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This study introduces a SIR (Susceptible-Infectious-Recovered) model using fractional derivatives 
to assess the population’s hesitancy to the COVID-19 vaccination campaign in Portugal. Leveraging 
the framework developed by Angstmann [1], our approach incorporates fractional derivatives 
to best describe the nuanced dynamics of the vaccination process. We begin by examining 
the qualitative properties of the proposed model. To substantiate the inclusion of fractional 
derivatives, empirical data along with statistical criteria are applied. Numerical simulations are 
performed to compare both integer and fractional order models. An epidemiological interpretation 
for the fractional order of the model is provided, in the context of a vaccination campaign.

1. Introduction

Fractional calculus is a field that deals with the generalisation of classic integer-order integral and differential operators by 
considering non-integer integral and derivative orders. Its history begins with a purely mathematical approach; however, more 
recently, it has found applications in various domains. Fractional operators, unlike their classical counterparts, are not local operators, 
that is, they carry the history of all previous states of the system. These properties are well-suited to model many problems, such as 
the viscoelasticity of materials and drug absorption [2–4].

There are several definitions of fractional integral and differential operators, being the Riemann-Liouville integral and the Caputo 
differential operator the two most common. The Riemann-Liouville integral operator of order 𝛼 > 0, defined on 𝐿1[𝑎, 𝑏], is given by

𝐽𝛼
𝑎
𝑓 (𝑥) = 1

Γ(𝛼)

𝑥

∫
𝑎

(𝑥− 𝑡)𝛼−1𝑓 (𝑡)𝑑𝑡, (1)
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where 𝑎 < 𝑥 < 𝑏 and Γ(𝛼) corresponds to the Gamma function. This operator arises as a natural generalisation of the Cauchy formula 
for repeated integration. The Riemann-Liouville derivative of order 𝛼 > 0 is defined by

𝐷𝛼
𝑎
𝑓 (𝑥) =𝐷𝑚𝐽𝑚−𝛼

𝑎
𝑓 (𝑥), (2)

where 𝑚 is a positive integer satisfying 𝑚 −1 < 𝛼 < 𝑚, and 𝐷𝑚𝑓 (𝑥) ≡ 𝑓 (𝑚)(𝑥), 𝑚 ∈ℕ. When 𝑚 = 1, a differentiation of order 0 < 𝛼 < 1
assumes an integration of order (1 −𝛼) followed by differentiation of order 1. This formulation is rarely used in practical applications 
since, when dealing with initial value problems, initial conditions with non-integer order derivatives are necessary [5]. The Caputo 
fractional derivative arises as a solution to this problem. It consists of permuting the order of the operators for the Riemann-Liouville 
derivative, i.e., a differentiation of order 1 followed by an integration of order (1 − 𝛼), in the case where 0 < 𝛼 < 1. By definition, 
both differential operators become equivalent to the classic differential operator if the differentiation order is an integer.

Due to its similar properties to classic integer-order operators [5], the Caputo fractional derivative has found widespread appli-

cations. In epidemiology of infectious diseases, a common practice involves extending integer-order derivatives in compartmental 
models by incorporating fractional derivatives of the Caputo type. Here, the fractional order 𝛼, typically within the range ]0, 1], is 
considered a free parameter. This framework has been employed to assess the spread of diseases such as Dengue [6,7] and COVID-19 
[8–11]. These studies show that the non-locality or memory provided by the Caputo fractional derivative leads to a better fit of the 
model to data. However, some authors argue against the use of this framework, stating the absence of epidemiological or biological 
justification for the inclusion of fractional derivatives [12]. Moreover, challenges arise in this formulation, including difficulties in 
interpreting unit constants and issues related to the conservation of mass. As highlighted in [3,4], the conservation of mass is not 
guaranteed in a compartmental system if equations with distinct differentiation orders coexist. In this paper we intend to overcome 
these issues by including, in a non-artificial way, a fractional-order derivative in a COVID-19 model. To that end, we resort to the 
use of the Mittag-Leffler probability distribution function [13] for the derivation of the model. The survival function linked to the 
Mittag-Leffler distribution often serves as the solution to linear initial value problems with Caputo derivatives. In [2], the authors 
show that this function initially exhibits a behaviour akin to the exponential survival function but undergoes a slower decay over 
time. They argue that these properties may be well-suited for modelling drug absorption in deep tissues.

While the Mittag-Leffler distribution is a generalisation of the exponential distribution, it does not retain the property of memo-

rylessness. This concept is explored in the framework proposed by Angstmann et al. [12]. In this framework, the authors present a 
method for constructing compartmental models using fractional derivatives. These equations stem from master equations for stochastic 
processes, with a focus on modelling specific non-Markovian removal processes employing arbitrary continuous probability distribu-

tions.

When the Mittag-Leffler probability distribution is chosen to model such processes, Riemann-Liouville derivatives appear on 
the right-hand side of the equations associated with the flux of the Mittag-Leffler removal process, along with classical first-order 
derivatives on the left-hand side. The authors emphasise that the Mittag-Leffler distribution exhibits a decreasing hazard function, 
implying that the rate of particle removal at time 𝑡, given its survival up to that moment, diminishes over time, leading to particles 
being trapped inside the compartment as time progresses.

This framework is also applied in [14], where a SIR model with a Mittag-Leffler recovery process is derived. The authors argue 
that this approach could be well-suited for diseases with potential chronic infection. The same framework has been used to describe 
the transmission dynamics of Dengue in [15]. Notably, this fractional framework has an equivalent integral formulation. In fact, the 
authors in [14] connected this framework to the work of Hethcote et al., where Volterra integral equations of the second kind were 
employed [16,17]. The integral formulation facilitates the study of the stability of equilibria [16,18], compared to the fractional 
framework outlined in [12].

In this study, we employ the framework proposed by Angstmann et al. to develop a SIR model that characterises the transmission 
dynamics of COVID-19, considering the presence of a vaccination process modelled with a Mittag-Leffler probability distribution. 
Section 2 provides a brief overview of the framework proposed by Angstmann et al. [12]. In Section 3, we derive the model and 
explore its qualitative properties. The model introduces a non-Markovian process with Mittag-Leffler distribution of waiting times 
associated with vaccination, resulting in a system with fractional-order derivatives.

