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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/marcelofonse The additive main effects and multiplicative interaction (AMMI) model and its variations are widely used to
cab/hybridRWAMMI identify genotypes with specific adaptability and stability under environmental conditions in crop improvement
Keywords: breeding programs. However, atypical data points, arising from measurement errors, genotype characteristics,

diseases, or climate phenomena, can significantly impact the model’s performance, by contributing to the
violation of its underlying assumptions. To address this challenge, we propose a hybrid modeling framework
called robust-weighted AMMI (RW-AMMI), which combines robust and weighted algorithms to effectively
model genotype-by-environment interaction (GEI) in the presence of data contamination and heteroscedasticity.
We also introduce a comprehensive set of nine weighting schemes for the weighted (W-AMMI), robust (R-
AMMI), and RW-AMMI models. Our extensive Monte Carlo simulations, which encompass both contaminated
and uncontaminated data with and without heterogeneous error variance, demonstrate that several models
within the W-AMMI, R-AMMI, and RW-AMMI classes perform competitively relative to the conventional AMMI
model. Furthermore, we validate the effectiveness of the proposed approach using real crop data, where
we leverage ensemble strategies to enhance genotype recommendations, providing practical evidence of its
applicability. This work provides a hybrid framework for genotype selection under diverse environmental
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conditions, offering breeders a reliable tool for improving stability and adaptability.

1. Introduction

Genotype-by-environment interaction (GEI) refers to the relative
responses of two or more genotypes to different levels of environmental
conditions and is quite common in multi-environmental trials (MET).
The modeling and understanding of GEI is a cornerstone in crop science
to assist plant breeding under environmental changes so that the stabil-
ity of genotypes, i.e., the ability of a genotype to consistently perform
well across different environmental conditions, and the value of test
sites can be established (Dia et al., 2016). The basis of GEI is the quanti-
tative trait locus (QTL)-by-environment interaction (QEI), which occurs
when QTL effects across environments differ, i.e., when QTLs are not
stable across environments. A good understanding of these interactions
is essential to selecting the best-performing genotypes under different
environmental conditions (Rodrigues, 2018; Rodrigues et al., 2021).

Genotype-by-environment interaction can be quantified through
several univariate and multivariate procedures based on evaluating
genotypes under multiple environments. The most favored univariate

* Corresponding author.
E-mail address: vmml@fct.unl.pt (V.M. Lourenco).

methods are based on regressing the mean value of each genotype
in the environmental index or marginal mean of the environments
(Yates and Cochran, 1938; Finlay and Wilkinson, 1963; Eberhart and
Russel, 1966). Multivariate analysis to the quantification of GEI is an
alternative approach that includes complementary methods to evaluate
genotype stability (Crossa, 1990), with the additive main effects and
multiplicative interaction (AMMI) model of Gauch (1992) being the
most widely used and preferred fixed effects model. Stability analysis,
as discussed by Kang (2020), is particularly important when selecting
genotypes for unpredictable and diverse growing conditions, ensur-
ing that the chosen varieties are adaptable and perform consistently
across various environments. This makes AMMI a powerful tool for
breeders seeking to optimize both yield and stability in their crop
selections. A notable advancement in this area is the integration of
Bayesian methods with the AMMI model, which allows for a more
nuanced interpretation of GEI patterns. This integration facilitates the
identification of genotypes that perform consistently across diverse en-
vironments, representing a significant step forward in stability analysis.
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Abbreviations

AMMI Additive Main Effects and Multiplicative
Interaction

ANOVA Analysis of Variance

GEI Genotype-by-Environment Interaction

IRWLS Iterated Re-weighted Least Squares

MPEV Mean Percentage of Explained Variability

MSE Mean Squared Error

MET Multi-Environment Trials

MtSPE Mean Trimmed Squared Prediction Error

QEI Quantitative Trait Locus-by-Environment
Interaction

QTL Quantitative Trait Locus

R-AMMI Robust Additive Main Effects and Multi-
plicative Interaction

RW-AMMI Robust-Weighted Additive Main Effects and
Multiplicative Interaction

SVD Singular Value Decomposition

W-AMMI Weighted Additive Main Effects and Multi-
plicative Interaction

For example, studies by Bernardo Jinior et al. (2018) and da Silva
et al. (2019) have demonstrated the effectiveness of Bayesian AMMI
models in, respectively, handling unbalanced data and accounting for
heterogeneity of variances across environments.

The AMMI model uses: (i) the analysis of variance (ANOVA) to
estimate the genotypic and environmental main effects (additive ef-
fects); and (ii) the singular value decomposition (SVD) applied to the
residuals of the ANOVA, to estimate the components that characterize
the interaction, i.e., that summarize GEI (multiplicative effects). This
method has proven to be effective because it is able to capture a large
part of the sum of squares of the interaction, it allows the separation
of the main and the interaction effects and, in addition, it provides a
meaningful interpretation of the data (Ebdon Jr. and Gauch, 2002). In
other words, it can extract a large part of GEL and it is, therefore, more
efficient in analyzing the interaction pattern (Gauch, 1992; Gauch and
Zobel, 1997; Ebdon Jr. and Gauch, 2002; Paderewski, 2011; Paderewski
and Rodrigues, 2014, 2018; Gauch Jr. et al., 2011).

Another interesting feature of the AMMI model is that its results can
be visually assessed in graphs called biplots that display the genotype
scores (scores plot) and the environment scores (loadings plot) on a
single plot (Gauch and Zobel, 1997). These biplots are particularly
useful for investigating the interactions between genotypes and envi-
ronments, specifically aiding in the identification of genotypes that are
stable and well-adapted to specific environmental conditions (Gauch,
1988). Beyond their pivotal role in stability analysis and genotype-
environment interaction studies, biplots have been widely discussed in
the literature, with applications ranging from ecology, biostatistics, and
finance to social sciences, as outlined in the comprehensive guide on
biplot analysis of Gower et al. (2011). Recently, biplots have gained
attention in machine learning applications, such as digital soil mapping,
where they serve as a model-agnostic tool to interpret predictions
(van der Westhuizen et al., 2024), showcasing their broader applica-
bility and value in exploring complex interactions in various fields of
study.

Rodrigues et al. (2014) went one step ahead and proposed a
weighted AMMI modeling approach (W-AMMI model) to account for
phenotypic data with moderate to strong heterogeneous error variance
across environments in the study of GEI and QEI. In the W-AMMI
model: (i) a weighted least-squares fit replaces the ANOVA linear
fit, and (ii) the standard SVD is replaced by a weighted SVD algo-
rithm that uses the weights estimated in the previous step. Hadasch
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et al. (2018) proposed additional weighted AMMI and genotype-and-
genotype-environment interaction algorithms, including a modification
of Rodrigues et al. (2014) which takes correlations between genotype—
environment means into account. The authors concluded that the
proposed algorithms yield identical point estimates of the model ef-
fects and, therefore, can be utilized with similar efficiencies regarding
the evaluation criteria considered. Further, Rodrigues et al. (2014)
emphasized that their weighting scheme allows the definition of cell-
specific weights, making it applicable to any situation where differen-
tial weighting of cell means is necessary. Specifically, in the context of
MET, they noted that the W-AMMI approach could be an alternative to
mixed model analyses, such as those described by Piepho et al. (2012),
where weights are based on the standard errors of genotype means
derived from the first stage of a two-stage analysis.

Data contamination is more often the rule than the exception
in MET studies and other real-world research, arising from various
sources, including experimental, measurement, and data entry errors,
as well as inherent characteristics of genotypes, pest impacts, and
climate phenomena. Such contamination poses significant challenges
to statistical analysis, as it can lead to violations of fundamental model
assumptions, particularly concerning the normality and homoscedastic-
ity of the residuals. These violations can, in turn, result in unreliable
model estimates and inferences. Because of these issues, the AMMI
model may yield unreliable results when phenotypic data contain
outliers, as these data points can disrupt ANOVA (Lourenco et al.,
2011) and subsequently impact SVD (along with all other analyses
relying on AMMI model results, such as stability indexes and QEI and
QTL detection; Hawkins et al., 2001; Hubert et al., 2002, 2005). To
address these challenges, Rodrigues et al. (2016) proposed a robust
version of the AMMI model for the study of GEI (R-AMMI model).
This robust model accommodates the presence of atypical data points
(i.e., outliers), enabling more stable inferential results and improved
biplot interpretation. The idea behind the robust AMMI model is
straightforward: in (i) the ANOVA linear fit is replaced by a robust
fit (M-regression; Huber, 1964; Lourenco et al., 2011) and in (ii) the
standard SVD is replaced by a robust SVD algorithm (Filzmoser and
Todorov, 2013).

