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ABSTRACT

This thesis is divided into two main parts: the first part consists of the theoretical part
of the multi-asset options dealt with in this thesis, i.e. basket options, outperformance
options and best and worst of options; the second part presents and analyzes the results
obtained for option prices and Greeks, with all outcomes derived from fictitious data.

In general, the main Greeks are studied for all multi-asset options, but the most
important for this thesis is Cega, the Greek related to the correlation coefficient, since this
parameter only exists when studying options on more than one asset.

To study the effects of correlation and other parameters that influence the price of
an option, Python programming was used. The Python programming language can be
used to program the pricing formulas for options that have them and their respective
derivatives. For options that do not have explicit formulas to calculate their price, Monte
Carlo simulation and other numerical methods were utilized to calculate their price and
derivatives.

To analyse the results obtained for the price and the Greeks of the options, graphs
were made in Python. The graphs made the analysis easier and it was possible to conclude
that the different multi-asset options behave differently with respect to the correlation
parameter. Additionally, it was observed that other methods for approximating the price
and Greeks of options that do not have an explicit formula are more viable than Monte

Carlo simulation, due to the latter’s longer computational time.

Keywords: Multi-asset options, Greeks, Correlation, Cega, Monte Carlo simulation






REsumMo

Esta tese estd dividida em duas grandes partes: a primeira consiste na parte teérica das
multi-asset options abordadas nesta tese, ou seja, das basket options, das outperformance
options e das best e worst of options; a segunda parte resume-se a exposicdo e andlise
dos resultados obtidos sobre os pregos e os Greeks das opg¢des, onde todos os resultados
obtidos provém de dados ficticios.

Em geral, para todas as multi-asset options sdo estudados os Greeks mais importantes,
mas ao que se vai dar mais importancia é ao Cega, o Greek que esta relacionado com o
coeficiente de correlacdo, uma vez que este parametro s existe no estudo de opg¢oes sobre
mais de um ativo.

Para se estudar os efeitos da correlagdo e dos outros parametros que influenciam
o preco de uma opgao, recorreu-se a programacdo em Python. Com a linguagem de
programacao Python pode-se programar as férmulas de prego para as opg¢des que as tém e
as suas respetivas derivadas. Para as op¢des que ndo tém férmulas explicitas para calcular
0 seu preco recorreu-se a simulacdo de Monte Carlo e outros métodos numéricos tanto
para calcular o seu preco como as suas derivadas.

Para se analisar os resultados obtidos para o preco e os Greeks das opgdes fez-se
graficos em Python. Com os gréficos, a analise foi mais facil e pode-se concluir que as
diferentes multi-asset options tém comportamentos diferentes em relagdo ao parametro
da correlagdo. Além disso, verificou-se que outros métodos para aproximar o prego e os
Greeks das opgdes que ndo tém férmula explicita sdo mais vidveis que a simulagdo de

Monte Carlo, devido ao demorado tempo que esta tltima demora a ser executada.

Palavras-chave: Multi-asset options, Greeks, Correlagdo, Cega, Simula¢do de Monte Carlo
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1

INTRODUCTION

The study of simple options is a fundamental tool in the world of financial derivatives.
These instruments are linked to the price movements of a specific underlying asset, which
could be a stock, a commodity or a currency. As noted in Wilmott [28], simple options
provide investors with a direct and focused approach to gain exposure to, or protection

against, price fluctuations in a particular market.

Simple options offer simplicity and specificity, so there is a need for more complex
options, multi-asset options, which offer greater strategic scope.

Bouzoubaa and Osseiran [4] describe multi-asset options as financial derivatives that
give investors the flexibility to trade and hedge against price movements in multiple
underlying assets within a single contract. These options allow traders to manage risk
and take advantage of opportunities in different markets simultaneously.

The aim of this thesis is to study and analyse multi-asset options, and more specifically
to observe the effects of correlation on them. There is a huge variety of multi-asset options
that can be explored, but since there are not many in-depth studies (for instance, see Stulz
[25]) on sensitivity analysis, and more specifically on the effects of correlation on these
options, the focus of this thesis is these three different types of multi-asset options: basket
options, best and worst of options and outperformance options. With this new advance
in the analysis of these options, it will be possible to gain a better understanding of their
risks and the behaviour to adopt when deciding to invest in them.

Firstly, the specific nature of each of the three multi-asset options is explained and then
the concept of Greeks is discussed, more specifically the Greek of the correlation variable,
as Greeks are related to sensitivity analysis.

Basket options, the most common type of multi-asset option, are, according to Musiela
and Rutkowski [22], a type of financial derivative that derives its value from the combined
performance of a portfolio or a basket of underlying assets. The value of a basket option
is determined by the weighted average of the prices of the individual assets. These
options provide a strategic advantage by allowing investors to diversify their portfolios

and manage risk across different markets.

Best and worst of options, also known as options on the maximum or minimum, are
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CHAPTER 1. INTRODUCTION

described by Johnson [11] as options whose value is derived from the highest (maximum)
or lowest (minimum) price among a set of underlying assets within a specified time frame.
This financial tool provides a strategic advantage by allowing investors to take advantage
of extreme price movements within a portfolio, offering both risk management and profit
potential. This means that these options are ultimately more valuable in volatile markets
and are also customisable, permitting adaptation of them to market conditions.

The final type of multi-asset option to be discussed is dispersion options, more specif-
ically outperformance options. Weert [27] defines outperformance options, also known
as relative performance options, as financial derivatives that enable investors to profit
from the relative performance of one asset compared to another. These instruments al-
low traders to speculate on the outperformance or underperformance of a selected asset
relative to a benchmark within a specified time frame. Thus, the value of an outperfor-
mance option is derived from the difference in returns between the selected asset and the
reference benchmark. Outperformance options can be a valuable tool for those wishing
to hedge against specific risks or take advantage of relative strength within a portfolio.

In summary, multi-asset options have grown in popularity because of their versatil-
ity and ability to adapt to dynamic market conditions. Investors can explore different
combinations of assets and adjust their exposure to market trends and economic factors.
While these options offer greater flexibility, they also require a thorough understanding
of the interrelationships between different asset classes, making them a sophisticated tool
suitable for experienced market participants.

When studying multi-asset options, it is inevitable to talk about sensitivity analysis,
also known as Greeks. Bjork [2] describes Greeks as a measure of the sensitivity of the price
of the derivative product to changes in the various variables that influence the price of
the product. One of the differences between simple options and multi-asset options is the
existence of a correlation between the various underlying assets, which makes it possible
to carry out a sensitivity analysis on this parameter. In financial markets, correlation
specifically measures the relationship between the price movements of different assets, so
understanding correlation is essential for investors to build a well-diversified portfolio.
A portfolio that includes assets with low or negative correlations can potentially reduce
overall risk because these assets may not move in tandem. Investors use correlation analysis
to assess the interdependencies between stocks, bonds and other instruments and to make
strategic decisions to manage risk exposure effectively. However, it is important to note
that correlation can change over time due to various factors such as economic conditions
or market sentiment. Therefore, continuous monitoring and adjustment of portfolio
allocations based on changing correlation is essential for successful risk management.

This thesis is therefore structured as follows: in the second chapter there is a literature
review of the various books/articles that were used in this thesis; the third chapter focus
on concepts that were necessary in the detailed study of each option, these were: pricing
models, Monte Carlo simulation, Greeks and correlation; the fourth chapter focus on the

detailed study of each of the multi-asset options and their respective sensitivity analysis to
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the various parameters; in the fifth chapter the results obtained from the pricing of these
options and their respective sensitivity analysis are analysed; the final chapter highlights
some of the advances made in the study of multi-asset options throughout this thesis and

outlines potential areas for further exploration in future research.