Section 4 presents a data study using COVID-19 vaccination data. In this analysis, we utilise model selection statistical criteria 
to justify the incorporation of the Mittag-Leffler vaccination process into the model. In Section 4.2, we provide some numerical 
simulations by adapting the numerical approach proposed in [19]. We discuss the obtained results by comparing the fractional-order 
model with the integer-order one. Specifically, we compare the assumption that the vaccination process is modelled by a Mittag-Leffler 
distribution instead of an exponential distribution. We end with some conclusions and plans for further investigation.

2. Compartmental models with fractional derivatives

In this section we present a summary of the results detailed in [12] for compartmental models using fractional derivatives, along 
with important results about the Mittag-Leffler distribution.

The expected number of particles in a single compartmental model at time 𝑡 is given by

𝜌(𝑡) =

𝑡

Φ(𝑡− 𝑡0)Θ(𝑡, 𝑡0)𝑞(𝑡0) 𝑑𝑡0, (3)
609

∫
0
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with 𝑞(𝑡) = 𝑖0𝛿(𝑡 − 0+) + 𝑞+(𝑡), where 𝑖0 denotes the initial injection of particles at 𝑡 = 0, 𝛿(𝑡) is the delta Dirac function and 𝑞+(𝑡)
represents the time-dependent creation of particles [12]. Using this formulation for 𝑞(𝑡) we can further write

𝜌(𝑡) = 𝑖0Φ(𝑡)Θ(𝑡,0) +

𝑡

∫
0

Φ(𝑡− 𝑡0)Θ(𝑡, 𝑡0)𝑞+(𝑡0) 𝑑𝑡0. (4)

Function Θ(𝑡, 𝑡0), 𝑡 > 𝑡0 > 0, represents the survival function associated with the Markovian removal processes and takes the form

Θ(𝑡, 𝑡0) = exp

(
−

𝑡

∫
𝑡0

𝜔(𝑠)𝑑𝑠

)
, 𝑡 ≥ 0, (5)

where 𝜔(𝑡) denotes the total removal rate. This function has the following semi-group property Θ(𝑡, 𝑡0) = Θ(𝑡, 𝑢)Θ(𝑢, 𝑡0), 𝑡0 < 𝑢 < 𝑡. 
Function Φ(𝑡) represents the survival function associated with a non-Markovian removal process. Its form is dependent on the choice 
of waiting time distribution associated with this process. Function 𝜌(𝑡) is non-decreasing, non-negative and right continuous at 𝑡 = 0
and continuous for all 𝑡 > 0. We also assume 𝜌(𝑡) = 0, 𝑡 < 0.

Markovian processes have no memory, i.e. the removal probability of a particle is only dependent on the current state of the 
system. In contrast, in a non-Markovian process previous states of the system influence its removal.

The Mittag-Leffler distribution has two parameters, a time scale parameter 𝜏 > 0 and a tail parameter (or fractional order) 0 < 𝛼 ≤ 1. 
Its survival function is given by

Φ(𝑡) =𝐸𝛼,1(−(𝑡∕𝜏)𝛼), (6)

where

𝐸𝛼,𝜆(𝑡) =
∞∑
𝑗=0

𝑡𝑗

Γ(𝑗𝛼 + 𝜆)
, 𝑡 > 0 (7)

is the Mittag-Leffler function [5]. The following remark presents some results about the Mittag-Leffler distribution.

Remark. The Mittag-Leffler density function is given by

𝜙(𝑡) = 𝑡
𝛼−1

𝜏𝛼
𝐸𝛼,𝛼

(
−
(
𝑡

𝜏

)𝛼)
.

The hazard function of a continuous probability distribution can be calculated as

ℎ(𝑥) = lim
𝑠→0

𝑃 (𝑥 <𝑋 < 𝑥+ 𝑠)
𝐹 (𝑥)𝑑𝑠

= 𝑓 (𝑥)
𝐹 (𝑥)

, (8)

where 𝐹 (𝑥) and 𝑓 (𝑥) represent and the cumulative distribution function and density function, respectively. In the setting of a waiting 
time distribution, it represents the rate at which particles are removed at time 𝑡, conditional on having survived up to that moment. 
In the case of power-law tailed distributions, e.g. the Mittag-Leffler distribution, we have

ℎ(𝑡) ≈ 𝛼
𝑡
, (9)

as we take 𝑡 →∞. The hazard function decreases with time, indicating that the longer a particle is in a compartment, the less likely 
it is to be removed.

Generalising equation (3) for 𝑘 = 1, 2, 3, ..., 𝐾 compartments and computing the associated derivatives, we arrive at a master 
equation for the ensemble of particles in each compartment:

𝑑𝜌𝑘

𝑑𝑡
= 𝑞+

𝑘
(𝑡) −𝜔𝑘(𝑡)𝜌𝑘(𝑡) − 𝜏

−𝛼𝑘
𝑘

Θ𝑘(𝑡,0)𝐷
1−𝛼𝑘
0

(
𝜌𝑘(𝑡)

Θ𝑘(𝑡,0)

)
. (10)

To derive these equations, we employ Laplace transform techniques and assume that Φ(𝑡) is given by the survival function of the 
Mittag-Leffler distribution. More details on the derivation of these equations, can be found in [12].

2.1. Numerical method

In this section we briefly summarise a numerical method for compartmental models with fractional derivatives as presented in 
the previous section. This method was first introduced in [19]. The discrete version of equation (3) can be written as

𝑛∑

610

𝑋(𝑛) =
𝑘=0

Ξ(𝑛, 𝑘)𝑄(𝑘), (11)
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which denotes the expected number of particles, at discrete time 𝑛, in a single compartment model. Function Ξ(𝑛, 𝑘) = Θ(𝑛, 𝑘)Φ(𝑛 −𝑘)
represents the probability of surviving both removal processes, where Θ(𝑛, 𝑘) is the survival function associated with the Markovian 
removal process and Φ(𝑛 − 𝑘) represents the survival function associated with the non-Markovian removal process. Function 𝑄(𝑘)
represents the influx of particles in the compartment at time step 𝑘.