Another potential approach to addressing data contamination in
the AMMI model is to utilize robust alternating regression (Croux
and Filzmoser, 1998). This method estimates both the additive and
multiplicative components simultaneously, rather than employing a
two-stage model where the additive part of the AMMI model is fit-
ted first, followed by the multiplicative part. While various outlier
detection methods have been proposed in the literature (Gumedze
et al., 2010; Schiitzenmeister, 2012; Lourenco and Pires, 2014; Tanaka,
2020), integrating robust estimation within the AMMI framework may
be preferable. On the one hand, classical outlier detection methods face
several challenges, such as (i) true outliers are not always visible due to
masking and swamping effects; (ii) gross outliers can be identified more
easily than mild outliers, complicating the analysis; and (iii) outliers
may still contain valuable information (Lourenco et al.,, 2011). On
the other hand, as emphasized by Tanaka (2020), even within robust
contexts, (i) there remain challenges in selecting an appropriate statistic
for outlier detection and establishing thresholds for classifying outliers;
(ii) current methods often consider one observation at a time, making it
difficult to address swamping and masking effects, specially in complex
data; and (iii) available software implementations for robust linear
mixed models may lack the flexibility to accommodate various error
structures, limiting their effectiveness in identifying outliers in MET
data.

This work is two-fold. First, we propose a hybrid modeling frame-
work for the AMMI model, referred to as the RW-AMMI model, which
combines the weighted and robust AMMI models of Rodrigues et al.
(2014, 2016), respectively, for the study of GEI and QEI, with the
capability to extend to QTL detection. Second, we introduce a com-
prehensive set of nine weighting schemes designed for use in the
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Section 2.1
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Fig. 1. Flowchart illustrating the structure and progression of the methods presented
in Section 2.

weighted, robust, and robust-weighted models. The performance of the
proposed hybrid approach is evaluated against the AMMI, W-AMMI,
and R-AMMI counterparts, taking into account the nine weighting
schemes through a Monte Carlo simulation. This evaluation specifically
explores the impact of data contamination on the robustness of the
aforementioned methodologies. Contamination is simulated to mimic
real-world challenges, introducing deviations from the expected normal
distribution. This contamination study serves as a crucial component in
assessing the reliability and robustness of our proposed models under
practical challenges encountered in data analysis. Additionally, the
analysis of a real dataset from the doubled-haploid Steptoe x Morex
barley (Hordeum vulgare L.) population (Hayes et al., 1993) further
illustrates the usefulness of the proposed methodology. Indeed, the
hybrid AMMI model can be applied in all areas where the AMMI
model is considered. Overall, we aim to provide a novel framework
that effectively handles data contamination and heteroscedasticity in
GEI analysis, ensuring stability and offering a more reliable tool for
breeders and researchers.

It is important to note that the detection of data entry errors war-
rants their correction or exclusion from analysis, rather than attempting
to address them through robust statistical methods. Only after ensuring
data integrity should robust analytical approaches be applied.

2. Materials and methods

Herein, Tables S1, S2,..., and Figures S1, S2,...,refer to Tables and
Figures in the Supplementary Materials (Chapters 6-9). Fig. 1 illus-
trates the structural flow and dependence of the methods discussed in
this section. We start with the AMMI model (Section 2.1; Gauch, 1992),
progressing through its robust and weighted extensions (respectively,
R-AMMI and W-AMMI; Sections 2.2-2.3; Rodrigues et al., 2014, 2016),
leading to the final robust-weighted approach (RW-AMMI; Section 2.4).
Finally, the new weighting schemes are presented (Section 2.5). When
replacing the natural weighting schemes within the R-AMMI and W-
AMMI models, these new schemes provide new formulations for both
R-AMMI and W-AMM]I, and thus also lead to new formulations of RW-
AMMI. The performance of all these versions is evaluated in this work,
with Section 3 detailing the simulation setup and comparison criteria,
and Section 4 presenting the results.

Within each subsection, besides the theoretical aspects of the meth-
ods and the relevant references, a step-by-step approach is provided
to help the reader follow the progression and implementation of each
method more easily.
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2.1. AMMI model

The additive main effects and multiplicative interaction model is a
modeling technique for the study of genotype-by-environment interac-
tions that combines the ANOVA and SVD in a two-step sequential anal-
ysis assuming that all effects, except for the error, are fixed. First, the
ANOVA estimates the additive main effects of the two-way genotype-
by-environment data table, and then, the SVD is applied to the residuals
of the ANOVA in order to estimate the N < min(I,J) interaction
principal components (IPC). In this case, I represents the number
of genotypes (rows) and J the number of environments (columns).
Assuming for simplicity a completely randomized design for individual
trials, the AMMI model can be written as (Gauch, 1992; Rodrigues,
2018):

N*
Yk S AP+ D Ay 0 + € g eh)

n=1
where Y, ; , is the phenotypic trait of the genotype i in the environment
j for replicate k, u is the grand mean (i.e., the mean value of the
phenotypic trait computed across all genotypes, environments, and
replicates), o; are the genotype main effects as deviations from y, f; are
the environment main effects as deviations from u, 4, is the singular
value for the n-th IPC, y,; and 6, ; are the ith and jth genotype and
environment scores for the n-th IPC, i.e., the left and right singular
vectors, N* < N is the number of selected IPC for the model, #; jis the
residual containing all multiplicative terms not included in the model,
and ¢, ; , is the experimental error referring to the error for genotype
i, environment j and replicate k such that ¢; ; ~ N(0, 62). The model
can also be written in a matrix form as:

Y=1,1Tp+a;17 + 1,7 + UyDy Vi, +n+¢, (2

where Y is a (/ xJ) matrix referring to the two-way table of phenotypic
means computed across the r replicated two-way tables, 1 ,1? u is the
matrix with the grand mean y in all positions, a; 1; is a matrix of
genotypic main effects as deviations from the grand mean, and 1 ,ﬁJT isa
matrix of environment main effects as deviations from the grand mean.
The interaction part of the model Y* =Y — 111} - &11} -1 ii} can be
approximated by the product of matrices Uy«D N*VJTW with Uy« being
the (I x N*) matrix with the left singular vectors of the interaction, V y+
the (J x N*) matrix with the right singular vectors of the interaction,
and Dy the diagonal (N* x N*) matrix containing the N* singular
values 4; > 4, > -+ > Ay« > 0 of Y* (with the number of non-zero
singular values equal to the rank of Y*). The (/ x J) n and ¢ matrices
contain the multiplicative terms not included in the model and the
experimental error, respectively.

In practice, the fit of the AMMI model in any statistical software
can be done in two sequential steps. Without loss of generality, let us
assume that the data is either non-replicated or that the mean trait
phenotypic values across replicates have been previously determined
for each environment and genotype. Then, we can fit the model by
the following steps, which refer, respectively, to the additive and
multiplicative parts of the AMMI model:

S1: fit the linear model (i.e. ANOVA)
Y ~ Gen+ Env + €*, 3)

where Y includes the mean trait phenotypic values (computed
across all replicates), Gen and Env are the factors associated with
the genotypes and environments, respectively, and ¢* refers to
the random errors.

$2: perform the singular value decomposition of the residuals £ with
N < min(1,J) and keep the decomposition matrices U, V, and
D.
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Once this is done, the number of significant components, i.e., those
associated with the signal, say N*, must be selected. The selection of
the proper number of multiplicative terms associated with the signal
has been studied by Rodrigues et al. (2014), Malik et al. (2019), Fork-
man et al. (2022) and references therein. After appropriate selection,
these significant multiplicative terms can then be used to obtain biplots
and perform other relevant analyses.

While our main emphasis lies outside the scope of addressing miss-
ing data explicitly, it is important to acknowledge that models can
still be fitted even in the presence of missing data. Imputation meth-
ods are advisable before fitting the models when applicable, and this
practice, although not mandatory, is recommended for enhancing the
robustness of the analysis (see Gauch and Zobel, 1990; Paderewski,
2013; Paderewski and Rodrigues, 2014; Arciniegas-Alarcén et al., 2020;
Podani et al., 2021, for further details on data imputation).

