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 A B S T R A C T

This study provides a comprehensive thermomechanical simulation framework and mapping for the Powder 
Bed Fusion (PBF) process, with a primary focus on melt pool characterization. It also correlates the cooling 
behavior to the dendrite growth and some induced imperfections, such as crack evolution that stem from 
segregation at the grain boundaries. Utilizing the Allen-Cahn phase field formulation combined with an 
elastoplastic material model based on J2 plasticity, simulations are conducted within the finite element 
structure of the Multi-physics Object-Oriented Simulation Environment (MOOSE). An adaptive mesh refinement 
(AMR) strategy ensures precise modeling of the solidification front and powder melting during the interaction 
between the laser heat source and the powder. Key insights are gained from simulations of Inconel 625 thin 
plates and benchmarks, exploring the effects of temperature and phase changes on melt pool dimensions. A 
multi-application framework is developed to automatically transfer the temperature and cooling rate behavior 
of a representative part to the solidification application. The research addresses critical challenges in PBF, 
such as liquation cracking, and introduces a novel approach for information transfer between parent and child 
models, particularly for dendrite growth in a surrogate Ni–Nb–Al ternary system. This transfer incorporates 
solidification data, including temperature gradients and cooling velocities, enabling detailed predictions of 
low melting phase-induced liquation cracks. Experimental validation through single-track laser melting on 
Inconel 625 demonstrates reasonable alignment between melt pool dimensions obtained from simulations and 
experiments under various laser power and scan speed conditions. Additional phase-field simulations predict 
microstructural segregation and cellular features along melt pool boundaries under changing solidification 
dynamics, further enriched by the first phase-field model at the melt pool scale. By integrating computational 
modeling, experimental validation, and multiscale analysis, this work advances the understanding of PBF 
processes and additive manufacturing, offering insights into melt pool behavior, defect mitigation, and 
microstructure development.
1. Introduction

1.1. Motivation and significance

The motivation and significance of this paper lie in the urgent 
need to gain a comprehensive understanding of process parameters in 
additive manufacturing (AM), addressing both macro and microscale 
phenomena, especially within ternary Ni-Nb-Al alloys. These alloys 
hold immense potential for a range of high-performance applications, 
yet their behavior during AM processes remains largely poorly un-
derstood. Through the employment of phase-field modeling at both 
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macro and micro levels, coupled with access to chemical information 
via the CALPHAD library, our study aims to unravel the complexities 
of melt pool formation and dendrite growth during AM processes. 
This endeavor is critical as these phenomena directly dictate the final 
properties and quality of manufactured components. By integrating 
CALPHAD-based modeling with chemical insights, we aspire to bridge 
the gap between experimental observations and theoretical predictions, 
fostering a deeper understanding of the chemical interactions within 
these alloys. Furthermore, by elucidating the intricate relationship 
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Fig. 1. Schematic depiction of solidification phenomena in the multiphysics process during laser powder bed fusion (PBF): (𝑎1 −𝑎4) ∶ Evolution of the melt pool as the laser passes, 
(𝑏1 − 𝑏3) ∶ NIST benchmarks [1], including printed single lines and cross-sectional views, along with an Electron Backscatter Diffraction (EBSD) map of grains, (𝑐1 − 𝑐4) ∶ Critical 
points in solidification at the tail of the melt pool, highlighting parameters involved in solidification and the concentration of Al in the Ni matrix, as well as the contribution of 
elastic energy to the initiation of cracks. The phase evolution of 𝛾-𝛾 ′ is illustrated based on experimental observations in SEM micrographs of liquid films near liquation cracks in 
an as-deposited DED Inconel 738 sample from [2].
between process parameters and defect formation, notably cracks, our 
research endeavors to offer invaluable insights for defect mitigation 
and the enhancement of reliability and performance in AM-produced 
parts. To tackle these challenges, we propose a multiphysics modeling 
framework that integrates a finite element thermal model with an 
efficient phase-field method. The first model involves a phase-field 
approach to predict phase changes in the material during deposition, 
coupled with a mechanical model to incorporate the necessary inter-
actions. Then, the thermal information, including the cooling rate of 
a representative domain, is automatically transferred to another level 
of the phase-field model to simulate the solidification of a ternary Ni-
Nb-Al alloy system. At this level, the Allen-Cahn formulation governs 
the transition between liquid and solid phases, while the Cahn-Hilliard 
equation controls the elemental concentration, using thermodynamic 
data from the CALPHAD library. Then, the thermal information, in-
cluding the cooling rate of a representative domain, is automatically 
transferred to another level of the phase-field model to simulate the 
solidification of a ternary Ni-Nb-Al alloy system. This framework aims 
to predict solidification microstructures and non-equilibrium chemical 
partitioning during laser powder bed fusion (LPBF) processing of Ni-Nb-
Al-based alloys. Our micro phase field model, leverages thermodynamic 
factors to significantly enhance computational efficiency, rather than 
relying on Newton–Raphson methods, as seen in models that directly 
employ free energies from CALPHAD databases.. Using a ternary Ni-
Nb-Al alloy as a case study, our investigation delves into site-specific 
grain evolution, with a primary focus on primary dendrite arm spacing 
(PDAS) and microsegregation. Additionally, we aim to explore the 
influence of laser power and scanning velocity across the melt pool, 
as well as the solidification parameters on the precipitation between 
dendrites and liquid pockets. This precipitation initiates the formation 
of porosity and induces cracks, which are critical factors in determining 
the overall quality and integrity of AM-produced components. The 
schematic view of research is shown in Fig.  1.
2 
1.2. Crack formation in Nickel-based superalloys

Nickel-based superalloys are prone to various crack defects during 
high-energy beam additive manufacturing (HEB-AM), including solidi-
fication cracks, liquation cracks, strain-age cracks, ductility-dip cracks, 
and cold cracks [3,4] (Fig.  2). Solidification and liquation cracks are 
linked to liquid presence, while others occur in the solid state. Distin-
guishing between these cracks can be challenging due to overlapping 
characteristics [5].

Solidification Cracks: These cracks, or ‘‘hot tears’’ form in the 
mushy zone during solidification, often along high-angle grain bound-
aries due to stress concentration in interdendritic regions [6,7]. Rapid 
cooling and alloy composition significantly influence their formation
[8,9] (Fig.  2). Liquation Cracks: Liquation cracks occur in the partially 
melted zone adjacent to the weld metal fusion zone. These cracks 
often form due to the remelting of low-melting-point phases under 
residual stress [10,11], as shown in Fig.  3. They are associated with 
microsegregation and rapid solidification, making liquid feeding dif-
ficult [12,13]. Rapid heating during the high energy heat source AM 
process contributes to the dissolution of certain grain-boundary phases, 
such as the 𝛾-𝛾 ′ eutectic and low-melting-point carbides, as shown in 
Fig.  4. Under significant residual stresses, these liquid films tend to act 
as initiation sites for cracks in the fabricated material. [10,11,14]. (Fig. 
4).

Relationship Between Cracks: Solidification and liquation cracks 
are interconnected, with stress concentrations at grain boundaries often 
exacerbating crack formation [15]. Other crack types, such as strain-age 
and ductility-dip cracks, occur in the solid state and are influenced by 
residual stresses and material ductility [3,4].

1.3. Phase-field modeling in additive manufacturing

Phase-field (PF) modeling has emerged as a powerful tool for sim-
ulating microstructure evolution in additive manufacturing (AM) pro-
cesses due to its thermodynamic consistency and ability to predict com-
plex grain morphologies without explicit interface tracking [16,17]. 
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Fig. 2. Primary crack categories in nickel-based superalloys fabricated using AM: (a–c) Liquation cracks, (d–e) Solidification cracks, (f–g) Strain-age cracks, (h–i) Ductility-dip 
cracks, and (j) Cold cracks [3–5].
Fig. 3. Schematic diagrams illustrating crack formation due to the remelting of the Laves phase and the dissolution of NbC [12,13,15].
Recent advancements integrate PF models with CALPHAD for enhanced 
accuracy, though computational efficiency remains a challenge [18]. 
A multiphysics framework combining finite element thermal models 
with PF methods has been proposed to predict solidification microstruc-
tures and chemical partitioning in Ni-Nb-Al alloys during powder bed 
fusion (PBF) [19]. This approach focuses on predicting melt pool 
evolution by incorporating a high-density laser heat source into a 
thermo-elastoplastic-phase field model [20]. This model accounts for 
phase changes in the material across various phases, enabling accurate 
melt pool estimation through adaptive mesh refinement. Addition-
ally, a micro-phase field model coupled with the CALPHAD library 
is developed to predict primary dendrite arm spacing (PDAS) and 
microsegregation, leveraging simplified free energy density for compu-
tational efficiency [20]. Furthermore, micro-scale PF modeling within 
3 
the MOOSE framework explores the effects of process parameters on 
microstructure evolution, particularly in liquid pockets and dendrite-
induced cracking [21,22]. These insights aim to optimize AM pro-
cesses for high-performance Ni-Nb-Al-based alloys, ensuring superior 
mechanical properties and microstructural integrity [23,24].

