unknown disturbances, an efficient simul-
taneous planning and execution strategy has been proposed
in [10]. Time-optimal piece-wise cubic functions serve as
reference trajectories to be tracked, acceleration references
are non-differentiable nonetheless. Discontinuities in the first
time derivative of acceleration require the vehicle to be able
to instantly change its angular velocity, which may not be
suitable for applications in which high accuracy is nece-
ssary.

Other approaches rely on search-based algorithms to plan
trajectories, often to circumvent obstacles in the environment
by using motion primitives [11, 12]. These primitives are
also used to search over the state space in [13, 14], however,
search-basedmethods are usually computationally expensive
and generally do not consider the rotational dynamics of the
vehicles to perform precise attitude manoeuvres. Sampling-
based kinodynamic methods [15] seek to identify feasible
motions in the continuous solution space by drawing dis-
crete samples and building connections between them, and
they have proved to be effective at planning optimal and
feasible paths for multirotors in 3D space [16, 17]. A kin-
odynamic sampling-based method that uses minimum-time
motion primitives to guide the exploration of the solution
space has been presented in [18] and it enables multirotor
vehicles to fly at very high speeds. This class of methods,
nevertheless, is not suitable for planning manoeuvres in full
state space, as exploring the space of feasible solutions is
impractical for dynamical systems such as a multirotor aerial
vehicle. Model predictive control (MPC) schemes allow one
to plan simultaneously state space and control trajectories for
multirotor vehicles and enable them to perform aggressive
manoeuvres [19, 20]. However, designing stabilising MPC
controllers with a large basin of attraction is not straightfor-
ward [21, 22].

To perform autonomously manoeuvres in full state space
with these flying platforms, various strategies propose dif-
ferent controllers for each section of the manoeuvre [23, 24],
due to the cascaded dynamics and underactuated nature of
the vehicles. Most often the rotational control loop stabilises
the attitude dynamics, whereas position and linear velocity
control are disregarded. Given the objective of driving mul-
tirotors to a well-defined state, both control loops should be
considered throughout the manoeuvres.

In this paper, a strategy to plan demanding manoeuvres
in full state space is presented, resorting to optimisation-
based methods and exploiting the differential flatness of the
multirotor dynamics. The manoeuvres are divided into three
phases to enable vehicles to pass through initial, desired,
and final configurations in state space with accuracy and
precision. To plan the second phase, the vehicle dynamics
are numerically integrated backwards in time, starting from
the desired configuration, to find a launch configuration,
which enables multirotors to achieve the momenta required
to reach the desired one. By letting the attitude subsystem
of the vehicle trace out geodesic curves on the 3D rotation
matrices manifold SO(3) during the backwards integration,
a launch configuration encoding the information necessary
to plan minimum snap trajectories [2] for the second phase
that require small body torques to be tracked by multirotor
vehicles is determined. In comparison with other approaches
that also propose designing trajectories by first integrating
the vehicle dynamics backwards in time [23], the findings
reported in this work show that taking into account the rela-
tion between snap (the fourth derivative of position) and body
torques and the geometry of SO(3) leads to multirotor vehi-
cles reaching desired configurations in full state space with
higher accuracy.

To avoid the singularities associated with local coordi-
nates of SO(3), such as Euler angles, and the ambiguities
arising from the representation of the orientation of a rigid-
body using unit quaternions [25], the orientation dynamics
are expressed in SO(3). An approach to approximating the
solution of differential equations on SO(3) is to embed the
system into R

3×3 and use numerical integration algorithms
developed for Euclidean space, while considering the small-
est time step possible so as to mitigate the inaccuracies that
result from not constraining the trajectories of the system to
evolve on SO(3). Projecting the approximated solution back
to the manifold after each integration step is usually what
follows – although this may introduce additional errors in
accuracy. Another approach is to propagate the orientation
dynamics using discrete geometric integration algorithms so
that not only the structure of the underlying manifold is pre-
served, but also the computation of approximated solutions
to arbitrary accuracy is possible [26, 27].

With the trajectory planning and control strategy devel-
oped, a multirotor is swung at great speed into a loop and
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manoeuvres that require the close interaction of two vehi-
cles and a tight coordination of their position and attitude
are performed. The motivation behind executing the lat-
ter manoeuvres arises from the preliminary version of this
work [28]. In-flight parcel relaymanoeuvres have been intro-
duced therein to overcome the stringent limitations on the
range and endurance of a single vehicle and, thus, enable an
effective package delivery.

The main contributions of this paper are: i) a trajectory
planning strategy that enables multirotors to perform pre-
cise manoeuvres, i.e. the vehicles are driven to a desired
configuration in full state space, and that takes into account
their dynamical model and exploits the relation between snap
and body torques; and ii) its validation by means of realistic
simulations that consider the PX4 autopilot software in-the-
loop [29] and experimental trials. Relative to the preliminary
version of this work, this paper considers the intrinsic geom-
etry of the manifold where multirotor orientation dynamics
evolve to numerically integrate them, significantly extends
the simulation results previously obtained, and presents
experimental results.

This paper is structured as follows. Section 2 first provides
some preliminaries on the geometry of SO(3), then details
how to numerically integrate differential equations on this
manifold, using the Crouch-Grossmann method to ensure
that the structure of the underlying manifold is preserved
and the dynamics are accurately integrated; in Section 3, the
model of the multirotor is presented; a planning strategy for
aggressive, precisemanoeuvres is proposed inSection4;with
the objective of validating the generated trajectories, Sec-
tion 5 presents a tracking controller that takes into accounts
first-order drag terms; Section 6, the analysis of simula-
tion and experimental results of aggressive manoeuvres; and,
lastly, some concluding remarks are offered in Section 7.

2 Preliminaries

2.1 Notation

Throughout this work, the set of real numbers is denoted by
R, the subset of positive real numbers by R

+, and the set of
n × m matrices with real entries by R

n×m . The symbol Rn

represents the real coordinate space of dimension n, equipped
with the Euclidean norm, ‖x‖ ..= √

x�x, for all x ∈ R
n ,

while S
n ..= {x ∈ R

n+1 | ‖x‖ = 1}. The n × n identity
matrix is denoted by In , and an n × m matrix of zeros by
0n×m . The map diag : Rn → R

n×n given a vector u provides
a square diagonal matrix with the elements of u on the main
diagonal. Finally, S(·) is an isomorphism between R

3 and
the space of 3 × 3 skew-symmetric matrices, so(3), defined
by the condition S(a)b = a × b for all a, b ∈ R

3, and
S−1 : so(3) → R

3 denotes the inverse map.

2.2 Geometry and Numerical Integration in SO(3)

The special orthogonal group of degree 3, denoted SO(3),
is an algebraic subgroup of the group of invertible 3 × 3
matrices GL(3,R) and is defined as

SO(3) ..=
{
R ∈ R

3×3 | R�R = I, det(R) = 1
}

. (1)

This group is suited to representing rotations in R
3 and,

for that reason, SO(3) is often referred to as the group of
rotations.

2.2.1 Geometry

Some preliminaries regarding the geometry of SO(3) are
hereby presented. To formally discuss the properties of this
group, key concepts related to Riemannian geometry are
necessary. This section is self-contained, however, those
interested in reading further on the topics of this theory
mentioned in the following paragraphs are referred to [30]
and [31].

The group of rotations, in addition to being algebraic, is
a connected and compact Lie group. Hence, SO(3) is a Rie-
mannian manifold. At a rotation matrix R, the tangent space
is denoted by TRSO(3). The tangent space at the identity
corresponds to the set of 3 × 3 skew-symmetric matrices,

so(3) � TISO(3) =
{
� ∈ R

3×3 | � = −��}
, (2)

and endowed with the commutator bracket [�1,�2] =
�1�2 − �2�1 becomes the Lie algebra of SO(3). The tan-
gent space at a given rotation R is obtained from so(3) as
follows,

s̃o(3) � TRSO(3)=R so(3)=
{
R� ∈ R

3×3 | � = −��}
,

(3)

and it also becomes a Lie algebra under the commutator
bracket. As the linear map R : so(3) → s̃o(3) is invertible
and preserves brackets, that is, R[�1,�2] = [R�1,R�2],
for all �1,�2 ∈ so(3), so(3) and s̃o(3) are isomorphic as
Lie algebras [32].

