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A B S T R A C T

Fibre-reinforced polymers (FRP) are often externally bonded (EB) to concrete, steel or timber 
structures for structural strengthening purposes. In the EB reinforcement system, the bond be
tween materials is critical for the success of such a bonding system. However, the system is prone 
to debond at an FRP strain level much lower than its rupture value. For this reason, it is often 
necessary to use end anchorages in FRP-strengthened beams to delay or avoid this premature 
debonding of FRP from the beams. To better understand the debonding process of mechanically 
anchored FRP-to-substrate joints, the present work proposes a new analytical approach that 
considers an elastic end anchorage, which can simulate, through a spring, the slips developed in 
an end anchorage such as an FRP U-wrap jacket, FRP spike anchor, steel plate anchorage, among 
others. This new approach can also simulate the bond performance of FRP-to-substrate joints with 
no end anchorages by assuming that the stiffness of the end anchorage is zero. Expressions for 
defining the load-slip curves, FRP strains, interfacial slips, and bond stresses developed 
throughout the bonded length are derived and validated against the results from the Finite 
Element Analysis (FEA). In the end, the model was used to simulate several experimental tests on 
mechanically anchored FRP-to-substrate joints available in the literature. Despite its simplicity, 
the proposed analytical approach covers wider situations that no other known similar approach 
can deal with.

1. Introduction

The need to repair or strengthen existing damaged structures with fibre reinforcement polymers (FRP) through the externally 
bonded reinforcement (EBR) system has grown in the past few decades. However, by itself, the EBR system has been revealed not to be 
efficient enough since its failure often occurs by the FRP debonding when the FRP strain is well below its rupture value. Thus, to delay 
or even prevent the premature debonding of the FRP composite from the substrate, several authors have developed and experimentally 
or numerically tested different anchorage systems to be added to the EBR system [1–10]. Due to such a variety of anchorage solutions, 
the prediction of the bond performance of each anchored FRP-to-substrate joint is always restrictive since it is applicable only to a 
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limited number of specimens or a specific anchorage type.
Anchorages are usually made of Carbon FRP (CFRP) sheets or steel or if the substrate has a low tensile strength such as concrete, the 

concrete surface can be replaced by resin. For the former case, a common and simple anchorage system may consists of increasing the 
width of the FRP composite by wrapping the end of the FRP with CFRP sheets. Considering that the maximum load transmitted to the 
CFRP composite is directly proportional to the FRP width [11–17], the U-wrap jacketing seems to be a rational solution to anchor the 
FRP-to-substrate bonded joints. However, to alleviate the concentrated shear stresses at the interface due to the discontinuity between 
the anchorage and the EBR system, a smooth transition in that region should be adopted [7]. However, the U-anchoarage can not stop 
the development of slips of FRP and the failure canstill be due to excessive slip of the EB-FRPrather than the FRP rupture [18]. To 
improve the stress transfer between adherends, the use of CFRP spike anchors is another anchorage technique. This anchorage 
technique consists of introducing a hold into the substrate, and embedding a CFRP spike anchor. The hole is filled with resin and the 
head of the spike anchor is bonded to the EB-FRP sheet. Since it is necessary to drill holes in the substrate, the use of such anchorage 
technique is not advisable for steel structures. The main issue associated with such CFRP spike anchors is the magnitude of normal/ 
shear stresses induced by FRP sheet on the spike anchor during the debonding process. So far, the number of CFRP spike anchors or the 
space between them is a topic not properly answered yet despite the extensive efforts devoted to this topic, e.g. [19–22].

Within the context of CFRP anchorages, a quite promising technique that can avoid the premature debonding of FRP composite is 
the Continuous Reinforcement Embedded at Ends (CREatE) [23–25] (see Fig. 1). This anchorage technique aims to anchor both ends of 
FRP strips using an EBR or a near-surface mounted (NSM) FRP or steel bar (or rod) into the end of the substrate. For instance, in the 
case of a simple supported reinforced concrete (RC) beam, two holes should be drilled close to the supports (one hole per FRP or steel 
end) and both ends of FRP strips were anchored into the holes through an embeddement of the FRP or steel bars (or rods) [24]. This 

Nomenclature

Ar is the cross-sectional area of the reinforcement
As is the cross-sectional area of the substrate
B is the stiffness index of the interface
br is the width of the reinforcement
C1 is the first constant obtained from integration
C2 is the second constant obtained from integration
dFEM is the data calculated from the FEM
dPAA is the data obtained from the proposed analytical approach
Er is the elastic modulus of the reinforcement
εr is the strain developed in the reinforcement
εr0 is the strain developed at the reinforcement-free end
εrmax is the maximum strain developed in the reinforcement
Es is the elastic modulus of the substrate
F0 load transmitted to the anchorage system
GF is the mode II fracture energy
λ is a constant parameter
k stiffness (or slope) of the load-slip curve of the anchorage system
Lb is the bonded length
n is the number of measurements carried out during the simulations of the debonding process
r is the ratio between the axial stiffness of the reinforcement and the axial stiffness of the substrate
s is the interfacial slip
s0 slip at the mechanically anchored fibre-reinforced polymer
sLb is the slip at the reinforcement-loaded end
smax is the interfacial slip at maximum bond stress
τb is the bond stress
τbmax is the maximum bond stress predicted in the bond-slip relationship
tr is the thickness of the reinforcement
x is the longitudinal coordinate parallel with the bond line of the joint
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Fig. 1. RC beam flexurally-strengthened according to the Continuous Reinforcement Embedded at Ends (CREatE) technique.
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innovative anchorage technique showed not only the improvement of the flexural behaviour of RC beams but also decreased the strains 
in the stirrups, suggesting that the RC beam’s shear strengthening can be simultaneously achieved [24]. Like the CFRP spike anchors, 
this anchorage system is more appropriate for concrete, timber or brick structures than steel structures. In addition, the use of FRP 
strips or even stainless steel within this anchorage system is preferred over FRP sheets.

The use of a steel plate is another popular choice for the end anchorage system among researchers, e.g. [26–32]. In this anchorage 
system, the steel plate is externally pressured against the FRP composite and fixed through steel bolts to the substrate. By pressuring the 
FRP composite against the substrate, the local bond performance is enhanced, i.e., the maximum bond stress increases. After the FRP 
debonds, the friction between the FRP and the substrate contributes to the increase of the load transmitted to the FRP composite 
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Fig. 2. FRP-to-substrate bonded joint with an FRP end anchorage: (a) U-wrap jacket; and (b) spike anchor.
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[33–35]. Despite its efficiency, some issues also arise. For instance, if the steel plate is overpressured against the FRP composite, the 
fibres can be damaged or, if underpressured, the anchorage may allow the development of relevant slips that compromise the effi
ciency of the anchorage. It is noted that this end anchorage is fixed to the substrate through metallic fasteners and can be applied to any 
substrate material.