2

LITERATURE REVIEW

In today’s complex and interconnected financial markets, the limitations of simple options,
such as those priced using the Black & Scholes model [3], have become more apparent.
As a result, multi-asset options have emerged as a superior alternative for many investors
and institutions. By offering diversification, dynamic risk management, customisation,
and enhanced flexibility, multi-asset options have become the preferred choice for many
investors seeking to navigate today’s complex investment landscape.

Therefore, in line with the proposed objectives, in this chapter the studies and respec-
tive approaches of various authors in the field of multi-asset options are described and

presented.

2.1 Best and Worst of Options

Having looked at some of the studies that have been done on multi-asset options, let’s
now look at the literature of one type of multi-asset option, the best and worst of options.

The concept of this type of option was first introduced by Johnson [12] and Stulz [25].
In his study, Stulz presents the assumptions and steps to obtain the formula for the price
of a worst of call on two assets.

One of the assumptions maintained for this type of option is that the price process
is still given by a geometric Brownian motion [23], where the Brownian movements
are correlated and the interest rate is constant over time. The article also introduces a
two-dimensional version of the Black & Scholes equation with its specified constraints.

Using similar techniques to those for a simple option, it is therefore possible to obtain
the formula for the price of a worst of call on two assets. With this price formula, Stulz
[25] is able to deduce parity formulas for the other types of best and worst of options.

Since there is an explicit formula, it is possible to calculate the Greeks of each parameter
of a worst of call and to perform a sensitivity analysis of these. The article therefore presents
the calculation of some Greeks and their analysis for the different parameters.

However, Johnson [11] extends the results obtained by Johnson [12] and Stulz [25] to
have a formula for the price of a worst and best of call for the case where there are N
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CHAPTER 2. LITERATURE REVIEW

assets.

The Cox and Ross [6] strategy is used to obtain a formula for the general case of a best
of call, showing what each variable means. It also presents the formula for the price of a
worst of call, which could be demonstrated applying the same strategy as for the best of
call. The formula for the worst and best of calls is also introduced for the case in where
there are only two assets.

Veiga, Wystup, and Esquivel [26] present an explicit pricing formula applicable to
various types of multi-asset options. This formula can be used to determine the prices
of both best and worst of options. Notably, it also serves as a generalized version of the
formulas introduced by Johnson [11] and Stulz [25].

2.2 Basket Options

Another type of multi-asset options are the basket options.

Krekel, Kock, Korn and Man [14] define the price of a basket option as the weighted
average of the prices of all the assets on the maturity date.

The article also describes the payoff function for both call and put option, the T-forward
price of the asset i and the discount factor.

As in the case of the best and worst of options, the prices of each asset are modelled
by a geometric Brownian motion [23].

Since there is not an exact formula for the price of these options due to their complexity,
Krekel, Kock, Korn and Man [14] resort to Monte Carlo (see section 3.4) or Quasi-Monte
Carlo simulation and other methods, which are presented below.

The first technique presented in the article is Beisser’s conditional expectation tech-
nique. Beisser [1] adapts a concept introduced for pricing Asian options. His idea is to
condition the random variable Z, which is defined as the product of a Brownian motion
and a quotient between an appropriately chosen volatility and the square root of the
maturity date, and use Jensen’s inequality ! so that the price of a basket call is estimated
by the weighted sum of (artificial) European call prices.

The second technique detailed in the article is Gentle’s approximation by geometric
average. Gentle [9] approximates the arithmetic average in the basket payoff by a geometric
average. This approximation is utilised because a geometric mean of log-normal random
variables still has a log-normal distribution, which allows the Black & Scholes method to
be used to approximate the payoff price.

The next technique introduced in the article is Levy’s log-normal moment matching.
Levy [15] and Levy and Turnbull [16] describe this technique in the same way as will be
seen below. Both articles establish a type of "running average" and subsequently define the

ILet X be a random variable with expected value E [X], and let g(.) be a continuous convex function.
Then

E[g(X)] > g (B[X])[2].



2.2. BASKET OPTIONS

payoff of the basket option in line with that. In addition, the asset price processes in both
articles follow a geometric Brownian motion [23] and the basket option price function is
identical as well. The idea behind these articles is to assume that a variable that depends
on the "running average" is a geometric average. This allows to obtain the value of the
parameters of the geometric average, i.e. the mean and the standard deviation, from the
first two moments of the variable, and thus to derive an approximate formula for the price
of an option that depends on these parameters.

The fourth strategy described in the article is Ju’s Taylor expansion. As in the other
strategies, Ju [13] defines the asset prices as being modelled by a geometric Brownian

process [23]. The main steps of this method are as follows:

1. Consider a fictitious market where all volatilities are scaled by the same parameter z.
This allows to define the price of a basket option and calculate the first two moments
of the price of a basket option, that depends on the parameter z.

2. Suppose a normal random variable that depends on the parameter z in such a way
that the first two moments of the exponential of this variable are equal to those of

the price function of a basket option.

3. Obtain the mean and the variance of this random variable which depends on z, i.e.
the mean and the variance also depend on z, and consider a new variable which is

the logarithm of the price function of a basket option.

4. Find the density function of this new variable by looking at its characteristic function.
After some manipulations, the characteristic function of this variable is found and it
is the product of the characteristic function of the normal random variable defined

earlier and a function that depends on the parameter z.

5. Calculate the Taylor expansion with polynomials up to degree six of the function
that depends on the parameter z. Consider the logarithm of the price function of a
basket option with z = 1 and approximate its characteristic function and its density
function.

With these steps and approximations, it is possible to deduce a formula for the price
of a basket option.

The penultimate technique presented in the article is the reciprocal gamma approxima-
tion by Milevsky and Posner. First, Milevsky and Posner [20] define a reciprocal gamma
distribution, which turns out to be a difference between one and a gamma distribution
with an inverse argument to the reciprocal gamma argument. As with all methods, the
asset price is assumed to follow a geometric Brownian motion [23]. Additionally, the price
of a basket option is defined as a weighted average of the prices of all assets on the maturity
date. The goal of this strategy is to show that the sum of log-normal variables is close to a
reciprocal gamma. It should be noted, however, that this method is only accurate when
the correlation matrix is decaying, as only then does it resemble Asian options. First, the

7
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"pseudo-forward" time T of a basket is fixed and then the price function of a basket option
is divided by this variable. This new variable is normalised and its first two moments can
be calculated. To obtain the value of the parameters of the reciprocal gamma, equate the
moments of this log-normal variable with the reciprocal gamma and derive the values of
the parameters as a function of the moments of the log-normal variable. By finding the
value of the parameters of the reciprocal gamma, it is possible to deduce the price of a
basket option under these conditions.

The final technique covered in this article is the Milevsky and Posner’s approximation
via higher moments. Milevsky and Posner [21] reduce the problem of pricing a basket
option to the product of the discount factor and an integral, where the integrated function
is the product between the payoff of the basket option and the state price density function.
Since the objective of this method is to approximate the pricing formula using the first four
moments of the state price density function to match the higher moments of the arithmetic
mean distribution, these are calculated as a function of the mean and standard deviation of
this function. The authors evaluate two types of transformation of the normal distribution
with parameters to be determined in order to estimate the first four moments of the
arithmetic mean. For each of the transformations, it is possible to obtain an approximate
formula for the price of a basket option. The type of transformation is selected based on
the kurtosis values.