2.2. Robust AMMI model (R-AMMI)

Rodrigues et al. (2016) proposed a robust version of the AMMI
model (R-AMMI) for the study of GEI, where the word robust refers
to the ability of the model to accommodate for outliers and other small
departures from the model’s assumptions. The idea behind the R-AMMI
is to fit model (3) using robust M-regression and consider a robust SVD
of the robust residuals in place of the traditional SVD. Specifically,
assuming that either the data is non-replicated or the median trait
phenotypic values across replicates have been previously determined
for each environment and genotype (coincides with the mean values
in the case of two-replicated data), the R-AMMI algorithm can be
estimated by the following steps:

S1: fit the linear model (3) using Huber’s loss function (Huber, 1973)

1 2 .
~ef, if |g| <c
/’(61):{ 2

1 .
c(|ei|—§c), if gl >c

and keep the estimated residuals, say € (I x J matrix; as in
the AMMI model above, it is assumed that the genotypic means
across replicates have been previously computed for each en-
vironment). Note that here: (i) ¢ is some tuning constant that
provides a compromise between efficiency (at the normal model)
and robustness (to outlying observations at the response variable
level); (ii) when ¢ grows to infinity, the loss becomes quadratic
thus allocating us to least squares estimation; (iii) a usual value
of ¢ is ¢ = 1.345, which conveys 95% asymptotic relative
efficiency at the normal model to the resulting M-estimator;

S2: perform a robust SVD of £ using the method of Hawkins et al.
(2001), keep the decomposition matrices U, V, and D, and select
the first few components based on some criteria of interest;
this robust SVD algorithm adopts a sequential estimation of the
singular values and left and right singular vectors that not only
ignores missing values (note that conventional SVD needs that
matrix € is complete) but is also resistant to outliers; the method
differs from the traditional alternating least squares SVD (ALS-
SVD) as it considers the L1 norm (AL1-SVD) instead of the more
usual least squares L2 norm, to compute a robust approximation
to the SVD of a rectangular matrix.

Robust statistical models are designed to explain the bulk of the
data rather than the whole data and have been successfully applied
in plant breeding and quantitative genetics (Estaghvirou et al., 2014;
Lourenco et al., 2017, 2020; Tanaka, 2020). In robust regression, this is
achieved by down-weighting observations with larger residuals while
assigning higher weights to observations with smaller residuals. The
weights depend on the objective function p utilized. Huber’s p, for
example, uses w(x) = p’(x) as the influence function, resulting in the
following weights:

v'(e) :{1, if el <c

€; c/lel, if el >ec.

(€3]

w(e;) =
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In this case, the weights approach zero as the absolute value of the
residuals increases to infinity, whereas for residuals with absolute value
greater or equal to ¢, all the weights equal one. Since the weights
in Eq. (4) are dependent on the residuals, which, in turn, depend on
the estimated coefficients, the estimation process in a robust regres-
sion model is accomplished through iterated re-weighted least squares
(IRWLS). In this method, initial weight values are assigned to the
observations, and the regression coefficients are estimated using these
weights. Then, the residuals are computed, and the weights are updated
based on the values of the residuals. This process is repeated until the
estimated coefficients and the weights converge to stable values. By
iteratively updating the weights, the robust regression model is able
to down-weight the influence of outliers and improve the accuracy of
the estimated coefficients. In classical linear regression, however, the
loss function used is the quadratic loss p(x) = x2, which means that all
observations are equally weighted (weights equal to one) when fitting
the model.

2.3. Weighted AMMI model (W-AMMI)

The weighted additive main effects and multiplicative interaction
(W-AMMI) model proposed by Rodrigues et al. (2014) is a general-
ization of the AMMI model that allows for individual cells, rows, or
columns to be assigned specific weights. This is particularly useful
when the error variance—covariance structure for the genotypic means
differs between trials, replicates, and/or environments. Because blocks,
incomplete blocks, and spatial trends may produce different variances
and correlations, this heterogeneity needs to be accounted for in the
analysis of GEI (Rodrigues et al., 2014). To fit a W-AMMI model, the
weighted least squares algorithm is applied to the two-way data table
to estimate the additive effects. The residuals from the weighted least
squares fit are then used to estimate the multiplicative terms of the
interaction with an algorithm based on weighted low-rank SVD de-
composition (Srebro and Jaakkola, 2003), which is an iterative process
based on the expectation-maximization (EM) algorithm, that can be
written as:

XD =SVD|WO Z+(1-W) 0 X 5)

where Z is the matrix that has the multiplicative terms obtained by
weighted least squares, W is a (I x J) matrix with weights W, o where
0 < W,; <1,1isa(lxJ) matrix with 1 in all positions, ® is the
Hadamard product of matrices, t is the number of iterations, and X is
a low-rank approximation that can be initialized as X = Z or X© =0
for convergence to the global minimum. The results are the matrices
Ups, Dy« and Vy. such that Y* ~ Up.Dy«VE,, where N* is the
rank of the matrix or the number of components retained in the model.
Summing up, the steps of the W-AMMI model, which assume that the
data are replicated, are:

S1: fit the linear mixed effects model
Y ~ Rep+ (1|Gen) + ¢, (6)

for every environment (here Y refers to the phenotypic values
obtained across the r replicates; Rep denotes the fixed effect of the
replicates, which accounts for variability due to different exper-
imental runs or iterations; ¢, denotes the unexplained variation,
encompassing all influences not captured by the fixed and random
effects included in the model) and keep the estimated residual

variances, say variances 352 ,j=1,...,J; then construct a I x J
. €
two-way table of weights, say W, where
~2
1/%/ Tij

Wi ————
¢ max <<y a/s2 )y r

¢
with r the number of replicates in the study (usually two in multi-
environment trials), r;; the number of replications of genotype
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i in the environment j (note that replications could be missing;
when this is not the case, then ri/r = 1 Vi, j, as is the case
of our simulated data), i = 1,...,I; j = 1,...,J; taking m =
max, ;g (1/352,.) and assuming that the data is complete (when

e

this is not the clase, usually imputation methods are used before
fitting the models), the matrix of weights W, takes the simpler

form
Vet 1o}, 1/o},
m m m
1/0‘%1 1/0‘%2 1/651
W,.=| m m m | ()]
/62 1[0, 1/6%,
L m m m |

where oizj = 36281_ Vi.

S2: fit the linear model (3) via weighted least squares using the matrix
of weights W, from the previous step and keep the estimated
residuals, say £ (I x J matrix);

S3: perform a weighted low-rank SVD of &, using the algorithm
defined in (5), considering the matrix of weights W,, keep the
decomposition matrices U, V, and D, and select the first few
components based on some criteria of interest.

2.4. Robust weighted AMMI model (RW-AMMI)

The hybrid AMMI model proposed in this work (RW-AMMI), com-
bines the strengths of both the W-AMMI and R-AMMI models described
above in a couple of different ways. Specifically, one considers the
following estimation steps:

S1: fit model (6) using the robust linear mixed effects model ap-
proach of Koller (2013, 2016) for every environment and keep
the estimated robust residual variances, say robust variances Gfk s
j=1,...,J; then construct the I x J two-way table of weights ?V
as described in W-AMMI-S1;

S2: fit model (3) using Huber’s loss function together with the matrix
of weights W obtained in S1 and where now Y includes the
median trait phenotypic values (computed across all replicates);
keep the estimated residuals, say &;

S3: taking the estimates of € and W from S2 above perform a
weighted low-rank robust SVD of £ (W-AMMI-S2); keep the
decomposition matrices U, V, and D, and select the first few
components based on some criteria of interest.

2.5. Generalized weighting schemes for the AMMI models

In this section, we generalize the matrix of weights W used in
the W-AMMI model proposed in Section 2.3. Modifications to W can
lead to different parameter estimates, interpretations of effects, and
ultimately, different conclusions about the data. The sensitivity of the
AMMI model to changes in W implies that the robustness of the model’s
conclusions can vary depending on the chosen weights. This becomes
particularly significant in applications where the model’s predictions
are used for decision-making. Evaluating different configurations of W
enables researchers to investigate how robust the model’s conclusions
are to alternative assumptions regarding the relationships between
parameters. Therefore, although the overarching methodology remains
AMMI, each configuration of W can yield a unique version of the
model that must be evaluated independently for its practical utility.
In particular, we consider in the W-AMMI-S1 also the fit of the linear
mixed effects model

Y ~ Rep+ (1|Env) + ¢, (8)
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for every genotype (Y and Rep as in Eq. (6); ¢, denoting the unex-
plained variation, encompassing all influences not captured by the fixed
and random effects included in the model) and keep the estimated
residual variances, say variances 862 E i =1,...,1. We then construct
the I x J two-way table of weights Ig/Vg as

1/ szg,i Tij

Wij = — X —,
maxii<y (1/67 ) r

g
with r;; and r as in W-AMMI-S1. Taking m = max, <, (l/Eggi) and
assuming data are complete (when this is not the case, usually imputa-
tion methods are used prior to fitting the models), the matrix of weights
W, takes the simpler form of (7) where one now has afj = 8;‘_ Vj and
m=m.