2. Mathematical description

2.1. Macro phase field process modeling in AM application

In this work, a fully coupled, thermodynamically-consistent phase-
field thermo-mechanical modeling approach for PBF is presented [25–
27]. Consider a solid domain 𝛺 ∈ R3. At each material point 𝑥 ∈ 𝛺
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Fig. 4. Liquation cracking characteristics in Inconel 718, including SEM images, (a) and (b): high-magnification SEM images highlighting cracks in the microstructure, (c) and (d): 
showing cracks about Laves phase formations due to intermetallic compounds. [12,13,15].
and time 𝑡 ∈ [0, 𝜏], the thermomechanical problem is described by the 
following field variables: 

𝑢 ∶

{

𝛺 × 𝜏 ↦ R𝑑

(𝐱, 𝑡) ↦ 𝑢(𝐱, 𝑡)
𝑇 ∶

{

𝛺 × 𝜏 ↦ 𝑅
(𝐱, 𝑡) ↦ 𝑇 (𝐱, 𝑡)

𝜙 ∶

{

𝛺 × 𝜏 ↦ [0, 1]
(𝐱, 𝑡) ↦ 𝜙(𝐱, 𝑡)

(1)

Where 𝑢, 𝑇 , and 𝜙 respectively represent the displacement vector, 
temperature, and phase-field variables. The phase changing setting in 
the present work considers 𝜙 = 0 and 𝜙 = 1 as the soft (liquid) powder 
and hard (solid) powder states, respectively, while 0 < 𝜙 < 1 rep-
resents the in-between mushy phase zone. Following the infinitesimal 
deformation theory, whereby 𝜀 = ∇𝑠𝑢 =

1
2 (∇𝑢 + (∇𝑢)𝑇 ), the total strain 

tensor 𝜀 can be additively decomposed into elastic (𝜀𝑒), plastic (𝜀𝑝), 
and thermal (𝜀𝑡ℎ) strain tensors, such that 𝜀 = 𝜀𝑒+𝜀𝑝+𝜀𝑡ℎ. The thermo-
elastoplastic problem is described by the following set of independent 
state variables 𝑉1 = {𝜀, 𝜀𝑝, 𝛼, 𝑇 ,∇𝑇 , 𝜙1,∇𝜙1}, where 𝛼, 𝑇 , ∇𝑇 , 𝜙1, ∇𝜙1
are equivalent plastic strain, temperature, temperature gradient, phase 
field, and phase field gradient, respectively [25–30]. The free energy 
density function per unit volume can be written as; 
𝜓(𝑉1) = 𝜓𝑒 + 𝜓𝑝 + 𝜓 𝑡ℎ−𝑒 + 𝜓 𝑡ℎ + 𝜓𝜙1 (2)

where 𝜓𝑒, 𝜓𝑝, 𝜓 𝑡ℎ−𝑒, 𝜓 𝑡ℎ, and 𝜓𝜙1  are the elastic, plastic, thermo-
elastic, pure thermal, and phase-field energy contributions [31]. The 
free energy terms can be detailed as: 

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

(a) 𝜓𝑒 = 𝐾
2
𝜀2𝑣 + 𝜇𝜀

𝑒
𝑑 ∶ 𝜀𝑒𝑑

(b) 𝜓𝑝 = 𝜎𝑦𝛼 +
1
2
𝐻𝛼2

(c) 𝜓 𝑡ℎ−𝑒 = −3𝐾𝜉𝜀𝑣(𝑇 − 𝑇0)

(d) 𝜓 𝑡ℎ = 𝑐[(𝑇 − 𝑇0) − 𝑇 ln(𝑇 ∕𝑇0)]

(e) 𝜓𝜙1 = 𝑓 (𝜙1, 𝑇 ) +
𝜀2𝜙1
2

‖∇𝜙1‖
2

(3)

where 𝐾, 𝜇 are, respectively, the bulk and shear moduli, 𝜀𝑣 = tr(𝜀𝑒)
is the volumetric strain and 𝜀𝑒𝑑 = (𝜀𝑒 − 1

3 𝜀𝑣𝐼) is the deviatoric elastic 
strain tensor. Within the plastic energy term, 𝜎𝑦 and 𝐻 are the initial 
yield stress and hardening modulus respectively. The remainder of 
4 
the parameters are 𝜉 as the thermal expansion coefficient, 𝑇0 as the 
reference temperature, 𝑐 as the heat capacity per unit volume and 𝐼
as a second-order identity tensor. In the expression of the phase field 
energy, 𝜓𝜙1 , the bulk free energy contribution 𝑓 (𝜙1, 𝑇 ) is added to the 
interfacial energy density as the local dissipation term, consisting of the 
phase-field gradient term and its coefficient 𝜀𝜙1 , which will be further 
explored in the next section. The time rate of the free energy can be 
obtained as follows: 
𝜓̇ =

𝜕𝜓
𝜕𝜀𝑒

∶ 𝜀̇−
𝜕𝜓
𝜕𝜀𝑝

∶ 𝜀̇𝑝+
𝜕𝜓
𝜕𝛼
𝛼̇+

𝜕𝜓
𝜕𝑇

𝑇̇ +
𝜕𝜓
𝜕∇𝑇

. ̇∇𝑇 +
𝜕𝜓
𝜕𝜙1

𝜙̇1+
𝜕𝜓
𝜕∇𝜙1

. ̇∇𝜙1 (4)

By using the divergence theorem, the last term in the above equation 
can be written as: 
𝜕𝜓
𝜕∇𝜙1

. ̇∇𝜙1 = div(𝜙̇1
𝜕𝜓
𝜕∇𝜙1

) − div( 𝜕𝜓
𝜕∇𝜙1

)𝜙̇1 (5)

To obtain thermodynamically consistent constitutive relations govern-
ing the coupled thermomechanical problem, the second law of thermo-
dynamics (entropy inequality) is used which can be interpreted in the 
form of the following generalized Clausius–Duhem inequality [32] per 
unit volume as: 
𝜎 ∶ 𝜀̇ − 𝜓̇ − 𝑠𝑇̇ − 1

𝑇
𝑞.∇𝑇 ≥ 0 (6)

In the context of continuum mechanics, the stress tensor 𝜎, entropy 
density 𝑠, and heat flux vector 𝑞 play pivotal roles. Ensuring thermody-
namic equilibrium is paramount and is captured by various equations 
and inequalities. Substituting Eqs. (4) and (5) into the inequality in Eq. 
(6), we obtain:

(𝜎 −
𝜕𝜓
𝜕𝜀𝑒

) ∶ 𝜀̇ +
𝜕𝜓
𝜕𝜀𝑝

𝜀̇𝑝 −
𝜕𝜓
𝜕𝛼
𝛼̇ − (𝑠 +

𝜕𝜓
𝜕𝑇

)𝑇̇ −
𝜕𝜓
𝜕∇𝑇

.∇𝑇̇

−
(

𝜕𝜓
𝜕𝜙1

− div 𝜕𝜓
𝜕∇𝜙1

)

𝜙̇1 −
1
𝑇
𝑞 ⋅ ∇𝑇 ≥ 0. (7)

This inequality must hold for any arbitrary thermodynamic process. 
With insights from Colman’s thermodynamic framework [25,26], equi-
librium equations can be derived:

𝜎 =
𝜕𝜓
𝜕𝜀𝑒

= 𝐾(𝑒 − 𝜉(𝑇 − 𝑇0))𝐼 + 2𝜇𝜀𝑒𝑑 , (8)

𝑠 = −
𝜕𝜓

= 3𝐾𝜉𝑒 + 𝑐 ln
(

𝑇
)

+ 𝜌𝐿
(

1
)

𝑝(𝜙1), (9)

𝜕𝑇 𝑇0 𝑇𝑀
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𝜕𝜓
𝜕∇𝑇

= 0, (10)

∫𝛺
div

(

𝜙̇1
𝜕𝜓
𝜕∇𝜙1

)

𝑑𝛺 = ∫𝜕𝛺
𝜙̇1

𝜕𝜓
𝜕∇𝜙1

⋅ 𝐧 𝑑𝜕𝛺, (11)

𝜙̇1
𝜕𝜓
𝜕∇𝜙1

⋅ 𝐧 = 0. (12)

Further, the dissipative inequalities stemming from Eq.  (7) are delin-
eated:

− 1
𝑇
𝑞 ⋅ ∇𝑇 ≥ 0, (13)

−
(

𝜕𝜓
𝜕𝜙1

− div 𝜕𝜓
𝜕∇𝜙1

)

𝜙̇1 ≥ 0, (14)

𝜕𝜓
𝜕𝜀𝑝

∶ 𝜀̇𝑝 −
𝜕𝜓
𝜕𝛼
𝛼̇ ≥ 0. (15)

Eq. (13) describes thermal dissipation using Fourier’s law, while Eq.
(15) encapsulates mechanical dissipation via the Clausius–Planck in-
equality [33]. Utilizing thermodynamically consistent approaches akin 
to Ginzburg–Landau theory, the variation of phase-field energy density, 
as denoted by Eq.  (3e), yields equilibrium equations: 
𝛿𝜓𝜙1
𝛿𝜙1

=
𝜕𝑓
𝜕𝜙1

− 𝜀2𝜙1∇
2𝜙1 = 0. (16)

The evolution of the phase-field parameter 𝜙1 is aptly described by the 
time derivative of a non-conserved variable 𝜂, akin to the Allen-Cahn 
equation [34,35]: 
𝜕𝜂
𝜕𝑡

= −𝑀 𝜕𝐹
𝜕𝜂
. (17)

Here, 𝐹  represents the free energy functional encompassing local and 
gradient terms for conserved and non-conserved field variables. The 
evolution of 𝜙1 is described by: 
𝜕𝜙1
𝜕𝑡

= −𝑀
[

𝜕𝑓
𝜕𝜙1

− 𝑙2

2
∇2𝜙1

]

. (18)

The interface mobility parameter 𝑀 is defined as [34]: 

𝑀 =
𝜇𝜙1𝑇𝑀
6𝛿𝜌𝐿

, (19)

with 𝜇𝜙1  and 𝛿 representing the interface kinetic coefficient and in-
terface width, respectively. The choice of 𝑓 (𝜙1, 𝑇 ) determines the free 
energy density, encapsulating the energy barrier at the interface and 
the difference of free energy terms between phases. The finite element 
(FE) simulation requires choosing an element size smaller than 𝛿 to 
ensure resolution at the solid–liquid interface [34]. Eq. (16) introduces 
the phase-field gradient coefficient 𝜀𝜙1 , representing the diffusive in-
terface width 𝑙. Drawing from previous research [31], we define the 
system’s free energy density as: 
𝑓 (𝜙1, 𝑇 ) = 𝑊 𝑔(𝜙1) + 𝛩(𝑇 )𝑝(𝜙1), (20)

where 𝑊  is the interfacial energy barrier determined by the surface 
tension 𝜔 and 𝛿. Additionally, 𝛩(𝑇 ) accounts for the thermal driving 
force for phase changes. This formulation captures the competition 
between energy barriers at the solid–liquid interface and associated 
free energy differences. The free energy associated with the phase-field 
variable, 𝜓𝜙1 , is redefined from Eq.  (21), incorporating the defined 
functions: 