As Monte Carlo simulation is utilised to compare the techniques described above,
it was necessary to consult books/articles on the subject. Pages [24] gives a theoretical
description of Monte Carlo simulation for calculating the price of a basket option and for
calculating Greeks. In addition to this book, other books [5, 10] were consulted in order to
be able to program what was needed in Python. When calculating the Greeks, the finite
difference method was also used to calculate the derivatives.

With all the techniques described, Krekel, Kock, Korn and Man [14] choose to test which
methods are most effective for approximating the price of a basket option by comparing
the results with those obtained through Monte Carlo simulation. They conclude that
Ju’s [13] method is the most effective. However, the Beisser [1] method is the only viable
approach when homogeneous volatilities are lacking. The Milevsky and Posner [20] and
Gentle [9] methods exhibit the poorest performance and the Milevsky and Posner [21]
method is only recommended for assets with low volatilities.

The explicit formula proposed by Veiga, Wystup, and Esquivel [26] is not applicable
for pricing basket options, as it imposes a condition that such options do not satisfy.
Consequently, it was necessary to rely on the alternative methods discussed earlier.

2.3 Dispersion Options

The next and final type of multi-asset option to be discussed in this thesis is dispersion

options, or more specifically, outperformance options.
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2.3. DISPERSION OPTIONS

For this type of option, three articles will be analysed, Margrabe [18], Derman [7] and
Veiga, Wystup, and Esquivel [26].

Margrabe [18] first introduces the stochastic differential equation that the asset price
process follows, which remains a geometric Brownian motion [23]. He then presents the
payoff function of this option, which can be seen as a call option on one of the assets
and with an exercise price equal to the price of the other asset, since this option is only
on two assets, and can also be viewed as a put option where each of the assets is the
opposite of what it was in a call option. Since this problem can be reduced to a simple
call and put option, it is possible to obtain a two-dimensional Black & Scholes equation
(see Equation 4.30) with an initial condition equal to the payoff function and a boundary
condition stating that the price of this option is greater than or equal to 0 and less than or
equal to the price of the asset. The price function of an outperformance option is deduced
by solving the equation.

Derman [7] has a similar interpretation to Margrade [18] in order to derive an explicit
formula for the price of these options. In the end, he makes the same assumptions as
Margrade [18], but assumes currency changes in the price of this type of option.

The formula developed by Veiga, Wystup, and Esquivel [26] is applicable for pricing
outperformance options. Notably, the pricing expressions introduced by Margrade [18]
and Derman [7] are specific cases of this more general formula.






3

BAase CONCEPTS

In this chapter, definitions for the following topics are provided: Black & Scholes model,
correlation, Greeks and Monte Carlo simulation. The first subject to be covered is the
Black & Scholes model.

3.1 Black & Scholes Model

According to Bjork [2], the Black & Scholes model translates into the existence of a market
formed by two assets with price dynamics given by:

dB(t) = rB(t)dt, B(0)=1 3.1)

dS(t) = uS(t)dt + oS(t)dW(t), S(0)=s (3.2)

where 7 (interest rate), u (instantaneous expected rate of return) and o (instantaneous
variance of the asset return) are constants and W(t) is the Brownian motion process
(Musiela and Rutkowski [22]).

The price process of a risk-free asset is represented in Equation 3.1 and the price
process of a risky asset is defined in Equation 3.2. Note that the price process of a risk-free

asset has a solution that is equal to
B(t) = B(0)e" (3.3)

and the price process of a risky asset is a geometric Brownian motion [23] whose solution
is given by
S(t) = S(0)eW—29)+aW () (3.4)

One of the most important aspects of this model is the defining equation, which is as
follows:

Definition 1 Assume that the market is defined by the Black & Scholes model and is
wanted to price a contingent claim ®(S(T)), which is defined in Definition 2. Then the
only pricing function of the form I(t) = F(t, S(t)), which is consistent with the absence

11
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of arbitrage, is when F is the solution of the following boundary value problem in the
domain [0, T] X R,

dF(t,s) OF(t,s) 1 , ,d°F(t,s) 3
o +7s ER + 5570 352 rF(t,s) =0, (3.5)
F(T,s) = ©(s).
The Equation 3.5 is known as the Black & Scholes Equation.

In the Black & Scholes model, the free arbitrage price of the contingent claim ®(S(T'))
is given by I1(t) = F(t, S(t)), with

F(t,s) = e "T-DE, ([O(S(T))] (3.6)

and the dynamic of the process S is given by Equation 3.2 with u = r, where r is the
risk-free interest rate.

Having discussed the concept of a contingent claim, Bjork [2] defines it as follows:

Definition 2 Consider a financial market with a vector price process S. A contingent
claim with maturity date (exercise date) T, also called a T-claim, is an arbitrary random
variable X. A contingent claim X is called a simple claim if it is of the form

X = ®(5(T)), the function @ is called the contract function.

3.2 Correlation

As multi-asset options are being studied, the topic of correlation should be addressed, as

it is a variable that is taken into account when pricing these options.

3.2.1 Realized Correlation

Realized correlation is a statistical measure that expresses the degree to which two variables
are linearly related (that is, they change together at a constant rate). It is a common tool
for describing simple relationships without implying cause and effect.

There are several correlation coefficients, often referred to as p, which measure the
degree of correlation. The best known correlation coefficient is Pearson’s [4], defined as

E[(X - Y -
px,y = corr(X,Y) = cov(X, Y) = LC x)( ‘UY)], with oxoy >0
O0xX0Oy O0x0Oy

with X and Y being two random variables with expected values ux and py, and standard

deviations ox and oy, respectively.

A statistical correlation calculated in this way will take values between —1 and +1.
A negative correlation means that, historically, when one variable has moved up, the
other has moved down. A positive correlation means that, historically, both variables
have generally moved up or moved down. The cases p = +1 and p = —1 indicate perfect
positive and perfect negative correlation, respectively. The case of zero correlation means

that the two variables move in a generally random way.

12
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3.2.2 Correlation Matrices

A correlation matrix M, is a square matrix that describes the correlation among n variables.
Let S1(t), Sa(t), ..., Su(t) denote the prices at time t of n assets, and p;; the correlation
between assets i and j, then the correlation matrix M, is given by:

P11 P12 vt 1 p
Mp=|pa p22 -|=|pan 1

Two things to note about this matrix are that it is symmetric because the correlation
between asset i and asset j is the same as the correlation between asset j and asset i, and
it is also necessarily positive definite.

The concept of realized correlation can be defined using the correlation matrix.

According to Bouzoubaa and Osseiran [4], given an index of n stocks or a basket of n
assets S1, S2, ..., S, with respective weights w1, wy, . .., w,, the realized index correlation
(orrealized basket correlation) is defined as the weighted average of the realized correlation
matrix between the components, excluding the diagonal of 1’s:

Li<i<j<n WiWjpij

n
Zi<j Wiwj

(3.7)

Prealized =

where the weights w; have the following constraints:
n
0<w;<1(foralli=1,2,...,n)and Zwi =1
i=0
and p;; is the realized correlation between components i and j.

3.2.3 Implied Correlation

Implied correlation consists of estimating the correlation between the underlyings through
the correlation expected by the market for the underlyings over the period to maturity, i.e.
it is calculated using the market price of another contingent claim on the same assets [4].

Let’s look at an example of how to calculate the implicit correlation of a specific
derivative product by using its definition.

Consider the case of an index for which there are both European options on the index
itself and on each of the underlyings that make up the index, this case can be called as a
call on index versus a call on basket. The market prices can be used to derive an implied
correlation, which is a measure of the dependency between the components of the index.
For the implied correlation of this example, Bouzoubaa and Osseiran [4] give the following

formula:

2 _ n
index Tindex ~ 2i=1 W; 0;

P =
implie 221§i<]‘3n Wiw;joio;j

(3.8)
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where 1 is the number of components, w; is the weight of the ith component in the
indeX, Oindex is the implied volatility of the index and ¢; is the implied volatility of the ith
component of the index.