From the W, and W, weighting schemes, to which we will herein
refer to as ¢>(E) and ¢*(G), respectively, now follow the additional
weighting ones:

c 2GOE)=W,0W,
W, W,
2

« X(rim@ E) = Wy OW,
« 6X(GOE)=
.« o2(rlm) = Wy

+ o2(rim© G) = Wy OW,
« X(rIm© GO E) = Wi OW O W,
w.eW,
2

where Wy is the matrix of weights obtained from the robust fit of the
model (3) using the Huber M-estimator (rlm stands for robust linear
model), @ is the sum of the matrices, and © is the Hadamard product
(element-wise product). Robust versions of W, and W, are obtained by
the robust fits of models (6) and (8), respectively. Other robust weight
generalizations are possible, e.g., by considering the robust weights that
are estimated directly from the single robust linear mixed effects fit of
models

c 2(rimO(G® E) = Wi 0

Y ~ Rep+ (1|Gen)+¢ and Y ~ Rep+ (1|Env) +e.

In this case, for each model fit, r (I x J) matrices of weights are
estimated, which may be combined into a single weight matrix, e.g., by
taking the median weight value across the r matrices, resulting in yet
new robust W, and W, matrices. The possible ways of combining the r
LMM estimated weight matrices plus the combination of final W, and
W, matrices, as previously suggested, would give rise to a huge amount
of simulation scenarios. Since this is not an exhaustive simulation study
and since we cover the most natural robust generalizations of the
classical AMMI, this setting will not be pursued further.

As a final note, while the choice of W can significantly influence the
outcomes of the AMMI model, one notes that there is no one-size-fits-
all rule for selecting variations of W. Researchers should consider the
specific objectives of their analysis, the characteristics of the data, and
theoretical frameworks guiding their work. It is essential to conduct
sensitivity analyses to understand how different configurations impact
results. Ultimately, documenting and justifying the choice of weights
will enhance the robustness and interpretability of the AMMI model’s
conclusions.

Table 1 (replicated in Table S1) presents the list of AMMI models re-
sulting from the proposed generalized schemes and whose performance
will be studied here.

All the methods were implemented in R, with the codes available to
ensure result reproducibility and facilitate method adoption (Section
Data availability). The real data application serves as a practical
guide for applying the approach to other datasets, with improved
documentation to support its use.

3. Simulation
3.1. Data simulation and simulation settings

We consider m = 100 datasets using the same structure as in Ro-
drigues et al. (2016). Each data consists of yield values across 100
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Table 1

Notation key for AMMI model variations.
Model Weighting scheme
W-AMMI{1}; R-AMMI{1}; RW-AMMI{1} 62(E)
W-AMMI{2}; R-AMMI{2}; RW-AMMI{2} 2(G)
W-AMMI{3}; R-AMMI{3}; RW-AMMI{3} ¢%(G @ E)
W-AMMI{4}; R-AMMI{4}; RW-AMMI{4} HGDE)
W-AMMI{5}; R-AMMI{5}; RW-AMMI({5} o2 (rim)
W-AMMI{6}; R-AMMI{6}; RW-AMMI{6} 6(rim © E)
W-AMMI{7}; R-AMMI{7}; RW-AMMI{7} 2(rlm © G)
W-AMMI{8}; R-AMMI{8}; RW-AMMI{8} o2(rim ® (G ® E))
W-AMMI{9}; R-AMMI{9}; RW-AMMI{9} 62(rim © (G ® E))

W-AMMI stands for the weighted AMMI; R-AMMI stands for the robust AMMI; RW-
AMMI stands for the robust and weighted AMMI; numbers 1-9 refer to the weighting
scheme being considered.

genotypes, 8 environments and 2 replicates obtained in the following
way:

1. Take a (100 x 8) matrix X from a U(-0.5,0.5) distribution.

2. Perform a singular value decomposition of matrix X in order to
obtain the matrices U, V, and D.

3. Simulate, respectively, a global mean (u), genotypic (a) and
environmental (f) effects as: y ~ N(15,3), a ~ N(5,1), and
B~ N(8,2).

4. Create the double-entry matrix Y of simulated yield values
from the AMMI model structure with two multiplicative terms
(i.e., with two components):

Y =117 u+a15 +1,7 +28 < UL 1ID[1, 1]V(L,]"

9
+15x U[,2]D[2,2]V[2,17 ©

with the coefficients of the first and second components equal
to 28 and 15, respectively. This ensures that the first component
has higher importance in the simulating process.

5. Replications are obtained by adding N (0, 1) random noise to the
signal Y, considering different seeds.

3.2. Data contamination

In this section, we detail the data contamination procedure within
the context of Huber’s contamination model—a widely recognized
framework for assessing distributional robustness when facing devia-
tions from the assumed model (Huber, 1964). The model writes as (1 —
€) * F+ ¢ % G, where F denotes the assumed population distribution, in
our case a N (u, ¢2) distribution, £ €]0, 0.5[ represents the contamination
percentage, and G is a contaminating distribution. Consistent with this
mixture model, data contamination is done by replacing a percentage
of good data points (generated from N(u,o2)) with bad data points
(generated from G), i.e., with several types of outliers. Specifically,
one considers 2%, 5% and 10% of shift, variance-inflated and pointmass
outliers, randomly spread across the first replicate. The outliers are
generated from the following G distributions:

« shift outliers (one tail): N(u; + kaj,af) with sizes k =4,7,10

» variance-inflated outliers: N(u /-,SJJ?)

- pointmass outliers: N (u j,af /10)

where y; and o2 are the phenotypic mean and sample variance cor-
responding to the jth environment, respectively. One tail shift-outliers,
which are considered here, are usually more harmful than two tail shift
outliers as the effect of the latter often cancels out. In addition, one-tail
outliers are known to have a more deleterious effect on estimation than
variance-inflated and pointmass outliers, with the latter being the least
detrimental type of outliers. Also, note that the 10—shi f¢, 10% scenario,
is a rather extreme contamination scenario, not likely to occur in field
experiments, that is considered here to show how the methods compare
when their breakdown points are surpassed.
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It is worth noting that the simulation of outliers considered here
is aimed at mimicking real-life scenarios observed in crop breeding
data. While shift outliers may reflect instances where extreme values
may occur due to genetic mutations or environmental factors leading
to unusually high or low performance in certain genotypes (e.g., over-
or under-irrigation/fertilization in a specific field location), variance-
inflated outliers could simulate situations where genetic variations
or environmental conditions contribute to increased trait variability
(e.g., the presence of diverse soil types within a breeding program
or the exposure of crops to varying climate conditions), and point-
mass outliers may reflect scenarios where specific genetic traits or
environmental conditions cause a reduction in trait variability (e.g., the
introduction of a new genetic variant or the uniform application of a
particular treatment across experimental units).

3.3. Performance assessment

To effectively compare the various methods employed in our study,
we utilize a set of performance metrics that provide quantitative in-
sights into the effectiveness of each method. These criteria are designed
to capture multiple dimensions of model performance, including predic-
tion accuracy, explained variability, and interpretability. The following
criteria are used for this assessment:

3.3.1. Mean trimmed squared prediction error (MtSPE)

Mean trimmed prediction errors involve calculating the mean after
removing a certain percentage of extreme values from both ends of the
distribution of the differences between observed and predicted values.
By calculating the mean after trimming a certain percentage of extreme
values from the upper tail of the distribution of the squared differences,
an even more robust measure of central tendency is ensured. This
approach reduces the influence of outliers, offering a robust assessment
of the performance of competing methods.