We can generalise this approach to a system with multiple compartments 𝑋𝑖 , 𝑖 = 1, ..., 𝑀 , we can define a (𝑀 + 1) × (𝑀 + 1) flux 
matrix , where 𝑀 represents the number of compartments. Entry 𝑄𝑖,𝑗 (𝑛) describes the flux from compartment 𝑖 to 𝑗 at discrete time 
𝑛. The remaining dimension details the entries and removals not associated with a compartment. The flux balance equation is given 
by

𝑋𝑖(𝑛) =𝑋𝑖(𝑛− 1) +
𝑀+1∑
𝑙=1

𝑄𝑙,𝑖(𝑛) −
𝑀+1∑
𝑙=1

𝑄𝑖,𝑙(𝑛), (12)

where 
∑𝑀+1
𝑙=1 𝑄𝑙,𝑖(𝑛) is the column sum of , which represents the flux into compartment 𝑋𝑖 , 𝑖 = 1, ..., 𝑀 and 

∑𝑀+1
𝑙=1 𝑄𝑖,𝑙(𝑛), the row 

sum, represents the flux out of 𝑋𝑖. If we assume that a particle may only leave the compartment due to a Markovian process 𝑖, if it 
first survived all Markovian processes 𝑗 < 𝑖, and the non-Markovian process is always considered after the Markovian processes, we 
can write

𝑄𝑖,𝑙(𝑛) =
𝑛−1∑
𝑘=0

(
𝑀+1∏
𝑗=1

Θ𝑖𝑗 (𝑛− 1, 𝑘)Φ𝑖,𝑗 (𝑛− 1 − 𝑘)

)
(1 − Θ𝑖,𝑗 (𝑛, 𝑛− 1))

×
𝑙−1∏
𝑗=1

Θ𝑖,𝑗 (𝑛, 𝑛− 1)

(
𝑀+1∑
ℎ=1

𝑄ℎ,𝑖(𝑘)

)

+
𝑛−1∑
𝑘=0

𝑀+1∏
𝑗=1

Θ𝑖,𝑗 (𝑛, 𝑘)(Φ𝑖,𝑙(𝑛− 1 − 𝑘) − 𝜙𝑖,𝑙(𝑛− 𝑘))

(
𝑀+1∑
ℎ=1

𝑄ℎ,𝑖(𝑘)

)
,

(13)

where Θ𝑖,𝑙(𝑛, 𝑘) and Φ𝑖,𝑙(𝑛 − 𝑘) represent the Markovian and non-Markovian survival functions associated with the removal process 
of compartment 𝑖 into compartment 𝑙. Note that Φ𝑖,𝑙(𝑛 − 𝑘) = 1 for all except one 𝑙, at most one non-Markovian transition out of each 
compartment. It is a necessary assumption in order to write the system of equations (15) to (17) using fractional derivatives. See [19]

for more details on the method.

3. A fractional order SIR model

In this section, we develop a SIR compartmental model that incorporates a non-Markovian removal process to describe the vac-

cination process. The objective is to represent population hesitancy to a vaccination campaign by using a heavy-tail distribution 
for the waiting times until vaccination, as opposed to the classic light-tailed exponential distribution. We define waiting times until 
vaccination as the elapsing time since individuals are eligible to be vaccinated until the moment they receive the vaccine. In a later 
section, we show that the heavy-tail vaccination principle is observed in the COVID-19 vaccination data in Portugal during 2021. We 
aim to explore how this assumption impacts the evolution of an epidemic.

We will start with the equation for the proportion of susceptible individuals. Let 𝑆(𝑡) = 𝜌1(𝑡). Then, by equation (10), we can write

𝑑𝑆

𝑑𝑡
= 𝑞+1 (𝑡) −𝜔1(𝑡)𝑆(𝑡) − 𝜏−𝛼Θ1(𝑡,0)𝐷1−𝛼

0

(
𝑆(𝑡)

Θ1(𝑡,0)

)
. (14)

The waiting times in the susceptible compartment are governed by a non-Markovian process associated with vaccination and 
Markovian processes associated with natural mortality and infection. We need to specify the Markovian survival function Θ1(𝑡, 0)

and the function that creates new susceptibles 𝑞+1 (𝑡). The term 𝜏−𝛼Θ1(𝑡, 0)𝐷1−𝛼
0

(
𝑆(𝑡)

Θ1(𝑡,0)

)
represents the outgoing flux of susceptibles 

associated with vaccination, i.e., the non-Markovian removal process with Mittag-Leffler distributed waiting times. Parameters 𝜏 and 
𝛼 are the time scale and fractional order parameters of the Mittag-Leffler distribution. We assume that the rate of births is constant, 
and newborn individuals are susceptible to infection. Hence,

𝑞+1 (𝑡) = 𝜇, 𝜇 > 0.

The term 𝜔1(𝑡)𝑆(𝑡) is the outgoing flux associated with the Markovian removal processes. This removal process includes two 
possibilities: natural death or infection. Assuming the natural death rate is also 𝜇 > 0, we can write 𝜔1(𝑡) = 𝛽𝐼(𝑡) + 𝜇, where 𝛽 > 0
represents the transmission rate. Moreover, by equation (5), we have fully specified Θ1(𝑡, 0), written as

Θ1(𝑡, 𝑡0) = exp
⎛⎜⎜⎝−

𝑡

∫
𝑡0

𝛽𝐼(𝑠) + 𝜇 𝑑𝑠
⎞⎟⎟⎠ .
611

We can then write the final differential equation for 𝑆 as
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𝑆 𝐼 𝑅
𝛽𝐼 𝛾

𝜃𝑒− ∫ 𝑡0 𝛽𝐼(𝑠)+𝜇 𝑑𝑠𝐷1−𝛼
0 (𝑆𝑒∫ 𝑡0 𝛽𝐼(𝑠)+𝜇 𝑑𝑠)

𝜇

𝜇 𝜇 𝜇

Fig. 1. Diagram of the SIR model with Mittag-Leffler vaccination process. The solid arrows represent Markovian removal processes. The dashed arrow represents the 
non-Markovian removal process associated with vaccination.

𝑑𝑆

𝑑𝑡
= 𝜇 − 𝛽𝑆𝐼 − 𝜇𝑆 − 𝜃𝑒− ∫ 𝑡0 𝛽𝐼(𝑠)+𝜇𝑑𝑠𝐷1−𝛼

0

(
𝑆𝑒∫ 𝑡0 𝛽𝐼(𝑠)+𝜇 𝑑𝑠

)
. (15)

Here, 𝜃 = 𝜏−𝛼 represents the inverse of the time-scale vaccination parameter.