All these above-mentioned anchorage systems exhibit different bond performances [36,37]. However, the magnitude of slip of the 
EB-FRP composite under the anchorage is still most meaningful. Numerical strategies have been successfully used to describe the 
debonding process of anchored CFRP-to-substrate joints subjected to a mode II load, e.g. [9]. However, simple design-oriented ap
proaches dealing with such anchored joints are scarce in the literature, and the existing ones usually consider the specific case of no slip 
in the end anchorage [30] or assume a simple piecewise bond-slip relationship for the whole joint [38]. For instance, Biscaia et al. [30]
have proposed an analytical approach to predict the bond performance of an anchored FRP-to-substrate joint by using an exponential 
bond-slip relationship for the whole joint, which facilitates the analysis of the full debonding process of a perfectly anchored FRP-to- 
substrate joint, i.e., no slips are considered in the anchorage. This may not reflect the reality since the FRP composite may slip from the 
anchorage. Also, the analytical model is not applicable for a joint free of any anchorage system. Lu et al. [38] recently proposed an 
interesting analytical approach based on a triangular bond-slip relationship by considering that a U-wrap jacket is represented by a 
linear spring. The analytical approach fitted very well with the experiments, in which the joint had a bonded length longer than the 
effective bond length [39–41]. However, since the bond-slip relationship is a piecewise function, it requires several equations to 
describe the full debonding process of anchored CFRP-to-concrete, which makes its implementation difficult. They [38] only studied 
the case of end anchorages where the CFRP slips from the anchorage and in those cases, the load-slip curves showed a snap-back and a 
snap-through phenomenon. As the CFRP debonds from the substrate, the snap-back can be observed, and due to the influence of the 
spring, the loads increase linearly with the slip at the final stage, when the CFRP has fully debonded from the substrate.

It is essential to facilitate a better understanding of the general bond performance of EB-FRP systems (especially with an end- 
anchorage system) and provide engineers and practitioners with more straightforward and versatile approaches. The present work 
aims to present an innovative analytical approach to address such a need. This analytical approach can predict the load-slip curve, 
strains in the adherents and bond stress developed in the interface, and the full-range debonding process of FRP-to-substrate joints 
without an anchorage or with an elastic end-anchorage. The local bond-slip relationship for the unanchored FRP-to-substrate interface 
is approximated with a widely accepted exponential function [12]. To validate the proposed analytical approach, specimens with 
different design parameters were modelled with the Finite Element Method (FEM), and five other studies available in the literature 
were also simulated [27,29,37,38,42]. An effective (i.e., threshold) stiffness for the end anchorage was identified, i.e., a stiffness 
beyond which the debonded load can be increased due to the contribution of the anchorage. Despite its simplicity, the proposed design- 
oriented solutions for the prediction of the bond performance of a general FRP-to-substrate joint, i.e. with and without an end 
anchorage, provides a good option to be considered in the development of future international guidelines, and covers a wider range 
applications that exisintg analytical approach could not reach.

2. Proposed analytical approach

To facilitate the comprehension of the proposed analytical approach, the current section enframes all debonding problems into 
which the analytical approach falls. The limitations and initial assumptions on which the approach is based are pointed out and all the 
analytical derivations to obtain the load-slip curves, slip and bond stress distributions as well as the strains developed in the adherends 
are reported.

2.1. Problem description

The use of an end anchorage to delay or even prevent premature debonding of the EB-FRP composite from the substrate has become 
a common practice. Fig. 2 shows a couple of examples of these end anchorages. One consists of an FRP U-jacket anchor (see Fig. 2a) and 
the other consists of an FRP spike anchor (see Fig. 2b). In both cases, the anchorage load is denoted as F0 whereas the load transmitted 
to the EB-FRP composite is denoted as F. It is assumed that the load-slip curve of the joint portion with an FRP U-jacket or with an FRP 
spike anchor is approximately linearly ascendent until the failure and, therefore, it can be replaced by a spring mounted at the free end 
(i.e., at the beginning of the loading stage) of EB-FRP [38]. Thus, the load-slip curve of such end anchorage can be defined as: 

F0 = k ⋅ s0 (1) 

where s0 is the slip at the mechanically anchored FRP end; and k is the stiffness (or slope) of the load-slip curve of the anchorage system.
The bonded length of the anchorage is not reflected in Eq. (1) and the debonding is consistent with the single-lap shear tests where 

the bending of neither the FRP nor the substrate is considered, i.e., only axial deformation of the FRP and the substrate are assumed. In 
these conditions, the 2nd-order differential equation that governs the debonding problem is [11,38,43–47]: 

d2s
dx2 − λ ⋅ τb = 0 (2) 

where τb is the bond stress developed within the interface between the FRP composite and the substrate; s is the relative displacement 
(or slip) between adherends; x is the longitudinal coordinate parallel with the bonded length of the joint; and λ is given by 
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λ =
1

Er ⋅ tr
+

br

Es ⋅ As
(3) 

where Er and Es are the elastic moduli of the EB-FRP composite and substrate, respectively; tr and br are, the thickness and width of the 
EB-FRP composite, respectively; and As is the cross-sectional area of the substrate.

The solution of Eq. (2) depends on the local bond behaviour of the joint, i.e., depends on τb. So, depending on the materials used as 
adherends [48], adhesive type [49–51] or stresses developed perpendicularly to the bonded area [33–35], the local bond behaviour is 
different and maybe mathematically defined by different expressions that correlate the local interfacial slips with the corresponding 
local bond stresses developed in the interface. This relationship is commonly denoted as a bond-slip relationship and several different 
expressions can be found in the literature [12,34,51–61]. To allow for an easier determination of the analytical solution for Eq. (2), the 
continuous exponential bond-slip relationship (instead of a segmental bilinear or a trilinear one) proposed by Dai et al. [12] is used and 
further details are reported in Subsection 2.3.

2.2. Initial assumptions

Before derivating the analytical expressions that intend to describe the full debonding process of end-anchored FRP-to-substrate 
joints, the following initial assumptions are enumerated: 

(i) the thickness of the adherends remains unchanged during the full debonding process of the FRP-to-substrate joint with or 
without an end anchorage;

(ii) the adherend components (i.e., FRP and concrete/steel/timber or other structural material) have a linear elastic behaviour until 
the failure of the bonded joints;

(iii) during the debonding process, the peeling stresses can be ignored and only the deformations consistent with mode II are 
considered. That is, the FRP-to-substrate joints with or without an end anchorage are subjected to mode II loading;

(iv) the interface between FRP and the substrate (including the adhesive layer) can be replaced by a non-thickness cohesive zone 
model (CZM) whose behaviour, under Mode II loading, is described by a local bond-slip relationship [55,57,62–68]. In the 
present paper, an exponential bond-slip relationship is used to approximate such behaviour;

(v) the bond stresses across the width of the FRP composite is constant;
(vi) the U-jacket, spike anchor, steel plate or any other end anchorage has a linear load-slip behaviour, which can be modelled by a 

linear spring as shown in Fig. 3;
(vii) the FRP-to-substrate bonded joints without an end anchorage are modelled by assuming a marginal stiffness value for the above- 

mentioned spring to minimize its influence on the debonding process;
(viii) in the case, for instance, of a steel substrate, its yielding is not explicitly considered in the modelling. However, once the strains 

developed in the adherends are known, the analytical approach can predict the failure load corresponding to the yielding of the 
steel (i.e., the failure of the spring), the rupture of the FRP composite, or the debonding of the FRP composite from the substrate.

2.3. Exponential bond-slip relationship

As already mentioned, the exponential bond-slip relationship used in this work was originally proposed by Dai et al. [12] to 
describe the local bond behaviour between an FRP composite and a concrete substrate. However, it can also be used as an approxi
mation to describe the debonding process of a general bonded joint. Its versatility for integration or derivation allows for the deter
mination of analytical solutions of Eq. (2) [12,34]. This bond-slip relationship is characterized by an initial Elastic (E) stage, Softening 
(S) stage, and Debonding (D) stage (see Fig. 4). In the E stage, the bond stresses increase with the slips nonlinearly until a maximum 
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Fig. 3. Idealized FRP-to-substrate bonded joint with an end anchorage simulated by a spring with a stiffness k0.
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bond stress (τbmax) is reached. Then, the S stage corresponds to the bond stress decrease with the slip increase. This decrease is also 
nonlinear and, for infinite slip, it tends to zero bond stress. For small values of bond stresses, the bond stress transfer between 
adherends may be ignored and, therefore, a crack formation and development in the interface occurs, which corresponds to the D 
stage.