Let y;, refer to the ij-th observation from the two-way data table
referring to the sth simulation and ¥y, its estimated value. First, the

I'xJ squared differences ( y- )7;])2 are taken and assigned to a vector,
say df V. ,d}‘* e Second, the differences are sorted in ascending order
such that dgl) < e < dg,* e Finally, the 10% upper tail observations
of vector d(sl), ,d(sl* J) are trimmed, and the mean trimmed squared
prediction error is computed as

m 1J-t S

1 (k)
MtSPE = — 10
sz”; I1J —t a0

where ¢ refers to the number of trimmed observations. The smaller the
MtSPE, the better the performance of the model in predicting the bulk
of the data.

3.3.2. Mean percentage of explained variability (MPEV)

MRS A e+ 2,
MPEVle#
m A +A+ e+ A

s=1

1D

where N* is the number of estimated components from the multiplica-
tive terms (in our case N* = 2), /lj j=1,...,J, are the true eigenvalues,
J is the number of columns (environments), and s is the index of the
current simulation. The closer the values of MPEV are to 100%, the
better.

3.3.3. Mean squared error j (MSE I )

MSE; = - Z(ES. -2 12)

for j =1,..., N* and where 4, refers to the jth singular value estimated
from the AMMI model considering the uncontaminated data and A
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refers to that estimated from the competing models in the s — th
simulation. As is, in the uncontaminated scenario, the MSE; referring
to the AMMI model are equal to zero. Overall, the smaller the MSE;,
the better the performance of the model. In addition, the MSE; can
be summed over the number of selected components N* for an overall

comparison of the performance of the methods.

3.3.4. Mean maxsub (Krzanowski, 1979)

m
1
b= — %), 13
maxsu él arccos(4/ k) 13)

where 4; is the smallest eigenvalue of the matrix I7,  Pyys Py, 1y
in the s — th simulation, where I, are the true orthogonal loadings,
and P;y- are the estimated loadings. The best value for maxsub is 0,
and commonly the values are standardized by dividing with % to make
the values range from O to 1. Smaller values of maxsub represent a
good approximation between the representation in the N* dimensions
obtained by a given model and the true simulated signal. Hence, values
of maxsub close to one are not desirable.

3.3.5. Biplot interpretation

In general, each model aims to accurately represent the data in
a two-dimensional referential, enabling the identification of the best
genotypes for each environment. In the biplots, the loadings represent
the environmental factors, and the direction from the origin to a point
indicates the environment. Using an orthogonal projection, we can rank
all genotypes based on their alignment with the loadings (environ-
ments). The projection is calculated using the equation ﬁ, where 0;
represents the loadings vector, p; represents the genotype score vector,
and || - || represents the norm of a vector. By performing this projection,
we obtain a value that reflects how well each genotype aligns with
the direction of the corresponding environment. This value indicates
the strength of the genotype performance in that environment. The
genotype with the highest projection value is considered the best-
performing genotype in that specific environment. Biplots are provided
for all models for a single run. Biplots with the most similarity to the
real one (obtained from the AMMI model with the uncontaminated
data) in terms of scores and loadings are preferred.

While the primary focus of this work lies in the evaluation of model
performance, challenges in conducting an exhaustive study need to
be acknowledged, especially in the context of variance components
estimation. For a more detailed exploration of this crucial aspect,
readers are referred to the work of Lourenco et al. (2017), where a
comprehensive investigation into variance components estimation in
the Linear Mixed Model is conducted. Additionally, for a broader exam-
ination encompassing other inferential procedures such as hypothesis
testing and confidence intervals, refer to the work of Hui et al. (2021).

4. Results

This section comprehends the results from the simulation study.
One notes that, in the case of the simulation study, and despite a
trade-off in robustness, step S3 from the RW-AMMI model (Section 2.4)
was performed with the classical weighted low-rank SVD (i.e., the
traditional low-rank SVD, which does not incorporate techniques to
mitigate the influence of outliers or noise). This decision was prompted
by occasional challenges in achieving convergence with the robust
weighted low-rank SVD routine within the pre-specified maximum
number of iterations, a problem that may be linked to the selection
of the initial estimate X for the robust algorithm, highlighting the
need for the development of a data-driven choice of X© (see Section 7
for a brief discussion). Notwithstanding, robust low-rank SVD should,
as proposed, be used in the RW-AMMI approach since the robust low-
rank SVD method can converge with adequate initial estimates and or
with the increase of the number of iterations of the algorithm. Indeed,
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in the numerical example ahead where biplot interpretation is assessed
as well as in the real data application, step S3 of the RW-AMMI was
used as defined. One would expect to see the metrics of RW-AMMI’s
with original step S3 at least slightly improved when compared to those
reported here.

In what follows, Table 2 and Tables S2-S13 and Figures S1-S4
from the Supplementary Materials (Chapters 1-2) report the observed
MTtSPEs, MPEVs, and Maxsub values obtained across the 100 simulations
referring to the uncontaminated and all contamination scenarios. Addi-
tionally, Figures S5-S8 from the Supplementary Materials (Chapter 3)
present the results of the Biplot Interpretation numerical example.

The following subsections summarize the simulation findings, high-
lighting the strengths and weaknesses of each approach in relation to
each other in terms of prediction accuracy, variability explained, and
overall robustness against data contamination.

4.1. Mean trimmed squared prediction error (MtSPE)

From Tables 2 and S13, one easily acknowledges, as mentioned
in Section 3.2, that the MtSPEs referring to the shift-outlier scenarios
are greater than those observed in the variance-inflated- and pointmass-
outlier scenarios. Indeed, MtSPEy,;, > MtSPE;,, > MtSPE,,
across all contamination scenarios and models. When the data are
uncontaminated (Tables 2 and S13, 0%), as expected, all models present
MtSPEs greater or equal than those reported for the AMMI model.
Here, the maximum observed value of MtSPE is 0.35, which pertains
to model RW-AMMI{8} and represents an error increase to that of the
AMMI of almost 100%. Across the three types of data contamination,
models W-AMMI{5,9} and R-AMMI{1} performed the best across all
contamination scenarios (M tSPE‘Z"’;’;{(')% <2&M tSPE%‘,’lO% <05 &
MtSPng;i'lo% <0.35 & MtSPEy, < 0.29). If one excludes the extreme
shift contamination scenario (i.e., k = 10, 10%), then W-AMMI{6} is
also included in this group of best-performing methods across the three
types of outliers.

For the shift contamination type (Table 2), the best (MtSPE, 5 g <
2 & MtSPEy, < 029 & MtSPEy, < 0.29) performing AMMI com-
peting models are models W-AMMI{5,9}, R-AMMI{1,4-6,9} and RW-
AMMI{5,6,9}, with all except models R-AMMI{6,9} outperforming or
having a similar performance as the AMMI model across all but the 2%
contamination scenarios. The worst (highest observed MtSPEs across
most of the contamination scenarios) performing model here is W-
AMMI{8}.

As to pointmass contamination (Table S13), this type of contamina-
tion does not cause a deleterious effect on the performance of the AMMI
model, which outperforms all the other models. Here, models that show
a similar performance to that of the AMMI are W-AMMI{1,2,4}. In
addition, model RW-AMMI{8} presents the overall worst performance
under this type of contamination.

The models that perform similarly or slightly better than the AMMI
model in the case of variance-inflated type of outliers are the models W-
AMMI{1,2,4}. Here, W-AMMI{8} is the worst-performing model with
the highest reported values of MtSPEs in two of the three contamination
scenarios.

4.2. Mean percentage of explained variability (MPEV )

Tables S2-S3 (0%) show that, with the exception of W-AMMI{5 -9}
models and RW-AMMI{3, 5—9} models, all the models with two compo-
nents are able to explain more variability than the AMMI model when
uncontaminated data are considered. Indeed, simulated true variability
explained by the first two principal components is not 100% but rather
some value close to it, which is unknown and varies across simulations.