At every point of SO(3), the tangent space TRSO(3)
is equipped with a positive-definite inner product, gR :
TRSO(3) × TRSO(3) → R that varies smoothly with R.
Given the definition of SO(3) in Eq. 1, it follows that the
Frobenius inner product is the natural metric,

gR (R�1,R�2) = tr
(
��

1 R
�R�2

)
= tr

(
��

1 �2

)
, (4)
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and, as a result, the norm on TRSO(3) is given by the Frobe-
nius norm,

‖R�‖2R = gR (R�,R�) = tr
(
���

)
= ‖�‖2F . (5)

Considering the problem at hand and the solution pro-
posed hereafter, one important concept of Riemannian geom-
etry is geodesic curves. A geodesic is a parameterised curve
on the manifold whose acceleration in the tangential compo-
nent is zero. They correspond to paths that would be traced
out by a being constrained to remain on the manifold mov-
ing continuously forward with constant velocity. Once the
being is given an initial velocity, its motion is completely
determined by the intrinsic geometry of the manifold. In
fact, given any v ∈ TRSO(3), there exists a unique geodesic
γ (t) : I → SO(3) such that γ (0) = R and γ ′(0) = v. For
SO(3) being a compact Riemannian manifold, by the Hopf-
Rinow theorem, the domain I of γ is the entire real line,
I ..= R.

At each rotation R, all geodesics starting at R can be col-
lected into a single mapping called the exponential map.
Let v ∈ TRSO(3) and γ v : R → SO(3) be the geodesic
starting at R with velocity v. The exponential map is a
locally defined mapping that allows one to go from a tan-
gent space to the manifold. It is defined as the function such
that expR(v) = γ v(1), for all v ∈ TRSO(3). Provided this
definition of exponential map, the geodesic curve γ (t) that
passes through R with velocity R� ∈ TRSO(3) at t = 0 is
expressed as γ : t �→ expR(tR�). The exponential map of
SO(3) is formally defined as

expR : TRSO(3) → SO(3),

R� �→ R exp(�),
(6)

where exp : so(3) → SO(3) corresponds to the exponential
map at the identity and is defined as thematrix exponential of
�, i.e. exp(�) � expm(�) = ∑∞

k=0(1/k!)�k . In the sequel,
let ω ∈ R

3 and exp (ω) � exp (S(ω)) ∈ SO(3). For ω = 0,
exp (ω) = I; for nonzero ω, exp (ω) can be computed using
a closed-form expression that is known as the Rodrigues’
formula [33],

exp (ω) = I + sin (‖ω‖)
‖ω‖ S(ω) +

sin2
( ‖ω‖

2

)

‖ω‖2
2

S2(ω). (7)

The logarithmic map of SO(3) corresponds to the inverse
of the exponential map and is defined as

logR : SO(3) → TRSO(3),

Q �→ R log
(
R�Q

)
,

(8)

where log : SO(3) → so(3) denotes the the logarithmic map
at the identity. Todefine it, note that any rotationmatrix canbe
expressed asR = exp

(
θ n̂

)
, with n̂ ∈ S

2 and θ ∈ [−π, π ]. It
follows from Eq. 7 that the magnitude of the rotation θ about
the rotation axis n̂ can be obtained from the trace of R [33],

cos θ = tr(R) − 1

2
, (9)

Since a rotation R through angle π about n̂ can also be
represented as a rotation through −π about the oppositely-
oriented axis −n̂, the mapping θ �→ exp

(
θ n̂

)
is not one-to-

one. Consequently, logR � S(θ n̂) is not well-defined for
|θ | = π , as there exist two vectors of length π that represent
the same rotation. Restricting θ to the interval [0, π), the
matrix logarithm is uniquely defined,

logR =
{
0 if θ = 0,

θ
2 sin θ

(
R − R�)

if θ ∈ (0, π).
(10)

Having defined the exponential and logarithmic maps of
SO(3), a geodesic curve γ (t) fromR1 toR2 can be expressed
as

γ : [0, 1] → SO(3),

t �→ R1 exp
(
t log

(
R�
1 R2

))
.

(11)

It is plain to see that γ (0) = R1 and γ (1) = R2.
Computing the derivative of Eq. 11, one can verify that
γ ′(0) = γ (0) log

(
R�
1 R2

) = R1 log
(
R�
1 R2

) ∈ TR1SO(3)
and expR1

(
R1 log

(
R�
1 R2

)) = R2. In addition, one can con-
firm that the length of the velocity vector remains constant
along the curve as

∥∥γ ′(t)
∥∥

γ (t) =
∥∥∥log

(
R�
1 R2

)∥∥∥
F
.

2.2.2 Numerical Integration

Differential equations on SO(3) can be written as [34],

Ṙ = R�(t,R), R(0) = R0 ∈ SO(3), (12)

where �(t,R) ∈ so(3) and R ∈ SO(3), for all t ≥ 0.
Approximating, or numerically integrating, the solution of
Eq. 12 using numerical algorithms which consider that R
lives in Euclidean space do not ensure that the approxi-
mated solution Rk+1 belongs to SO(3), even if Rk ∈ SO(3).
Numerical integration methods that preserve the underlying
structure of the group of rotations should be considered [26].

It is known that the solution to the initial value problem
Eq. 12 is formally given by [27, Lemma 3.1],

R(t) = R0 exp(�(t)), (13)
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for t ≥ 0 and � : R → so(3).
In this work, the Crouch-Grossman (CG) method [35] is

employed to respect the geometry of SO(3) and ensure the
accurate integration of the dynamics. GivenRk , which corre-
sponds to the value ofR at time t = tk , the approximation of
the solution of Eq. 12 at time tk+1 = tk +h, with h ∈ R\ {0}
is provided by

Rk+1 = Rk

s∏
i=1

exp
(
hbi�

i
)
. (14)

The intermediate updates for i = 1, 2, . . . , s are computed
by the following expressions,

�i = �
(
tk + ci h,Ri

)
, (15)

Ri = Rk

i−1∏
j=1

exp
(
hai j�

j
)
. (16)

The coefficients [ai j ] in Eq. 16; [bi ] in Eq. 14; and [ci ]
in Eq. 15 can be found for the CG method of order three
in [35], as for methods of higher order, the reader is referred
to [36]. Note that the number of stages s does not necessarily
correspond to the order of the CG method considered.

The CG method guarantees that the approximation Rk+1

lies on SO(3), and using Eq. 7 to determine the matrix
exponential is computationally inexpensive. Multiplying
exponential matrices comes with a cost, though, for the addi-
tional computations requiredwhen compared to conventional
Runge-Kutta methods developed for Euclidean space.

3 Quadrotor Model

LetW denote the world reference frame, which corresponds
to the canonical basis of R

3, W = {ei }i=1,2,3 and B =
{xB, yB, zB}, the body frame attached to the vehicle with
origin at the centre of mass. The axes xB and yB are orthog-
onal and lie in plane defined by the centre of the multiple
rotors; zB is perpendicular to this plane and points upwards,
in the direction of total thrust.

The configuration of the multirotor is defined by the
location of the centre of mass, p = [x y z]� and its ori-
entation with respect to W, represented by a rotation matrix
R ∈ SO(3) from B toW. Let the linear velocity of the centre
of mass inW be denoted by v = [vx vy vz]� and the angular
velocity ofB relative toW, expressed inB, byω = [p q r ]�.

As the multirotor moves through the air, it is subject to
aerodynamic forces Fa and torques τ a , which depend on
airspeed, i.e. the velocity of the vehicle with respect to the
surrounding air mass. Let va ..= v − vw denote this velocity

vector; vw corresponds to the wind velocity relative toW. In
this work, it is considered that vw = 0.

Finally, the kinematics and dynamics of the system are
described by the following differential equations,

ṗ = v, (17)

mv̇ = −mge3 + TRe3 + RFa, (18)

Ṙ = RS(ω), (19)

Jω̇ + S(ω)Jω = τ + τ a, (20)

where the control input to the system is comprised of the
total thrust T ∈ R

+, and the body torques τ ∈ R
3, produced

by the four rotors. The constants m ∈ R
+ and J ∈ R

3×3

represent the mass and the inertia tensor (about the frame B)
of the multirotor, respectively; and g = 9.8 m s−2 denotes
the acceleration due to gravity. The term S(ω)Jω in Eq. 20
is referred to as the Coriolis term in this work.

3.1 Aerodynamic Forces and Torques

To derive expressions that capture the aerodynamic effects
acting upon the multirotor when it passes through the sur-
rounding air mass, the simplifying assumption that the
vehicle is equipped with rigid propellers has been made.

Themodel proposed in [37] for the aerodynamic forcesFa

and torques τ a to which a multirotor is subject is considered.
In the xy-plane of B, the vehicle experiences a drag force,
referred to as rotor dragorH-force in the helicopter literature,
that is a function of airspeed. For quasi-stationary flight, that
is, for small va , rotor drag can be expressed linearly in terms
of airspeed,

Fa = −DR�va . (21)

The matrix D = diag(dx , dy, dz), with dx and dy non-
negative and dz = 0, is constant and contains the rotor drag
coefficients along its diagonal. These coefficients can also
account for the drag due to the fuselage of the rotorcraft and
other sources of drag. The aerodynamic torques that result
from the torques created by the difference in lift between the
advancing and retreating blades and the drag force Fa are
expressed as

τ a = −AR�va − Bω, (22)

with A and B being constant matrices that depend on the
geometry and profile of the considered rotor blades.