To obtain this exponential bond-slip relationship, it is needed first to approximate the experimental FRP strain (i.e., load)-slip curve 
to the following expression: 

εr = εrmax ⋅
(
1 − e− B⋅s) (4) 

where εrmax is the maximum strain developed in the FRP composite at the debonding initiation; and B is the stiffness index of the 
interface, which is used to fit Eq. (4) to the experimental data [12].

From an equilibrium point of view of the FRP composite, the following expression can be obtained: 

τb = Er ⋅ tr ⋅
dεr

dx
= Er ⋅ tr ⋅

dεr

ds
⋅
ds
dx

. (5) 

Derivating Eq. (4) with respect to x and introducing it into Eq. (5), yields: 

τb = Er ⋅ tr ⋅ ε2
rmax ⋅ B ⋅ e− B⋅s ⋅

(
1 − e− B⋅s). (6) 

The integration of Eq. (6) with respect to s allows for the determination of the mode II fracture energy, i.e., 

GF =

∫ ∞

0
τbds, (7) 

which leads to 

GF =
Er ⋅ tr ⋅ ε2

rmax
2

. (8) 

Thus, the maximum strain developed in the FRP composite can be predicted according to 

εrmax =

̅̅̅̅̅̅̅̅̅̅̅

2GF

Er ⋅ tr

√

. (9) 

Finally, by introducing Eq. (9) into Eq. (6), the exponential bond-slip relationship proposed by Dai et al. [12] can be obtained: 

τb = 2B ⋅ GF ⋅
(
e− B⋅s − e− 2B⋅s). (10) 

Moreover, when the first derivative of Eq. (10) with respect to s is carried out and equating to zero, the slip corresponding to the 
maximum bond stress is 

smax =
ln(2)

B
, (11) 

which introduction into Eq. (10), allows for the determination of the maximum bond stress predicted in this bond-slip relationship as 
follows 
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Fig. 4. Exponential bond-slip relationship proposed by Dai et al. [12].
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τbmax =
B ⋅ GF

2
. (12) 

2.4. Analytical solution of the governing equation

Once the mechanical properties of the materials, the geometry and dimensions of the bonded joint as well as the stiffness of the end 
anchorage are defined, Eq. (2) can be solved. Thus, the governing equation of the debonding process of the FRP-to-substrate is obtained 
by introducing the exponential bond-slip relationship defined in (10) in Eq. (2), which yields: 

d2s
dx2 − 2λ ⋅ B ⋅ GF ⋅

(
e− B⋅s − e− 2B⋅s) = 0. (13) 

Considering that 

d2s
dx2 =

d
dx

(
ds
dx

)

=
d
ds

(
ds
dx

)
ds
dx

=
1
2

⋅
d
ds

(
ds
dx

)2

, (14) 

Eq. (13) can be rewritten as 
(

ds
dx

)2

=

∫

4λ ⋅ B ⋅ GF ⋅
(
e− B⋅s − e− 2B⋅s)ds. (15) 

Bearing in mind also that 

2B ⋅
(
e− B⋅s − e− 2B⋅s) =

d
ds
(
1 − e− B⋅s)2

, (16) 

Eq. (15) can be rewritten, once again, as 
(

ds
dx

)2

=

∫

2λ ⋅ GF ⋅
d
ds
(
1 − e− B⋅s)2ds. (17) 

Integrating Eq. (17) yields: 

ds
dx

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2λ ⋅ GF ⋅ (1 − e− B⋅s)
2
+ C1

√

(18) 

where C1 is a constant to be found from the strain developed at the FRP composite free end (εr0), which can be obtained from the 
general expression proposed by the authors [51,69,70]: 

εr =
1

1 + r
⋅
ds
dx

(19) 

where r is the ratio between the axial stiffness of the FRP composite and the axial stiffness of the substrate. Thus, at x  = 0, i.e. at the FRP 
mechanically anchored end, when Eq. (18) is introduced into Eq. (19), the following boundary condition of the debonding problem is 
obtained regardless its bonded length: 

εr0 =
1

1 + r
⋅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2λ ⋅ GF ⋅ (1 − e− B⋅s0 )
2
+ C1

√

(20) 

where s0 is the slip at x  = 0. Hence, constant C1 is 

C1 = ε2
r0 ⋅ (1 + r)2

− D2 ⋅
(
1 − e− B⋅s0

)2
. (21) 

where D is a positive constant given by 

D =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2λ ⋅ GF

√
. (22) 

Bearing in mind that the FRP composite has a linear constitutive behaviour, introducing Eq. (1) into Eq. (22) yields: 

C1 = ε2
r0 ⋅ (1 + r)2

− D2 ⋅

⎛

⎝1 − e−
B⋅Er ⋅Ar ⋅εr0

k

⎞

⎠

2

. (23) 

Therefore, the strains developed in the FRP composite are defined as 

εr =
1

1 + r
⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

D2 ⋅ (1 − e− B⋅s)
2
+ ε2

r0 ⋅ (1 + r)2
− D2 ⋅

⎛

⎝1 − e−
B⋅Er ⋅Ar ⋅εr0

k

⎞

⎠

2
√
√
√
√
√ . (24) 
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To define the interfacial slips developed within the interface, Eq. (18) is rewritten as 

ds
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 − e− B⋅s)
2
+

(
̅̅̅̅̅̅
|C1 |

√

D

)2
√
√
√
√

= Ddx, (25) 

which when integrated leads to 

D ⋅ arsinh

(

(D2+C1)⋅eB⋅s − D2
̅̅̅̅̅̅
|C1 |

√
⋅D

)

B ⋅
⃒̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⃒D2 + C1

⃒
⃒

√ = D ⋅ x+C2, (26) 

where C2 is another constant to be defined by the interfacial slip developed at the FRP mechanically anchored end, i.e., at point x  =
0 the interfacial slip is s = s0. Solving Eq. (26) with respect to s, the interfacial slips of the FRP-to-substrate is obtained by 

s(x) =
1
B

⋅ ln

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

D2 +
̅̅̅̅̅̅̅̅
|C1|

√
⋅ D ⋅ sinh

⎛

⎝
B⋅(D⋅x+C2)⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅
|D2+C1|

√

D

⎞

⎠

⃒
⃒D2 + C1

⃒
⃒

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(27) 

where 

C2 =

D ⋅ arsinh

(

(D2+C1)⋅eB⋅s0 − D2
̅̅̅̅̅̅
|C1 |

√
⋅D

)

B ⋅
⃒̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⃒D2 + C1

⃒
⃒

√ . (28) 

Introducing Eq. (27) into Eq. (24), the strains developed in the FRP composite are 

εr(x) =
1

1 + r
⋅

⃒̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⃒C1 + D2

⃒
⃒

√

⋅ cosh

⎛

⎝
B⋅(D⋅x+C2)⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅
|C1+D2|

√

D

⎞

⎠

sinh

⎛

⎝
B⋅(D⋅x+C2)⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅
|C1+D2|

√

D

⎞

⎠+ D̅̅̅̅̅̅
|C1 |

√

. (29) 

To obtain now the bond stresses developed throughout the bonded joints, Eq. (27) is introduced into Eq. (10) leading to 

τb(x) = 2B ⋅ GF ⋅

D̅̅̅
̅̅̅̅̅

|C1|
√ +

̅̅̅̅̅̅̅̅
|C1|

√

D

D̅̅̅
̅̅̅̅̅

|C1|
√ + sinh

(

B ⋅ (D ⋅ x + C2) ⋅

⃒̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⃒
⃒
⃒1 +

C1

D2

⃒
⃒
⃒
⃒

√ )

×

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1 −

D̅̅̅
̅̅̅̅̅

|C1|
√ +

̅̅̅̅̅̅̅̅
|C1|

√

D

D̅̅̅
̅̅̅̅̅

|C1|
√ + sinh

(

B ⋅ (D ⋅ x + C2) ⋅

⃒̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⃒
⃒
⃒1 +

C1

D2

⃒
⃒
⃒
⃒

√ )

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(30) 

To obtain the strains developed in the substrate the following expression derived by the authors elsewhere [51,69,70] can be used, 
i.e. 