When considering the shift contamination scenarios, four models
stand out, which, without overestimating MPEV, produce values of
MPEV > 75% across all scenarios. Specifically, models W-AMMI{6,9}
and RW-AMMI{7,8} (Table S2, gray lines), with the first two models
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Table 2
Mean trimmed squared prediction errors (MtSPE) for all models and all shift contamination scenarios.
Shift-Outliers
k=4 k=7 k=10

0% 2% 5% 10% 2% 5% 10% 2% 5% 10%
AMMI 0.18 0.28 0.54 1.32 0.42 1.31 3.46 0.71 2.42 6.00
W-AMMI{ 1} 0.18 0.29 0.54 1.27 0.42 1.16 3.46 0.64 2.16 6.89
W-AMMI{2} 0.19 0.27 0.53 1.35 0.33 1.11 3.36 0.39 1.93 6.11
W-AMMI{3} 0.19 0.44 1.05 2.23 1.01 2.00 4.20 1.79 2.77 6.05
W-AMMI {4} 0.18 0.27 0.48 1.14 0.33 0.95 3.01 0.41 1.66 5.91
W-AMMI{5} 0.24 0.31 0.48 1.02 0.33 0.58 1.48 0.34 0.63 1.80
W-AMMI{6} 0.24 0.33 0.50 1.07 0.41 0.72 1.85 0.60 1.05 2.52
W-AMMI{7} 0.24 0.33 0.55 1.22 0.37 0.83 2.09 0.39 1.02 2.69
W-AMMI{8} 0.25 0.61 1.26 2.37 1.27 2.07 3.70 2.08 2.57 4.44
W-AMMI{9} 0.24 0.31 0.46 0.95 0.34 0.57 1.44 0.37 0.65 1.84
R-AMMI({1} 0.24 0.32 0.52 1.12 0.33 0.61 1.79 0.32 0.64 1.96
R-AMMI{2} 0.25 0.34 0.54 1.18 0.35 0.69 2.12 0.35 0.75 2.60
R-AMMI(3} 0.26 0.34 0.55 1.16 0.36 0.68 2.02 0.35 0.75 2.43
R-AMMI{4} 0.24 0.32 0.52 1.12 0.33 0.61 1.82 0.32 0.64 1.98
R-AMMI(5} 0.24 0.32 0.52 1.13 0.33 0.62 1.86 0.32 0.64 1.99
R-AMMI{6} 0.29 0.38 0.57 1.14 0.38 0.61 1.61 0.36 0.58 1.50
R-AMMI(7} 0.30 0.39 0.59 1.19 0.39 0.64 1.74 0.37 0.62 1.68
R-AMMI(8} 0.30 0.39 0.59 1.17 0.39 0.64 1.68 0.38 0.63 1.58
R-AMMI{9} 0.29 0.38 0.57 1.14 0.38 0.61 1.62 0.36 0.58 1.50
RW-AMMI{1} 0.24 0.34 0.59 1.27 0.46 1.18 2.82 0.71 1.97 4.20
RW-AMMI{2} 0.27 0.36 0.61 1.36 0.45 1.12 2.95 0.60 1.77 4.83
RW-AMMI{3} 0.28 0.38 0.63 1.35 0.46 1.10 2.83 0.60 1.70 4.49
RW-AMMI{4} 0.24 0.34 0.58 1.24 0.44 1.13 2.75 0.67 1.90 4.04
RW-AMMI{5} 0.29 0.36 0.54 1.06 0.38 0.61 1.39 0.38 0.64 1.63
RW-AMMI{6} 0.29 0.37 0.54 1.03 0.38 0.61 1.34 0.38 0.64 1.60
RW-AMMI{7} 0.33 0.41 0.60 1.16 0.43 0.66 1.45 0.43 0.67 1.55
RW-AMMI{8} 0.35 0.43 0.62 1.20 0.44 0.68 1.49 0.45 0.71 1.70
RW-AMMI{9} 0.29 0.37 0.54 1.02 0.38 0.60 1.29 0.38 0.62 1.43

*Bold values represent the lowest observed value of MtSPE in each contamination scenario.

outperforming the last two (MPEV values always > 90%). Results also
show model W-AMMI{8} to be the one that greatly underestimates
MPEV (M PEV < 75%) across all contamination scenarios (Table S2,
green line). Moreover, four models, specifically, W-AMMI{1,4} and R-
AMMI{7,8}, overestimate MPEV (M PEV > 100%) across all scenarios
(Table S2, pink lines), with models W-AMMI{ 1,4} overestimating more
than those of R-AMMI{7,8}. In addition, models RW-AMMI{1, 4}, be-
sides presenting the biggest overestimation of MPEV in the extreme shift
contamination scenario, also produce MPEV estimated values above
those of the AMMI model.

Regarding the variance-inflated and pointmass contamination types
(Table S3), with the exception of models W-AMMI{2 — 3,5 — 9} and
RW-AMMI{2 - 3,5 -9}, all the remaining models were able to keep the
estimated MPEVs between 90-100% across all contamination scenarios
while outperforming the AMMI model. Amongst these, W-AMMI{1} and
R-AMMI{6 — 9} perform the best and outperform the AMMI model.

Finally, except for model W-AMMI{7}, all models showed values
of MPEV >= 75%, thus making W-AMMI{7} the worst perform-
ing model. When considering pointmass type of contamination, mod-
els R-AMMI{6 — 9} performed the best (with similar performance;
MPEV)Y . €1[95,100]).

4.3. Mean squared error j (MSE,)

Tables S4-S9 display the results of the observed MSEs computed
for each interaction principal component (M SE,; and M SE,) as well
as the value of the summation of the MSEs across both interaction
principal components (M SE, + M SE,). Ideally, one would like to find
a method that simultaneously provides the smallest values of M SE,
and M SE,. However, that is not always possible and thus one should
try to find that that provides the smallest MSE, + MSE, instead.
Although for the uncontaminated data, the highest values of M SE|,
M SE, and, subsequently, of MSE, + MSE, are those referring to
models RW-AMMI{7, 8}, this does not mean, as will be seen ahead, that

these models are the overall MSE worst performing AMMI competing
models.

In the case of the shift type of contamination and considering
the first interaction principal component (Table S4), the W-AMMI{9}
and W-AMMI{3,8} are, respectively, the overall best (M SEIZ’S"IO% <
55 & MSEY ~ 1.1) and worst (MSE>'""% > 100 & MSEY «~
9.5) performing models. Indeed, although the M SE?% for the RW-
AMMI{7, 8} models are greater than those of the W-AMMI{3, 8} models,
the latter are the worst performing as they cannot tolerate contami-
nation throughout (max M SE; ~ 1853) whereas the former can keep
all errors at a substantially lower level (max MSE, ~ 208). In all,
except for W-AMMI{9}, all methods struggled with the 10 — shift,
10% scenario. If one disregards this scenario, then models W-AMMI{5}
and RW-AMMI{5,6,9} come up as contenders. In fact, here, model
RW-AMMI({9} is the overall best-performing model.

Results for the same type of contamination for the second interac-
tion principal component are displayed in Table S6. In this case, the
best (MSE?SJO% <55 & MSE;’% < 7.6) and worst (MSE;S’IO% >
45 & M SEg% ~ 1.1) performing AMMI competing models are, re-
spectively, RW-AMMI{7,8} and W-AMMI{8}. When disregarding the
most extreme contamination scenario, other competing models appear
again. Specifically, models W-AMMI{9} and RW-AMMI{9} are now the
best overall performing models. The summation of both MSEs (Table
S8) concludes in the same direction as the previous results. Namely,
that models W-AMMI{9} and W-AMMI{8} are, respectively, the over-
all best (MSEIZ’S’IO% + MSE§’5"0% < 135) and worst (MSEf’S’IO% +
M SE;*S’IO% > 200) performing AMMI competing methods and that,
when disregarding the most extreme contamination scenario, in par-
ticular, the RW-AMMI{9} becomes the overall best-performing model
outperforming the AMMI reference model in all but the 2%, 4 — shi ft
scenario.

When variance-inflated and pointmass types of contamination are
considered (Tables S5, S7 and S9), the models that perform the best
(tables’ gray lines) across the two interaction principal components
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(MSEs summation included) are the W-AMMI{4}, R-AMMI{1 — 9} and
RW-AMMI{ 1, 4}, with W-AMMI{8} performing the worst (tables’ green
lines). For pointmass contamination only, the best-performing models
across the two interaction principal components and percentages of
contamination, which outperform the AMMI model, are models W-
AMMI{1,4} and RW-AMMI{1,4} (2% M SE, case excluded) with model
W-AMMI{4} producing the smallest value of individual MSEs and
MSE; + MSE, in the case of the uncontaminated data. In the case of
variance-inflated contamination, model W-AMMI{4} is the best model
outperforming the AMMI in terms of MSE, and MSE, + MSE,. As
to the M SE,, no best model completely outperforms the AMMI. Here,
W-AMMI{4} and R-AMMI{5} do it in two of the three contamination
scenarios, respectively, 2&10% and 5&10%.