3.2 Numerical Integration

To numerically integrate the system of differential equations
that govern the dynamics of amultirotor vehicle, let f : R6×
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SO(3) ×R
+ → R

6 and g : R6 ×R
3 ×R

3 → R
3. Defining

the variable x = [ p� v�]� ∈ R
6, the vehicle dynamics can

be expressed as

ẋ(t) = f (x(t),R(t), T (t)) , (23)

Ṙ(t) = R(t)S(ω(t)), (24)

ω̇(t) = g(x(t),ω(t), τ (t)), (25)

and, thus, the state of the system lives in M ..= R
6 ×

SO(3) × R
3. Since R

n constitutes a Lie group under addi-
tion, the direct product of SO(3) and R

n is also a Lie
group [32]. Hence, one can implement a Lie group integrator
(i.e. a numerical integration method that respects Lie-group
structure) on the product group M to numerically integrate
the solution of the system of differential equations above.
Implementing a Lie group integrator on M is equivalent to
employing a suitable numericalmethodon eachgroup, SO(3)
and R

n , separately and coupling them together, as detailed
next.

Given (xk ,ωk),which respectively correspond to the value
of state variables x and ω at time t = tk , the solution to
Eqs. 23 and 25 at time tk+1 = tk + h, with h ∈ R \ {0},
can be approximated by (xk+1, ωk+1), which is computed
using an explicit Runge-Kutta method [38] on R

6 × R
3. As

for computing the approximation of the solution to Eq. 24 at
time t = tk+1, provided the value of R at time t = tk , the
CG method – presented in Section 2.2.2 – is applied.

4 Planning for Aggressive Manoeuvres

The choice of the position p and the yaw angleψ of the vehi-
cle as flat outputs allows the states and inputs of the system
to be expressed algebraically in terms of these outputs and a
finite number of their derivatives [2, 39]. This property sim-
plifies significantly the generation of aggressive trajectories
for multirotors since it is not necessary to plan them in full
state space.

The motion planning problem can be tackled by formulat-
ing an infinite-dimensional optimisation problem over a time
horizon. Pontryagin’s maximum principle can be employed
to optimise a suitable cost functional subject to the transla-
tional multirotor dynamics, and to efficiently obtain optimal
trajectories in the space of flat outputs (see e.g. [11] and [12]).
In the context of this work, however, restricting the attitude
of the vehicles is necessary to perform precise manoeuvres.
To achieve this goal, the manoeuvres are divided into three
separate phases to accommodate any combination of initial,
desired, and final states and the reference trajectories for each
of them are generated by formulating a convex optimisation
problem in the space of flat outputs, as detailed in this section.

So that the desired manoeuvres can be accurately tracked
bymultirotors, in Section 4.1, a planning strategy is presented
to design aggressive manoeuvres that take into account the
vehicle dynamics by numerically integrating them – in the
manifold they evolve – backwards in time. The backwards
integration allows to find a launch configuration through
which the manoeuvre reference trajectory passes so that a
multirotor builds up the necessary momenta to reach the
desired state.

In this work, trajectories are parametrised by piecewise
functions fk : R → R, with k = 0, 1, . . . , N , over M time
intervals. These serve as a basis for generating smooth tra-

jectories σ (t) ..= [
p(t)� ψ(t)

]�
, in the space of flat outputs

as follows,

σ (t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∑N
k=0 σ k1 fk(t) t0 ≤ t < t1,∑N
k=0 σ k2 fk(t) t1 ≤ t < t2,
...∑N

k=0 σ kM fk(t) tM−1 ≤ t ≤ tM ,

(26)

where the vector σ kn = [xkn ykn zkn ψkn]� ∈ R
4 weighs

the contribution of the basis function fk(·) to express the tra-
jectory segment σ n(t), n = 1, . . . , M , which can be written
as

σ n(t) = �nη(t), tn−1 ≤ t ≤ tn, (27)

with �n = [σ 0n σ 1n · · · σ Nn] ∈ R
4×(N+1) and η(t) =

[ f0(t) f1(t) · · · fN (t)]� ∈ R
N .

Most often the basis functions are polynomial functions
of degree N , for being CN and being computationally inex-
pensive to evaluate them using digital computers. In this
work, polynomials are expressed in a monomial basis, i.e.
fk(t) � tk . Although for this polynomial basis numerical
issues are prone to arisewhen attempting to generate long tra-
jectories with high degree polynomials, short time spanning
trajectories can be efficiently generated and stitched together,
ensuring the continuity of the first � derivatives of fk(·). The
choice of a value of � – that is suitable in the context of the
present paper – is discussed later in this section.

A finite-dimensional optimisation problem is formulated
in order to determine the vector coefficientsσ kn ,whichdefine
the trajectory that passes through a set of waypoints wn at
times tn, n = 0, . . . , M . To coordinate the orientation of the
vehicle, the desired orientation Rdes is associated with each
of the waypoints. As zB points in the direction of thrust,
the orientation of the vehicle, apart from the yaw angle, is
determined by the direction of this axis. In this fashion, from
Rdes the desired zB is obtained,

zB,des(tn) = Rdes(tn)e3. (28)
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Considering that Fa = 0 and τ a = 0, the linear velocity
dynamics equation presented in Eq. 18 is used to formulate
the following linear constraint on the linear acceleration of
the vehicle. In this manner, a desired direction of thrust is
imposed,

(
I3 − zB,des z�B,des

) (
v̇ + ge3

) = 0. (29)

To link both the direction and magnitude of thrust to wn ,

v̇ =
(

−gI3 + Tdes
m

Rdes

)
e3, (30)

where Tdes corresponds to the desired magnitude of thrust.
The cost function of the proposed optimisation problem

is such that it minimises the integral of the squared norm
of snap (the fourth derivative of p) of the trajectory and the
second derivative of ψ ,

minimise
∫ tM

t0
μp

∥∥∥∥
d4 p
dt4

∥∥∥∥
2

+ μψ

d2ψ

dt2

2

dt

s.t. σ (tn) = wn, for n = 0, . . . , M,

σ̇ (tn) = vn, for n = 0, . . . , M,

σ̈ (tn) = an, for n = 0, . . . , M,

(31)

where μp, μψ ∈ R, and wn, vn, an ∈ R
4 correspond to the

desired values for the flat outputs and their first two time
derivatives at time t = tn . The meaningfulness of the cost
function selected lies in the fact that the input body torques
τ are algebraically related to the snap of the vehicle and the
second derivative of the yaw angle [2]. This optimisation
problem can be reformulated as a quadratic program (QP),

minimise
c

c�Hc+ s�c

s.t. Vc = d,
(32)

where vector c contains 4(N + 1)M optimisation variables
which correspond to the polynomial coefficients that param-
eterise the whole trajectory σ kn – to readily find the solution
to Eq. 31. The constants H, s, V, d are obtained from Eq.
31, considering the trajectory parameterisation detailed in
Eq. 26.

So as to guarantee the smoothness of the planned trajecto-
ries, constraints are included to ensure the continuity of the
first four derivatives of p and the first two derivatives of ψ

(therefore, it follows that � = 4). In particular, to achieve the
desired orientation at eachwaypoint, it is necessary to impose
the continuity of linear acceleration and jerk trajectories to
ensure the continuity of orientation and roll and pitch rates
trajectories. However, the continuity of these position deriva-
tives alone is not sufficient to make sure that a quadrotor is

able to follow accurately every single trajectory. Saturation
and rate limit constraints may impede the execution of some
manoeuvres.

With the objective of further ensuring the feasibility of
trajectories, one may also enforce bound constraints on the
position time derivatives to incorporate saturation and rate
limit constraints into Eq. 31. Building upon Eq. 31 another
optimisation problem can be formulated to plan trajectories
in a centralised fashion for two multirotors while avoiding
inter-vehicle collisions, as detailed in preliminary version
of this work [28]. To plan trajectories for multiple vehicles
simultaneously, the cost function of the optimisation prob-
lem is given by a sum of separate functions, each given by
the integral of the norm of the snap and second time yaw
derivatives of each vehicle.

4.1 Backwards Integration Strategy

In spite of the incorporation of Eqs. 29 or 30 into 31, the
optimisation strategydoes not necessarily imply that any con-
troller tracking acceleration references can provide inputs
to the vehicle such that it follows these references accu-
rately. Since the multirotors performing aggressive, precise
manoeuvres must achieve some concrete configuration in
state space, a strategy is devised so that the vehicles are
driven to a goal state G, consisting in commanding the atti-
tude subsystem of the vehicles to describe geodesic curves
and dividing the manoeuvres into three separate phases.