εs = −
1

1 + 1
r

⋅
ds
dx

. (31) 

Thus, Eq. (31) can be rewritten as 
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εs(x) = −
1

1 + 1
r

⋅

⃒̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⃒C1 + D2

⃒
⃒

√

⋅ cosh

⎛

⎝
B⋅(D⋅x+C2)⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅
|C1+D2|

√

D

⎞

⎠

sinh

⎛

⎝
B⋅(D⋅x+C2)⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅
|C1+D2|

√

D

⎞

⎠+ D̅̅̅̅̅̅
|C1 |

√

. (32) 

2.5. Description of the debonding process

The complete debonding process is generically illustrated in Fig. 5. Each state of the debonding process is shown and each one is 
correlated with the load-slip curve shown in the same figure. At the same time, two distinct scenarios are presented. One where the 
stiffness of the end anchorage is not sufficiently stiff to prevent the snap-back phenomenon (see Fig. 5a) and the other where the 
stiffness of the end anchorage is so high that prevents the appearance of the snap-back phenomenon in the load-slip curve of the joint 
(see Fig. 5b).

Therefore, the debonding process of the end anchored FRP-to-substrate joints begins with a low load transmitted to the FRP 
composite and with s < smax, the bonded length is fully under an Elastic (E) state (see the first graph in Fig. 5c, Point A). Consequently, 
the bond stresses developed throughout the bonded length are all lower than the maximum bond stress (τbmax). However, in the regions 
close to the FRP mechanically anchored end where the bond stresses are quite marginal, the deformations could be ignored and this 
region could be considered as an undeformed state. In this E state, the load-slip curve is almost linear. As the loads transmitted to the 
FRP composite increase, the maximum bond stress of the interface is reached at the FRP loaded end (see second graph in Fig. 5c, Point 
B).

Afterwards, the interface enters the Elastic-Softening (E-S) state, which is characterised by an E stage and an S stage that develop at 
the FRP mechanically anchored end and loaded end, respectively (see third graph in Fig. 5c, Point C). In this E-S state, the load-slip 
curve shows a nonlinear trend with a clear decrease in stiffness.

The debonding of the adherends can be considered when the bond stresses developed in the interface are marginal. Thus, as the 
maximum bond stress moves towards the FRP mechanically anchored end, the S region increases and the marginal bond stresses closed 
to the FRP loaded end appear, which means that the interface is under the Elastic-Softening-Debonding (E-S-D) state (see fourth graph 
in Fig. 5c, Point D). Now, the stiffness of the load-slip curve is null, which means that a plateau at the maximum debonded load can be 
seen. The length of this plateau in the load-slip curve is longer or shorter depending if the bonded length is longer or shorter, 
respectively. So, if the bonded length is short, i.e. shorter than the effective bond length, no plateau will be seen in the load-slip curve 
and the debonded load will be lower than the maximum debonded load of the joint.

The bond stress will tend to migrate to the FRP mechanically anchored end and, therefore, the E stage will tend to disappear. When 
this occurs, the maximum bond stress is located at the FRP mechanically anchored end and the interface is now under the Softening- 
Debonding (S-D) state (see fifth graph in Fig. 5c, Point E). Depending on the stiffness of the end anchorage, the shape of the load-slip 
curve follows different paths. If the stiffness of the end anchorage is low, then the loads and the slips tend to decrease and the snap-back 
can be observed (see Fig. 5a). On the other end, if the stiffness of the end anchorage is high, then the loads transmitted to the FRP 
composite tend to increase with the slips and no snap-back can be observed in the load-slip curve (see Fig. 5b). To define the limit 
beyond which the snap-back would not increase, constant C1 should be greater than to or equal to zero, which is the same condition of a 
rigid end anchorage, i.e., with a slip constraint. Thus, from Eq. (23), the following equality is obtained 

k⩾
B ⋅ Er ⋅ Ar ⋅ εr0

ln
(

D
D− εr0 ⋅(1+r)

). (33) 

With the exception of εr0 in Eq. (33), all the other parameters are constant. So, the minimum value of k is obtained when εr0 is 
minimum, i.e., when εr0 → 0. After applying L’Hopital’s rule yields: 

kmin = B ⋅ br ⋅
̅̅̅̅̅̅̅̅̅
2GF

λ

√

. (34) 

As the bond stresses continue to migrate towards the FRP unloaded end, the bond stresses developed in the interface are now lower 
than τbmax. The complete debonding of the interface can be considered when the bond stresses are too small and can be ignored. 
Therefore, the interface is under the Debonding (D) state and the load transmitted to the end anchorage is the same as the load 
transmitted to the FRP composite (see sixth graph in Fig. 5c, Point F). Hence, the slope of the load-slip curve will tend to 

kr =
Er ⋅ Ar

Lb
⋅
(
sLb − s0

)
(35) 

where Lb is the bonded length; sLb and s0 are the interfacial slips at x  = Lb and x  = 0, respectively. It should be noted that since the axial 
stiffness of the substrate is higher than the axial stiffness of the FRP composite, it would be expected that the failure of the interface can 
be reached when the end anchorage cannot resist further or when the FRP rupture strain is reached.
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3. Validation with the FEM

For the validation of the proposed analytical approach, two bonded lengths (one shorter and another one longer than the effective 
bond length) and four different end anchorage stiffnesses are considered: k0 → 0, 0 < k0 < k0min, k0min < k0 < ∞, and k0 → ∞. To 
facilitate the understanding of the debonding process, the materials and their dimensions are fixed. Thus, a CFRP composite and a steel 
substrate are considered. A commercial package based on the Finite Element Method (FEM) is used so the proposed analytical 
approach could be validated. Therefore, a brief description of the numerical modelling adopted in this work is reported in this section 
as well.

Since it is known the deviation of a theoretical result from experimental data is parameter sensitive, the Integral Absolute Error 
(IAE) is used on the validation of the proposed analytical approach. Nevertheless, it has been used also for model assessment, e.g. 
[70–72] and IAE values lower than 10 % may indicate that the analytical approach is sufficiently close to the data provided by the FEM. 
The IAE is calculated according to: 

IAE =
∑n

s=1

⃒
⃒dPAA − dFEM

⃒
⃒

∑n
s=1dFEM (36) 

where dPAA and dFEM correspond to the data obtained from the proposed analytical approach and those calculated from the FEM, 
respectively; and n corresponds to the number of measurements carried out during the simulations of the debonding process.

3.1. Mechanical properties of the materials and dimensions of the specimens

In this study, an unidirectional CFRP composite used by the authors in another work [73] is herein considered. The mechanical 
properties in the direction of the fibres are as follows: elastic modulus of 159 GPa, tensile strength of 1,565 MPa, and a rupture strain 
approximately equal to 1.0 %. The strip of the CFRP composite has a thickness of 1.4 mm and a width of 10 mm and it was bought from 
a local S&P supplier.

For the substrate, a hollowed rectangular steel profile with an elastic modulus of 200 GPa and yielding strain of 0.2 % is considered. 
The steel profile has 150 mm of side and with a thickness of 7 mm. The axial stiffness ratio of the studied specimens is r = 0.01. To bond 
the CFRP strip to the steel profile, an epoxy resin S&P220 is considered which, according to another work of the authors [73], leads to a 
local adherence that can be approximated by an exponential bond-slip relationship. As already mentioned before, this bond-slip 
relationship was originally proposed by Dai et al. [12] and to define it the following parameters were used: B = 17.33 mm− 1, 
mode II fracture energy of GF = 1.783 N/mm, maximum bond stress of 15.45 MPa.