𝜓𝜙1 = 𝑊 𝑔(𝜙1) + 𝜌𝐿
(

𝑇𝑀 − 𝑇
𝑇𝑀

)

𝑝(𝜙1) +
𝑙2

2
‖∇𝜙1‖

2. (21)

Here, 𝑔(𝜙1) and 𝑝(𝜙1) represent the double well potential and interpo-
lating function, respectively, chosen from [34]. The evolution of the 
phase-field variable, as expressed in Eq.  (18), is given by: 
𝜕𝜙1
𝜕𝑡

= −𝑀
[

𝑊 𝑔′(𝜙1) + 𝜌𝐿
(

𝑇𝑀 − 𝑇
𝑇𝑀

)

𝑝′(𝜙1) − div(𝑙2∇𝜙1)
]

. (22)

In the absence of external forces, the balance of linear momentum 
yields: 
∇𝜎 = 0. (23)
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The elastic strain tensor’s dual, 𝜎, is defined as: 

𝜎 =
𝜕𝜓
𝜕𝜀𝑒

= 𝐶𝑒𝜀𝑒, (24)

where 𝐶𝑒 denotes the fourth-order elastic stiffness tensor. The elastic 
stress 𝜎 can be expressed alternatively in terms of strains and thermal 
strains, as represented by Eq.  (24). The energy balance equation and en-
tropy evolution stem from the first law of thermodynamics, conserving 
internal energy: 
𝐸̇ = 𝜎 ∶ 𝜀̇ − ∇ ⋅ 𝑞 +𝑄, (25)

where 𝐸 is the specific internal energy and Q is the external heat 
supply [20]. Using the Legendre transform, the internal energy converts 
to the sum of free energy and entropy-temperature potentials, The 
specific internal energy 𝐸 is expressed as 𝐸 = 𝜓 + 𝑠𝑇 , and its rate form 
is given by: 
𝐸̇ = 𝜓̇ + 𝑠𝑇̇ + 𝑠̇𝑇 . (26)

Referring to the inequality in Eq.  (12), the rate of the free energy, as 
described in Eq.  (4), is redefined as: 

𝜓̇ = 𝜎 ∶ 𝜀̇ −𝐷 − 𝑠𝑇̇ +
[

𝜕𝜓
𝜕𝜙1

− div
(

𝜕𝜓
𝜕∇𝜙1

)]

𝜙̇1. (27)

Utilizing Eqs. (21) and (27), along with the internal energy rate forms 
in Eqs. (26) and (27), we obtain: 

𝑇 𝑠̇ = 𝐷−
[

𝑊 𝑔′(𝜙1) + 𝜌𝐿
(

𝑇𝑀 − 𝑇
𝑇𝑀

)

𝑝′(𝜙1) − div(𝑙2∇𝜙1)
]

𝜙̇1 − div𝑞 +𝑄,

(28)

where 𝑠 = − 𝜕𝜓
𝜕𝑇 . Similarly, deriving the time rate of the entropy density 

𝑠, using the chain rule and rearrangements, leads to:

𝑠̇ = −
𝜕(𝜎 ∶ 𝜀̇ −𝐷)

𝜕𝑇
−
𝜕2𝜓
𝜕𝑇 2

𝑇̇

− 𝜕
𝜕𝑇

[

𝑊 𝑔′(𝜙1) + 𝜌𝐿
(

𝑇𝑀 − 𝑇
𝑇𝑀

)

𝑝′(𝜙1) − div(𝑙2∇𝜙1)
]

𝜙̇1. (29)

Substituting Eq. (29) into Eq. (28) results in: 
𝑐𝑇̇ = 𝐷 +𝑊 𝑒𝑝 −𝑊 𝜙1 − div𝑞 +𝑄, (30)

where, 

𝑐 = −𝑇
𝜕2𝜓
𝜕𝑇 2

, (31)

𝑊 𝑒𝑝 = 𝑇
𝜕(𝜎 ∶ 𝜀̇ −𝐷)

𝜕𝑇
, (32)

and

𝑊 𝜙1 =
[

𝜌𝐿
(

𝑇
𝑇𝑀

)

𝑝′(𝜙1) +𝑊 𝑔′(𝜙1)

+ 𝜌𝐿
(

𝑇𝑀 − 𝑇
𝑇𝑀

)

𝑝′(𝜙1) − div(𝑙2∇𝜙1)
]

𝜙̇1. (33)

Here, 𝑐 represents the volumetric heat capacity, and 𝑊 𝑒𝑝, 𝑊 𝜙1  and 𝐷
denote the contributions related to elastoplastic and phase-field prob-
lems, the plastic dissipative term [27], respectively. In what follows, 
a brief overview of associative rate-independent 𝐽2 plasticity theory 
using an isotropic hardening law is given, which is employed herein 
to allow for plastic deformations within the constitutive model [36]. 
The standard yield function using the von Mises criterion is given by: 
𝑓𝑦(𝜎𝑑 , 𝑞𝛼 , 𝑇 ) ∶= 𝜎eq − 𝑌 (𝛼), (34)

where 𝑌 (𝛼) = 𝜎𝑌 − 𝑞𝛼 with 𝜎𝑌  as the material yield stress and 𝜎eq =
√

3𝐽2 =
(

3
2𝜎𝑑 ∶ 𝜎𝑑

)
1
2  is the equivalent von Mises stress, in which 

𝜎𝑑 = 𝜎 − 1
3 tr(𝜎)𝐼 is the deviatoric stress tensor. The rate of the stress 

tensor can be given, according to Eq.  (8), as: 
𝜎̇ = 𝐶𝑒(𝜀̇ − 𝜀̇𝑝 + 𝜀̇𝑡ℎ), (35)
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where 𝐶𝑒 is the elasticity tensor. The rate of the plastic strain can be 
defined via the associative flow rule: 

𝜀̇𝑝 = 𝜆̇
( 𝜕𝑓𝑦
𝜕𝜎

)

, (36)

where 𝜆̇ is the plastic multiplier and 
( 𝜕𝑓𝑦
𝜕𝜎

)

 indicates the direction of 
the plastic strain increment. Using the chain rule, the time derivative 
of the yield function reads: 

̇𝑓𝑦 =
( 𝜕𝑓𝑦
𝜕𝜎

∶ 𝜎̇
)

+
( 𝜕𝑓𝑦
𝜕𝑞

∶ ̇̄𝑞
)

, (37)

Following this, the accumulated (equivalent) plastic strain can be writ-
ten as: 

𝜀̄𝑝 =
( 2
3
𝜀𝑝 ∶ 𝜀𝑝

)

1
2 , (38)

The plastic consistency parameter must satisfy the Kuhn–Tucker condi-
tions given by:
𝜆̇ ≥ 0,

𝜆̇𝑓𝑦 = 0,

𝑓𝑦 ≤ 0. (39)

2.2. Micro phase field modeling in micro-structure simulation

In this section of this work, a thermodynamically-consistent phase-
field chemical modeling approach for dendrite growing is presented
[37]. Consider a solid domain 𝛺 ∈ R3. At each material point 𝑥 ∈ 𝛺
and time 𝑡 ∈ [0, 𝜏], the thermochemical problem is described by the 
following field variables: 
{

𝑐 ∶ 𝛺 × 𝜏 ↦ R
(𝐱, 𝑡) ↦ 𝑐(𝐱, 𝑡)

and
{

𝜙2 ∶ 𝛺 × 𝜏 ↦ [0, 1]
(𝐱, 𝑡) ↦ 𝜙2(𝐱, 𝑡)

(40)

Where 𝑐 and 𝜙2 respectively represent the concentration and phase-
field variables. The phase-changing setting in the present work is 
similar to what was presented in Section 2.1 but on another com-
putational scale. The thermo-chemical problem is described by the 
following set of independent state variables 𝑉 2 = {𝑐, 𝜙2,∇𝜙2}, where 
𝑐, 𝜙2, ∇𝜙2 are concentration, phase field, and phase field gradient, 
respectively. The free energy density function per unit volume can be 
written as; 
𝜓(𝑉2) = 𝜓𝐶ℎ + 𝜓𝐼𝑛𝑡 (41)

where 𝜓𝐶ℎ, and 𝜓𝐼𝑛𝑡 are chemical, and Interfacial energy contribu-
tions [31]. The free energy terms can be detailed as: 
⎧

⎪

⎨

⎪

⎩

(a) 𝜓𝐶ℎ = 𝑝(𝜙2)𝐺𝑆 (𝑐𝑆1 , 𝑐
𝑆
2 , 𝑇 ) + (1 − 𝑝(𝜙2))𝐺𝐿(𝑐𝐿1 , 𝑐

𝐿
2 , 𝑇 )

(b) 𝜓𝐼𝑛𝑡 = 𝑓 (𝜙2, 𝑇 ) −
𝑎2

2
‖∇𝜙2‖

2
(42)

In the first part of Eq. (42b), the double well potential term can be 
presented herein as: 
𝑓 (𝜙2, 𝑇 ) = 𝑊 𝑔(𝜙2) (43)

The second part of Eq. (42b), is the so-called gradient term. Next, 
we derive the time evolution equation of 𝜙2 by following the sec-
ond law of thermodynamics. Because the phase field variable 𝜙2 is a 
non-conserved quantity, we use the Allen-Cahn equation [35]. 
𝜕𝜙2
𝜕𝑡

= −𝑀𝜙2
𝛿𝜓(𝑉2)
𝛿𝜙2

, (44)

where 𝑀𝜙2  is the phase field mobility factor and the functional deriva-
tive 𝛿𝜓(𝑉2)𝛿𝜙2

 can be calculated as: 