The motivation behind making multirotors trace out
geodesics during the backwards integration stems from the
relation between snap and body torques. Let s denote the snap
of the vehicle. Taking Fa = 0, the second time derivative of
Eq. 18 is given by

ms = T̈ zB + 2ṪS(Rω)zB + T
(
S

(
Rω̇

)
zB + S2(Rω)zB

)
,

(33)

and projecting it onto the plane orthogonal to zB yields

m
(
s −

(
z�B s

)
zB

)
= TS(Rω̇)zB + 2ṪS(Rω)zB +

T
(
S2(Rω)zB −

(
z�BS2(Rω)zB

)
zB

)

= T
(
(q̇ + pr)xB + (− ṗ + qr) yB

) + 2Ṫ (qxB − p yB ).

(34)

By providing zero body torques and constant thrust during
the backwards integration, and starting with the third com-
ponent of angular velocity r = 0, it follows from Eq. 34
that the translational subsystem of the vehicle describes a
trajectory whose snap s in the x and y components of the
body frame is zero. Furthermore, the angular velocity of the
vehicle ω remains constant and, therefore, the attitude sub-

123



16 Page 8 of 23 Journal of Intelligent & Robotic Systems (2025) 111 :16

system of the vehicle describes a geodesic curve on SO(3).
In this way, the launch configuration – from where the vehi-
cle is thrust towards the desired state in full state space (vide
Fig. 1) – encodes the information necessary to planminimum
snap trajectories to the desired state that demand small body
torques to be tracked by multirotor vehicles.

It is established that the trajectory for each vehicle is com-
posed of three segments, as illustrated in Fig. 1. In order to
generate them, G is provided by specifying the desired posi-
tion pG , velocity vG , orientation RG , and angular velocity
ωG . The three-phases manoeuvre design enables planning
trajectories to G that pass through the launch configura-
tion so that the momenta necessary to reach it is achieved,
and to ensure the accurate tracking of reference trajecto-
ries. Moreover, planning feasible trajectories from G to a
final configuration is facilitated since they start at a well-
defined point in full state space, i.e. the goal configuration
also includes – in addition to a desired position, linear veloc-
ity, and acceleration – a desired angular velocity. Each of the
three segments is detailed as follows:

• The segment Phase 1, represented as a blue dashed line,
corresponds to the trajectory from an initial position
(denoted by a green cross in Fig. 1) to a launch posi-
tion pL from where the vehicle heads towards the goal
position pG with a launch velocity vL and a suitable ori-
entation RL , regarding the desired trajectory;

• For Phase 2, depicted as a continuous orange line, the
trajectory that is generated for this segment takes into
account that the quadrotor must reach the desired goal
position pG , with a pre-defined velocity vG , orientation
RG , and angular velocity ωG ;

• In the final segment,Phase 3, coloured in green, the vehi-
cle is provided a trajectory from pG until a final position
(denoted by a red cross in Fig. 1). It may be imposed that
the vehicle finishes at hover.

To obtain the launch point pL and velocity vL neces-
sary for Phase 2, the multirotor dynamics are integrated

Fig. 1 Diagram illustrating the three phases of the proposed strategy
to perform precise manoeuvres. In Phase 1, the vehicle moves from an
initial position (green cross) to the launch position so that it builds up
the momenta required for the next phase; in Phase 2, the vehicle aims to
reach a goal position with a suitable launch velocity and orientation to
achieve a desired configuration with precision; in Phase 3, the vehicle
heads towards a final position (red cross)

backwards in time using the numerical integration algorithm
detailed in Section 3.2 and starting from the desired goal state
G, while considering that Fa = 0 and τ a = 0. The desired
angular velocity at G is set to

ωG = −1

TS
−1

(
log

(
R�
GRL

))
, (35)

with T denoting the time duration of Phase 2. Providing zero
body torques and constant thrust as inputs to the vehicle,
the angular velocity remains constant during the backwards
integration, ω(t) = ωG , for all t ∈ [0, T], and the atti-
tude subsystem of the multirotor describes a geodesic curve
Rdes : [0, T] → SO(3) that passes throughRL at time t = 0
and RG at time t = T,

Rdes(t) = RG exp

(T − t

T log
(
R�
GRL

))
. (36)

When RL and RG are apart by a rotation of π radians,
i.e. R�

GRL = exp
(
πS(n̂)

)
, with n̂ ∈ S

2, the logarithm is
not unique. To solve the ambiguity that arises in this case,
the eigenvector associated with the eigenvalue equal to 1
of R�

GRL is scaled by π to compute the log(·). Given the
trajectory that one wishes the drone to describe, the thrust
input Tdes : [0, T] → R

+ should be chosen accordingly.
From Eq. 34, this input should be kept constant. Setting
Tdes(t) = mg, for all t ∈ [0, T], is suitable for most manoeu-
vres, such as the challenging ones presented in Section 6.
Setting a higher value for Tdes(·) enables multirotors to per-
form more aggressive manoeuvres at the expense of higher
necessary momenta at the start of Phase 2, though.

It is possible to define a time-varying Tdes(·) and obtain
snap optimal trajectories that also require small torques to
be tracked. When it comes to multirotor vehicles, however,
the variation of the thrust input T over time may lead to the
angular rates not being constant since

T =m‖v̇+ge3‖, p = −m

T

(
y�
B v̈

)
, q = m

T

(
x�
B v̈

)
.

The launch configuration that is obtained by numerically
integrating the rotorcraft dynamics backwards in time might
result in optimal trajectories to the goal configuration that
demand considerable body torques, as the orientation of the
vehicle does not trace out a geodesic curve on SO(3) during
the backwards integration.

When considering time-varying thrust inputs, it is addi-
tionally important to have in mind that the thrust and torque
inputs are intertwined, since both quantities depend on the
rotational speed of the propellers of the multirotor. The tra-
jectories segments for Phase 2 that are planned considering
an inadequate choice of Tdes(·) during the backwards inte-
gration of the dynamics may require unfeasible thrust and
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torque inputs, in the sense that a set of rotational velocities
for the rotors of the vehicle to produce the desired pair of
inputs does not exist.

Eachof the three trajectory segments is obtainedby formu-
lating and solving Eq. 31. Between the trajectory segments
the continuity of the first four time derivatives of position
is enforced to meet the smoothness requirement of the atti-
tude trajectories. So that the vehicle hovers at the end of the
manoeuvre, all position time derivatives are set to zero.

At the launch waypoint a linear acceleration constraint, in
the form of Eq. 30, embeds the desired initial value of thrust
forPhase 2, Tdes(0), and orientationRL into themotion plan-
ning problem. As for the goal waypoint, a similar constraint
is imposed for Tdes(T) and RG . Position and linear velocity
constraints incorporate pL and pG , and vL and vG into the
optimisation problem, respectively. Despite imposing these
constraints, the optimal acceleration trajectories obtained
from solving Eq. 31 do not lead to geodesic curves between
the rotations RL and RG because they are polynomial func-
tions. In practice, though, imposing these constraints when
generating minimum snap trajectories enables designing tra-
jectory segments for Phase 2 that require small body torques
to be tracked, under the condition that the thrust input Tdes(·)
is kept constant (or slowly varying around a constant value)
and zero body torques are provided as input to the vehicle
during the backwards integration.

Having the knowledge that the multirotor dynamics are
differentially flat (with flat outputs given by the position
and the yaw angle), the rotational kinetic energy KE(t) =
1/2ω�(t)Jω(t) associated with reference trajectories can be
computed. Using the Phase 2 reference trajectories for the
loopmanoeuvre (Section 6.3) and the parcel relaymanoeuvre
(Section 6.4.1), and the geodesic curves that were considered
to plan each of them, the corresponding KE trajectories are
plotted in Fig. 2 to support the hypothesis regarding small
torques being necessary to track the Phase 2 reference tra-
jectories. The plots demonstrate that the KE curves of the
minimum snap trajectories gently undulate and only slightly
deviate from the constant KE curves, which are associated
with the geodesics.

5 Tracking Controller

The translation and attitude of the multirotor are controlled
using an inner-outer loop design. The theoretical findings
detailed in [39] are here considered, which show that the
multirotor dynamics expressed as in Section 3 are differen-
tially flat – with flat outputs given by the position p and the
yaw angle ψ .

The outer loop of the controller is responsible for track-
ing a trajectory defined by the reference position pT , linear
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Fig. 2 Rotational kinetic energy associated with the Phase 2 trajec-
tory segments of the loop manoeuvre (Section 6.3) and the parcel relay
manoeuvre (Section 6.4.1), and of the geodesic curves that were con-
sidered to plan each of them

velocity vT , linear acceleration aT , and linear jerk jT . This
loop computes the desired thrust vector Fdes , which together
with a yaw angle ψT , defines the desired body frame ori-
entation Rdes . It also determines the desired angular rates
ωdes from the trajectory references mentioned. A low-level
inner-loop system coupled to the vehicle that operates in hard
real-time and benefits from running at high frequency is con-
sidered to provide a body torque input τ . Given the desired
angular rates, the torque control law chosen is of the follow-
ing form,

τ = −Kω (ω − ωdes) , (37)

and it counteracts the aerodynamic torques and the Coriolis
term by setting a sufficiently large gain Kω. As both quanti-
ties are small in magnitude for virtually all flight regimes of
small multirotor vehicles, a proportional gain is sufficient to
provide stability against these disturbances.