For the definition of the bonded length of the CFRP-to-steel joints, the effective bond length was taken into account. Thus, from a 
previous work of the authors [48], the effective bond length of the CFRP-to-steel joints in which an epoxy resin S&P220 with 1.4 mm of 
thickness is used, is approximately 157 mm. Thus, two bonded lengths of 50 mm and 250 mm are assumed, which represent, 
respectively, two cases with shorter and longer bonded lengths, i.e., shorter and longer than the effective bond length of the CFRP-to- 
steel joints.

3.2. Identification of the specimens

To facilitate the readership of the text, each specimen is identified by a particular nomenclature that identifies the materials, 
stiffness of the end anchorage and the axial stiffness ratio of the materials. For instance, specimen CS250-r0.01-k10,000 intends to 
identify the specimen where a CFRP strip is externally bonded to a steel substrate (CS) in which the axial stiffness between the CFRP 
strip and the steel substrate is r = 0.01 and the stiffness of the end anchorage is k = 10,000 N/mm. Table 1 summarizes the ID of the 
specimens used in this work.

Table 1 
ID of the specimens.

ID Bonded length, Lb (mm) Stiffness of the end anchorage, k0 (N/mm)

CS50-r0.01-k0 50 0
CS50-r0.01-k10,000 ​ 10,000
CS50-r0.01-k100,000 ​ 100,000
CS50-r0.01-k200,000 ​ 200,000
CS50-r0.01-k∞ ​ ∞
CS250-r0.01-k0 250 0
CS250-r0.01-k10,000 ​ 10,000
CS250-r0.01-k100,000 ​ 100,000
CS250-r0.01-k200,000 ​ 200,000
CS250-r0.01-k∞ ​ ∞
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3.3. Numerical modelling with the Finite Element Method

To model the debonding process of CFRP-to-substrate different commercial software have been used successfully in the literature, 
e.g. [8,9,74–78]. Since it has proven its ability to estimate the bond behaviour between two adherends subjected either to pull-pull or 
pull–push tests, e.g. [34,35,69,79], the Finite Element commercial software ATENA package [80] was used in this work. This software 
has a 2D and a 3D version and the 2D version was chosen so the number of unknowns and nonlinear equations to be solved by the 
Newton-Raphson method could be reduced significantly. Moreover, the 2D version is the most approximated version of the proposed 
analytical approach, which makes it closer to the initial assumptions of the proposed analytical approach. Additionally, the number of 
finite elements of the model is reduced significantly, which reduces the calculation time taken for processing a single model with no 
loss of precision in the simulations [69,79].

To simulate the contact between two materials, ATENA software [80] uses a coupled cohesive model based on the Mohr-Coulomb 
rupture criterion with tension cut-off. This means that, in the presence of peeling stresses (in the direction coincident with mode I), the 
bond stresses associated with mode II follow the Mohr-Coulomb criterion. The friction angle (ϕ) of the interface is another parameter 
that needs to be defined since it significantly influences the bond performance of the joints when subjected to a mixed mode situation, i. 
e., mode I + II [34,35].

To simulate the loads applied to the CFRP strip, a regular monotonic displacement of 0.002 mm per step was considered and 
applied to the right hand of the CFRP end as can be seen in Fig. 6. To control the simulations, three monitoring points were considered. 
The first one is placed at the same point of the displacement control and the second and third monitoring points control the loads 
transmitted to the CFRP composite and to the spring, respectively. To control the loads transmitted to the CFRP composite the 
monitoring point was placed at the midpoint of the reaction steel plate (see 2 in Fig. 6). The complete debonding of each simulated 
specimen was reached regardless of the number of steps considered in each simulation.

Near the contact between adherends, the models in ATENA software [80] were discretized with meshes with 0.4–0.5 mm quad
rilateral finite elements (with smooth element shapes). Since the specimens have different bonded lengths, the number of finite ele
ments used in each model was different. So, the number of finite elements in the models with Lb = 50 mm had the fewest (i.e., 2613) 
finite elements, whereas the models with Lb = 350 mm had the highest number (i.e., 12613) of finite elements. In an Intel Core i7- 
7700HQ laptop computer at 2.80 GHz with 16 GB of 2400 MHz RAM, the simulations were carried out for a minimum of approxi
mately 20 min (in the specimens with the lowest number of finite elements) to 60 min (in the specimens with the highest number of 
finite elements).

3.4. Load-slip curves

The load-slip curves of the CFRP-to-steel bonded joints with the shortest and longest bonded lengths are shown in Fig. 7, i.e., with 
Lb = 50 mm and Lb = 250 mm. The load-slip curves allow us to observe also the influence of the stiffness of the spring on the CFRP-to- 
steel bonded joints. In the case of the specimens with the shortest bonded lengths no snap-back regardless of the stiffness of the spring 
can be seen. However, in the case of the specimens with the longest bonded lengths it can be seen that as the stiffness of the spring 
increases, the snap-through and snap-back phenomena tend both to disappear. Thus, in these specimens, after the debonding of the 
CFRP from the steel substrate begins, the plateaux seen in Fig. 7b, the loads tend to increase once again with the slips. This load 
increase is linear with the slips, which has a slope determined by Eq. (35) and it means that no bond stresses are being transferred 
between the CFRP composite and the steel substrate.

Considering that the stiffness of the steel substrate is too high when compared with the CFRP composite, the yielding of the steel is 
not expected. Therefore, three main failure modes can be identified by the proposed analytical approach: (i) cohesive debonding of the 
interface; (ii) spring rupture; and (iii) CFRP rupture. Unless the stiffness of the spring is quite high (or infinite), the first two possible 
failure modes are more likely to occur. Still, two different paths can be identified here. The first one corresponds to the case where the 
interface completely debonds from the substrate and the maximum load transmitted to the CFRP composite (Fmax) does not exceed the 
debonding load (Fdb) due to the failure of the spring. The other is the case that, after complete debonding of the CFRP composite from 

Fig. 6. Example of the finite element mesh of the CFRP-to-steel specimens CS50-W10-r0.01-k0|10,000|100,000|200,000|∞.
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the substrate, the maximum load transmitted to the CFRP composite exceeds the debonding load. So, it can be defined by an effective 
stiffness (keff), i.e., the stiffness of the spring beyond which the maximum load transmitted to the FRP composite is higher than the 
debonding load. Thus, based on Eq. (34), kmin = keff = 133,631 N/mm.

The IAE values barely exceeded 10 %, which shows the high accuracy of the analytical approach with the FEM. Nevertheless, The 
two situations where the IAE is higher than 10 % correspond to the case of k → 0. In the case of Lb = 50 mm (i.e., CS50-r0.01-k0), the 
post-peak behaviour obtained by the analytical approach overestimates the results obtained by the FEM, which explains the higher IAE 
values. However, in the case of Lb = 250 mm (i.e., CS250-r0.01-k0), the higher IAE values are mainly due to the snap-back phenomena. 
Once the load decay to zero in the FEM, the analytical approach estimates, despite not meaningfully, a longer plateau at the maximum 
load and the difference between both methods in that slip interval is huge and explains the abrupt increase of the IAE value observed 
there.

4. Comparison with other studies

To check the wide applicability of the proposed analytical approach, five different studies available in the literature were 
considered [27,29,37,38,42]. In these studies, experimental, numerical and analytical data describing the bond behaviour of me
chanically anchored FRP-to-substrate are considered. Thus, mechanically anchored CFRP-to-concrete [27,29,38], CFRP-to-steel [42], 
and CFRP-to-timber [37] bonded joints are analyzed thoroughly.