𝛿𝜓(𝑉2) =
𝜕𝜓𝐶ℎ

+
𝜕𝜓𝑑𝑜𝑢

− ∇.
𝜕𝜓𝑔𝑟𝑎𝑑 (45)
𝛿𝜙2 𝜕𝜙2 𝜕𝜙2 𝜕∇𝜙2

6 
Based on previous researchers [38,39] in detail; 

𝛿𝜓(𝑉2)
𝛿𝜙2

= 𝑝′(𝜙)

(

(𝐺𝑆 − 𝐺𝐿) + 𝜕𝐺𝑆

𝜕𝑐𝑆1
(𝑐𝐿1 − 𝑐𝑆1 ) +

𝜕𝐺𝑆

𝜕𝑐𝑆2
(𝑐𝐿2 − 𝑐𝑆2 )

)

+𝑊 𝑔′(𝜙)

(46)

We obtain the time evolution equation of the phase-field variable 𝜙2 as 
follows; 
𝜕𝜙2
𝜕𝑡

= 𝑊 2

𝜏0𝑎(𝜃)2
[

∇ ⋅
(

𝑎(𝜃)2∇𝜙2
)

+ 𝜕
𝜕𝑦

(

|∇𝜙2|
2) 𝑎(𝜃)

𝜕𝑎(𝜃)
𝜕(𝜕𝑦𝜙2)

+ 𝜕
𝜕𝑧

(

|∇𝜙2|
2) 𝑎(𝜃)

𝜕𝑎(𝜃)
𝜕(𝜕𝑧𝜙2)

− 1
𝑊 2

𝜕𝑔(𝜙2)
𝜕𝜙2

+
𝑎1
𝑊 𝜎

𝜕𝑝(𝜙2)
𝜕𝜙2

𝛥𝐺𝑐ℎ

]

(47)

herein, W is the width of the interface, the function 𝑔(𝜙2) = 𝜙2
2(1 −

𝜙2)2 represents a double-well potential ensuring the existence of two 
equilibrium states at 𝜙2 = 0 and 𝜙2 = 1, corresponding to the bulk 
phases. As for 𝑝(𝜙2), it serves as an interpolation function. Here, we 
select 𝑝(𝜙2) = 𝜙3

2(10−15𝜙2 +6𝜙2
2) due to its fulfillment of the necessary 

interpolation condition 𝑝(0) = 1, 𝑝(1) = 1, while also maintaining a 
vanishing slope at 𝜙2 = 0 and 𝜙2 = 1 to prevent any shift in the 
bulk states. The relaxation time 𝜏0 is linked to the physical quantities 
by [38]: 

𝜏0 = 𝑎1𝑎2𝑊
3

⎛

⎜

⎜

⎜

⎝

𝜒𝐿1

|

|

|

𝑐𝐿1 − 𝑐𝑆1
|

|

|

2

𝜎𝐷𝐿
1

+ 𝜒𝐿2

|

|

|

𝑐𝐿2 − 𝑐𝑆2
|

|

|

2

𝜎𝐷𝐿
2

⎞

⎟

⎟

⎟

⎠

(48)

where 𝑎1 =
√

(2)∕3 and 𝑎2 = 1.175 [40] are the numerical constants and 
𝜒𝐿𝐴  is the mean thermodynamic factor. The formulation for the four-fold 
surface energy anisotropy for FCC metals [41] is given by: 

𝑎(𝜃) = 1 + 𝜖 cos4(𝜃 + 𝜃0) (49)

where 𝜖 represents the anisotropy strength and in the y-z plane, we will 
have, 

𝜃 = arctan
(

𝜕𝑧𝜙2
𝜕𝑦𝜙2

)

(50)

𝜃 denotes the angle between the interface normal and the 𝑦-axis, and 
𝜃0 indicates the misorientation angle between the preferred crystalline 
orientation and the temperature gradient direction. The driving force 
for solidification in this model is determined from the chemical free 
energy density, as described in [10,38]. 

𝛥𝐺𝑐ℎ(𝜙2, 𝑐) =
𝑁
∑

𝐴
𝜒𝐿𝐴 (𝑐

𝑆
𝐴 − 𝑐𝐿𝐴 )

(𝑐𝐴 − 𝑐𝑒𝑞𝐴 )

𝜙2 + (1 − 𝜙2)𝑘𝐿𝐴
(51)

The parameter 𝜒𝐿𝐴  represents the thermodynamic factor of the liq-
uid phase and is defined as the second derivative of the free energy 
function from the database with respect to the solute equilibrium 
concentration. This formulation, based on the parabolic free energy 
model, circumvents the need for intensive computation of the driv-
ing force at each time-iteration using TQ-interface or extrapolation 
schemes [42]. Furthermore, its incorporation of derived thermody-
namic factors eliminates the necessity for using unrealistic interpolated 
free energy functions [18]. Consequently, this phase-field method si-
multaneously ensures simulation accuracy and enhances modeling effi-
ciency, particularly for multi-phase or multi-component systems. In this 
investigation, we assume that 𝜒𝐿𝐴  is constant within the freezing range 
for further simplification. The solute diffusion equation is expressed 
based on the Cahn-Hilliard equation [43]:
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Table 1
Strong form equations governing the coupled problem.
 Description  
 Momentum balance: ∇ ⋅ 𝜎 = 0  
 Phase-field evolution: 𝜙̇1 = −𝑀

[

𝑊 𝑔′(𝜙1) + 𝜌𝐿
(

𝑇𝑀−𝑇
𝑇𝑀

)

𝑝′(𝜙1) − div(𝑙2∇𝜙1)
]

 
 Temperature evolution: 𝑐𝑇̇ = 𝐷 +𝑊 ep −𝑊 𝜙1 − div𝑞 +𝑄  

Table 2
Governing initial and boundary conditions.
 Dirichlet B.C. (𝛤𝐷) 𝑢(𝑥, 𝑡) = 𝑢∗(𝑥, 𝑡) on 𝛤𝐷𝑢

 
 𝜙1(𝑥, 𝑡) = 𝜙∗

1(𝑥, 𝑡) on 𝛤𝐷𝜙1
 

 𝑇 (𝑥, 𝑡) = 𝑇 ∗(𝑥, 𝑡) on 𝛤𝐷𝑇
 

 Neumann B.C. (𝛤𝑁 ) −𝜅∇𝑇 ⋅ 𝑛 = 𝑞 on 𝛤𝑁𝑇
 

 ∇𝜙1 ⋅ 𝑛 = 0 on 𝛤𝑁𝜙1
 

 𝜎 ⋅ 𝑛 = 𝑡∗ on 𝛤𝑁𝑢
 

 Initial conditions 𝑇 = 𝑇ref on 𝛤𝑁𝑇
 

 𝜙1 = 𝜙1 on 𝛤𝑁𝜙1
 

 𝑢 = 𝑢̄ on 𝛤𝑁𝑢
 

𝜕𝑐𝐴
𝜕𝑡

= ∇ ⋅
[(

𝑝(𝜙2)𝐷𝑆
𝐴∇𝑐

𝑆
𝐴 + (1 − 𝑝(𝜙2))𝐷𝐿

𝐴∇𝑐
𝐿
𝐴

)

+ 𝐽𝑎𝑡

]

(52)

𝐽𝑎𝑡 is the anti-trapping current used to eliminate spurious solute-
trapping effects at the interface [44] and is expressed as: 

𝐽at =
𝑁
∑

𝐴

√

𝑊
2
(𝑐𝑆𝐴 − 𝑐𝐿𝐴 )

∇
(

𝜙2
)

|

|

|

∇
(

𝜙2
)

|

|

|

𝜕𝜙2
𝜕𝑡

(53)

The species concentration at any location for species A is given by: 

𝑐𝐴 = 𝑝(𝜙)𝑐𝑆𝐴 + (1 − 𝑝(𝜙))𝑐𝐿𝐴 (54)

Eq. (53) assumes that the interpolation function 𝑝(𝜙) is also given by 
𝜙. Following the Kim-Kim-Suzuki (KKS) approach [45], it is assumed 
that the chemical potential for each species is the same in the solid 
and liquid phases, so that for each species A; 

𝜕𝐺𝑆

𝜕𝑐𝑆𝐴
= 𝜕𝐺𝐿

𝜕𝑐𝐿𝐴
(55)

The concentrations 𝑐𝑆𝐴 and 𝑐𝐿𝐴 in Eq.  (55) are the solute concentrations 
at the diffuse interface. Eqs.  (54) and (55) yield a set of 4 equations for 
a ternary alloy with two types of solutes.
7 
2.3. Summary of the governing equations

2.3.1. Macro phase field process modeling in AM application
The coupled thermomechanical phase-field problem described in 

the previous section can be represented by the summary of the strong 
form equations given in Table  1 constrained by initial and boundary 
conditions (BCs) represented in Table  2, under the assumption of 𝛤𝐷 ∪
𝛤𝑁 = 𝜕𝛺 and 𝛤𝐷 ∩ 𝛤𝑁 = ∅, with 𝛤𝐷 and 𝛤𝑁  indicating the Dirichlet- 
and Neumann-type boundaries, respectively.

2.3.2. Micro phase field modeling in micro-structure simulation
The thermomechanical micro phase-field problem discussed earlier, 

is encapsulated by the comprehensive set of equations detailed in 
Table  3, along with initial and boundary conditions (BCs) outlined in 
Table  4. These conditions specify Dirichlet and Neumann boundaries, 
respectively.

3. Numerical implementations

The finite element method (FEM) is utilized to implement the 
formulation outlined in the previous section by using the weak form 
of the governing PDEs given in provided Equations in Table  1. 