In order to demonstrate this result, it is necessary to define the formula for the variance
of a portfolio. Markowitz [19] expresses the variance of a portfolio as equal to:

012, = Z wz.zaz.z +2 Z WiW;joi0;pij- (3.9)
1<i<n 1<i<j<n

Note that this expression is the formula for the variance of a linear combination of
random variables. Going back to the variance of a portfolio (Equation 3.9) and considering
the index as a portfolio of n assets with different weights, then the implied correlation of
an index is denoted as the correlation pimplied, Which, when substituted in place of the
n(n — 1) individual correlations p;j, gives the same portfolio variance:

Ordex = Z w7} +2 Z wiwfaiafpiﬁ)i(ed'
1<i<n 1<i<j<n

After some manipulations on the previous equality, the Equation 3.8 is obtained. One
thing to point out is that this formula assumes that all weights are constant. However, in
the case of an index, this is usually not the case as the weights vary as the components of
the index vary, making the above formula inaccurate for an index.

Another way of calculating the implied correlation of an index is through a simple pa-
rameterisation involving a coefficient A which relates the realized and implied correlations
of the index, and in turn using this coefficient and also the realized correlation between
the index components to derive a specific implied correlation. To do this, first the realized
correlation of the index is computed with Equation 3.7 and the implied correlation using

Equation 3.8, then solve in order to A the following equation:

index _ .index __ index
p implied — Prealized + /\(1 p realized)' (310)

Having obtained the value of A using Equation 3.10, use this value and the realized

correlation between the stocks to estimate the implied correlation between them.

3.3 Greeks

Since a sensitivity analysis is performed for each multi-asset option, the concept of Greeks
must be established.

The Greeks are defined as derivatives of the option value with respect to various
variables and parameters. The purpose of calculating the Greeks is to see how sensitive
the price function of a derivative product is to the variables on which it depends.

The three Greeks considered most important for sensitivity analysis are:

¢ The derivative of the price function in order to the price of the underlying asset,

known as the Delta, is represented as a vector with n entries. Each entry i in the
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Delta vector corresponds to the derivative of the price function with respect to the
price of the i-th underlying asset. The formula for the i-th entry of Delta is given by:

_op

A= —.
'T9S;

¢ The derivative of the price function in order to the volatility of the underlying asset,
known as the Vega, is represented as a vector with n entries. Each entry i in the
Vega vector corresponds to the derivative of the price function with respect to the
volatility of the i-th underlying asset. The formula for the i-th entry of Vega is given

by:
_dpP

Vi = —.
07(71'

¢ The derivative of the price function in order to the correlation between the underlying
assets, known as the Cega, is represented as a square matrix of size n. Each entry
(7, ) in the Cega matrix corresponds to the derivative of the price function with
respect to the correlation between the i-th and j-th underlying assets. The formula
for the (i, j)-th entry of the Cega is given by:
JdP

Cegaij = E

3.4 Monte Carlo Simulation

Sometimes it is not possible to explicitly calculate the formulas for the price of derivative
products, so Monte Carlo simulation is used as an alternative.

In order to implement the Monte Carlo method, three different concepts need to be
addressed. The first concept is the law of large numbers, which is defined as follows: If
(Xk)k=1 denotes a sequence, defined in the probability space (Q, A, P), of independent
and integrable random variables with the same distribution as X, then

Xl(a)) +eet XM(CL)) M—+o0
M
The central limit theorem is another notion that is explained. This theorem states that
if X is square integrable (X € L?(P)), then

P(dw)—a.s Xm(w):= my = B[X].

\/]\_/I(?M —mx) AN (O,ag() as M — +oo.

Finally, it is possible to specify the definition of a confidence interval in the Monte
Carlo simulation. Therefore, the confidence interval at a a level is equal to

= /VM = /VM
M= XM= qa W'XM-HM ™M

IO(
which will still satisfy (for large M)
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P(myx € I%) =~ P(IN(0,1)] < 4.) = a.

In the confidence interval expression, X is the mean estimator, Vs is the variance

estimator and g, is the two sided a-quantile.

In the context of this thesis, let’s look at the use of Monte Carlo simulation for options.

Knowing that the value of an option is given by Equation 3.6, the following steps must be

taken to calculate the price of an option:

1.

Simulate the price process using Equation 3.2, which represents the stochastic
differential equation that models asset prices, utilising the current value of the
assets.

Then calculate the payoff of the option at maturity based on the previously simulated
price.

Generate more realizations, around 10000 price repetitions usually gives a good
approximation [24].

. Calculate the average payoff over all realizations.

Take the present value of this average, this is the Monte Carlo option value (Equa-
tion 3.6).

Monte Carlo simulation can also be used to calculate the Greeks of derivative products

that do not have an explicit pricing formula. Let’s see how to simulate the derivative of

an option using Monte Carlo simulation.

1.

Make a small perturbation in the value of the parameter to be calculated the derivative
of. Let’s denote this perturbation €, where this value is added to and subtracted
from the initial value of the parameter.

Then do item 1, item 2 and item 3 for both disturbances.

. As the derivatives of the simulated prices are to be calculated, the finite differences

method (see Pages [24] for more details) is applied, with the simulated perturbed
prices being used for the calculation.

. Calculate the average of the finite differences, which will be the value of the Monte

Carlo Greek.
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MuLTi-Asser OPTIONS

In this chapter, the assumptions and the differential equation of each multi-asset option
are analysed. Some characteristics of these options are also studied.

A sensitivity analysis is performed for each of the options, so the calculation of some
derivatives are demonstrated. One of the parameters of interest in the analysis is the
correlation, which was discussed earlier in section 3.2.

But first, it is important to consider some definitions and characteristics of simple
options, as these are analogous to the multi-asset options.

4.1 Options

According to Bouzoubaa and Osseiran [4], options are contracts that give their holder the
right, but not the obligation, to either buy (known as a call option) or sell (known as a put
option) an amount of an underlying asset at a pre-determined price, known as the strike
price, on or before a pre-determined date in the future, the maturity date. The term of an
option can be as short as one day or as long as a few years. To buy an option, a premium
has to be paid.

The most common types of options are European and American. The difference
between European and American options is that European options can only be exercised
on the maturity date. American options can be exercised at any time before the maturity
date.

In the next subsections, the formula for the price of a call option is introduced, based
on what was studied by Black & Scholes [3], and a property of parity is contemplated.

4.1.1 Price of an European Call Option Under the Black & Scholes Model

The European call option is an example of a simple contingent claim, for which the contract
function is given by
d(S(T)) = max[S(T) - K, 0].

Knowing the contract function of a call option, the formula for the price of this option
can be deduced.
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Thus, Bjork [2] shows that the price of an European call option with strike price K and
maturity T is given by the formula C(S(t), K, T), with,

C(S(t), K, T) = S(t)N(da(t, S(t))) — e "TIKN(da(t, S(t))), (4.1)

where N represents the normal distribution function N (0, 1) and,

_ 1 S(t) o2
dq(t,S(t)) = T (log (?) + (r + ?) (T - t)) , 4.2)
dy(t, S(t)) = di(t,S(t)) — o VT —t. 4.3)

4.1.2 Put-Call Parity

Let’s consider an European call and an European put, both with strike price K and time of
maturity T. The corresponding price functions, denoted by C(S(t), K, T) and P(S(t), K, T),
have the following relationship presented in Bjork [2]:

P(S(t),K,T) = Ke "D 4+ C(S(¢), K, T) — S(¢). (4.4)

One of the advantages of this relationship is that the price of an European call option
can be used to obtain the price of an European put option on the same terms. However,
it is also possible to deduce a formula for the put option, analogous to the call option
(Equation 4.1). Note that the parity relation is model-free, i.e. it is sufficient to use

non-arbitrage arguments to justify it.