The position and linear velocity errors are defined as

ep = p − pT , (38)

ev = v − vT , (39)

and are used to define a PD control law,

Fdes = −Kpep − Kvev + m
(
ge3 + a f f

)
, (40)

where the feedforward acceleration term a f f is computed
from the reference trajectory and includes a term to counter-
act the accelerations caused by drag,

a f f = RTDR�
T vT + aT . (41)
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How to determineD is detailed in Section 6.1; the rotation
matrix RT is computed from the reference trajectory and the
drag coefficients [39]; the matricesKp andKv are diagonal,
positive-definite and correspond to the position and veloc-
ity controller gains. The thrust input is obtained from the
projection of Fdes onto zB ,

T = F�
des zB . (42)

To compute the desired orientation of the body frameRdes ,
provided that zB points in the direction of total thrust and
‖Fdes‖ �= 0, the desired zB,des is

zB,des = Fdes

‖Fdes‖ . (43)

Parameterising the vehicle orientation usingEulerAngles,
R = R3(ψ)R2(θ)R1(φ), where, for instance, R3(ψ) cor-
responds to a rotation through the yaw angle ψ about e3,
the desired orientation Rdes = [xB,des yB,des zB,des] can
be readily computed. The x-axis of the body frame xB =
R3(ψ)R2(θ)R1(φ)e1, and e�

2 R
�
3 (ψ)xB = e�

2 R2(θ)e1 = 0.
This implies that xB in addition to being orthogonal to zB
is also orthogonal to R3(ψ)e2. Given zB,des and a reference
yaw angle ψT , the desired x and y axes of the body frame
are determined as follows,

xB,des = ± yC × zB,des∥∥ yC × zB,des
∥∥ , yB,des = zB,des × xB,des,

(44)

where yC = R3(ψT )e2. To select the sign of xB,des , each of
the two solutions is compared with the actual orientation of
the multirotor to verify which one is closer.

Remark 1 (Uniqueness of the desired rotation matrix) The
desired rotation matrix is not unique if yC × zB = 0, i.e.
yC is parallel to zB , the vehicle rolls up to the point that
the desired thrust vector lies in the xy plane of W and is
aligned with yC . Moreover, at points near this singularity the
rotation matrix is sensitive to large changes. To address such
singularity,ψT has to be adjusted to ensure yC is not aligned
with zB .

As for determining the desired angular rates, the following
control law is considered,

ωdes = −KReR + ω f f , (45)

whereKR is a diagonal, positive-definitematrix and the feed-
forward termω f f is determined from the reference trajectory
and the drag coefficients [39]. Based on [40], the rotation
error eR is defined as

eR = 1

2
S−1

(
R�
desR − R�Rdes

)
. (46)

Proofs of stability and convergence are also presented
for a similar controller in [40] but with: i) the inclusion of
feedforward terms including the angular acceleration; ii) the
addition of feedback terms cancelling the Coriolis term in
Eq. 37; and iii) the assumption that all gainmatrices are scalar
multiples of the identity. The realisation of the controller pre-
sented in this work is different and does not quite satisfy all
the assumptions listed above. However, as demonstrated in
the results presented in Section 6, vehicles equipped with
the controller proposed exhibit satisfactory tracking perfor-
mance even when performing aggressive manoeuvres that
require large excursions from the hover condition.

6 Experimental and Simulation Results

In order to validate the proposed approach for planning
aggressive and precise manoeuvres, a performance compar-
ison with existing work is conducted and next the following
two scenarios are considered:

S1. flying a loop;
S2. performing a parcel relay manoeuvre.

The first scenario is addressed in a realistic simulation
environment with the PX4 firmware in-the-loop to control
computer-modelled multirotors carrying a high fidelity sen-
sor suite on-board. At the heart of this environment is the
Gazebo simulator [41]. The second scenario is addressed in
the described simulation environment and in an indoor fly-
ing area featuring an OptiTrack motion capture system [42],
comprised of eight cameras, which provides position and
yaw angle measurements for the multirotors in the arena
with millimetre and sub-degree accuracy at 60Hz. To further
demonstrate the suitability of the planning strategy proposed,
the vehicles execute 1,000 trials in the simulation environ-
ment for each scenario.Avideoof the experiments performed
is available at https://youtu.be/azqqJ64ueuo .

In the latter application scenario, it has been assumed that
both drones have a gripping mechanism attached to their
respective bottom. Initially, one of the vehicles is carrying a
package attached to its bottom, while the other is not. Given
a relay point, that is, a point in a global frame where the
package is to be transferred, the two rotorcraft head towards
that point while simultaneously adjusting their relative ori-
entation in order to exchange a parcel between them. An
illustration of a parcel relay manoeuvre is depicted in Fig. 3.
While the problem of controlling a mechanism responsible
for holding and transferring packages between vehicles is not
addressed in this work, designing trajectories that facilitate
performing these manoeuvres offers an interesting challenge
as the vehicles must reach designated positions and orienta-
tions with high precision.
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Fig. 3 Illustration of a parcel relay manoeuvre between two multiro-
tors. It is considered that these are equipped with a gripping mechanism
attached to their bottom. The two aerial vehicles vary their orienta-
tion and shorten the distance between them simultaneously until a goal
configuration is achieved to exchange a parcel

The Intel® Aero Ready to Fly quadrotor, equipped with
the PX4 autopilot has been employed to conduct experiments
in the arena.The capabilities of theflight stackhavebeenused
for sensor fusion between the several on-board sensors and
the motion capture system data, and for interaction with the
aerial vehicles. Takeoff and landing manoeuvres have been
conveniently handled to the autopilot by setting suitable flight
modes.

A testing software environment has been developed in
C++ to efficiently implement tracking controllers for quadro-
tors being controlled by a single off-board computer, where
the Robot Operating System (ROS) is used to communicate
with the autopilot on board the rotorcraft. The same software
environment is also used to test controllers in the Gazebo
simulator. The multirotor considered in these simulations is
the 3DR® IRIS quadrotor. Additional software has also been
designed to generate synthetic motion capture system data
with the objective of creating a simulation environment in
Gazebo that more closely resembles the considered indoor
flying arena. To obtain pseudo external vision pose estimates,
white Gaussian noise is added to the pose of the vehicle
obtained from the Gazebo model states topic, and the result-
ing noisy pose of the vehicle is forwarded to the autopilot.

Simulations have also been carried out in MATLAB, con-
sidering the dynamical systemdetailed in Section 3, described
by the physical parameters of the 3DR® IRIS quadrotor. The
values of the physical parameters of this platform and of the
Intel® Aero Ready to Fly quadrotor are in Table 1.

In what concerns the choice of the off-board controller
gains, one should have in mind that the position tracking
error converges to zero when there is no attitude tracking
error [40] and, therefore, the attitude controller gains have
to be carefully tuned. To ensure accurate tracking of both

Table 1 Physical parameters of the multirotots used for experiments
and simulations

Intel Aero RTF 3DR IRIS

m [kg] 1.35 1.52

Jxx [kgm] — 0.0295

Jyy [kgm] — 0.0295

Jzz [kgm] — 0.0596

μ [kgm] 9.5 × 10−6 8.548 58 × 10−6

λ [kg] 3.064 28 × 10−4 3.064 28 × 10−4

position and orientation references, the controller gains of
the 3DR® IRIS and Intel® Aero Ready to Fly quadrotors
have been set toKp = 12.0I3,Kv = 9.0I3, andKR = 3.0I3.
As for determining the launch configuration of the vehicles,
the quadrotor dynamics have been integrated backwards in
time with the launch orientation RL = I3.

Throughout the plots presented in this section, the colour
scheme adopted in Section 4.1 is considered:Phase 1 is asso-
ciated with the colour blue; Phase 2, with the colour orange;
and Phase 3, with the colour green.

6.1 Identification

To control the vehicles in thrust, the desired throttle Tin ∈
[0, 1] must be input to the autopilot and, therefore, func-
tions that relate thrust T to throttle Tin are necessary. For the
Intel® Aero Ready to Fly quadrotor, experimental points
were acquired (Tin, T ) by measuring the static thrust, i.e.
thrust generated when the airspeed is zero by the four pro-
pellers in free air. To measure this quantity as accurately as
possible, a sufficiently rigid, vertical 1-metre pole with discs
at its top andbottomwasfixed to a scale and thequadrotorwas
fastened to the top disc. The arctan(·) function was selected
to describe the relationship between the two variables,

T = a arctan (bTin + c) + d, (47)

with a = 8.84, b = 2.995, c = −1.478, and d = 10.37.
As for the 3DR® IRIS quadrotor, to gather (Tin, T ) data

points, the mass of the simulated vehicle was varied lin-
early. For every value of mass, the drone was commanded
to hover so as to obtain the corresponding value of throt-
tle. The curve that best fitted the data points was a quadratic
T = αT 2

in + βTin + γ , with α = 34.068, β = 7.1202, and
γ = −1 × 10−2.