For the equation associated with the proportion of infected 𝐼(𝑡) = 𝜌2(𝑡), there are no non-Markovian removal processes, leading 
to the exclusion of the rightmost term in equation (10). However, we still need to specify 𝑞+2 (𝑡) and 𝜔2(𝑡). The creation of infectious 
individuals needs to match the outgoing flux of susceptible individuals due to infection; hence, 𝑞+2 (𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡). Removals in the 
infectious compartment can be due to natural death or recovery; thus, 𝜔2(𝑡) = 𝜇 + 𝛾 , where 𝛾 > 0 represents the recovery rate. This 
results in the following differential equation for 𝐼(𝑡):

𝑑𝐼

𝑑𝑡
= 𝛽𝑆𝐼 − (𝜇 + 𝛾)𝐼. (16)

Note that this equation is the same as for the classic integer-order version of the SIR model.

We assume that the population is kept constant, i.e., 𝑑𝑆(𝑡)
𝑑𝑡

+ 𝑑𝐼(𝑡)
𝑑𝑡

+ 𝑑𝑅(𝑡)
𝑑𝑡

= 0, and initial conditions are such that 𝑆0 + 𝐼0 +𝑅0 = 1. 
Hence, we can immediately write the differential equation for 𝑅(𝑡) as

𝑑𝑅

𝑑𝑡
= 𝛾𝐼 + 𝜃𝑒− ∫ 𝑡0 𝛽𝐼(𝑠)+𝜇 𝑑𝑠𝐷1−𝛼

0 (𝑆𝑒∫ 𝑡0 𝛽𝐼(𝑠)+𝜇 𝑑𝑠) − 𝜇𝑅, (17)

Vaccinated individuals leave the susceptible group and are considered recovered; thus, we assume that the vaccine confers long-

lasting protection against the infection.

The system of equations (15) to (17) reduces to the classic (integer order) SIR model when 𝛼 = 1. A schematic of the complete 
model is presented. See Fig. 1.

3.1. Equilibria

Given that 𝑅(𝑡) = 1 − 𝐼(𝑡) − 𝑆(𝑡), we need only to study the equations for the 𝐼(𝑡) and 𝑆(𝑡) groups. The equilibrium points of the 
ODE referring to the infected are the solutions (𝑆∗, 𝐼∗) such that 𝑑𝑆

𝑑𝑡
= 0 and 𝑑𝐼

𝑑𝑡
= 0, leading to

0 = 𝛽𝑆𝐼 − (𝜇 + 𝛾)𝐼. (18)

Either 𝐼∗ = 0 or 𝑆∗ = 𝜇+𝛾
𝛽

. The first will lead to the disease free equilibrium and the second to the endemic equilibrium, similar to the 
classic case when 𝛼 = 1.

We start by studying the case where 𝐼∗ = 0. In this case, taking (15) into account,

𝑑𝑆

𝑑𝑡
= 𝜇 − 𝜇𝑆 − 𝜃𝑒−𝜇𝑡𝐷1−𝛼

0 (𝑆𝑒𝜇𝑡). (19)

Note that the previous equation is a non-autonomous differential equation, hence we study the equilibrium points such that 
lim𝑡→∞ 𝑆(𝑡) = 𝑆∗, taking the limit of (19),

0 = 𝜇 − 𝜇𝑆∗ − 𝜃 lim
𝑡→∞

𝑒−𝜇𝑡𝐷1−𝛼
0 (𝑆(𝑡)𝑒𝜇𝑡).

Following the procedure described in [12,14] we arrive at

(𝑆𝑑𝑓𝑒, 𝐼𝑑𝑓𝑒,𝑅𝑑𝑓𝑒) =
(

𝜇

𝜇 + 𝜃𝜇1−𝛼
,0,1 − 𝜇

𝜇 + 𝜃𝜇1−𝛼

)
, (20)

Alternatively, using equation (4), we can find the equilibrium solution directly from this integral equation:

𝑆(𝑡) = 𝑆0𝑒−𝜇𝑡𝐸𝛼
(
−
(
𝑡

𝜏

)𝛼)
+

𝑡

∫
0

𝑒−𝜇(𝑡−𝑡0)𝐸𝛼

(
−
( 𝑡− 𝑡0
𝜏

)𝛼)
𝜇 𝑑𝑡0

( ( )𝛼)
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Taking 𝑡 →∞, we have that 𝑒−𝜇𝑡𝐸𝛼 − 𝑡

𝜏
→ 0, given that these are the product of survival functions and
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𝜇

∞

∫
0

𝑒−𝜇𝑡𝐸𝛼

(
−
(
𝑡

𝜏

)𝛼)
𝑑𝑡 = 𝜇

𝜇 + 𝜏−𝛼𝜇1−𝛼

as given by the Laplace transform of the Mittag-Leffler function evaluated at 𝜇 > 0.

Note that, we can arrive at the disease free equilibrium for the integer order SIR model by considering 𝛼 = 1 in equation (20):

(𝑆𝑑𝑓𝑒, 𝐼𝑑𝑓𝑒,𝑅𝑑𝑓𝑒) =
(

𝜇

𝜇 + 𝜃
,0,1 − 𝜇

𝜇 + 𝜃

)
.

Finding the endemic equilibrium is not as trivial, since the removal rate associated with the Markovian process 𝜔(𝑡) = 𝛽𝐼(𝑡) + 𝜇
is time dependent. However, if lim𝑡→∞ 𝐼(𝑡) = 𝐼∗ then 𝜔(𝑡) → 𝛽𝐼∗ + 𝜇. If we write 𝑓 (𝑆, 𝐼, 𝑡) = 𝑑𝑆

𝑑𝑡
then we want to find the time-

independent solutions such that

lim
𝑡→∞

𝑓 (𝑆∗, 𝐼∗, 𝑡) = 0. (21)

In endemic equilibrium we have that 𝑆∗ = 𝜇+𝛾
𝛽

; then, substituting in (21) we arrive at

𝛽𝐼∗ + 𝜇 + 𝜃(𝛽𝐼∗ + 𝜇)1−𝛼 − 𝜇𝛽

𝜇 + 𝛾
= 0. (22)

Again we use the procedure described in [12,14] to arrive at this conclusion. Similar to the previous result for the disease free 
equilibrium, if we assume 𝛼 = 1 in (22) then