∫𝛺
𝜎 ∶ ∇𝛿𝑢 𝑑𝛺 = 0 (56)

∫𝛺

[

1
𝑀
𝜙̇𝛿𝜙 +𝑊 𝑔′(𝜙)𝛿𝜙 + 𝜌𝐿

(

𝑇𝑀 − 𝑇
𝑇𝑀

)

𝑝′(𝜙)𝛿𝜙 + 𝑙2∇𝜙 ⋅ ∇𝛿𝜙
]

𝑑𝛺

− ∫𝛤𝑁𝜙
𝑙2∇𝜙 ⋅ 𝑛𝛿𝜙 𝑑𝑆 = 0 (57)

∫𝛺
(𝑐𝑇̇ +𝑊 𝜙)𝛿𝑇 𝑑𝛺 + ∫𝛺

𝜅∇𝑇 ⋅ ∇𝛿𝑇 𝑑𝛺 + ∫𝛺
𝑄𝛿𝑇 𝑑𝛺 = 0 (58)

Using the standard FEM method, the field variables and their spatial 
derivatives are approximated at the element level as:

𝑢 = 𝑁𝑢 𝐮𝑒, 𝜖 = 𝐵𝑢 𝐮𝑒, (59)

𝜙 = 𝑁𝜙1 𝝓𝟏𝑒 , ∇𝜙1 = 𝐵𝜙1 𝝓𝟏𝑒 , (60)

𝑇 = 𝑁𝑇 𝐓𝑒, ∇𝑇 = 𝐵𝑇 𝐓𝑒, (61)

where 𝐮𝑒, 𝝓𝑒, and 𝐓𝑒 are the nodal values of the displacements, phase-
field, and temperature at an element 𝑒. For interpolation purposes, the 
standard shape function matrices 𝑁 , 𝑁 , 𝑁  and their corresponding 
𝑢 𝜙 𝑇
Table 3
Strong form equations governing the phase-field and concentration evolution.
 Description  
 Phase-field evolution:  

 

𝜙̇2 =
𝑊 2

𝜏0𝑎(𝜃)2

[

∇ ⋅
(

𝑎(𝜃)2∇𝜙2
)

+ 𝜕
𝜕𝑦

(

|∇𝜙2|
2𝑎(𝜃)

𝜕𝑎(𝜃)
𝜕(𝜕𝑦𝜙2)

)

+ 𝜕
𝜕𝑧

(

|∇𝜙2|
2𝑎(𝜃)

𝜕𝑎(𝜃)
𝜕(𝜕𝑧𝜙2)

)

− 1
𝑊 2

𝜕𝑔(𝜙2)
𝜕𝜙2

+
𝑎1
𝑊 𝜎

𝜕𝑝(𝜙2)
𝜕𝜙2

𝑁
∑

𝐴
𝜒𝐿𝐴 (𝑐

𝑆
𝐴 − 𝑐𝐿𝐴 )

(𝑐𝐴 − 𝑐𝑒𝑞𝐴 )

𝜙2 + (1 − 𝜙2)𝑘𝐿𝐴

]

 

 Concentration evolution:  

 

̇𝑐𝐴 = ∇⋅
[

𝑝(𝜙2)𝐷𝑆
𝐴∇𝑐

𝑆
𝐴

+ (1 − 𝑝(𝜙2))𝐷𝐿
𝐴∇𝑐

𝐿
𝐴

+
𝑁
∑

𝐴

√

𝑊
2

(𝑐𝑆𝐴 − 𝑐𝐿𝐴 )
∇
(

𝜙2
)

|

|

|

∇
(

𝜙2
)

|

|

|

𝜕𝜙2

𝜕𝑡

]
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Table 4
Governing initial and boundary conditions.
 Dirichlet B.C. (𝛤𝐷) 𝑐𝐴(𝑥, 𝑡) = 𝑐∗𝐴(𝑥, 𝑡) on 𝛤𝐷𝑐𝐴

 
 𝜙2(𝑥, 𝑡) = 𝜙∗

2(𝑥, 𝑡) on 𝛤𝐷𝜙2
 

 Neumann B.C. (𝛤𝑁 ) −∇𝑐𝐴 ⋅ 𝑛 = 𝑐𝑆 − 𝑐𝐿 on 𝛤𝑁𝑐
 

 ∇𝜙2 ⋅ 𝑛 = 0 on 𝛤𝑁𝜙2
 

 Initial conditions 𝑐𝐴 = 𝑐𝐴ref  on 𝛤𝑁𝑐𝐴
 

 𝜙2 = 𝜙2 on 𝛤𝑁𝜙2
 

gradient operators 𝐵𝑢, 𝐵𝜙, 𝐵𝑇  are utilized. The residuals associated with 
the displacement field, phase field, and temperature field are given by:

𝑟𝑢 = ∫𝛺
𝜎𝐵𝑇𝑢 𝑑𝑉 − ∫𝛤𝑁𝑢

𝑡∗𝑁𝑇
𝑢 𝑑𝑆 (62)

𝑟𝜙 = ∫𝛺

[ 1
𝑀
𝜙̇[𝑁𝜙]𝑇𝑁𝜙 − 2𝑊 𝜙(1 − 𝜙)(1 − 2𝜙)[𝑁𝜙]𝑇

−30𝛩(𝑇 )𝜙2(1 − 𝜙)2[𝑁𝜙]𝑇 + 𝑙2[𝐵𝜙]𝑇 [𝐵𝜙]
]

𝑑𝑉

− ∫𝛤𝑁𝜙
𝑙2[𝐵𝜙]𝑇 [𝐵𝜙][𝑁𝜙] 𝑑𝑆 (63)

𝑟𝑇 = ∫𝛺

(

𝑐𝑇̇ −
[

𝜌𝐿

(

𝑇
𝑇𝑀

)

𝑝′(𝜙) +𝑊 𝑔′(𝜙)

+ 𝜌𝐿

(

𝑇𝑀 − 𝑇
𝑇𝑀

)

𝑝′(𝜙) − div(𝑙2∇𝜙)
])

[𝑁𝑇 ] 𝑑𝑉

− ∫𝛤𝑁𝑇
𝜅[𝐵𝑇 ]𝑇 [𝑁𝑇 ] 𝑑𝑆 + ∫𝛺

𝜅[𝐵𝑇 ]𝑇 [𝐵𝑇 ] 𝑑𝑉 + ∫𝛺
𝑄[𝑁𝑇 ]𝑇 𝑑𝑉 = 0

(64)

3.1. Micro phase field modeling in micro-structure simulation

In this process, arbitrary test functions linked with the field vari-
ables are utilized and multiplied by the corresponding PDEs, thereby 
yielding the weak forms as elaborated below.

∫𝛺
𝜙̇2𝛿𝜙2 𝑑𝑣 −

𝑊 2

𝜏0 ∫𝛺

[

∇𝛿𝜙2 ⋅ ∇𝜙2

+ 𝛿𝜙2

(

− 1
𝑊 2

𝜕𝑔(𝜙2)
𝜕𝜙2

+
𝑎1
𝑊 𝜎

𝜕𝑝(𝜙2)
𝜕𝜙2

𝛥𝐺𝑐ℎ

)]

𝑑𝑣 = 0 (65)

∫𝛺
𝑐̇𝐴 𝛿𝑐𝐴 𝑑𝑣 + ∫𝛺

[

𝑝(𝜙2)𝐷𝑆
𝐴∇𝑐

𝑆
𝐴 + (1 − 𝑝(𝜙2))𝐷𝐿

𝐴∇𝑐
𝐿
𝐴
]

⋅ ∇𝛿𝑐𝐴 𝑑𝑣

−
𝑁
∑

𝐴=1
∫𝛺

∇ ⋅

[
√

𝑊
2
(𝑐𝑆𝐴 − 𝑐𝐿𝐴 )

∇𝜙2
|∇𝜙2|

𝜕𝜙2
𝜕𝑡

]

𝛿𝑐𝐴 𝑑𝑣 = 0. (66)

To solve the coupled system of equations using the finite element 
method (FEM), follow these steps: - Discretize the domain 𝛺 into 
finite elements. Define the mesh with nodes and elements. - Define 
the basis functions {𝜙𝑖}𝑁𝑖=1 for the phase field and concentration fields. 
Approximate the solutions 𝜙2 and 𝑐𝐴 using the basis functions:

𝑐𝐴 = 𝑁𝑐𝐴 𝐜𝐀𝑒 , ∇𝑐𝐴 = 𝐵𝑐𝐴 𝐜𝐀𝑒 , (67)

𝜙 = 𝑁𝜙 𝝓𝑒, ∇𝜙 = 𝐵𝜙 𝝓𝑒. (68)

Substitute the approximate solutions into the weak forms of the equa-
tions.

𝑟𝜙2 = ∫𝛺
𝑁𝑇
𝜙2
𝑁𝜙2

̇𝜙2𝑒 𝑑𝑣

−𝑊
2

𝜏0 ∫𝛺

[

𝐵𝑇𝜙2𝐵𝜙2𝜙2𝑒

+𝑁𝑇
(

− 1 𝜕𝑔(𝜙2)
)

𝜙2 𝑊 2 𝜕𝜙2
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+𝑁𝑇
𝜙2

(

𝑎1
𝑊 𝜎

𝜕𝑝(𝜙2)
𝜕𝜙2

𝛥𝐺𝑐ℎ

)

]

𝑑𝑣, (69)

𝑟𝑐𝐴 = ∫𝛺𝑒
𝑐̇𝐴𝑁𝑐𝐴 𝑑𝑣

+ ∫𝛺𝑒

[

𝑝(𝜙2)𝐷𝑆
𝐴𝐵𝑐𝐴 + (1 − 𝑝(𝜙2))𝐷𝐿

𝐴𝐵𝑐𝐴
]

⋅ 𝐵𝑐𝐴 𝐜𝑒𝐴 𝑑𝑣

−
𝑁
∑

𝐴=1
∫𝛺𝑒

∇ ⋅

[
√

𝑊
2
(𝑁𝑐𝐴𝐜

𝑒
𝐴 − 𝑐𝐿𝐴 )

∇𝜙2
|∇𝜙2|

𝜕𝜙2
𝜕𝑡

]

𝑁𝑐𝐴 𝑑𝑣 = 0.