From blade element momentum (BEM) theory, it follows
that the standard model for the thrust produced by a propeller
is given by

Tp = ρD4

4π2 ω2
pCT , (48)
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where ρ is the density of the air; D, the diameter of the
propeller; ωp, its rotational speed in radians per second; and
CT , the thrust coefficient – which depends not only on the
geometry and profile of the blades, but also on the geometry
of the airflow [43]. More concretely, CT can be expressed as
a function of the advance ratio J = 2π ‖va‖ /(ωpD). For
sufficiently large J , how large depends on the geometry of
the propeller, CT decreases roughly in linear fashion as J
increases.

The motor-propeller model considered in the Gazebo
simulator incorporates the airspeed of the vehicle into the
standard model for the thrust produced by a hovering rotor
in free air [44],

Tp = kt (va) ω2
p, (49)

and the coefficient kt is given by

kt (va) = ρD4

4π2 CT 0 max {0, 1 − ‖va‖ /25} ,

where the constant CT0 corresponds to the thrust coefficient
at J = 0 and can be determined from static thrust tests.

To take into account the model implemented in Gazebo,
the quadratic thrust curvedetermined for the3DR® IRISquadro-
tor was linearised around the hover condition, so that it is
simple to invert, resulting in

T

f (va)
= a(Tin − b) + c, ‖va‖ < 25m s−1, (50)

with constants a = 45.344, b = 0.561, and c = mg. The
function f : R3 → R, f (va) = 1 − ‖va‖ /25 so that the
thrust-vs-throttle curve befits the Gazebo propeller model. In
practice, though, as for small multirotors the rotational speed
of the propellers, or, equivalently, the propeller tip speed, is
significantly greater than airspeed, J ≈ 0 for virtually all
flight regimes of these vehicles. The inclusion of the function
f into Eq. 50 also allows to capture how rotor drag imposes
a tighter bound on the amount of thrust that can be generated
by the spinning propellers.

Furthermore, in the Gazebo simulator the model for rotor
drag is expressed as follows,

FD = −ωpλ
(
I3 − e3e�

3

)
R�va, (51)

and it was drawn from [45];λ is a positive constant. The value
of this constant for the 3DR® IRIS quadrotor is known, how-
ever, it has been tweaked in order to achieve a more similar
flight performance to the Intel® Aero Ready to Fly quadro-
tor (vide Table 1). The model presented for the drag force in
Section 3.1 does not depend on the rotational speed of the
propellers, though, as measurements of these quantities are

unavailable both on Intel® Aero Ready to Fly and 3DR®

IRIS quadrotors.
To determinematrixD, introduced in Eq. 21, it is assumed

that the multirotor is hovering. In this flight condition,
μ

∑4
p=1 ω2

p = mg, and ω2
1 − ω2

2 + ω2
3 − ω2

4 = ω2
1 − ω2

3 =
ω2
2 − ω2

4 = 0. Thus,

ωp = ω̃ ..=
√
mg

4μ
, p = 1, 2, 3, 4,

with μ = ρD4

4π2 CT0. Given ω̃,

D = 4kD ω̃λ
(
I3 − e3e�

3

)
, (52)

with kD being a tunable parameter.Although considering that
ωp = ω̃ is valid in nominal flight conditions, as the sum of
the rotor speeds is almost constant, i.e.

∑4
p=1 ωp ≈ 4ω̃,

in aggressive flight the same is not necessarily verified.
The parameter kD allows to adjust the linear drag model
Eq. 21 and to leverage its simplicity to seamlessly design
tracking controllers. Through experimentation in the Gazebo
simulator, it has been found that considering the constant
kD = 19/30 for the loop manoeuvre, and kD = 4/19 for the
relay manoeuvre to obtain the estimate of D enables quadro-
tors to reach the desired goal configuration at the end ofPhase
2 of the manoeuvres with small tracking error.

6.2 Performance Comparison with the
State-of-the-art

In this section a quantitative comparison with the planning
strategy presented in Mellinger et al. [23] is made. In said
work, the aim is also to make a multirotor vehicle reach a
goal state with precision. Trajectories are designed by first
integrating the vehicle dynamics backwards in time, but, in
contrast to this paper, neither the relation between snap and
body torques nor the geometry of SO(3) are exploited. Dif-
ferent controllers are proposed to track each segment that
form the trajectory and iteratively refined through various
trials to account for errors in the dynamic model and noise
in the actuators and sensors.

To conduct a fair performance comparison, the nine test
cases considered in the aforementioned work to validate the
strategy there proposed are carried out in this work as well.
Each of these test cases is detailed in Table 2. For all of
them, the vehicle is commanded to reach a goal position
pG = [2 2 5]�mwith zero roll and yaw angles. Themultiro-
tor executed each manoeuvre in MATLAB after completing
a total of 20 trials to iteratively refine velocity and pitch angle
commands. Although iterating on the pitch angle command
only in the first two trials revealed to be enough, it was neces-
sary to iterate on velocity more than the four times that were
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Table 2 The nine test cases
used in Mellinger et al. [23] to
validate the proposed planning
and control strategy

Case Description vG (vx , vy, vz) (m/s)

1 Vertical window at 45◦ (2, 0, 0)

2 Vertical window at 60◦ (2, 0, 0)

3 Vertical window at 75◦ (2, 0, 0)

4 Vertical window at 90◦ (2, 0, 0)

5 Down through horizontal window at 90◦ (0, 0, −1.5)

6 Up through horizontal window at 90◦ (0, 0.4, 2.2)

7 Perch at 60◦ (0, 0.8 cos (π/6), −0.8 sin (π/6))

8 Perch at 90◦ (0, 0.8, 0)

9 Perch at 120◦ (0, 0.8 cos (π/6), 0.8 sin (π/6))

considered in [23]. To observe a satisfactory improvement of
the position error, 20 iterations were necessary.

Table 3 reports the results obtained in MATLAB for: (a)
the strategy proposed in this work and (b) the strategy pre-
sented in Mellinger et al. [23]. While strategy (b) enables
multirotors to reach the desired velocity and orientation with
high precision in the great majority of test cases (exceptions
are cases 6 and 9), it exhibits a considerable position error
– mainly in the x and z axes – in most of the simulations
conducted. It has been observed, in particular for the most
demandingmanoeuvres, that the vehicle is requested to reach
the launch configuration with a too large velocity, which has
hindered it in reaching successfully the goal configuration.
For instance, for five out the nine test cases the z error was
larger than 20 cm. As for the strategy in this work (a), the
results show the multirotor consistently reaches the desired
position, velocity, and orientation with minimal error. For all

nine test cases, i) the position error was at most 1 cm; ii) the
velocity error was at most 0.01m s−1; and iii) the pitch angle
error was at most 2.88◦. Even though strategy (b) provides
marginally better orientation results for six out of the nine test
cases, the strategy here presented (a) in addition to enabling
the vehicle to achieve the desired orientation with precision,
the position and velocity errors are significantly smaller than
those obtained with strategy (b).

6.3 LoopManoeuvre

Swinging amultirotor into a loop is a challengingmanoeuvre
because high thrust and angular rates, with sudden changes
in these quantities, may be required. The time duration of
each phase of the manoeuvre (Phase 1 – go to launch point;
Phase 2 – go to the goal configuration; Phase 3 – recover

Table 3 Position, velocity, and
orientation (parameterised using
ZXY Euler Angles) at the goal
point G: (a) the results obtained
using the strategy proposed in
this work; (b) the results
obtained using the strategy
proposed in [23]

Case x (m) y (m) z (m) vx (m/s) vy (m/s) vz (m/s) φ (deg) θ (deg) ψ (deg)

1 a 2.00 2.00 5.00 2.01 0.00 0.00 0.00 46.56 0.00

b 1.88 2.00 5.02 2.02 0.00 0.01 0.00 44.78 0.00

2 a 2.00 2.00 5.00 2.01 0.00 0.00 0.00 61.78 0.00

b 1.88 2.00 5.12 2.00 0.00 0.00 0.00 59.81 0.00

3 a 2.00 2.00 5.00 2.01 0.00 0.00 0.00 75.92 0.00

b 1.92 2.00 5.19 2.05 –0.01 0.00 0.00 74.70 0.00

4 a 2.00 2.00 5.00 2.01 0.00 0.00 0.00 90.02 0.00

b 1.92 2.00 5.25 1.99 0.00 0.00 –0.01 89.62 0.00

5 a 1.99 2.00 5.00 0.01 0.00 –1.50 0.00 92.15 0.00

b 1.98 2.00 5.23 0.07 0.00 –1.57 0.00 89.54 –0.01

6 a 1.99 2.00 5.00 0.01 0.40 2.21 –0.01 87.21 0.81

b 1.99 2.00 5.28 0.18 0.38 1.84 0.45 89.27 0.15

7 a 2.00 2.00 5.00 0.01 0.70 –0.40 –0.67 60.73 1.21

b 1.92 1.98 5.17 –0.01 0.69 –0.40 –0.05 59.75 0.07

8 a 1.99 2.00 5.00 0.01 0.81 0.00 0.00 90.19 1.62

b 1.96 1.99 5.23 –0.07 0.80 –0.01 0.80 89.48 0.28

9 a 1.99 2.00 5.00 0.01 0.70 0.40 0.70 119.69 1.27

b 2.10 2.01 5.23 0.64 0.62 –0.70 3.09 119.19 0.79
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and finish at hover) is depicted in Fig. 4 and the waypoints
established for this manoeuvre are the following:

• The vehicle starts at position pS = [
0 2.5 5

]�
m;

• To perform the loop, the vehicle moves towards the goal
configuration G:

– G is defined by pG = [
1 2.5 25

]�
m, vG =[−2 0 0

]�
m s−1, and RG = R2(−π), a rotation of

−π radians about e2;

• At the end of the manoeuvre, the vehicle is commanded
to hover at position pF = [

4 2.5 17
]�

m.