𝐼∗ = 𝜇

𝜇 + 𝛾
− 𝜇 + 𝜃

𝛽
,

which corresponds to the endemic equilibrium of the classic integer order SIR model. It is not possible to obtain an explicit expression 
for 𝐼∗ from (22), when 0 < 𝛼 < 1. Considering a first order approximation around 𝐼∗ = 0,

(𝛽𝐼∗ + 𝜇)1−𝛼 = 𝜇1−𝛼 + 𝐼∗(1 − 𝛼)𝜇−𝛼𝛽 +𝑅2, (23)

if we ignore 𝑅2 and incorporate (23) into (22) while taking 𝛼 = 1 we still recover the endemic equilibrium for the integer order SIR 
model, and for 0 < 𝛼 < 1 we have

𝐼∗ =
𝜇𝛽 − 𝜇(𝜇 + 𝛾)𝑆−1

𝑑𝑓𝑒

(𝜇 + 𝛾)𝛽(1 − 𝛼)(𝜃𝜇−𝛼)
.

Note also that the denominator is always positive, hence 𝐼∗ > 0 when

 = 𝛽

𝜇 + 𝛾
𝑆𝑑𝑓𝑒 > 1, (24)

which matches the exact same qualitative result for the integer order SIR model. Note that here  represents the reproduction number, 
i.e., the average number of infections caused by an infected individual during the infectious period if the susceptible population is 
in disease free equilibrium. In the following sections we will perform numerical simulations to illustrate the behaviour of the system 
with respect to the stability of the equilibrium states found here. However, we expect a similar behaviour as obtained for the classical 
setting, especially if we take 𝛼 ≈ 1, i.e. the system will tend to the disease free equilibrium as 𝑡 →∞ if  < 1 and it will tend towards 
the endemic equilibrium when  > 1.

It is also interesting to study how the fractional order affects the reproduction number. This can be done by computing the 
sensitivity of  with respect to 𝛼. Note that the fractional order only affects the term in  associated with 𝑆𝑑𝑓𝑒. This is expected 
since the vaccination process considered does not interfere directly with transmission; it simply removes individuals from the pool of 
susceptibles. The sensitivity of 𝑆𝑑𝑓𝑒 with respect to 𝛼 is given as

𝑑𝑆𝑑𝑓𝑒

𝑑𝛼
=

log(𝜏𝜇)
(1 + (𝜏𝜇)−𝛼)2(𝜏𝜇)𝛼

. (25)

This expression is negative when 𝜏𝜇 < 1. Note that 𝜏 and 𝜇 are not given in the same unit: 𝜏 is in time units, and 𝜇 is in time−1

units. Let 𝜃1 =
1
𝜏
. Then, (25) is negative when 𝜃1 > 𝜇, i.e., when the vaccination rate1 is higher than the mortality/birth rate. This 

result suggests that, if all other parameters remain equal, lowering the fractional order parameter results in a higher proportion 
of susceptibles at the disease-free equilibrium, thus a greater reproduction number. This can be explained by equation (9): a lower 
fractional order will result in a heavier tail for the distribution of times until vaccination, i.e., a lower vaccination (hazard) rate as 
time goes on. This implies that more individuals are trapped in the susceptible compartment and consequently are more likely to 
be infected. The previous result suggests that the fractional order is linked to the population hesitancy to get vaccinated; a lower 
613

1 This parameter can only be interpreted as a rate when 𝛼 = 1, however, it still represents the speed at which the vaccination process occurs.



Applied Numerical Mathematics 207 (2025) 608–620C. Caetano, L. Morgado, P. Lima et al.

Fig. 2. Empirical and exponential survival functions for the time until vaccination (left). Empirical and exponential cumulative hazard functions (right). Cumulative 
hazard functions are given by Λ(𝑡) =− log(Φ(𝑡)). (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

fractional order implies more hesitancy to get vaccinated. The case when 𝜇 ≥ 𝜃1 is not of interest since the vaccination process always 
occurs faster than the renewal of the population.

4. Measuring the fractional order

In this section, we test the hypothesis that the time until vaccination is best modelled by a heavy-tail probability distribution law. 
We start by describing the data.

Individual vaccination waiting times (time since being eligible to the vaccine and receiving it) for the COVID-19 vaccination 
campaign in Portugal were obtained from the Portuguese health registry data. The first vaccination campaign occurred in three 
different phases, encompassing different eligibility criteria. We choose to evaluate the second phase that started in April 2021, where 
the eligible groups consisted of those between 50-64 years old with comorbidities, along with those older than 65 years of age.

We started our analysis on May 1, 2021. Although eligibility for these groups began in early April, most vaccinations occurred 
between May and September 2021 [1]. We also restrict our population to those above 65 years of age and assume a 5-month follow-up 
period. To reduce computational costs, we randomly sampled 𝑚 = 5000 waiting times from this pool of individuals. Waiting times for 
individuals not yet vaccinated by the end of the follow-up count as right-censored data. No loss to follow-up occurs during the period. 
Observations consist of 𝑥𝑖 =min(𝑡𝑖, 𝑐), where 𝑡𝑖, 𝑖 = 1, 2, ..., 𝑚 are realisations of the random variable 𝑇 which describes the time until 
vaccination, and 𝑐 denotes the end of the follow-up. Waiting times are censored if 𝑡𝑖 > 𝑐, uncensored otherwise. We denote 𝑣𝑖 as the 
Boolean variable describing the observed times, i.e., 𝑣𝑖 = 0 if 𝑡𝑖 > 𝑐 and 𝑣𝑖 = 1 otherwise. Computations were performed using the R
language and environment for statistical computing and graphics [20] and associated packages.

The empirical survival function for the times until vaccination can be computed using the Kaplan-Meier estimator [21] and is 
presented in Figs. 2 and 3. We observe that the empirical survival function for the time until vaccination displays a heavy tail. After 
150 days, 18% of individuals have not yet received the vaccine.