4.2 Basket Options

A basket option is a type of financial derivative where the underlying asset is a group or
basket of an asset, such as commodities, stocks, securities or currencies [4]. Like other
options, a basket option gives the holder the right, but not the obligation, to buy or sell
the basket at a specified price on a specified date.

The price of a basket of underlyings is defined by the following expression

B(T) = ) wiSi(T), (45)
i=1

which means that the price of a basket of underlyings is the weighted average of the prices
of n underlyings at maturity T. The weights w; are normally positive and their sum is
equal to 1.

Once the price expression of a basket is defined, its payoff can be determined. So the
price of a call (0 = 1) or put (0 = —1) with strike K and maturity T on the basket has a
payoff equal to

PBaSke’t(B(T)/ Kr 6) = maX[Q(B(T) - K)/ 0] (46)
with B(T) defined in Equation 4.5.
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4.2.1 The Pricing of a Basket Option

In this subsection, the assumptions made in an attempt to derive a formula for the price

of these options are outlined. These are:

1. The prices of the assets are described by the following stochastic differential equation:
dS;(t) = u;Si(t)dt + 0;Si(t)dW;(t) (4.7)

where af are constant and are known as the instantaneous variances of the asset
returns. The instantaneous expected rate of return, represented by u;, are also
constant. The W; are the Brownian motion processes and are correlated with each

other, the coefficient of correlation between them is constant over time.
2. The current interest rate r is constant over time.

3. The portfolio whose value is P and replicates the derivative, satisfies the following

partial differential equation:

222016}9”5513535 ng—rp 0 (4.8)

i=1 j=1

with a boundary condition equal to Equation 4.6.

In addition to these assumptions, the following variables are defined. The T-forward
price of asset i is given by
T rds rT
FT = 5,(0)eh " = 5;(0)e’”. (4.9)
Another variable is the resolution of Equation 4.7 with p; = r, as it will be used in
subsequent subsections, and the solution to the equation is equal to
SZ(T) — F.Te_/oT %a?ds+/0T agidWi(s)
1
_ Si(o)erTe—%afTﬂf,'Wi(T) (4.10)
— Si(O)e(r_%oz‘z)T+Gin(T),

The last variable to be established is the discount factor, which is equal to
T
DE(T) = e~ b ™ = =17, (.11)

Even with all these assumptions and variables, there is a problem with using the
Black & Scholes model to arrive at a formula for the price of these options. The assets are
modelled by a geometric Brownian motion, which means that the assets have a log-normal
distribution, and the sum of all the assets does not have this property and so it is not
possible to obtain an explicit formula for the price of these multi-asset options.

A way of dealing with this problem is to use Monte Carlo simulation to have a price for
these options. The application of Monte Carlo simulation for pricing an option is detailed

in section 3.4.
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Another approach is to use methods based on analytical approximations. Therefore, the
next subsection focus on the study of four methods that can be employed to approximate

the price of basket options.

4.2.2 Methods to Approximate the Price of a Basket Option

The article by Krekel, Kock, Korn and Man [14] presents six techniques for approximating
the price of a basket option, but only four of these are discussed. The first technique to be
examined is Levy’s log-normal moment matching.

1) Levy’s log-normal moment matching

Levy [15] and Levy and Turnbull [16] begin by defining the variable A(t) as a "running
average'". Thus, with t; = top + ih wherei =0,1,...,nand h = @ then

A= = Sl
i=0

with0 < m < n, t, <t <ty and A(t) = 0if t < tp. This means that A(t,) is the
arithmetic mean of n + 1 prices at equal time intervals between ty and t,,.

Then the payoff of this method at time t,, can be fixed, which is
max[A(t,) — K, 0]

in the case of a call and
max|[K — A(ty), 0]

in the case of a put.

The price processes of the underlyings are still modelled by a geometric Brownian
motion, i.e. the stochastic differential equation is equal to Equation 4.7.

In the article, the authors demonstrate how to derive the formula for the price of a call.
They define the basket call price as

BClevy(t) = ¢ 7T E'[max[M(t,) ~ K", 0]]

where E* is the expected value conditioned on (A(t), S(t)) at time ¢t under the risk-adjusted

density function f*, K* = K — A(t)(('Z:ll)) and M(t) = A(t,) — A(t)((’Z:ll)) By definition,

(e}

' [max[M(t,) - K, 0] = /K M) - KIF @)dw.

The idea behind this method is to assume that M(t) is a geometric mean G(t) =
[S(ti) X S(tis1) X -+ - X S(tn)]ﬁ. Let’s stipulate that m and 02, which are calculated later,
are the mean and the variance of log(G(t)).

Therefore, with this assumption it is known that

1,22

E*[M(t)ﬂ] — enm+§n (% ,
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so m and v? are determined using the first two moments of M(t). This results in

m = 2log(M) — élog(Vz) (4.12)

and
v? = log(V?) - 2log(M) (4.13)

with
M = E[M(t)] = Z w;F{(T), (4.14)

i=1
V2 = B [M(t)?] = Z wiwiF] Fl " 9Pl (4.15)
ij=1

This signifies that the price of a basket call option utilising this technique is equal to

BClevy(t) = DET)(MN(d1) — KN(d>)) (4.16)

with )
iy = m— longK) +0 / 4.17)
d2 = d1 — 0. (4..18)

For the put, a similar reasoning can be used to arrive at an approximate price formula.

2) Ju’s Taylor expansion

Ju [13] states that the Equation 4.7 is still the stochastic differential equation that the
price process follows.

Let’s consider that the correlation coefficient between the Brownian processes of assets
i and j is equal to p;;.

Since the Taylor expansion method is to be applied around zero volatility, a fictitious
market must be considered where all volatilities are scaled by the same parameter z, so

that the following result is obtained

(r—i)Hza,-W,—(t) .
Si(z,t) = S;e , 1=1,2,...,n.

If z = 1, the Equation 4.10 is obtained with T = ¢.

Consider the variable

Az) = Z w;Si(z,T)
i=1

where w; is the weight of the asset i and S;(z, T) is equal to the variable previously defined

with t = T. Thus, the payoff of a basket call option is equal to
BCju(T) = max[A(1) - K, 0].
To simplify, the following variables S; = w;S;e’T and pij = pijoio;T are introduced.
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The first two moments of A(z) are equal to

n
My =S = A®),
i=1

n
My(z%) = )" 8;8je™7i.
ij=1
Observe that M; is equal to Equation 4.14 and if z2 = 1, then Mz(zz) is equal to
Equation 4.15.
Let Y(z) be a normal random variable with mean 71(z%) and variance v(z?). In order
for the first two moments of e¥?) to be equal to those of A(z), it follows that

m(z%) = 2log(My) - 5 log(Ma (%),

v(z%) = log(Mz(zz)) — 2log(My).

Ifz2 = 1, then m(z%) and v(z?) are equal to Equation 4.12 and Equation 4.13, respectively.
Consider the variable X(z) = log(A(z)). The objective is to find the density function of
X(z), and to achieve this the characteristic function of this variable is considered, which

is equal to
6X(2) oY) B [e/9X(@)] SY(2)
E[eld) Z] —E[EZ(P Z] E[ei¢y(z)] _E[EZ(P Z]f(Z)

where
¢?0(z?)