4.4. Maxsub

Tables S10-S11 show the results referring to the observed mean
values of maxsub across all types and percentages of contamination.
As expected, when uncontaminated data is considered, all the meth-
ods tend to overestimate maxsub. Here, models W-AMMI{1 — 9}, R-
AMMI{1-5} and RW-AMMI{1,4} are able to keep these values below <
0.1. As before, one sees that shift contamination tends to produce higher
values of maxsub than variance—inflated and pointmass contamination.

In the case of shift contamination (Table S10), the best (maxsubgyy, <
0.1 & maxsub, 5 144, < 0.15) and worst (maxsub, s 10¢ > 0.2) performing
AMMI competing models are, respectively, models W-AMMI{2,7} and
W-AMMI{, 3, 8}. Although models R-AMMI{1 — 5}, which also present
values of maxsubyq < 0.1, outperform the AMMI in the majority of the
contamination scenarios (except for k = 4 with 2&5%), with the R-
AMMI{5} appearing as the top performing method (maxsuby_y, 59 <
0.1), these are not competitive against models W-AMMI{2,7}. When
considering the scale types of contamination (Table S11), the best
(maxsuby, 5109 < 0.1) performing AMMI competing methods across
all scenarios are models W-AMMI{2,5,7} (W-AMMI({5,7} performing
similarly) and R-AMMI{2,5} (similar performance), with W-AMMI{2}
showing the smallest maxsub values. Here, the worst (maxsuby, 5 194, >
0.15) performing AMMI competing method is model RW-AMMI{8}.
Models W-AMMI{4}, R-AMMI{4} and RW-AMMI{4} are also compet-
itive (maxsub, 5 195, < 0.1) in the case of the pointmass type of contam-
ination. Nevertheless, none of the methods performs better than the
AMMI when pointmass contamination is considered.

Overall, as far as maxsub values are concerned, models
W-AMMI{2,7} are those that provide the best compromise. If thinking
about model simplicity and assuming a not so extreme percentage of
data contamination, then the R-AMMI5 model, which is the original
R-AMMI model, is definitely a contender. Figures S2-S4 show the
boxplots referring to the estimated maxsub values across simulations,
models, and uncontaminated and contaminated scenarios. These con-
firm the results discussed above. In addition, the boxplots give a
glimpse at the models’ maxsub values dispersion, which is clearly and
not surprisingly greater in the shift contamination scenarios and for
higher percentages of contamination (Figure S3). Here, in particular,
the R-AMMI{5} model presents higher maxsub dispersion than the
AMMI{2,7} models, which is usually expected from robust modeling
approaches. Figure S1 shows a subset of those boxplots where the
level of shift contamination 4 and 10 are considered, together with
the percentage of data contamination, 2%, 5%, and 10%, where similar
conclusions can be taken.

4.5. Biplot interpretation

Figure S5 shows a subset of biplots obtained from the following
models: AMMI (Gauch, 1992), W-AMMI{1} (Rodrigues et al., 2014),
W-AMMI{5}, W-AMMI{6}, R-AMMI{1}, R-AMMI{5} (Rodrigues et al.,
2016), R-AMMI{6}, RW-AMMI{1}, RW-AMMI{5} and RW-AMMI{6}
(which refers to the hybrid between W-AMMI{1} and R-AMMI{5}
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proposed in this work). Indeed, the weighting schemes {1}, {5}, and
{6} were chosen for display in Figure S5 so that biplots of the original
W-, R- and RW-AMMI models can be compared. Note, however, that
in the discussion above, models with weighting scheme {1} were not
competitive with those of weighting schemes {5} and {6}. As expected,
the scores for the genotypes and loadings for the environments are
located in similar places of the biplots (note that for weighting schemes
{1} and {6} the directions of the biplots are mirrored in comparison to
those of the AMMI model).

In order to interpret the biplots’ results for the numerical exam-
ple, which considered 5% data contamination with 7-shift outliers, we
briefly review the simulation results for this specific scenario. Specif-
ically, within each class of models, (i) the smallest MSE, + MSE,
observed values (Table S8), which, in the biplot interpretation, refer
to the length of the loadings, are those of models W-AMMI{5,9},
R-AMMI{6,9} and RW-AMMI{6,9}, with RW-AMMI{9} showing the
overall smallest value; and (ii) the smallest maxsub observed values
(Table S10), which, in the biplot interpretation refer to the angles
between the loadings, are those of models W-AMMI{2,7}, R-AMMI{2,5}
and RW-AMMI{5,9}, with W-AMMI{2} showing the overall smallest
value.

As to the biplots from the numerical example (Figures S6-S8), the
non-robustness of the AMMI model is clear. Not only the direction
of the loadings are highly impacted by contamination, but also their
lengths as well as the angles between the loadings (Figure S6, first
row, left- and right-hand side plots for the AMMI without and with
contamination, respectively). Figure S6 also shows that, whereas the
W-AMMI{3,8} models are unable to capture the correct direction of the
loadings, W-AMMI{6,9} do not separate the loadings properly. Indeed
here, models W-AMMI{2,5,7} seem to be those which are visually
closer to the uncontaminated AMMI model results (note again that
biplot directions can be mirrored). In the case of the R-AMMI biplots
(Figure S7), they all capture the loadings’ directions well (all but
biplots referring to R-AMMI{5,6,9} are mirrored). In this case, it is
very difficult to visually distinguish between the R-AMMI results as
the angles between the loadings and their sizes look alike. For RW-
AMMI class of models (Figure S8), those that capture the directions
well (mirrored images) with visually similar loadings’ lengths and
angle separation between loadings, are the RW-AMMI{5,6,9} models.
Overall, these results are in line with those related with the accuracy
measures.

5. Real data example

The real data used to illustrate the usefulness of the methodology
proposed in this paper is the Steptoe x Morex (SxM) barley mapping
population, produced by the North American Barley Genome Map-
ping Project (Hayes et al., 1993). The original database contains 150
doubled haploid genotypes in 16 environments from 1991 to 1992 in
the United States and Canada. Only trials with complete or partial
replication were considered because of the need for at least one partial
replicate to compute the weights for the W-AMMI models. The final
data set used in this study includes 150 genotypes and eight envi-
ronments. The normality and homoscedasticity of the residuals were
tested with the Shapiro-Wilk and Fligner-Killeen tests, respectively.
While, error normality and homoscedasticity between environments
were rejected at the usual significance levels (p-values < 0.001), er-
ror homoscedasticity between genotypes was not rejected (p-value ~
0.937). These results are therefore consistent with data contamination.

The observed MPEV values for models with two, three, and four
components were, respectively, between 48%-55%, 61%-71%, and
72%-80% with no significant differences between the different classes
of models (results not shown). Despite the fact that more compo-
nents explain more data variability, following Rodrigues et al. (2014)
and Rodrigues et al. (2016), we opted to consider herein only two
multiplicative terms in all models in order to ease result comparison.
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Table 3
First best genotype, identified by each model, for each of the eight environments.
D91 1D92 MAN92 MIN92  MTd92  MTigl MTi92 WA91
AMMI DHO038 DH134 | DH146  DH038 DH138 DH134 DH115 DHO009
W-AMMI {1} DHO012 DH112 DHO091 DHO091 DHO076 DHO081 DHO076 DHO091
W-AMMI {2} DHO76 ~ DHO009 DH023 DHO76 DH115 DH115  DHO091
W-AMMI {3} DH126 DHO81 DH091 DH023 DHO076 DH076  DHO091
W-AMMI {4} DHO12 DH112 DH091 DH091 DHO76 DH112 DHO076  DHO091
W-AMMI {5} DHO38 DH134 & DH146 DH038 DH115 DH115 DH115 DHO057
W-AMMI {6} DHO12 DHO081 DH091 DHO12 DH076 DHI112 DHO091
W-AMMI {7} DH115 DHO057
W-AMMI {8} DHO091 DH126 DHO091
W-AMMI {9} DHO12 DHO81 DH091 DHO012 DHO76 DHI112 DHO091
R-AMMI (1} DHO09 DH038 DH138 DH138 DH138 | DHO057
R-AMMI {2} DHO009 DH115 DH138 DH115 DHO009
R-AMMI (3} DH009 DHO038 DH138 [JDHO48J] DH138 = DHO057
R-AMMI {4} DHO09 DH038 DH138 DHI138 DH138  DHO009
R-AMMI ({5} DH146 DH115 DH138 DH115 DHO009
R-AMMI {6} DH009 DH115 DH138 DH138 = DHO009
R-AMMI (7} DH009 DH115 DH138 DH115 DHO009
R-AMMI ({8} DHO09 DH038 DH115 DH138 = DHO057
R-AMMI {9} DH009 [UDHO48J DH115 DH138 DHI38  DHO09
RW-AMMI {1} DH112 DH091 DH091 DHO76 DH112 DH091
RW-AMMI {2} DH102 DHO081 DHO081
RW-AMMI {3} DHO081 DHO076 DH091 DH099 DHI129 DHO076 DH076 @ DH099
RW-AMMI {4} DHO012 DH112 DHO091 DHO091 DHO076 DH112 DHO076 DHO091
RW-AMMI {5} DH038 DH134 | DH146 DH038 DH115 DH115 DH115 DHO057
RW-AMMI {6} =~ DHO12 DH112 DH091 DH091 DHO76 DH112 DH112 DHO091
RW-AMMI {7} DHO81 DH134 DH091 DHO81 DH134 DH091
RW-AMMI {8} = DHO14 DH099 DH129 DH023 DH076 DH112 DH112 DHO014
RW-AMMI {9} | DHO12 DHO081 DH091 DH091 DHO076 DHO081 = DH112 DHO091