Next, we want to fit these waiting times to a parametric model, i.e., the Mittag-Leffler probability distribution. Inference on 𝛼 and 
𝜏 is performed via the likelihood function [22]

𝐿(𝜏, 𝛼) =
𝑚∏
𝑖=1
𝜙(𝑥𝑖; 𝜏, 𝛼)𝑣𝑖Φ(𝑡𝑖; 𝜏, 𝛼)1−𝑣𝑖 , (26)

where Φ(𝑡) denotes the survival function and 𝜙(𝑡) the density function. The maximum likelihood estimates of 𝜏 and 𝛼 are the values 
that maximise (26). We first consider the case when 𝛼 = 1, here we have Φ(𝑡) = 𝑒−𝜃𝑡, where 𝜃 = 𝜏−1. In this setting the hazard function 
is constant ℎ(𝑡) = 𝜃. The maximum likelihood estimate of 𝜃 is given by

𝜃̂ =
∑𝑚

𝑖=1 𝑣𝑖∑𝑚

𝑖=1 𝑥𝑖
, (27)

which consists in the ratio between the sum of observable vaccination events and the total time at risk [22], i.e. the total time at risk 
of being vaccinated. It was estimated to be 17 vaccination events per 1000 person-days of exposure to vaccination, this means that 
on average it takes an individual 57 days from the start of the vaccination campaign to receive the vaccine.

Fig. 2 compares both the survival functions and cumulative hazard functions for the Kaplan-Meier estimates and the exponential 
model. We see that the exponential assumption fits the data poorly. These results show that there are two behaviours in the vaccination 
uptake, individuals that get the vaccine sooner, i.e. a greater vaccination (hazard) rate at the beginning, compared to the exponential 
model, or those who will get vaccinated much later, i.e. a decrease in hazard function as time goes on. This description does not suit 
the constant hazard function assumption as given by the exponential model. It instead suits a model in which at a given moment 
in time, for those not vaccinated yet, the time elapsed without vaccination influences their future vaccination outcome. We have 
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previously described that the Mittag-Leffler distribution has such properties. Hence we will now consider the case where 0 < 𝛼 ≤ 1.
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Fig. 3. Empirical, exponential and Mittag-Leffler survival functions for the times until vaccination (left). Empirical exponential and Mittag-Leffler cumulative hazard 
functions (right).

Table 1

Parameter estimates, 95% confidence interval for 𝛼, log-likelihood and AIC for the exponential 
(𝛼 = 1) and Mittag-Leffler model (6). The confidence intervals were obtained via the profile 
likelihood function [26].

Model 𝛼 𝛼 (95% CI) 𝜃 LogLikelihood AIC

Exponential 1 0.017 -20700.16 41402.31

Mittag-Leffler (6) 0.7398 (0.7221,0.7574) 0.028 -19669.51 39343.02

There are no explicit formulas for the estimates of 𝛼 and 𝜏 via the likelihood function (26) hence we use an optimisation approach 
by finding the minimum of the negative logarithm of (26)

𝐿𝐿(𝛼, 𝜏) = −

(
𝑚∑
𝑖=1
𝑣𝑖 log(𝜙(𝑥𝑖;𝛼, 𝜏)) + (1 − 𝑣𝑖) log(Φ(𝑥𝑖;𝛼, 𝜏))

)
, (28)

where Φ(𝑡; 𝛼, 𝜏) =𝐸𝛼,1(−(𝑡∕𝜏)𝛼) and 𝜙(𝑡; 𝛼, 𝜏) = 𝑡𝛼−1

𝜏𝛼
𝐸𝛼,𝛼(−(𝑡∕𝜏)𝛼). Calculations of the Mittag-Leffler function were performed via the

MittagLeffleR package [23]. Given that inference of 𝛼 must be restricted to the interval ]0, 1] and 𝜃 > 0, we use the L-BFGS-B

[24] method in the optim function. Where a lower and upper bound can be given for the accepted values for the parameters.

Fig. 3 displays the fitted Mittag-Leffler survival function, as given by formula (6), and cumulative hazard function compared to 
the results from empirical survival function and exponential fit. We observe that the Mittag-Leffler diplays a better agreement with 
the data when compared to the exponential distribution. This is corroborated by the AIC [25] found for both models. See Table 1.

The Mittag-Leffler model displays a lower AIC, meaning that it is better suited to model these data when compared to the exponential 
model. There is a lower loss of information by selecting the Mittag-Leffler model. Furthermore we find a fractional order of 𝛼 = 0.7398, 
with 95% confidence interval (0.7221,0.7574), and a time scale parameter of 1∕𝜏 = 0.028. The confidence interval is narrow and does 
not contain 1 indicating that the history of an individual, as related to their vaccination status, will influence its future vaccination 
outcome, i.e. the longer an individual remains unvaccinated the more likely it is to continue to be unvaccinated. In this sense, the 
Mittag-Leffler model captures the swift initial vaccination uptake followed by an ever slower decaying vaccination rate. The fractional 
order 𝛼 quantifies the degree of this memory effect, when compared to no memory (𝛼 = 1), where a lower 𝛼 suggests a stronger effect, 
i.e. faster vaccination uptake in the beginning and slower vaccination rates as time goes on, leaving more individuals unvaccinated 
as time goes on. In this sense, 𝛼 measures the degree of hesitancy in the population towards getting vaccinated as time goes on.

4.1. Numerical method for the SIR model

We define 𝑋1(𝑛) = 𝑆Δ𝑡(𝑛Δ𝑡) and 𝑋2(𝑛) = 𝐼Δ𝑡(𝑛Δ𝑡), where 𝑆Δ𝑡(𝑛Δ𝑡) and 𝐼Δ𝑡(𝑛Δ𝑡) are the discrete approximations to 𝑆(𝑡) and 𝐼(𝑡)
on the partition 𝑛Δ𝑡 with 𝑛 = 1, ..., 𝑁 and step-size Δ𝑡 > 0. The flux matrix  we want to find is of the form

 =
⎡⎢⎢⎣

0 𝑄1,2 𝑄1,3
0 0 𝑄2,3
𝑄3,1 𝑄3,2 0

⎤⎥⎥⎦ (29)

Note that in system of equations (15) to (17) there is no flux from 𝑋2 to 𝑋1, and trivially no flux from a compartment to itself. Since 
𝑅(𝑡) = 1 −𝑆(𝑡) − 𝐼(𝑡) we group up all outfluxes and influxes associated with the 𝑅 compartment along with those originating outside 
the system. These make up the third row and column of . The survival function associated with the Markovian flow from 𝑋1 to 𝑋2
615

is given by
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Θ1,2(𝑛,𝑚) = exp

(
−

𝑛Δ𝑡

∫
𝑚Δ𝑡

𝛽𝐼(𝑠) 𝑑𝑠

)
(30)

This function depends on the integral of 𝐼(𝑡) over [𝑚Δ𝑡, 𝑛Δ𝑡], which is an integral over a variable of system of equations (15) to (17), 
and therefore unknown. However, 𝐼(𝑡) can be approximated by 𝑋2(𝑛), where 𝑛Δ𝑡 = 𝑡. We will address this issue at a later point.