E [ei¢Y(z)] _ pigm(z?) -5
is the characteristic function of the normal random variable Y(z) and

E [el¢X(Z)] X . 2 o‘)zv(zz)
— - (2)] p-ipm(z)+=—7—
fz) = E [¢i07C)] =B e emomtE

is the ratio of the characteristic function of X(z) to that of Y(z).
The idea is to expand f(z) around z = 0 up to z° and to do that the term e‘lﬁ)m(ﬁﬁ%
needs to be expanded first. The detailed calculations for this term are in Ju’s article [13].
The next step is to approximate the term E[e/?X(*)] by deriving it in order to the second,
fourth and sixth derivatives. The calculus of these derivatives can be reviewed in the
article. With the derivatives calculated, the term can be approximated using the Taylor
expansion.

Then obtain the Taylor expansion of f(z) which is equal to

f(2) = 1= ipdi(2) = *da(2) + ip°ds(z) + p*da(2)

where d;(z) are polynomials of z up to degree 6, higher degrees are ignored.

To complete the calculations and get the approximate formula for the basket call price,
it is necessary to calculate E[e!?X®)] and its density function at the point z = 1. As always,
the detailed calculations can be consulted in the article.
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The price of a basket call using this method is therefore equal to

BCyu(t) = DE(T)E[eXV - K]*
= (M1D(T)N (y1) — KDE(T)N (2))

dp(y)  d?p(y)
dy  “Taye ))

(4.19)

+ (Df(T)K (zlp(y) + 2

where

m(1) -y
= logK, =——Z 4\ d =1y — Vo(1).
y =log ! o ++ov(1) and y2 =y —Vo(l)

Furthermore, z1 = dx(1) — d3(1) + da(1), zo = d3(1) — ds(1) and z3 = ds(1), where the
values of d;(1) are derived from the article, and p(y) is the density function of a normal
distribution with mean m(1) and variance v(1).

3) The reciprocal gamma approximation by Milevsky and Posner

Milevsky and Posner [20] begin by defining the cumulative distribution function of a
reciprocal gamma, which is equal to

GR(y/a/ﬁ) =1-G (i/a/ﬁ)

where G(. . . ) is the cumulative distribution function of a gamma. Therefore, the probability
density function of a reciprocal gamma is equal to

(e

, ¥y=20, a,>0
2

8y, a,p) =
where g(...) is the probability density function of a gamma.
If a random variable Y is reciprocal gamma distributed, then

1
S pla-1)(a-2)...(a)

E[Y] i=1,2,3,...
The price of the underlying assets is still modelled by the Equation 4.7. The price of a
basket is given by Equation 4.5. The value of a basket call option is consequently equal to

BCmp.r(t) = e "TE [max(B(T) — K,0)] = ™' / B max(B(T) — K, 0)dW[B(T)]
0

where W[B(T)] is the state-price density function.

Milevsky and Posner [20] say that it can be demonstrated that the sum of log-normal
variables is almost approximately a reciprocal gamma. Furthermore, they emphasise that
this method is only valid if the correlation matrix is decaying, as this is the only way that
basket options resemble Asian options.

Initially, the first two moments of the variable B(T) are defined. This variable has a

mean equal to Equation 4.14 and a second moment M> equal to Equation 4.15.
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In the article it is explained how to approximate a basket call formula using a log-
normal approximation. It also shows how to approximate the formula using reciprocal

gamma as the distribution.
- _ __1 _ 1
Since M] = M, E[Y] = —— and E[YZ] = W’ then

Bla-T1)
1
p= Mi(a - 1)
and M, = 1
2T Ba-D@-2)
This means that

2M, — Mf

a=———0> (4.20)
M, — M
Ma - Mj 421

- ]\42]\41 . ( . )

Thus, the price formula utilising the reciprocal gamma approximation is equal to

BCwmp.rg(t) = DE(T) (M1G (%, a— 1,ﬁ) - KG (%,a,ﬁ)) . (4.22)

The detailed calculations of the Equation 4.22 can be found in [20].

4) Milevsky and Posner’s approximation via higher moments

Milevsky and Posner [21] begin by defining the variable Xt as a stochastic element of
the time-T basket of underlyings. The aim is to price a basket call with a payoff equal to
max|[Xr — K, 0].

The generalised forward price of the stochastic element Xr, denoted F(Xr), is basically

the first moment of Xt attime T, i.e,
F(Xt) := E(X1) := piy := / xh(x)dx.
0

The other moments are defined as being equal to:

C := VE[(Xr — F(X1))3],

_ Bl(Xr - FXr))’]
n:= C3 ’
_ El(Xr - FX))*]
K=
4
The idea of this method is to consider two types of transformations involving the

standard normal distribution, as these serve as an approximation to the true state-price

density function. The type I transformation is equal to
Z-a
b

X =c+de
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and the type II transformation is equal to

X:c+dsinh(Z;a)

with a, b, ¢, d to be determined.

The pricing problem is then equal to

e T [/m(x - K)h(x)dx]
K

where the cumulative distribution function of 11(x) is one of the transformations mentioned
above.

The price formulas for each type of transformation can be found in the article [21].
However, the Type I transformation is the only focus to obtain a price formula, as it is the
one that most closely resembles a log-normal distribution. The price formula for Type I is
therefore

1-2ab 1
BCuipam(t) = DE(T) [F(XT) K+ (K=c)N(Q)—de 2 N (Q - 5)] (4.23)
with F(X7) equal to Equation 4.14,
1

Viog(w)’

1 w(w —1)
a= Eb IOg (?) P
d = sign(n),

(55-1)
c=dF(Xr)—e & ,

Q:a+blog(K;C),

andw:%i/8+4n2+4,/4n2+n4+ 2

-1.
8+ amp + 4y

This pricing formula (Equation 4.23) and the parameters that define it are demonstrated
in the article [21].

4.2.3 Sensitivity Analysis

In this subsection, the Greeks of the basket options are calculated using Monte Carlo
simulation and through the derivatives of the approximate pricing formulas from the
methods discussed in subsection 4.2.2. Only three of the various existing Greeks are
calculated for this option, namely A, v and Cega.

The process of calculating the Greeks using Monte Carlo simulation is described in
section 3.4. Due to the complexity of the pricing formulas of some of the methods, it
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CHAPTER 4. MULTI-ASSET OPTIONS

was decided to calculate the derivatives of the functions corresponding to only two of the
methods described in subsection 4.2.2.

1) Levy’s log-normal moment matching

Note that in each of the Greeks that will be calculated later, the formulas are for generic
cases. The first Greek to be calculated is A:

dd ad
g T T it gn2
=75, e wie" N(dp) + Mgo(dl)asi Ko(da) 75,

where ¢(.) represents the density function of N (0, 1).