The detailed results for one of the executed trials picked
randomly are presented in Fig. 5, 6, and 7. Histograms to
inspect the distribution of the position and orientation error
relative to the goal configuration are presented in Fig. 8.
In Fig. 5, the position reference trajectories of the vehicle
together with the trajectory it described in the xz plane dur-
ing Phase 2 and 3 of the manoeuvre are presented. Along the
described trajectories, drawings of the vehicles are included
at specific time instants, taking into account their actual con-
figuration during the simulation in Gazebo.

Figure 6 presents the position; linear velocity; the ori-
entation parameterised by ZXY Euler angles, φ, θ, ψ ∈
[−180, 180] deg, and the angular velocity plots of the vehi-
cle during the entire loop manoeuvre. The evolution of these
state variables observed in MATLAB and SITL simulations
is included in the results. As the multirotor dynamics are dif-
ferentially flat, from the reference trajectory in the space of
flat outputs, the reference trajectories for all state variables
and inputs can be algebraically obtained. The orientation ref-
erence trajectory plot was computed considering that there
was no drag to examine whether the proposed controller
can make the vehicle track the desired orientation reference
despite being subject to this force. The position and orien-
tation tracking errors of the rotorcraft relative to the optimal
reference trajectory are shown in Fig. 7 for a closer inspection
of the obtained results in the SITL simulation. These plots
demonstrate that, in the simulation carried out in Gazebo,
both vehicles exhibit satisfactory position tracking perfor-
mance over the entire manoeuvre.

Further conclusions are drawn by examining the illustra-
tion in Fig. 5 and the position tracking error in Fig. 7a. The
position tracking error, mainly in the x and z axes, is per-
ceptible, as the high linear velocities in these axes that are

Fig. 4 Time axis representing the duration of the each phase of the loop
manoeuvre

Fig. 5 Illustration of Phase 2 and 3 of the loop manoeuvre drawn using
data observed during the software-in-the-loop (SITL) simulation

required to launch the vehicle into the loop and to finish the
manoeuvre at hover lead to a deterioration of the position
tracking performance. For the SITL results, a slight oscil-
latory error behaviour is also visible – which is attributed
to slight time synchronisation errors between reference and
state values while exchanging messages through ROS – at
higher travel velocities. It has been verified that there is a
varying delay in the arrival times of the state messages that
the process running the PX4 autopilot sends through ROS to
the process running the controller. The analysis of the plots
of Fig. 6b reveals that the vehicle reaches ‖v‖ = 10.3m s−1

at the end ofPhase 1. In addition, it is seen that, duringPhase
3, it visibly struggles to follow the velocity reference in x .
Towards the end of Phase 2, however, the rotorcraft reaches
the desired position reference with an RMSE = 3.85 cm.
Finally, the sample distribution of the x and z components
of the position error relative to goal configuration shown in
Fig. 8a and b – that were obtained by performing themanoeuvre
1,000 times – demonstrate the vehicle reaches the desired
position with precision and repeatability. The mean error and
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Fig. 6 Position, linear velocity,
orientation (expressed in ZXY
Euler angles), and angular rates
plots of the loop manoeuvre
conducted in the Gazebo
simulator and MATLAB
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Fig. 7 Position and orientation
(expressed in ZXY Euler
angles) tracking errors during
the loop manoeuvre conducted
in the Gazebo simulator. These
errors are relative to the optimal
planned trajectories

Fig. 8 Histograms of the
position and pitch error at time
t = 6.00 s relative to the desired
goal configuration. The data
shown was obtained by running
the loop manoeuvre 1,000 times
in the Gazebo simulator
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Fig. 9 Time axis representing the duration of the each phase of the
parcel relay manoeuvre

standard deviation in x and z are, respectively,μx = 0.78 cm
and σx = 1.47 cm, and μz = −3.69 cm and σz = 1.52 cm.

As for the attitude tracking performance, the angular
velocity inputs to the autopilot, generally, follow closely the
reference trajectory. Yet, almost halfway into Phase 2 and
during Phase 3, the orientation error of each vehicle relative
to the reference trajectory is considerable, since the controller
is aiming to drive the position tracking error to zero. For the
randomly picked trial, the orientation of vehicle at time t =
6.00 s is parameterised by φ = 0.46 deg, θ = −179.2 deg,
and ψ = −0.56 deg. The histogram shown in Fig. 8c reveals
that the pitch error at t = 6.00 s follows approximately a nor-
mal distribution parameterised by the mean μθ = −0.32◦
and standard deviation σθ = 1.81◦.

The tracking performance in the MATLAB simulation is
fairly good, since the vehicle has access to its actual state,
unlikeSITL simulationswhere only a state estimate, obtained
by fusing synthetic on-board sensors andmotion capture sys-
tem data, is available. Nevertheless, given that drag is also
considered in the MATLAB simulations, the tracking per-
formance is not perfect, as a slight tracking error is observed
across all plots depicted in Fig. 6.

6.4 Parcel Relay Manoeuvre

To perform relay manoeuvres, a trajectory is generated for
each of the vehicles involved using the methods described in
Section 4. To ensure that the vehicles exchanging a parcel fly
side-by-side, a simple synchronisation software is respon-
sible for guaranteeing that the rotorcraft begin performing
the manoeuvre simultaneously. After taking off, each of the
vehicles is commanded to reach a certain position waypoint

before following the trajectory. Whenever one of the mul-
tirotors reaches its own setpoint, it periodically ascertains
whether the other one has reached its own as well. Once a
positive response is obtained, the vehicle which posed the
question requests the other vehicle to start tracking the tra-
jectory together.

The proposed strategy to plan the relay manoeuvres is
validated by analysing the simulation (Section 6.4.1) and
experimental results (Section 6.4.2). Real-world experiments
were carried out with only one Intel® Aero Ready to
Fly quadrotor for the dimensions of the indoor flying arena
(7.0 × 4.0 × 2.5 m). Given the aim of the present paper, in
the experimental setup, greater importance was given to per-
forming manoeuvres that require large excursions from the
hover condition and fast attitude changes.

6.4.1 Simulation Results

The time duration of each phase of themanoeuvre is depicted
in Fig. 9 and the waypoints established for this manoeuvre
are the following:

• Vehicle 1 starts at position pS1 = [−10 −4 3
]�

m;Vehi-

cle 2, at position pS2 = [
12.4 −4 3

]�
m;

• To exchange a parcel between the two rotorcraft, Vehicle
1 moves towards the goal configuration G1, and Vehicle
2, towards the goal configuration G2:

– G1 is defined by pG1 = [
1 2.5 11

]�
m, vG1 =[

0 1.5 0
]�

m s−1, and
RG1 = R2(−π/2);

– G2 is defined by pG2 = [
1.4 2.5 11

]�
m, vG2 =[

0 1.5 0
]�

m s−1, and
RG2 = R2(π/2);

• At the end of the manoeuvre, both vehicles are com-
manded to hover. Vehicle 1 at position pF1=[−5 4.5 4

]�
m, Vehicle 2 at position pF2 = [

7.4 4.5 4
]�

m.

Fig. 10 Illustration of Phase 2
of the parcel relay manoeuvre
drawn using data observed
during the software-in-the-loop
(SITL) simulation. Note that the
drawings of the vehicles are not
to scale. The reference trajectory
of Vehicle 1 is depicted in red
, whereas the trajectory this
vehicle described, in blue ;
the reference trajectory of
Vehicle 2 is depicted in purple
, the trajectory it described, in
yellow
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Fig. 11 Position, orientation (expressed in ZXY Euler angles), and angular velocity plots of the parcel relay manoeuvre conducted in the Gazebo
simulator and MATLAB

The detailed results for one of the executed trials picked
randomly are presented in Fig. 10, 11, and 12. Histograms to
inspect the distribution of the position and orientation error
relative to the goal configuration are presented in Fig. 13
and 14. In Fig. 10, the position reference trajectories of both
vehicles together with the described trajectories during the
Phase 2 of this manoeuvre are presented. Top and lateral
views of the manoeuvre are depicted. Along the described
trajectories, drawings of the vehicles are included at specific

time instants, taking into account their actual configuration
during the experiment in the Gazebo simulator.