The survival function associated with the Markovian outflow going outside the system coming from 𝑋1 is given by

Θ1,3(𝑛,𝑚) = exp

(
−

𝑛Δ𝑡

∫
𝑚Δ𝑡

𝜇 𝑑𝑠

)
= 𝑒−𝜇Δ𝑡(𝑚−𝑛). (31)

The non-Markovian survival function associated with the outflow from 𝑋1 to compartment 𝑅 is given by

Φ1,3(𝑛) =𝐸𝛼,1

(
−

(
𝑛Δ𝑡
𝜏

)𝛼)
. (32)

Finally, the survival function associated with the flow going outside the system and also to compartment 𝑅 coming from 𝑋2 is given 
by

Θ2,3(𝑛,𝑚) = exp

(
−

𝑛Δ𝑡

∫
𝑚Δ𝑡

𝜇 + 𝛾 𝑑𝑠

)
= 𝑒−(𝜇+𝛾)Δ𝑡(𝑚−𝑛). (33)

The flows 𝑄3,1 and 𝑄3,2 can also be immediately computed

𝑄3,1(𝑛) =

𝑛Δ𝑡

∫
(𝑛−1)Δ𝑡

𝜇 𝑑𝑠+ 𝛿0,𝑛𝑆0 = 𝜇Δ𝑡+ 𝛿0,𝑛𝑆0, (34)

which corresponds to the flow into 𝑋1 coming from outside the system, where the first term of the right side corresponds to the 
number of births in a time interval of amplitude Δ𝑡 and the second term is related to the initial injection of individuals, where 𝛿0,𝑛
denotes the Kronecker delta function and 𝑆0 is the initial proportion of susceptible individuals. The influx in 𝑋2 from outside the 
system is simply given by

𝑄3,2(𝑛) = 𝛿0,𝑛𝐼0, (35)

where 𝐼0 denotes the initial proportion of infected. Using all these ingredients we can compute 𝑄1,2, 𝑄1,3 and 𝑄2,3 using equation 
(13). We then have

𝑄1,2(𝑛) =
𝑛−1∑
𝑘=0

(
Θ1,2(𝑛− 1, 𝑘)Θ1,3(𝑛− 1, 𝑘)Φ1,3(𝑛− 1 − 𝑘)

)
(1 − Θ1,2(𝑛, 𝑛− 1))𝑄3,1(𝑘), (36)

𝑄1,3(𝑛) =
𝑛−1∑
𝑘=0

(
Θ1,2(𝑛− 1, 𝑘)Θ1,3(𝑛− 1, 𝑘)Φ1,3(𝑛− 1 − 𝑘)

)
(1 − Θ1,2(𝑛, 𝑛− 1))Θ1,2(𝑛, 𝑛− 1)𝑄3,1(𝑘)

+
𝑛−1∑
𝑘=0

Θ1,2(𝑛, 𝑘)Θ1,3(𝑛, 𝑘)(Φ1,3(𝑛− 1 − 𝑘) − Φ(𝑛− 𝑘))𝑄3,1(𝑘)

(37)

and

𝑄2,3(𝑛) =
𝑛−1∑
𝑘=0

Θ2,3(𝑛− 1, 𝑘)(1 − 𝜃2,3(𝑛, 𝑛− 1))(𝑄1,2(𝑘) +𝑄3,2(𝑘)). (38)

Equations (36) and (37) depend on Θ1,2 which itself depends on the integral of system variable 𝐼(𝑡) over [𝑚Δ, 𝑛Δ𝑡]. Moreover, 
equation (38) depends on 𝑄1,2. Hence it is not possible to compute any of the non-trivial fluxes. To address this issue we approximate 
Θ1,2 as follows

Θ1,2(𝑛,𝑚) = exp

(
−

𝑛Δ𝑡

∫
𝑚Δ𝑡

𝛽𝐼(𝑠) 𝑑𝑠

)
(39)

≈ exp

(
− 𝛽

(Δ𝑡
𝑋2(𝑚Δ𝑡) +

𝑛−1∑
Δ𝑡𝑋2(𝑗Δ𝑡) +

Δ𝑡
𝑋2(𝑛Δ𝑡)

))
, (40)
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Fig. 4. Numerical simulations of the SIR model with vaccination using two distinct numerical methods. We perform numerical simulations using the Angstmann ad 
hoc method as described previously in this section and the Runge-Kutta fourth order method. We considered a time horizon of 20 days (Δ𝑡 =0.1, 𝑛 = 1, ..., 200) with 
𝛼 = 1, and 1∕𝜏 = 0.017, 𝜇 = 0.01, 𝛽 = 1.2, 𝛾 = 1∕7, with initial conditions 𝑆0 = 0.99 and 𝐼0 = 0.01.

which corresponds to a trapezoidal approximation of the integral. 𝑄1,2 (n) depends on Θ1,2(𝑛), hence the last term in the summation 
in (40) will be unknown. To address this problem we can use a root finding algorithm at each step 𝑛 in order to obtain 𝑋2(𝑛). Using 
(12) we have

𝑋2(𝑛− 1) +𝑄1,2(𝑛;𝑋2(𝑛)) +𝑄3,2(𝑛;𝑋2(𝑛)) −𝑄2,3(𝑛;𝑋2(𝑛)) −𝑋2(𝑛) = 0, (41)

where 𝑋2(0) = 𝐼0. We can find 𝑋2(𝑛) at each iteration by finding the root of equation (41). To this end we use the uniroot [27]

function to search for 𝑋2(𝑛) ∈ [0, 1], 𝑛 = 1, ..., 𝑁 . In the same iteration, we can then directly calculate 𝑋1 using (12)

𝑋1(𝑛) =𝑋1(𝑛− 1) +𝑄3,1(𝑛) −𝑄1,2(𝑛) −𝑄1,3(𝑛), (42)

where 𝑋1(0) = 𝑆0.