A;

From the definition of d; (see Equation 4.18) it can be noted that

ody _ody oo
0S; B aS; 9S;’
Furthermore the term ¢(d>) is equal to

d% (dq —v)2 d%—zdlvﬂzz

e 2 e 2 e 2
(P(dz) = =

Vo 2w NPm
Uz 'UZ
= M7 o(dy) = e"OBRH T ()

02 1
— emK—1€7 (P(dl) — eZlog(M)—O.Slog(Vz) —60'5 log(Vz)—log(M)(P(dl)

1 M
— plog(M) —
e K(p(dl) K (p(dl)

That means,

JP _ Ju
A; = 55 ¢ T (w;e"N(dq) + Mgo(dl)g . (4.24)
1 1
All that remains is to calculate the value of g—g’i. That is equal to
(9_0 11 22}1:1,#]- wiw]-eMSj(O)eG"“fpffT + ZwizeMSi(O)e“iZT ~ 2w,e'T
S; 2w V2 M
Next, the derivative in order to the correlation is calculated.
oP dv
Cega;, = — =e "TMo(d))=—. 4.25
ega1] apij e (P( 1)apij ( )

The calculation of % is as follows:

v 11 Zwiw]'FiTF].TOiO]'Tea“jjpijT

wiw]'FiTF].TOiO]'TeO"UJPi/'T
api]' B 20 V2 B

V2

To complete the calculation of the Greeks using this method, let’s calculate v.
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vi=2— = e‘rTMqo(dl)%. (4.26)

The value of % is

0 1125} i witjETF pijoTem 01" + 23] 2o T
do; 20 V2 '

3) The reciprocal gamma approximation by Milevsky and Posner
The Greeks that are calculated for this method are for generic cases. The first Greek to
be calculated is A.

B2 S Sy i | dG
Al—asi =e (wle G(K,a 1,ﬁ) M&S ( ;a—1, ﬁ))
G
-rT
—e KaS ( s, ﬁ)
Let’s calculate the term M Jdfa = a(S1,S2,...,Sp)and B = B(S1, S, ..., Sn), then:
oG d * Y dg
8—Si(x,0(—1,ﬁ)—a—s(/ g(u,a—l,ﬁ)du)—/o a—si(u,a—l,ﬁ)du_

_ [Ydgda  Ig Ip Yog da tdg 9P
- [ E R /Oa(”'“—lfﬁ)d”a—sﬁ [ e 1puge

The last integral is equal to:

(4.27)

3 ua2 -5 Ny a-1
Ta-1)° (E) (/?_T)
_ . I'(e)
=-gu;a -1, ﬁ) ﬁ' +8(u/a:ﬁ)m
*adg. B o a-1 _ I'(a)
/0 %(u,a -1,B)du = -G(x;a - 1,p) g + G(x,a,ﬁ)—r(a “p°

While the first integral is equal to:

0 a—-1
5 (uezet (%) e_F 3 ( (aZ)ln(%))

d
Lwa-1, =

u a2
! (4)

3 u 3 _ u I"a-1)
‘ﬁr2<a—1>( (E)r(“‘” M- ))‘g(”’“‘l’ﬁ)(h‘(ﬁ)‘r<a—1>)
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x ) x (a -
/0 %(u;a—l,ﬁ)duz/ In(u)g(u; = 1,p)du + G(x; = 1, 8) (ln(l)—%

p

leaving an integral to be calculated Which can be approximated numerically.

0

The only terms left to calculate are as ¢ and asﬁ It can be seen that:

V2 1 M
a=m+1 and ﬁ:M—W.

Thus,

2
o 8V (V2 MZ) _ VZ%(vZ _ MZ)

dS; (V2 - M?2)2
AV2is2 V2 r2 23V 2 IM?
o5 1% 957 M-V +V 5
(V2 Mz)2
2 aM 29V?2
2V M -M 957
(V2 Mz)2

2V2Muw;e'™ — M? (2 D je1 wjw;S;(0)e> TedioiPiT + ZwZ.ZSi(O)eMe"iZT)

(V2 = M2)2
I werT Wi V=M (2 Dl j=1 wjw;S;(0)e> TP 4 2wi25i(0)ezrrea§T)
__Yi _ ,
dS; B M?2 (V2)2

The term acgéé’ﬁ ) can be calculated in a similar way as before. Therefore,

J 0 x x )
a_gi(x}a,ﬁ) = 8_51 (/0 g(u; a,ﬁ)du) = /0 a—;gi(u; a,ﬁ)du =

_ ["dgda dgIB . [Tdg da Y dg p
= %8_51'+%8_Sidu_/0 a(u,a,ﬁ)du85i+/0 ﬁ(uaﬁ)dMBS
with
I'(a+1)
/ aﬁ(uaﬁ)du— G(xaﬁ)ﬁ+G(x ;a+1,B)——— T@)p

98 e [ apfinfl] T
/Oaa(u,a,ﬁ)du—/o ln(u)g(u:“/ﬁ)d“"‘G(x'a’ﬁ)(ln(ﬁ) F(a))'

Note that § a ¢ and 2 75 £ have been calculated previously.

The next Greek to be computed is the Cega.
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oP G ( )
Cega,, = — =e " TM— ;a—1
8% = 3py; dpij \K P

JG
—eTK=—" s
9911 ( ﬁ)

(4.28)

The reasoning for calculating the terms aG(ggfl'ﬁ ) and aGl(;;: P is similar to the calcu-

ij
lation of A, so the only terms that need to be calculated are 8‘9“ and pﬁ , since the others
pij

have already been demonstrated. This signifies that

P av2 (V2 Mz) _ Vz%
api]’ (V —M2)2
29V2
__ M S0
(VZ _ M2)2
MZ

T veoMmee (2w;iw;Si(0)S;(0)e*  g;0;Te“iPil),

B _ 2w;w;S:(0)S;(0)e* T 00 Te P
Ipij (V2)2 .

The last Greek to be calculated is v.
JP JG
- 1
Jo; -¢ M&ai (K'Oé '8)
JdG
—VTK -
do; EE
9B

Analogous to the above, it is only necessary to calculate 5. and -, resulting in

v =
(4.29)

2 2
o B %(VZ—MZ)—V2%LGI_
801- B (V2 M2)2

29V2
M Jo;

(V2 - M2y
M? (2 D=1 wjw;Si(0)S;(0)e* Tajp;jTeoiPiT + Zw?Si(O)ZemaiTe“?T)
(VZ — MZ)Z /

op y 2% i wjw;Si(0)S;(0)e* Tajp;jTe’iPiT + waSi(O)zeMaiTe"?T
do; (V2)2
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4.3 Outperformance Options

The outperformance option measures the relative performance of one stock over another,
whether up or down, and pays the difference.

Suppose there are 2 assets with prices equal to S; and S;, then the payoff of an
outperformance option at maturity T is equal to

OUTpayoff = max[51 - 52, O]

4.3.1 The Pricing of an Outperformance Option

In this subsection, the outperformance option pricing formula is illustrated. The following
assumptions are made:

1. The following stochastic differential equations describe the asset prices:
dSi(t) = p1S1(8)dt + 0151 (£)dWi(t),

dSy(t) = u2Sa(t)dt + 0252(t)dWa(t),

where a% and a% are constant and are known as the instantaneous variances of the
asset returns. The instantaneous expected rate of return, represented by p1 and
2, are also constant. The W; and W, are the Brownian motion processes and are
correlated with each other, the coefficient of correlation between them is p12 and is

constant over time.

2. The hedging portfolio, the value of which is P, satisfies the following partial differ-
ential equation:

or 1(J*P ,_, 2’P
- 4= o
ot + 5 8(51)201 1 alozpuSlSz +

2| _
3535, =0 (430

2
8_1)0%52
I(S2)

with a boundary condition equal to
0< OUTprice <5
and an initial condition equal to

P(S1,S2) = max[Sy - S2,0].