4.1. Tests carried out by Lu et al. [38]

The experimental tests and analytical as well as numerical simulations carried out by Lu et al. [38] are modelled here with the 
proposed analytical approach. Lu et al. [38] have reported the test of CFRP-to-concrete joints anchored with a CFRP U-wrap jacket. The 
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single-lap shear tests consisted of a CFRP composite with a cross-sectional area of 1.2 × 50 mm2 (thickness × width) externally bonded 
to a concrete block with a 300 × 220 × 700 mm3 (thickness × width × length) throughout a bonded length of 300 mm. Only the elastic 
moduli of the adherends are reported, i.e. 205 GPa and 33 GPa for the CFRP composite and concrete, respectively. Although the 
authors [38] have not reported the bond-slip relationship obtained experimentally, they assumed a classical bond-slip relationship 
with a triangular shape. Thus, the maximum bond stress is 5.44 MPa with a maximum and ultimate slip of 0.071 mm and 0.273 mm, 
respectively, which corresponds to a fracture energy of 0.743 N/mm. The authors [38] also reported a stiffness of the end anchorage of 
12,100 N/mm with an ultimate slip of 4.30 mm.

Thus, to make feasible comparisons with the work carried out by Lu et al. [38], the exponential bond-slip relationship defined in Eq. 
(10) was adjusted, through a minimization process where the fracture energy was used as a constraint, to the triangular bond-slip 
relationship of the authors [38] leading to B = 14.64 mm− 1, εrmax = 0.245 %, and smax = 0.047 mm. Both bond-slip relationships 
are shown in Fig. 8a.

The load-slip curve obtained by the proposed analytical approach is compared with the analytical model and experimental data 
reported by Lu et al. [38] (see Fig. 8b). As can be seen, both analytical approaches provided quite close results and both are consistent 
with the experiment. Nevertheless, it should be mentioned that since the analytical approach developed by Lu et al. [38] is based on a 
triangular bond-slip relationship, it requires the derivation of a large number of equations so each state that the mechanically anchored 
bonded joint will undergo until its failure could be defined. Therefore, the proposed analytical model is much easier to use and 
implement due to the single function (exponential) used to describe the local bond behaviour of the joints.

Lu et al. [38] have also reported the axial and bond stress and distributions for four particular loads of the debonding process: 10.54 
kN, 21.84 kN, 29.04 kN, and 35.90 kN. The comparison between the proposed analytical approach and the results reported by Lu et al. 
[38] is shown in Fig. 9. The results provided by the proposed analytical approach also show a good agreement with those reported by 
Lu et al. [38]. As seen from Fig. 9a, with the proposed analytical approach the axial stresses are in fair agreement with the experimental 
data. For the two first lower loads transmitted to the CFRP composite, the axial stresses mainly develop at the CFRP-loaded end. 
However, for F = 29.01 kN a plateau at maximum axial stress can be observed. This means that the debonding of the interface has 
begun. When F = 35.90 kN is transmitted to the CFRP composite, the CFRP-to-concrete joints are completely debonded and the load 
transmitted to the spring (U-wrap jacket) equals the load transmitted to the CFRP composite.

From Fig. 9b it can be seen that the bond stresses developed throughout the bonded length has always a continuous derivative 
whereas for the analytical approach proposed by Lu et al. [38] it is possible to identify two points where such a thing does not occur. 
Thus, looking, at the curve corresponding to F = 29.01 kN, it is possible to see the three stages defined by the triangular bond-slip 
relationship and identify the transition between the E stage to the S stage, i.e. where the maximum bond stress occurs, and the 
transition between the S stage to the D stage, i.e. where the bond stresses become zero. Therefore, to capture this E-S-D state of the 
bonded joint, it is needed to analytically define the E, S and D stages, whilst it takes only one formula to define this E-S-D or any other 
state of the interface with the proposed analytical approach (see Eq. (30)).

Lu et al, [38] have also carried out a parametric study where the authors checked the effects of the bonded length, stiffness of the 
end anchorage, and stiffness of the FRP composite. The proposed analytical approach was used to replicate each case studied by Lu 
et al. [38]. Thus, regarding the effect of the stiffness of the end anchorage, Fig. 10a compares the results obtained by both approaches. 
Four different cases with different stiffnesses of the end anchorage were simulated: 0 N/mm, 6,500 N/mm, 12,100 N/mm, and 18,150 
N/mm. The results show good agreement and it can be seen also that the ultimate load (Fu) increased with the stiffness of the end 
anchorage. However, two different cases can be identified. One where the ultimate load of the joint correspond to the debonded load 
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(Fdb), i.e., to the maximum load needed to debond the FRP composite from the substrate. In this case, at the instant of the spring failure, 
the load is lower than the debonded load and, therefore, the end anchorage is useless since it is not able to increase the strength of the 
joint. The other corresponds to the case where the ultimate load is higher than the debonded load and the ultimate load was increased 
due to the influence of the end anchorage, improving, therefore, the bond performance of the mechanically anchored bonded joint. 
Thus, to calculate the minimum stiffness of the end anchorage the debonded load should be equal to the ultimate load given by Eq. (1). 
Therefore, considering that the debonded load can be given by [81]: 

Fdb =

{
br ⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2GF ⋅ Er ⋅ tr ⋅ (1 + r)

√
if Lb⩾Leff

βL ⋅ br ⋅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2GF ⋅ Er ⋅ tr ⋅ (1 + r)

√
if Lb < Leff

(37) 

where, according to some authors, e.g. [81–83], βL can be obtained according to 

βL =
Lb

Leff
⋅
(

2 −
Lb

Leff

)

, (38) 

βL = sin ⋅
(

π
2

⋅
Lb

Leff

)

, (39) 

or 

βL =

arctan
(

2π ⋅ Lb
Leff

)

arctan(2π) , (40) 

where Leff is the effective bond length of the joint.
Therefore, equating Eq. (37) to Eq. (1), the effective stiffness of the end anchorage (keff), i.e., the stiffness beyond which the end 

anchorage actually can improve the load transmitted to the FRP composite is 

keff =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

br ⋅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2GF ⋅ Er ⋅ tr ⋅ (1 + r)

√

s0
if Lb⩾Leff

βL ⋅ br ⋅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2GF ⋅ Er ⋅ tr ⋅ (1 + r)

√

s0
if Lb < Leff

(41) 

where s0 = su, i.e., the ultimate slip that can occur in the spring (or end anchorage).
Fig. 10b identifies the keff of the mechanically anchored CFRP-to-concrete bonded joints. From Eq. (41), a value of 7050 N/mm was 

calculated which is less than 2.1 % of the value determined by Lu et al. [38]. Moreover, for values higher than keff, the increase of the 
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ultimate load has a linear trend, which the proposed analytical approach was also able to capture and confirm the results achieved by 
Lu et al. [38].

The effect of the bonded length was also shown previously in Subsection 3.4. However, Fig. 11 shows that the increase in the 
bonded length does not increase the ultimate load. Moreover, Fig. 11 shows that the results obtained by the proposed analytical model 
are in agreement with those obtained by Lu et al. [38] and all the adopted bonded lengths are longer than the effective bond length 
since the debonded load was reached in the four different bonded lengths of 200 mm, 300 mm, 400 mm, and 500 mm.