4.2. Numerical results

In this section, we present numerical simulations for the SIR model with vaccination using the method described in the previous 
section. We begin by comparing the ad hoc numerical method presented with a numerical method with high convergence order, in 
the case where 𝛼 = 1. In this way we can evaluate the results obtained using the ad hoc numerical method.

Fig. 4 compares the results obtained for the case when 𝛼 = 1 using two distinct numerical approaches. The approximations with 
solid lines employ the Angstmann method, as described previously in section 4.1. The solutions with dashed lines use a fourth-order 
Runge-Kutta numerical method [28]. There is agreement between both methods. The Runge-Kutta numerical method was imple-

mented using the general solver ode from the deSolve package [29] in the R language and environment for statistical computing 
and graphics.

Next we want to study the stability of the equilibrium points found in section 3.1. Figs. 5a and 5b display simulations for the 
SIR model starting from the disease free equilibrium of susceptibles and 𝐼0 = 0.01, while assuming  > 1 and  < 1, respectively. It 
suggests that when  > 1 (in this particular case  = 2.5), the system moves away from the disease free equilibrium and tends to 
an endemic equilibrium as 𝑡 → ∞, mimicking the behaviour found in the classical model. Moreover it appears to converge to the 
equilibrium points found in equation (18) for the susceptible proportion and equation (22) for the infected proportion, as indicated 
by the horizontal solid lines. When  < 1 ( = 0.56), we observe that the system converges to the disease free equilibrium as 𝑡 →∞.

In the next simulations, our goal is to mimic an outbreak with characteristics similar to COVID-19 in a susceptible population while 
also incorporating vaccination. We consider an average infectious period of 7 days [30] (𝛾 = 1∕7) and natural mortality/birth rate 
𝜇 = 0.01. We use the values from Portugal, estimated in Section 4 to inform the vaccination process, with 1∕𝜏 = 0.028 and 𝛼 = 0.7398. 
We choose 𝛽 such that the reproduction number is approximately 2.5 [31], resulting in 𝛽 = 1.2. The system starts with 𝑆0 = 0.99
and 𝐼0 = 0.01. We use a step size of Δ𝑡 = 0.1 and have 𝑁 = 200 time steps, with a partition 𝑛Δ𝑡, 𝑛 = 1, ..., 250 covering 25 days. A 
further Mittag-Leffler simulation is included with parameters 𝛼 = 0.5 with 1∕𝜏 = 0.028. Fig. 6 presents a side-by-side comparison of 
the simulations considered, along with the exponential case where 𝛼 = 1 and 𝜃 = 1∕𝜏 = 0.017 as obtained in Section 4.

During the early epidemic phase we observe a sharper decline in susceptibles, coinciding with a greater increase in recovered 
in both Mittag-Leffler simulations. With sharper changes in the simulation where 𝛼 = 0.5. Moreover, both Mittag-Leffler simulations 
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display a lower peak of infections when compared to the exponential model. These results stem from the faster vaccination rate at the 
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Fig. 5. (5a) Numerical simulation of the SIR model for a time horizon of 200 days (Δ𝑡 = 0.5, n=1,..., 400), considering 𝛽 = 1.2, 𝛾 = 1∕7 𝛼 = 0.7398, 1∕𝜏 = 0.028 and 
𝜇 = 0.01, with  > 1. Solid horizontal lines represent the disease free equilibrium and endemic equilibrium for the number of susceptible and infected individuals as 
given by equations (18) and (22). (5b). Numerical simulation of the SIR model for a time horizon of 80 days (Δ𝑡 = 0.2, n=1,..., 400), considering 𝛽 = 0.25, 𝛾 = 1∕7
𝛼 = 0.7398, 1∕𝜏 = 0.014 and 𝜇 = 0.03, with  < 1. The solid horizontal line represents the disease free equilibrium of susceptible individuals. In both simulations we 
assumed 𝑆0 = 𝑆𝑑𝑓𝑒 and 𝐼0 = 0.01.

Fig. 6. Numerical simulations of the fractional order SIR model with vaccination. The number of susceptible, infected, and recovered individuals for each time step in the 
first 25 days is reported. A comparison is made between simulations with the exponential assumption (𝛼 = 1 and 𝜃 = 0.017) and Mittag-Leffler assumption (𝛼 = 0.7398
with 1∕𝜏 = 0.028). These values are the maximum likelihood estimates obtained in Section 4. A further Mittag-Leffler simulation is included with parameters 𝛼 = 0.5
with 1∕𝜏 = 0.028.

start in the Mittag-Leffler model, i.e. a lower fractional order results in faster vaccination rates at the start as seen in the cumulative 
hazard rate displayed in Fig. 3. However, we also observe that as time progresses, the Mittag-Leffler simulations seem to get closer 
to the exponential simulation. This result can be in part due to the slowdown in vaccination uptake expected in the Mittag-Leffler 
model (see Fig. 3 right), leaving more individuals and unvaccinated as time goes on. Note that in the exponential model, vaccination 
uptake rate is constant and independent of the history of the individual.

5. Conclusion

With this work, we have shown the applicability and interpretability of fractional-order compartmental models for representing 
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the vaccination roll-out, exemplified here by a non-Markovian removal process. This choice is motivated by the well-described waiting 
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times associated with this process, which follow the Mittag-Leffler distribution. The longer a particle is inside the compartment the 
more likely it is to not be removed, i.e., the longer an individual stays unvaccinated, the more likely it is to remain unvaccinated. 
This interpretation should excuse the use of these procedures to model non heavy-tail removal processes such as natural mortality. 
Thus, fractional order models should be used in a specific epidemiological context where some of the associated removal processes 
can be properly modelled by a Mittag-Leffler distribution, which should be supported by empirical data. For COVID-19 vaccination 
process, 𝛼 was estimated to be equal to 0.7398 with 95% confidence interval (0.7221,0.7574) in Portugal during 2021. This indicates 
that vaccine uptake occurred more rapidly at the start and slower as time goes on. Through numerical simulations, we showed that 
these results greatly impact the dynamics of disease spread of COVID-19.

As future work, we intend to explore alternative, more robust numerical techniques beyond the one presented here, aiming to 
provide improved approximations for these problems while analysing their stability and convergence.
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