Besides Table 3, all Tables and Figures referring to this discussion
are found in the Supplementary Materials, Chapter 4. Similarly to Fig-
ure S5, Figure S9 shows a subset of biplots obtained from the following
models: AMMI (Gauch, 1992), W-AMMI{1}, W-AMMI{5}, W-AMMI{6},
R-AMMI{1}, R-AMMI{5}, R-AMMI{6}, RW-AMMI{1}, RW-AMMI{5}
and RW-AMMI{6}. As reported in Rodrigues et al. (2014) and to Ro-
drigues et al. (2016), it is evident that the estimated loadings and
scores differ between models (e.g., models W-AMMI and RW-AMMI
against model R-AMMI) and within the same model class (e.g., mod-
els W-AMMI{1,6} and RW-AMMI{1,6} against, respectively, models
W-AMMI{5}, and RW-AMMI{5}). In addition, most of the AMMI com-
peting methods also show clear biplot differences in the angles and
loadings when compared to the AMMI biplot results. Such differences
were not evident in the numerical example where no contamination
was present (Figure S5). These findings provide additional support to
the hypothesis that the Steptoe x Morex data may be contaminated.

Figures S10-S12 show the biplots for the AMMI model and the
three competing classes of models (W-AMMI, R-AMMI and RW-AMMI,
respectively) across all weighting schemes. Again here, the differences
between AMMI biplot results and those of the competing methods are
apparent.

Tables 3 & S14-S16 show the first ( Tables 3 & S14), second (Table
S15), and third (Table S16) best-performing genotypes, respectively, for
each environment, which are recommended by each model. We can see
that between the R-AMMI models there is an overall agreement to select
the first, second and third best-performing genotypes for each of the
environments. However, this pattern is less consistent in the W-AMMI
and RW-AMMI models, with only a few instances showing agreement.

The integration of the proposed generalized weighting schemes in
the W-AMMI and R-AMMI models as well as in the proposed RW-
AMMI model, enables the breeder to analyze the data without worrying
about outlier contamination. When working with real data, it is often
challenging, if not impossible, to determine the true nature of the
underlying signal, let alone the percentage of contamination and the
specific type of contamination. As a result, it becomes extremely diffi-
cult to recommend a particular model for fitting and analyzing such
data. However, a viable approach to address this issue would be to
leverage ensemble strategies, which involve combining the results of
multiple models. By doing so, it is possible to generate more accurate
genotype recommendations, effectively mitigating the uncertainties as-
sociated with the data’s true nature. Following the above reasoning,
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Figures S13 and S14 show the percentage of models that recommended
a given genotype as one of the three best-performing genotypes for each
of the eight environments. These figures show the top 10 recommended
genotypes, in the order of preference, that we would suggest to the
breeder.

While our analysis provides detailed rankings, future research could
explore methodologies for summarizing genotype agreements across
multiple methods, potentially through visual or comparative metrics
that emphasize consensus in rankings. Such developments would en-
hance the understanding of genotype selection dynamics throughout
the breeding pipeline.

6. Discussion

This work advances the AMMI model by combining weighting
and robust statistical techniques. The proposed hybrid AMMI model
(RW-AMMI) and the additional generalized weighting schemes for W-
AMMI, R-AMMI, and RW-AMMI models enhance the AMMI modeling
approach in tackling both data heteroscedasticity and data contamina-
tion across multiple contamination scenarios. These improvements are
crucial for the accuracy and reliability of analyses in plant breeding,
environmental studies, and other fields where such data issues are
common (Rodrigues et al., 2014, 2016; Hadasch et al., 2018; da Silva
et al., 2019)

In terms of model performance, although no single model emerged
as the definitive best in the simulations, several models within each
class of W-AMMI, R-AMMI, and RW-AMMI demonstrated results close
to the benchmark set by the AMMI model using uncontaminated
data. Specifically, models W-AMMI{2,5,6,9}, R-AMMI{1-6,9}, and RW-
AMMI{5,6,9} performed notably well across various comparative met-
rics and types of contamination. The consistent performance of weight-
ing schemes 5, 6, and 9 across all competing AMMI models highlights
their significance. In particular, these schemes, which employ robust
weights, enhance the robustness of the W-AMMI{5-9} models, fur-
ther strengthening their performance under different contamination
scenarios.

However, the competitiveness of the RW-AMMI model relative to W-
AMMI and R-AMMI counterparts is less clear in this study. This is likely
due to the replacement of the robust SVD with the classical method in
step S3 of the RW-AMMI procedure, due to convergence issues of the
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former, which limits the utility of the robust approach in this context.
Furthermore, the consideration of only two replicates in the simulation
study prevents the full exploitation of the median-based approach in
step S2, which could have provided more robustness in the model.

Future investigations should include scenarios with r > 3 replicated
data and focus on developing a data-driven approach for determining
adequate initial estimates for the robust low-rank SVD decomposi-
tion algorithm. This would help mitigate convergence challenges and
improve the performance of the RW-AMMI model. This approach is es-
pecially important given the need for an increased number of iterations
to achieve convergence, which raises concerns about computational
efficiency. In simulation studies involving a large number of runs, the
computational burden can become substantial, although for simpler
data analyses, these issues may be less pronounced.

Contamination can significantly impact the AMMI model in
genotype-by-environment studies, leading to inaccuracies in loadings’
directions, lengths, and angles (Croux and Filzmoser, 1998; Rodrigues
et al., 2016; Tanaka, 2020). Such inaccuracies can hinder genotype
selection, resulting in the potential loss of time and resources. To
overcome these challenges, it is essential to develop and implement
competing models alongside the AMMI technique. The comparison
of results from different models aids in identifying data problems
and encourages critical thinking regarding data modeling and result
interpretation. Nevertheless, in practical applications involving real
data, determining the true nature of the underlying signal and the
extent of contamination remains a challenge (Tanaka, 2020). Ensemble
strategies, as suggested in the real data example analysis, that combine
results from multiple models can provide more accurate genotype rec-
ommendations and reduce uncertainties associated with the true nature
of the data. As the field of genotype-by-environment modeling and
plant breeding continues to evolve, the hybrid approaches discussed
here will likely become increasingly important in achieving reliable and
robust results when addressing challenges such as data contamination
and heteroscedasticity.

7. Conclusion

In conclusion, this study contributes to the AMMI modeling frame-
work by introducing the hybrid AMMI model (RW-AMMI) and a set
of enhanced weighting schemes that effectively address challenges
such as data contamination and heteroscedasticity. The comparative
performance of several models demonstrates that careful selection of
weighting schemes can significantly improve the robustness and reli-
ability of AMMI results. While the RW-AMMI model shows promise,
future work should focus on refining its implementation, particularly
with respect to computational efficiency and convergence challenges,
to enhance its practical applicability. Additionally, exploring alterna-
tive weighting schemes and data-driven methods for selecting initial
estimates for the robust singular value decomposition algorithm could
further optimize the model’s performance. By addressing these issues,
future research can extend the utility of this hybrid framework for
genotype selection under various environmental conditions, providing
breeders with a more robust tool for improving both stability and
adaptability in crop improvement programs.
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