(70)

3.2. Multi-scale multi-applications in MOOSE

The Multi-Application (MultiApp) system within MOOSE serves as a 
robust framework for conducting sophisticated multiscale simulations, 
where phenomena spanning different spatial and temporal scales are 
intricately interconnected. This framework allows for the seamless 
integration of multiple simulation modules, each dedicated to mod-
eling specific aspects of a complex system. In the context of a melt 
pool simulation resulting from laser-induced heat transfer, the parent 
application primarily focuses on capturing the macroscopic behavior 
of the system. It simulates the thermal dynamics arising from the 
interaction between a laser heat source and the material, leading to the 
formation of a melt pool. Here, the parent application provides valu-
able insights into phenomena such as temperature distribution, heat 
fluxes, and melt pool morphology at a macroscopic level. However, to 
gain a comprehensive understanding of the underlying microstructural 
evolution within the melt pool, a more refined approach is necessary. 
This is where the MultiApp system proves invaluable. It facilitates the 
seamless transfer of critical information from the parent application to 
a sub-application specifically tailored for dendrite simulation. In the 
dendrite simulation sub-application, the focus shifts to modeling the 
microscale processes governing dendritic growth within the melt pool. 
This includes phenomena such as nucleation, growth, and coarsening 
of dendritic structures, which significantly influence the material’s final 
microstructure and properties. By leveraging the MultiApp system, 
essential information such as temperature gradients, phase transitions 
obtained from the parent application can be seamlessly transferred to 
the dendrite simulation module. This enables a detailed exploration 
of microscale phenomena within the broader context of the melt pool 
simulation. Furthermore, the MultiApp system optimizes computational 
resources by enabling parallel execution of both the parent and sub-
applications. This ensures efficient utilization of computing power, 
ultimately reducing simulation time and enhancing overall productiv-
ity. In summary, the MultiApp system facilitates the integration of 
parent and sub-applications in a hierarchical manner, enabling com-
prehensive multiscale simulations. By seamlessly coupling macroscopic 
and microscopic phenomena, it provides a holistic understanding of 
complex systems such as laser-induced melt pool formation and den-
dritic growth, thereby advancing our ability to predict and optimize 
material properties and manufacturing processes. Additionally, in sce-
narios where the sub-application domain represents an infinitesimally 
small portion of the parent application’s domain, specialized Trans-
fer mechanisms are utilized. For instance, ‘‘sampling’’ Transfers such 
as VariableValueSampleTransfer automatically evaluate single values 
from the parent app domain at sub-application positions, facilitating 
accurate data exchange. Conversely, postprocessor transfers play a cru-
cial role in transmitting homogenized values from the sub-applications 
back to the parent application, ensuring seamless communication and 
enhancing the fidelity of multiscale simulations (see Algorithm 1).
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Algorithm 1 Multi-Scale Multi-Applications in MOOSE Framework
1: Parent Application: Macroscale Melt Pool Simulation
2: Input: Laser heat source, material properties, process parameters
3: Output: Temperature distribution, heat fluxes, melt pool morphol-
ogy

4: Steps:
5: 1. Initialize the laser heat source, material domain, and boundary 
conditions.

6: 2. Apply adaptive meshing for efficient heat transfer simulation.
7: 3. Simulate heat transfer using the Transient Heat Conduc-

tion kernel.
8: 4. Compute temperature gradients and heat fluxes using higher-
order schemes.

9: 5. Output melt pool morphology and thermal data.
10: Sub-Application: Microscale Dendrite Simulation
11: Input: Data from the parent application (temperature, phase 

transitions) and CALPHAD library (Python)
12: Output: Primary dendrite arm spacing (PDAS), microsegregation, 

crack initiation sites
13: Steps:
14: 6. Initialize the microscale domain with a refined mesh.
15: 7. Simulate dendritic growth using the Phase Field method.
16: 8. Model undercooling and solute diffusion using CALPHAD 

thermodynamics.
17: 9. Compute PDAS and microsegregation patterns using postproces-

sors.
18: 10. Perform stress analysis to identify potential crack initiation 

sites.
19: 11. Output microscale data for parent application feedback 

(optional).

4. Result and discussions

In this section, we present and discuss the simulation results ob-
tained from a single-track simulation, demonstrating its reliability in 
effectively coupling temperature and phase-field formulations with 
mechanical responses. The results are compared with those provided 
by NIST for two different cases. The thermal response, which is in-
fluenced by mechanical effects and phase changes, is then transferred 
to the micro-phase-field model for a particular representative space to 
simulate dendrite growth in Ni-Nb-Al. The results are validated against 
the NIST benchmark. Finally, we focus on segregation evolution and 
the remaining liquid phase at the grain boundaries, which originates 
from the solidification rate driven by the cooling rate. The simulations 
are performed on a computer cluster equipped with two Intel CPUs 
(16 cores in total) and 128 GB of RAM. The CPU nodes are connected 
via a 40 Gbps InfiniBand network, enabling efficient communication 
between nodes and optimal utilization of parallel computing resources.

4.1. Material state variables in macro and micro phase field modeling

In Table  5, the parameters are referenced for macroscopic process 
modeling of the additive manufacturing (AM) process. The macroscopic 
material properties associated with temperature and phase parameters 
are detailed in Tables  6 and 7. In Table  6, the parameter 𝜑 denotes 
consolidation, serving as an indicator of phase to track the transforma-
tion of powder into the solid state. This parameter operates irreversibly, 
defined as 𝜑 = max{𝜑(𝑡), 𝜑(𝑡 + 𝑑𝑡)}, where it takes the maximum value 
of 𝜑(𝑡) within two consecutive steps. This aligns with the principle that 
solidified material exists in a lower energy state compared to its liquid 
or powdered forms, making any return to a higher energy state ther-
modynamically unfavorable. Besides, the modeling parameters used for 
the microstructure evolution of a ternary system including Ni-Nb-Al are 
listed in Table  8.
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Table 5
Phase field parameters for Inconel 625 [20].
 Parameters Value Units  
 Kinetic coefficient (𝜇𝜙) 0.5 mm K−1 s−1 
 Interface width (𝛿) 1 mm  
 Surface tension (𝜔) 65 × 10−6 mJ mm−2  
 Latent heat (𝐿) 23.8 × 109 mJ tonne−2  
 Melting temperature (𝑇𝑀 ) 1730 K  

4.2. Melt pool size analysis

Our numerical investigation commenced with benchmark tests con-
ducted under standardized and well-defined experimental conditions 
set forth by the National Institute of Standards and Technology (NIST). 
These conditions enable a direct comparison between experimental 
observations and results derived from numerical simulations of the 
process. To ensure concordance between the two, the simulation mod-
els underwent calibration, involving adjustments to various parameters 
and input values to closely align with the experimental data. This 
calibration process aimed to enhance the accuracy and reliability of 
the simulation results, ensuring a faithful representation of the physical 
phenomena inherent in the current additive manufacturing process. For 
the benchmark tests, we selected nickel-based superalloy 625 (IN625) 
substrates measuring 24.5mm×4.5mm, with a thickness of 3.2mm. The 
powder utilized in these tests matched the material of the substrates. 
Specifically, we focused on a particular set of PBF experiments known 
as the ‘‘Additive Manufacturing Metrology Testbed’’ (AMMT) [47]. In 
this experimental setup, the laser size was reported as a 4-sigma diam-
eter (𝐷4𝜎) range of 170 μm, with a full-width half-maximum (FWHM) 
of 100 μm. For further details on the experimental setup, interested 
readers can refer to [48]. In our numerical simulations, we employed 
Goldak’s double-elliptical model for the heat source. The proposed 
numerical model, described in the preceding section, was simulated 
under two scenarios: Case B, with a laser power of 179.2W and a 
scanning speed of 800mm/s, and Case C, with a laser power of 179.2W
and a scanning speed of 1200mm/s. As provided in Fig.  5, the surface 
topography of the tracks, provided by NIST, was measured and quanti-
fied using confocal laser scanning microscopy (CLSM), forming part of 
the Additive Manufacturing Benchmark Test Series (AM-Bench) [49]. 
Horizontal dashed lines in the figures indicate the estimated position 
of the original surface. The longitudinal profiles along the centerline of 
the tracks and the transverse profiles through the lowest point offer 
crucial insights. This information helps ensure that the morphology 
of the powder layer after deposition on the substrate is accurately 
represented. Comparing these results with simulations proposed here 
reveals that thermo-elastoplastic coupling can yield more efficient and 
accurate outcomes by capturing all effects in the AM process.

Then, to validate the results of the simulation with experiments ro-
bustly, the width of the laser tracks was determined ex-situ using CLSM 
and compared with the provided simulation outputs. Allied with this 
purpose, Fig.  7 depicts CLSM images of the laser track cross-sections 
corresponding to variations in laser power (𝑃 ) and laser scan speed 
(𝑉 ). It can be seen that the cross-section geometry was significantly 
influenced by both 𝑃  and 𝑉  [1]. Fig.  7 provides a transparent view of 
the evolution of powder consolidation for Case B, with dimensions of 
2000 × 800 × 200 μm3 over four-time steps. The thickness of the powder 
layer was considered to be 36 μm, following Lane et al. [47].  To capture 
the melt pool border, herein, AMR is implemented using a criterion 
based on gradient jumps in the phase-field variable at the molten and 
solidification frontiers. This method improves accuracy while ignoring 
the phase-field length value and minimum mesh size constraints. Fig. 
6 shows the cross-sectional AMR area after the laser has passed.
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Table 6
Material properties as a function of the phase-field parameter [20].
 Material properties Equations Molten phase Solidified phase 
 Thermal conductivity (𝜅) (W/mmk) 𝜅(𝜑) = 𝜙𝜅𝑚 + (1 − 𝜑)𝜅𝑑 𝜅𝑚 = 30.25 𝜅𝑑 = 11.10  
 Specific heat capacity (𝑐) (J/mm3 k) 𝑐(𝜑) = 𝜑𝑐𝑚 + (1 − 𝜑)𝑐𝑑 𝑐𝑚 = 5.06 𝑐𝑑 = 3.30  
 Thermal expansion (𝜉) (1/K) 𝜉(𝜑) = 𝜑𝜉𝑚 + (1 − 𝜑)𝜉𝑑 𝜉𝑚 = 15 × 10−6 𝜉𝑑 = 10 × 10−6  
 Young’s modulus (𝐸) GPa 𝐸(𝜑) = 𝜑𝐸𝑚 + (1 − 𝜑)𝐸𝑑 𝐸𝑚 = 85 𝐸𝑑 = 210  
 Yield Stress (𝜎𝑌 ) GPa 𝜎𝑌 (𝜑) = 𝜑𝜎𝑌 𝑚 + (1 − 𝜑)𝜎𝑌 𝑑 𝜎𝑌 𝑚 = 0.03 𝜎𝑌 𝑑 = 0.24  
Table 7
Material properties as a function of the consolidation parameter [20].
 Material properties Equation Molten phase Solid phase 
 Density (𝜌) (kg/mm3) 𝜌(𝜑) = (1 − 𝜑)𝜌𝑝 + 𝜑𝜌𝑑 𝜌𝑝 = 4460 𝜌𝑑 = 7780  
Table 8
Equilibrium parameters utilized in the simulation. The equilibrium concentrations are 
obtained at 𝑇0 = 1362◦C, while other parameters represent average values within the 
solidification range of 1362◦C to 1212◦C. Concentration is expressed in units of mole 
fraction (m.f.) [46].
 Parameter Dimension Nb Al  
 𝑐𝑆eq A (𝑇𝐿) m.f. 0.0098 0.00505  
 𝑐𝐿eq A(𝑇𝐿) m.f. 0.051 0.005  
 (𝑐𝑆eq − 𝑐𝐿eq)(𝑇𝐿) m.f. −0.0412 0.00005  
 𝑚𝑆𝐴𝜙2