Fig. 12 shows the effect of the reinforcement stiffness (Ertr) on the bond behaviour of four different cases: 12,300 N/mm, 24,600 N/ 
mm, 49,200 N/mm, and 73,800 N/mm, i.e. with r = 0.003, 0.006, 0.011, and 0.017, respectively. The bonded length of 300 mm was 
fixed. The results obtained from the proposed analytical approach continue aligned with those obtained by Lu et al. [38]. It can be seen 
also that the increase of the FRP stiffness increases the debonded load. The plateau observed, e.g., in the specimen with an FRP stiffness 
of 12,300 N/mm was reduced with the increase of the FRP stiffness. This can be explained by the increase of the effective bond length 
of the joint, which increases with the FRP stiffness [15,39,81,84–88]. In these studied cases, the increase of the FRP stiffness was not 
sufficient enough to change the ultimate load of the joints. However, these results show that as the stiffness of the reinforcement 
increases, more crucial will be to adopt a stiffer end anchorage so the final strength of the mechanically anchored bonded joint can be 
effectively increased.

4.2. Tests carried out by Mazzotti et al. [29]

Mazzotti et al. [29] carried out a series of tests with CFRP-to-concrete mechanically anchored joints. The authors [29] studied the 
influence of the concrete surface preparation and used a steel plate as an end anchorage. The concrete block has 150 × 200 × 600 mm3 

(width × thickness × length) and a mean elastic modulus of 30.7 GPa, mean tensile strength of 3.81 MPa and compressive strength of 
52.7 MPa. The CFRP strip with a cross-sectional area of 1.2 × 80 mm (thickness × width) was externally bonded to the concrete block. 
Only the CFRP mean elastic modulus of 195.7 GP was reported by the authors [29]. To model the bond between the CFRP and the 
concrete block, Mazzotti et al. [29] used the Popovics’ formula [89], which was originally used to model the stress–strain relationship 
of concrete under tension. Therefore, the exponential bond-slip relationship in Eq. (10) was approximated to the original bond-slip 
relationship, through a minimization process where the fracture energy of 0.39 N/mm determined from the tests is used as a 
constraint. Thus, the following parameters were obtained: B = 32.974 mm− 1, τbmax = 6.43 MPa, and smax = 0.021 mm.

Fig. 13 compares the load-slip curves obtained by Mazzotti et al. [29] with those obtained by the proposed analytical approach. It 
should be noted that beyond the experimental data, Mazzotti et al. [29] numerically simulated their experiments assuming a rigid end 
anchorage. However, after the joints’ debonded load (Fdb), the subsequent load increase in the numerical simulations has a higher 
slope than that obtained experimentally. This may indicate that the end anchorage could not be considered rigid, which could be 
attributed, e.g., to the short length of the steel anchorage or the low external pressure applied to the anchorage. However, neither the 
grip length nor the external pressure applied to the anchorage was reported by the authors ]29]. For this reason, an alternative and 
more realistic elastic stiffness for the end anchorage was investigated. Hence, to obtain the same slope after the debonding of the CFRP 
composite from the concrete block, a stiffness of approximately 225,000 N/mm for the end anchorage was obtained by a trial and error 
process. The rigid end anchorage was also simulated.

The results obtained by the proposed analytical approach are in good agreement with the numerical results obtained by Mazzotti 
et al. [29]. When assuming the elastic stiffness of the end anchorage of 225,000 N/mm, the results show a snap-back after the 
debonded load has been reached. Then, the loads increase linearly with the interfacial slips and parallel to the experimental data. 
Therefore, and as already mentioned, this indicates that the end anchorage used by Mazzotti et al. [29] was not sufficiently rigid to 
constrain the interfacial slips under the steel plate anchorage.
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4.3. Tests carried out by Barris et al. [27]

To understand the bond behaviour of mechanically anchored CFRP-to-concrete joints, Barris et al. [27] conducted an experimental 
study with a commercial mechanical anchorage and analyzed the influence of the external compression stresses applied to the 
anchorage. Three CFRP laminates with three different widths were used: 50 mm, 80 mm, and 100 mm. The elastic modulus and the 
CFRP rupture strain of each composite are summarized in Table 2. A concrete block with 200 × 500 × 800 mm3 (thickness × width ×
length) was used as substrate. The mechanical properties of the concrete reported by Barris et al. [27] are as follows: elastic modulus of 
24.7 GPa and mean compressive strength of 33.3 MPa.

The experimental load-slip curves of the specimens obtained by Barris et al. [27] are shown in Fig. 14. In all cases, the rupture of the 
CFRP laminate was predicted by the proposed analytical approach, which confirms the observations made by Barris et al. [27]. After 
the complete debonding of the CFRP from the concrete block, the experimental data showed a linear trend with a slope equal to the 
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Table 2 
Definition of mechanical properties of the CFRP laminates and the parameters obtained for the definition of the exponential bond-slip relationship of 
the mechanically anchored CFRP-to-concrete carried out by Barris et al. [27] (average values).

Width of the CFRP, br 

(mm)
Elastic modulus, Er 

(MPa)
Rupture strain, εr 

(%)
B 
(mm− 1)

Maximum bond stress, 
τmax (MPa)

Maximum slip, smax 

(mm)
Fracture energy, GF 

(N/mm)

50 176.4 1.25 14.783 4.79 0.047 0.650
80 170.5 1.46 11.690 4.15 0.059 0.710
100 169.4 1.46 12.172 3.53 0.057 0.580
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axial stiffness of the CFRP composite. However, as the loads transmitted to the CFRP laminate increased, Barris et al. [27] reported that 
slips under the mechanical steel plate occurred and a nonlinear stiffness of the load-slip curve was seen until the CFRP rupture.

The bond-slip relationship of the CFRP-to-concrete joints was approximated through the Popovics’ formula [89] and, therefore, the 
exponential bond-slip relationship in (10) was adjusted, through a minimization process where the experimental fracture energy of the 

(a) (b)

(c)

Fig. 14. Comparisons with the load-slip curves obtained by Barris et al. [27]: (a) load-slip curves with a CFRP composite 50 mm wide; (b) load-slip 
curves with a CFRP composite 80 mm wide; and (c) load-slip curves with a CFRP composite with 100 mm wide; and (d) CFRP strain distributions in 
specimen L50-T30.
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test was used as a constraint. The parameters needed to define Eq. (10) are summarized in Table 2. The stiffness of the spring was 
obtained so the initial slope of the load-slip curve could be parallel to the slope obtained from the experiments. Thus, in the me
chanically anchored CFRP-to-concrete joints with the CFRP composite 50 mm and 100 mm wide, the stiffness of the end anchorage is 
approximately 250,000 N/mm, whereas in the other case with br = 80 mm a stiffness approximately of 500,000 N/mm was obtained. 
When compared with the experiments, the results obtained by the proposed analytical approach showed a fair agreement with the 
experimental data as well. However, the spring with a linear behaviour could not fully represent the complete behaviour of the joints 
after the debonded load. This suggests that a spring with a nonlinear behaviour should be considered rather than an elastic and linear 
one. It should be noted here that despite this being a topic out of the scope of this work, the proposed analytical can accommodate such 
spring once the strain-slip relationship of the end anchorage is known. To that end, the nonlinear strain-slip relationship should be 
considered in the definition of constant C1 defined in Eq. (21). The subsequent equations depend on this constant, but once determined 
C1, all those equations remain valid.

Fig. 15 shows the CFRP strain distributions of the mechanically anchored CFRP-to-concrete joint of specimen L50-T30 [27] for 
different loads transmitted to the CFRP composite. The analytical results are aligned with the experiments. As expected, the CFRP 
strains are higher at the CFRP pulled end. Unlike the bonded joints free of any end anchorage where the strains are always zero at the 
CFRP-free end, here the CFRP strains tend to increase at that same point due to the influence of the anchorage. This can be seen clearly 
in Fig. 15 when F = 26.9 kN. Moreover, since near the CFRP pulled end the CFRP strains are constant, the bond stresses should be zero 
which means that the CFRP composite has already started to debond from the concrete block.