Figure 11 presents the position, orientation, and angu-
lar velocity plots of both vehicles during the entire relay
manoeuvre. The position and orientation tracking errors of
the rotorcraft relative to the optimal reference trajectory are
plotted in Fig. 12. As in the previous section, the orientation
reference trajectory plots were computed considering that
there was no drag to verify whether the proposed tracking

Fig. 12 Position and orientation
(expressed in ZXY Euler angles)
tracking errors during the parcel
relay manoeuvre conducted in
the Gazebo simulator. These
errors are relative to the optimal
trajectories. The tracking error
evolution across time of Vehicle
1 is depicted using dark colours,
whereas the errors evolution of
Vehicle 2, using lighter shades
of those same colours
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Fig. 13 Histograms of the
position and pitch error at time
t = 5.30 s relative to the desired
goal configuration. The data
shown was obtained by running
the relay manoeuvre 1,000 times
in the Gazebo simulator

Fig. 14 Histograms of the box distance and misalignment between the two multirotors at time t = 5.30 s. The data shown was obtained by running
the relay manoeuvre 1,000 times in the Gazebo simulator
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Table 4 Mean μ and standard
deviation σ that parametrise the
approximate distribution of the
position and pitch errors relative
to the goal configuration at time
t = 5.30 s

controller canmake the vehicle describe the desiredmanoeu-
vre despite being subject to this force.

The plots in the aforementioned figures demonstrate that
themanoeuvre is successfully executed.Vehicle 1 reaches the
goal configuration G1 with a position RMSE of 4.96 cm and
with orientation parameterised by φ1 = −2.48 deg, θ1 =
−91.2 deg, ψ1 = −5.55 deg; Vehicle 2 reaches the goal
configuration G2 with a position RMSE of 4.73 cm and
with orientation parameterised by φ2 = −2.79 deg, θ2 =
93.9 deg, ψ2 = 5.55 deg. The histograms depicted in
Fig. 13 presenting the sample distribution of the position
and pitch errors at time t = 5.30 s and the mean error
and standard deviation computed over the dataset of 1,000
simulations reported in Table 4 allow to state – with 95%
confidence – that the position and pitch errors of Vehicle 1
are e1x ∈ [−12.64,−8.76] cm, e1y ∈ [−8.16,−3.52] cm,
e1z ∈ [3.26, 6.22] cm, and e1θ ∈ [−5.02, 0.22] deg. As for the
position and pitch errors of Vehicle 2, e2x ∈ [8.18, 12.62] cm,
e2y ∈ [−8.69,−3.65] cm, e2z ∈ [2.54, 5.94] cm, and e2θ ∈
[−1.85, 3.79] deg. The position error in x is noticeable,
though, for the pitch error not converging to zero fast enough.
To solve this issue, the desired position the vehicles should
reach may be adjusted.

Furthermore, Fig. 12a reveals that duringPhase 3 the posi-
tion tracking error, mainly in the x and z axes, is significant. It
has been verified that the necessary body torques to transition
from the goal to the final configuration are excessive, since
it is demanded that rotorcraft finish performing the manoeu-
vre at hover. The vehicles would naturally keep rotating in
the same direction, i.e. go past |θ | = 90 deg, but they are
forced to counteract that motion. Thus, the deterioration of
the attitude tracking performance during Phase 3 results in
the observed position tracking error.

It is worth highlighting that the misalignment between the
position of the vehicles is small. At the goal configuration,

Table 5 Mean μ and standard deviation σ that parametrise the approx-
imate distribution of the box distance and the misalignment in y and z
between the two vehicles at time t = 5.30 s

μ (cm) σ (cm)

Box distance 40.5 1.76

Y misalignment 0.35 1.64

Z misalignment 0.48 1.18

at time t = 5.30 s, the vehicles were off by 1.44 cm in the y
axis and by 1.00 cm in the z axis. Considering boxes, with
dimensions 50 × 50 × 15 cm, aligned with the body frame
of each vehicle, the Euclidean distance between the two at
the goal configuration is 34.4 cm. The sample distribution of
these three quantities is presented in Fig. 14 and they reveal
that the quantities in question follow approximately a nor-
mal distribution with the parameters reported in Table 5. The
small mean and standard deviation for the misalignment in
y and z provides further evidence to suggest that a package
exchange at the goal configuration between the vehicles is
possible.

6.4.2 Experimental Results

The time duration of each phase of themanoeuvre is depicted
in Fig. 15 and the waypoints established for this manoeuvre
are the following:

• Thevehicle starts at position pS = [−2.4 −1.3 1.3
]�

m;
• To perform the loop, the vehicle moves towards the goal
configuration G:

– G is defined by pG = [
1.2 1.9 2

]�
m, vG =[

1.5 0.5 0
]�

m s−1, and RG = R1(7π/36), a rota-
tion of 7π/36 radians (35 deg) about e1;

• At the end of the manoeuvre, the vehicle is commanded
to hover at position pF = [

2.7 −1.2 1.8
]�

m.

In Fig. 16, the position reference trajectory together with
the described trajectory during the Phase 2 of this manoeu-
vre is presented. Top and lateral views of the manoeuvre
are depicted. Along the described trajectory, drawings of
the vehicle are included at specific time instants, taking into
account its actual configuration during the experiment.

Figure 17 presents the position, orientation, and angular
velocity plots of the rotorcraft during the entire manoeuvre.
The orientation reference trajectory plot was computed con-

Fig. 15 Time axis representing the duration of the each phase of the
experimental parcel relay manoeuvre
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Fig. 16 Illustration of the parcel
relay manoeuvre drawn using
data observed during the
experiment. Note that the
drawings of the vehicle are not
to scale. The planned (reference)
trajectories are depicted using
dashed lines and dark colours;
the actual trajectories described
by the vehicle, using continuous
lines and lighter shades of those
same colours

sidering that there was no drag to analyse whether the vehicle
performs the manoeuvre accurately, though being subject to
this force.

The plots in the aforementioned figures demonstrate that
the manoeuvre is successfully executed. The position track-
ing error over the entire manoeuvre, in absolute value,
reaches a maximum of 9.06 cm in the x axis, 16.7 cm in the
y axis, and 5.07 cm in the z axis. The goal configuration G
is reached with a position RMSE of 3.44 cm and with orien-

tation parameterised by φ = 35.3 deg, θ = 0.59 deg, ψ =
1.61 deg.

7 Conclusion

This paper has presented a trajectory planning strategy that
enables multirotors to achieve a desired configuration in
state space. Minimum snap trajectories are generated from a

Fig. 17 Position, orientation (expressed in ZXY Euler angles), and angular velocity plots of the experimental parcel relay manoeuvre
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quadratic program that includes linear constraints on the lin-
ear acceleration to coordinate the orientation of the vehicles.
To design aggressive, precise manoeuvres, three different
phases are considered. In the first phase, the vehicles fly
from an initial to a launch configuration – to achieve the
required momenta to reach the desired configuration in state
space in the second phase of the manoeuvre. The vehicles are
then driven to a final configuration in the third phase. So that
the reference trajectories for the second phase are accurately
tracked, the dynamical model of the multirotors is consid-
ered to design them by numerically integrating it backwards
in time. By making the attitude subsystem of multirotors
describe geodesic curves on SO(3) during the backwards
integration, the relation between snap and body torques is
exploited, as it enables planning minimum snap trajectories
to the desired configuration that require small body torques
to be tracked with accuracy and precision.

The SITL simulation results reveal a quadrotor success-
fully doing a loop-the-loop and two quadrotors performing
a challenging manoeuvre that involves them being in close
interaction and varying their orientation significantly, with
the objective of exchanging a parcel during flight. Real-
world experiments further demonstrate the suitability of the
proposed trajectory planning strategy to perform aggressive
drone manoeuvres.

Although considering geodesic curves on SO(3) as ref-
erence trajectories during the backwards integration allows
low torque actuation to move to the goal configuration, for
manoeuvres that involve large excursions from the hover con-
dition, large linear and angular momenta are often necessary
at the beginning of the second phase of the manoeuvre, at the
launch configuration. A relevant line of research to follow
would, therefore, be examining whether considering alterna-
tive curves on SO(3) or the special Euclidean group in three
dimensions SE(3) ..= SO(3) × R

3 as reference trajectories
for the backwards integration enables planning aggressive
manoeuvres that require smaller momenta at the beginning
of the second phase.
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