K/m.f. −3640.8 3,700,000 
 𝑚𝐿𝐴𝜙2

K/m.f. −1468.7 330,000  
 𝜒𝐿𝐴 × 105 J/mol@/m.f. 0.9 3.0  
 𝑘𝐿𝐴 – 2.48 11.21  
 𝑚𝐿𝐴(𝑇0) K/m.f. −1137.44 1.380  
 𝐷𝐿

𝐴 × 1010 m2/s 10.526 11.092  

Algorithm 2 Mesh adaptivity algorithm for melt pool capturing
1: procedure Mesh Adaptivity
2:  Input:
3:  𝑚𝑎𝑟𝑘𝑒𝑟(𝑠)
4:  𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑚𝑎𝑟𝑘𝑒𝑟(𝑠)
5:  𝑚𝑎𝑥_ℎ_𝑙𝑒𝑣𝑒𝑙 ← 2
6:  Configuration of Indicators:
7:  𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟𝑠∕𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟
8:  𝑡𝑦𝑝𝑒← GradientJumpIndicator
9:  𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒← 𝜙
10:  Configuration of Markers:
11:  𝑀𝑎𝑟𝑘𝑒𝑟𝑠∕𝑚𝑎𝑟𝑘𝑒𝑟
12:  𝑡𝑦𝑝𝑒 ← ErrorFractionMarker
13:  𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 ← indicator
14:  𝑐𝑜𝑎𝑟𝑠𝑒𝑛← 0.3
15:  𝑟𝑒𝑓𝑖𝑛𝑒 ← 0.7
16: end procedure

As illustrated in Figs.  7(b) and 7(e), the respective samples were 
cross-sectioned perpendicular to the laser moving path. Following 
this, standard metallurgical sample preparation techniques, including 
mounting and polishing, were utilized to facilitate comparison with 
the overall shape of the modeled melt pools. This method allows for 
a qualitative evaluation of how well the simulated melt pool aligns 
with the actual physical samples obtained through cross-sectioning and 
sample preparation. Notably, a close agreement between the simulation 
results in Figs.  7(d) and 7(g) and the experimental measurements 
obtained from the AMMT samples [49] was observed, as indicated in 
Table  9. The computational time for both cases is presented using the 
AMR technique.

4.3. Solidification parameters

Dendrite morphology, particularly the primary dendrite arm spacing 
(PDAS), serves as a key microstructural indicator in AM processes. 
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Table 9
Comparison between numerical simulation [20] and experimental data benchmarked 
by NIST [49,50].
 AMMT Melt Pool Dimensions Case B Case C 
 Average Width by NIST (μm) 123.46 106.02 
 Width by PF-AC (μm) 116.83 102.96 
 Average Depth by NIST (μm) 35.96 29.15  
 Depth by PF-AC (μm) 45.53 39.61  
 CPU-wall time (s) 314 418  

PDAS is often associated with parameters like temperature gradient (G), 
solidification velocity (𝑉𝑐), and cooling rate (R), as shown in Eq.  (71): 

(𝐺, 𝑉𝑐 , 𝑅) =
⎛

⎜

⎜

⎝

√

( 𝜕𝑇
𝜕𝑥

)2
+
(

𝜕𝑇
𝜕𝑦

)2
+
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)2
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,
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𝐺

⎞

⎟

⎟

⎠

(71)

As illustrated in Fig.  8, the solidification pattern is determined by these 
parameters. The ratio of G to R, denoted as 𝐺∕𝑅, plays a crucial role 
in shaping the solidification microstructure, resulting in various mor-
phologies such as planar, cellular, columnar dendritic, and equiaxed 
dendritic structures. The cooling rate directly affects the size of the 
microstructure, with higher cooling rates leading to finer microstruc-
tures. Under rapid solidification conditions present in PBF, a power-law 
relationship for the dendrite arm spacing, 𝛬 ∝ 𝑅−𝑎, with a scaling 
factor of 0.56–0.57 has been reported, slightly higher than traditional 
directional solidification [51]. PDAS evaluation methods, such as Kurz-
Fisher’s or Hunt’s models, typically show a linear relationship with 
𝐺−0.5𝑉 −0.25

𝑐 . These phenomena significantly influence the material’s 
microstructure and mechanical properties, ultimately impacting the 
overall performance and quality of manufactured components. There-
fore, precise control of the cooling rate is essential for achieving desired 
material properties and ensuring the success of additive manufacturing 
processes.

Fig.  9 demonstrates diagrams that provide insights into the interplay 
between process parameters and melt pool dimensions, as well as 
solidification characteristics. It is evident that increasing laser power 
results in a reduction in both the depth and width of the melt pool, 
leading to lower temperature gradients and smaller melt pools size. 
Conversely, the effect of scanning speed is opposite: as laser power 
increases, the depth and width of the melt pool decrease, while the tem-
perature gradient increases. The parameter 𝐺∕𝑅, indicative of dendrite 
microstructure, decreases with increasing laser power and scanning 
speed. Consequently, an increase in this parameter suggests a transition 
towards a planar structure, whereas a decrease indicates the likelihood 
of an equiaxed structure. PDAS analysis reveals that both increasing 
laser power and scanning speed tend to increase PDAS. However, 
when laser power increases while scanning speed remains constant, 
the dendrite arm spacing tends to decrease, resulting in finer mi-
crostructures. This intricate relationship underscores the importance of 
carefully controlling process parameters to achieve desired microstruc-
tural characteristics in additive manufacturing. To assess the accuracy 
of our simulation, we selected the case presented in Fig.  7, which was 
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Fig. 5. Pseudo-color 3D height maps of the start and end of tracks created in the AMMT: (a): Case B from [49], (b): Simulation results of the same case study on the top of the 
substrate, (c): Enlarged view of the PBF-deposited line.
Fig. 6. Cross-sectional view of the melt pool with AMR in Case B: 179.2 W, 800 mm/s (AMMT) adapted from Heigel et al. [48], (a): temperature distribution, (b): phase evolution.
previously compared in terms of melt pool size to evaluate solidifica-
tion parameters. This comparison provides crucial information for the 
subsequent section, where we calculate cellular dendrite patterns using 
micro phase-field modeling (Section 4.4). Table  10 demonstrates a good 
agreement between the simulation and experimental results.
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4.4. Cellular solidification and microsegregation characteristics

The phase-field simulations were conducted within a 2D computa-
tional space measuring 10 × 20 μm2. Boundary conditions were set to 
zero-flux for all fields except for a constant concentration 𝑐  at the 
0
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Fig. 7. Simulation results of Case B: 179.2 W, 800 mm/s (AMMT), (a): Experimental single line, (b): cross-sectional adapted from Heigel et al. [48] (c): Cross-sectional temperature, 
(d): phase field variable. Simulation results of Case C: 179.2 W, 1200 mm/s (AMMT), (a): Experimental single line, (b): cross-sectional adapted from Heigel et al. [48] (c): Cross-
sectional temperature, (d): phase field variable. Note: All temperatures are in Kelvin degree.
Table 10
Comparison of Case 3: NIST vs. PF-AC Simulation.
 NIST PF Simulation Deviation (%) 
 𝐺 (K/m) 1.2 × 107 11.46 × 106 4.5%  
 𝑅 (m/s) 0.1 0.094 6%  

upper boundary. To discretize the domain effectively, a grid spacing 
of 𝑑𝑥 = 𝑑𝑧 = 0.25 μm was employed, ensuring high resolution. Time 
increments were set at 𝑑𝑡 = 0.04𝜏 , utilizing a characteristic time 
0