4.4. Tests carried out by Silva [42]

Silva [42] tested two CFRP-to-steel joints mechanically anchored with a steel plate. In one of the tests, a bonded length of 50 mm 
was used, whereas a bonded length of 200 mm was used in the second test. However, only in the second case was possible to acquire 
feasible experimental data due to an anomaly of the data logger during the test of the specimen with the shortest bonded length. The 
CFRP strip had a cross-sectional area of 1.4 × 10 mm2 (thickness × width) and it was externally bonded to a rectangular hollowed steel 
profile with 150 mm of side and a thickness of 7 mm. From the uniaxial tension test of four CFRP flat coupons, the mean mechanical 
properties of the CFRP composite are as follows: elastic modulus of 159 GPa, rupture strain of 1.03 % and tensile strength of 1,565 
MPa. The steel was not tested but common values were considered, i.e., an elastic modulus of 200 GPa and yielding strain of 0.2 %. The 
bond–slip relationship was approximated by Silva [42] to the exponential bond-slip relationship defined in Eq. (10) leading to the 
following parameters: B = 13.840 mm− 1, τbmax = 8.52 MPa, smax = 0.050 mm, and GF = 1.231 N/mm.

The aim of Silva [42] was to obtain a rigid end anchorage and the mechanical steel plate was attached against the CFRP-to-steel 
joint. However, the external pressure applied to the steel plate was not measured but the rupture of a few CFRP fibres was observed 
during the pressure of the steel plate [42]. The results were also analytically modelled by Silva [42] who derived a particular solution 
of the proposed analytical approach, i.e., Silva [42] assumed that no slips occur at the CFRP mechanically anchored end. For this 
reason, a rigid stiffness of the end anchorage was assumed in the proposed analytical approach to simulate the load-slip curve. The 
results are compared in Fig. 16 and they show a fair agreement with the experimental data.

4.5. Tests carried out by Biscaia and Diogo [37]

In another work of the first author [37], a series of CFRP-to-timber joints with and without a mechanical end anchorage were 
tested. Different anchorage systems were considered among which the four most efficient were selected to simulate with the proposed 
analytical approach. Thus, the four selected mechanical anchorages consisted of using: (i) a steel plate; (ii) two superposed L-shaped 
steel profiles; (iii) an embedded rectangular hollowed metallic profile; and (iv) a CFRP embedded end into the timber core. In each 
series, three tests were performed under the same test conditions. The CFRP strip used in the tests with the CFRP embedded into the 
timber core had a thickness of 1.4 mm, whereas, in the other three cases, a CFRP strip with 2.8 mm of thickness was used. Nevertheless, 
the same CFRP width of 10 mm was used in all specimens. The mean elastic modulus of the CFRP with 1.4 mm of thickness is 169.3 
GPa, whereas the thicker CFRP has a mean elastic modulus of 159.6 GPa. The timber prisms have a cross-sectional area of 100 × 70 
mm2 (thickness × width) and a height of 500 mm. The mean tensile elastic modulus of the timber is 12.93 GPa.

The experimental bond-slip relationships obtained in each group series previously mentioned were approximated to the expo
nential bond-slip relationship defined in Eq. (10) through a minimization process where the fracture energy obtained experimentally 
was fixed. Table 3 summarizes the parameters of the exponential bond-slip relationships obtained for each type of mechanically 
anchored CFRP-to-timber joints tested by Biscaia and Diogo [37].

Fig. 17 compares the load-slip curves obtained by the proposed analytical approach with the load-slip curves obtained experi
mentally. To obtain these results, the stiffness of the end anchorage was assumed infinite. Since after the CFRP has debonded from the 
timber substrate, the load-slip curves tend to be the axial stiffness of the CFRP strip. Thus, these results show that all end anchorages 
were able to constrain the slips at the CFRP mechanically anchored end. However, the use of two superposed L-shaped steel profiles 
was able to better approximate the loads transmitted to the CFRP composite to its failure load, whilst the CFRP embedded into the 
timber core led to the highest interfacial slips of the joints.

5. Conclusions

The present work aims to propose an innovative analytical approach that can predict the bond performance of wide-ranging FRP- 
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to-substrate joints, including with and without an end anchorage with a linear behaviour. To that end, a series of closed-form solutions 
to predict the load-slip curves, slip, FRP or substrate strains and bond stress distributions are proposed. To validate the proposed 
analytical approach, the FEM was used as well as the analytical, numerical and experimental data available in the literature. Hence, 
several types of mechanically anchored joints with no end anchorages were considered in the validation of the proposed analytical 
approach. Based on the results achieved in this work, the following main conclusions can be drawn: 

• The simplicity and wide-ranging application of the proposed analytical approach as well as its good agreement with the results 
provided by the FEM, and other analytical, numerical and experimental results were shown;

• The full debonding process of an FRP-to-substrate with and without an end anchorage can be described with a single expression 
which no other known model can deal with yet. Thus, for a long bonded length, the definition of the E, E-S, E-S-D, S-D and D states 
that the interface undergoes until its failure is achieved with a single expression;

• The final branch of the load-slip curves is mainly changed only with the increase of the stiffness anchorage. So, with no end 
anchorage, a snap-back phenomenon can be seen as the loads decrease to zero with the increase of the interfacial slips. However, 
after the debonded load is reached and as the stiffness of the end anchorage increases, the snap-back phenomenon tends to be less 
obvious and after that, the loads tend to increase, once again, with the slips;

• An effective stiffness of the end anchorage could be identified, i.e., a stiffness beyond which the end anchorage can effectively 
improve the final strength of the mechanically anchored joint;

• When compared with the results obtained from the FEM, the proposed analytical approach had higher IAE values in the cases with 
the lowest stiffnesses of the end anchorage. If in the case of the longest bonded lengths the increase of the IAE value up to an 
approximate value of 20 % was attributed to the snap-back phenomenon that began at an earlier stage of the debonding process, in 
the case of the shortest bonded length, the IAE value of approximately 45 % was due to a slightly underestimation of the loads by 
proposed analytical approach. Nevertheless, for the other studied cases, the IAE values were approximately 1.0 %, which shows the 
high accuracy of this analytical approach with the FEM;

• The increase of the axial stiffness of FRP increases the debonded load but it does not have any influence of the spring, which failure 
will occur at the same ultimate slip. However, it demands the use of stiffer end anchorages so the ultimate load of the joint could be 
higher than the debonded load.

Despite being out of the scope of this work, the assumption of a nonlinear spring to define the load-slip behaviour of an end 
anchorage can be introduced into the proposed analytical approach once the relationship between the slips and the loads is known. 
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Table 3 
Parameters needed to define the exponential bond-slip relationship of the CFRP-to-timber joints with an end anchorage tested by Biscaia and Diogo 
[37].

Mechanical anchorage type Thickness of the CFRP, tr 
(mm)

B 
(mm− 1)

Maximum bond stress, τmax 

(MPa)
Maximum slip, smax 

(mm)
Fracture energy, GF 

(N/mm)

Steel plate 2.8 7.576 15.04 0.092 3.970
Embedded rectangular hollowed 

metallic profile
2.8 9.000 14.25 0.077 3.166

Two superposed L-shaped steel 
profiles

2.8 8.339 12.71 0.083 3.048

CFRP embedded end 1.4 4.750 9.69 0.146 4.080
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Therefore, this may open a new research topic in the understanding of other anchorage types such as the use of multiple adhesives, the 
influence of the adhesive or FRP thicknesses as well as any other commercial anchorage, through the same closed-form solution, which 
enlarges, even more, the applicability of the proposed analytical approach. For these reasons, the design-oriented equations herein 
proposed contributes for an worldwide use either for researchers or engineers acting in this area of knowledge.
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