12 
scale 𝜏0. To accurately represent the interface between solid and liquid 
phases, an interface thickness of 15nm (𝑊 ) was chosen, considerably 
smaller than typical microstructure dimensions. Initialization involved 
introducing randomly distributed nuclei at the domain’s bottom, while 
the concentration field was set to 𝑐𝑒𝑞𝑠 (𝑇𝐿) in the solid phase and 𝑐𝑒𝑞𝑙 (𝑇𝐿)
in the liquid phase, where 𝑇𝐿 represents the liquidus temperature. 
Stochastic effects were introduced through Langevin noise in Eq.  (47), 
creating fluctuations at the interface during microstructure evolution 
to capture the inherent randomness of solidification processes [53]. 
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Fig. 8. Schematic illustrating the thermal influence on dendritic microstructure, (a): Transient melt pool tail, (b): Influence of temperature gradient and growth rate on grain 
structure pattern, (c): Primary arm spacing dendrite on a printed sample using process parameters including laser power = 1.8 kW, scanning speed = 6 mm/s, and feed rate = 12 
g/min. [52].
Thermodynamic properties were obtained from prior studies to en-
sure consistency, providing essential inputs for accurately modeling 
the solidification behavior of the Ni-Nb-Al alloy system [23,24]. The 
feasibility of the proposed PF model is initially assessed under spe-
cific thermal conditions typical of LPBF processing. These conditions 
include a cooling rate of 1.2 × 106 K/s and a temperature gradient of 
13 
1.2 × 107 K/m, falling within the range of reasonable thermal variables 
during LPBF, as outlined in Table  10. Fig.  2(a) illustrates the simu-
lated temporal evolution of microstructures, revealing the emergence 
of cellular structures within LPBF-built components. These structures 
are visualized through variations in Nb and Al concentrations. Fig. 
11 showcases snapshots of a typical cellular microstructure during the 
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Fig. 9. (a, b): Contours representing melt pool dimensions (depth and width in microns) observed from transverse cross-sections of laser tracks [49]. (c): Temperature gradient 
(K/m) under various printing conditions. (d): Ratio 𝐺∕𝑅 (K/s) as a parameter indicating dendritic microstructure. (e): Primary Dendrite Arm Spacing (PDAS) size in microns for 
different deposition conditions after solidification. (f, g): Schematic cross-sectional view and measured parameters for PDAS size in microns [49].
rapid cooling stage, corresponding to a laser power of 195W and a 
scanning velocity of 800mm/s. These snapshots provide visual repre-
sentation of the solidification process, which is further elaborated upon 
in Table  10. Specifically, in Fig.  11 (𝑎1 − 𝑎3), the evolution of non-
conserved parameters governing the movement of the solidification 
boundary is depicted across three distinct time stages, ranging from 
14 
4ms to 40ms. Additionally, Fig.  11 (𝑏1 − 𝑏3) illustrates the concentra-
tion of Nb within the Ni matrix, highlighting maximum values at the 
solidification boundary, denoted as 𝑐𝑙 (17.3%) and 𝑐𝑠 (19.6%), with a 
nominal composition of 𝑐0 (20.28%). Then, in Fig.  11 (𝑐1 − 𝑐3), the 
concentration of Al inside the Ni matrix is shown in the same time 
interval with 𝑐  (0.48%) and 𝑐  (0.51%), with a nominal composition 
𝑙 𝑠
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Fig. 10. Simulation results of rapid solidification in Ni-Nb-Al with a cooling rate of 6×106 K/s and a temperature gradient of 1.2×107 K/s. Panels (a1-a3): Evolution of solidification 
front and order parameter. Panels (b1-b3): Evolution of cellular structure at different solidification times, depicted by solute concentration (at.% Nb).
of 𝑐0 (0.58%) is illustrated. Initially, as solidification commences and 
initial nuclei begin to grow, solute rejection occurs, leading to the ac-
cumulation of solute at the solid–liquid interface due to differing solute 
diffusivities in the solid and liquid phases. Consequently, the liquidus 
temperature fluctuates at the interface, inducing local perturbations 
or instabilities. These instabilities are subsequently amplified, evolving 
into protrusions along the direction of the temperature gradient. As 
the microstructure evolves further, solutes rejected laterally by these 
15 
protrusions impede the growth of regions between them, ultimately 
giving rise to the formation of the initial cellular structure. In order 
to conduct these simulations, material properties and modeling param-
eters were meticulously specified and detailed, as presented in Table 
8. This table serves as a comprehensive reference for the simulation 
setup, providing insight into the parameters utilized throughout the 
study. The calculated and simulated values of the conserved parameter 
Nb, serving as the PASD, are compared with NIST benchmarks in 
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Fig. 11. Microstructure evolution during rapid solidification for Case B: 179.2 W, 800 mm/s (AMMT) in [48–50] of Ni-Nb-Al at a cooling rate of 11.46×106 K/s and a temperature 
gradient of 1.2 × 107 K/m. (𝑎1 − 𝑎3) ∶ Evolution of solidification frontier and order parameter. (𝑏1 − 𝑏3): Evolution of cellular structure at different solidification times, represented 
by solute concentration (at.% Nb). (𝑐1 − 𝑐3): Evolution of cellular structure at different solidification times, represented by solute concentration (at.% Al).
Table  11. The comparison highlights the strong agreement between 
the microstructure PF simulation and the experimental data provided 
by [49]. Moreover, the simulation took 3 h and 24 min using the 
aforementioned computational resources.

To investigate the impact of cooling rate, a critical factor in mi-
crostructure simulation and the occurrence of defects like liquation 
pockets and solidification cracks, we compared the results of micro 
16 
PF simulations with those provided by NIST in Fig.  11. A significantly 
higher cooling rate, five times greater, was chosen for the simulation as 
shown in Fig.  10 in the smaller spatial discretization including 5 μm ×
20 μm. In LPBF processes, rapid solidification occurs due to high cooling 
rates, allowing limited time for solute atoms to diffuse within the solid-
ifying material. This rapid solidification often results in the formation 
of liquation pockets, particularly evident in alloy systems like Ni-Nb-Al, 
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Table 11
Comparison of Case 3: NIST [49] vs. PF Simulation in PASD size and concentration of 
Nb.
 NIST PF Simulation Deviation (%) 
 𝐺 (K/m) 1.2 × 107 11.46 × 106 4.5%  
 𝑅 (m/s) 0.1 0.094 6%  
 𝜆 (μm) 0.35 0.3125 10.7%  
 𝑘 (Nb) 0.64 0.42 34.4%  

where certain elements, such as Nb, have limited solubility in the solid 
phase at lower temperatures(see Fig.  10 (𝑎1 − 𝑎3)). Liquation pockets 
arise from the segregation of solute elements at grain boundaries (GB) 
or within the microstructure, driven by the rapid cooling and solid-
ification process. The insufficient diffusion of solute atoms during the 
short solidification period leads to the localized enrichment of elements 
like Nb, forming liquation pockets within the solidified structure. The 
presence of liquation pockets introduces areas of localized stress con-
centration within the material. Under conditions of thermal cycling or 
mechanical loading, these stress concentrations act as preferential sites 
for crack initiation. Moreover, the compositional variation introduced 
by liquation pockets can disrupt the normal solidification process, 
leading to incomplete bonding between successive layers or incomplete 
filling of the melt pool. It can be said that the combination of rapid 
solidification and liquation pocket formation increases the likelihood 
of porosity and crack formation in the final solidified part. Therefore, 
controlling the cooling rate is crucial for minimizing microstructural 
defects and ensuring the structural integrity of components produced 
through LPBF processes. Herein, the simulation took 1 h and 17 min 
using the aforementioned computational resources.

5. Conclusions

In conclusion, this study presents a comprehensive thermomechan-
ical simulation framework for powder bed fusion (PBF) processes, with 
a particular emphasis on melt pool characterization, initially using the 
macro-phase field model. By integrating the Allen-Cahn phase-field 
formulation with a thermal elastoplastic material model based on J2 
plasticity theory, our computational framework, implemented within 
the MOOSE finite element structure, enables precise simulations of 
melt pool behavior. Through rigorous evaluations — including three-
dimensional simulations of Inconel 625 thin plates and benchmark 
examples — we have analyzed the impact of key process parameters, 
such as temperature variations and phase transitions, on melt pool 
dimensions. Despite the strengths of this multiphysics modeling frame-
work, one of its primary limitations is the exclusion of fluid flow effects, 
including melt pool convection, surface tension-driven Marangoni flow, 
and recoil pressure. Instead, a conduction-driven melt pool shape is 
assumed, which, while sufficient for solidification-driven microstruc-
ture evolution, does not capture convective instabilities. Nonetheless, 
validation through single-track laser melting experiments and simula-
tions on Inconel 625 has demonstrated a strong correlation between 
experimental and computational results, confirming the robustness of 
our approach. Building upon this macro-phase field model, our study 
further implements a micro-phase field model to address critical chal-
lenges related to parameter interplay, defect detection, and liquation 
cracking within PBF processes. By linking thermal evolution from the 
macro-phase field model to the CALPHAD library, we provide insights 
into the influence of process parameters on primary dendrite arm 
spacing (PDAS). Additionally, we introduce a novel dendrite modeling 
approach using a dedicated sub-application for surrogate Ni-Nb-Al 
ternary systems, where the melt pool boundary serves as a critical point 
in a 2D representative space. This integrated CALPHAD-based approach 
enables the transfer of critical solidification parameters, such as tem-
perature gradients and cooling velocities, enhancing our understanding 
of liquation crack formation due to low-melting phases. It is worth 
17 
noting that this level of implementation has also been conducted within 
the MOOSE framework. Furthermore, micro-phase field simulations 
predict the size and segregation of cellular microstructures along melt 
pool boundaries under varying solidification conditions, establishing 
direct correlations between melt pool dimensions, cooling rates, PDAS, 
and segregation patterns. However, the micro-phase field model, while 
efficiently implemented in a refined 2D simulation space, does not 
fully account for three-dimensional solidification kinetics, potentially 
limiting its predictive accuracy for complex dendritic morphologies. 
To further validate our formulation, simulation results are compared 
with the NIST benchmark for PDAS, demonstrating its capability to 
account for ternary models instead of full alloy element effects. Overall, 
this study makes a significant contribution to the understanding of 
PBF and additive manufacturing (AM) processes, offering practical 
insights for optimizing production outcomes. By addressing challenges 
in dendrite modeling and liquation crack prediction for alloy systems 
under diverse cooling conditions, our research advances AM technology 
and its industrial applications.

These findings have the potential to enhance the quality of AM-
produced components, reduce material waste, and improve the re-
liability of AM for high-performance applications in industries such 
as aerospace and energy. As a future research direction, we aim to 
develop a reinforcement learning framework that leverages iterative 
process data to enable real-time control of process parameters. This 
approach aspires to achieve in-situ defect mitigation and predictive mi-
crostructure control, ultimately working towards an ‘‘utopia scenario’’ 
in PBF-based additive manufacturing.
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