It can be observed that in order to obtain the previous initial condition, known as the
payoff of this option, a change in the probability measure must be made in order to end up
in a case similar to that of the Black & Scholes model for a simple option. This is possible
because an outperformance option is considered to be an exchange option. The article
by German, Karoui and Rochet [8] discusses this topic in detail and can be demonstrated
that the price of this option at time 0 is equal to
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P©) _ sum L\
S0 ~ [(szm 1) ]

Using these assumptions and this observation, it is possible to arrive at the option
pricing formula that satisfies the Equation 4.30. This implies that the pricing formula for
an outperformance option is equal to

OUTprice = S1N(d1) — S2N(d2) (4.31)

where N(.) is the cumulative standard Normal distribution and

log (%) + %GZT

dy = , (4.32)
VT

dz = dl - G\/T, (4.33)

o2 = 0% —2p120102 + a%. (4.34)

As discussed in section 2.3, this formula represents a specific case of the more general
pricing formula introduced by Veiga, Wystup, and Esquivel [26].

4.3.2 Sensitivity Analysis

In this subsection, the Greeks of the outperformance option are calculated. Since the
formula for the price of an outperformance option closely resembles that of a call option,
this means that some of the Greeks are analogous and so in this case they are not calculated
and they are taken from Bjork’s [2].

The first derivative to be computed is in order to the price of asset 1, which is equal to

_oP
T

As this derivative is quite simple, it can be seen that A; is positive and has values

Aq = N(dy). (4.35)

between 0 and 1, due to the properties of the cumulative function of the standard normal
distribution. It also grows as d; increases, i.e. it grows as S increases.

Since the derivative of the price of asset 1 was analysed, it is logical to also calculate
the derivative of the price of asset 2, which behaves similarly to the derivative of the strike
price of a call option. So A; is equal to

Ay = g—;; = —N(d3). (4.36)

On the other hand, A; is negative and takes values between —1 and 0, the opposite of
Aq. It also increases as d» decreases, i.e. it increases as S, increases.

The next Greek to be calculated is ©, the derivative with respect to the maturity date,
which is equal to
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JdP d d
0= 8,1_, =51 X (p(d1) X — — 57 X (p(dz) X — 2

From the d, expression, it can be 1mmed1ate1y verified that

ddy, _ ddi 1 1
or ~or ‘2 \NT
Let’s try to simplify the Greek expression. The term S>¢(d») is equal to

_(dl—aﬁ)z 2
e 2 o<T
S29(da) = Sy = eV~ T 5 00(d
29(dr) = S~ = 20 (d1)
$1)41o27- 02 og(2
_ log(sl) 2T > quo(dl) _ 61 g(s;)szgo(dl)

S
= 5. 520(d1) = S1p(eh).
2

That means,

© = 51 x (dy) x 21 d — 51 % (1) X (f}”;} G%L)
VT (4.37)
= S19(d1)—.
PEVNT
Next, the derivative of the correlation variable is computed. This is equal to
JP ddq dds
Cega==——=51x¢p x——S X @(d X5 =
8= 5o, = ¢(d1) o 2 @(da) Er
ddq ddq do
=51 X ¢p(d ><——S x @(d1) x [ =— - VT —
1 X @(d1) o ! @(d1) (8p12 3p1z)
: sl<p<d1)«/fa—
To complete the calculation of this derivative, let’s determine what - is equal
do 1 1 _ 0102
E—ZXUX( 20102)— P
So,
Cega =-S1¢ (dl)alaz\/_ (4.38)

The next derivative to be calculated is the derlvatlve in order to the volatility of asset
1, which has the following expression
P ddq ad
B —51X(p(d1)>(——52>( (dz))(—z
o1 01
ddq

—51X(p(d1)><i—sl><(p(d1)><(——\/_aag)
01 01

V1= —

= Sl(P(dl)\/T&_ol
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In order to finish calculating the derivative, 5%‘1 is deduced

Jdo 1 1 01— po2

— ==-X—=x(201-2 =—
do1 2 o (201 =2p2)

Thus, v1 is equal to

(01 — poa)NT
—

v1 = S19(d1)
By similar reasoning, it follows that v, is equal to
(02 — por)NT
vy = Slfp(dl)—‘[; i

4.4 Best and Worst of Options

(4.39)

(4.40)

A best of option, also known as a maximum option, is, as the name suggests, an option

on the best performer in a basket of assets. A worst of option, also known as a minimum

option, is, as the name implies, an option on the worst performer in a basket of assets.

Suppose that given n assets with prices equal to S1, So, . .., S, then a best of call option

has a payoff at maturity T given by

BO Callpayoft = max[max(S1(T), S2(T), ..., S4(T)) - K, 0],
a best of put option has a payoff at maturity T given by

BO Putpayot = max[K — max(51(T), S2(T), ..., Sx(T)), 0],
a worst of call option has a payoff at maturity T given by

WO Callpayoff = max[min(51(T), So(T), ..., Sx(T)) = K, 0],
and a worst of put option has a payoff at maturity T given by

WO Putpayof = max[K — min(51(T), S2(T), . .., Sx(T)), 0]

where K is the strike price.

4.4.1 The Pricing of a Worst of Call Option

In this subsection, the formula for the price of a worst of call option on 1 assets is presented.

The following assumptions are made:

1. Asset prices are described by the following stochastic differential equation:

dS;(t) = u;Si(t)dt + 0;Si(t)dW;(t) (4.41)

where a? are constant and are known as the instantaneous variances of the asset
returns. The instantaneous expected rate of return, represented by u;, are also
constant. The W; are the Brownian motion processes and are correlated with each

other, the coefficient of correlation between them is constant over time.
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2. The instantaneous interest rate r is constant over time.

3. The replicating portfolio whose value is P satisfies the following partial differential
equation:

N
=

QU

or .
ot

I\)IH

P 'jpijslsjas as; " ZSlaS —rP = (4.42)

with a boundary condition equal to

P(51,S3,...,5,,0) = max[min(S{(T), So(T), ..., S,(T)) — K, 0]. (4.43)

With all these assumptions, it is therefore possible to obtain a formula for the price of this
option that satisfies the Equation 4.42. Thus, using the Cox and Ross [6] strategy proposed
by Johnson [11], the formula for the price of a worst of call option on n assets is obtained
and equal to

WO Call, = SN, (d1 (S1,K, 0?),-d} (S1,S2,0%,) , ...,

—d} (S1,Sn, 07,) , —p112, —P113, - - -, P123, - - -)
+SaNy (d1 (S2, K, 02) ,—d} (S2,S1,0%,) , ...,

—d} (S2,Sn,0%,) , —P212, =223, - - -, P23, - -+ )
+ ... (4.44)
+SuNy (d1 (Sn, K, 02) ,—d} (Su,S1,0%),...,
—d] (Sn, Sn-1, Gﬁ(n_l)) s =Pnln, —Pn2ns - P12, - - - )
—Ke "N, (d2(S1,K,02) ,d2 (S2,K, 03) , ...,
dy (Sn, K, 0%), p12,p13,---)

where d; is equal to Equation 4.2,

log (g—;) + %oij
a4 (S‘,S‘,a?‘.) - ,
1 tr =] Vi Gij\/T

gi — Pijgj
piij = ————
j o
and
2
07 ~ Pij0i0j — Pik0iOk + Pjk0j0k

0ij0ik

Pijk =

As the previous formula is complex, this thesis studies this option for the case where
n = 2. Thus, the formula for the worst of call option on two assets is equal to
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log (%) —30°T
1202 — 01

S 1.2
log (S—;) —50°T 1201 — 02 (4.45)

oNT ’ o

+ SzNz Y2 + O'zﬁ,

— Ke 7 "Na(y1, y2, p12)

where N(...) is the bivariate cumulative standard normal distribution, pi; is the correla-
tion between the two underlying assets, 01 and o, are the respective volatilities of S; and
Sy, and

log (‘?(—1) +(r—303)T

= T , (4.46)
log ($2) + (r—4a3) T

Y2 = T , (4.47)
o2 = 0% + a% —2p120103. (4.48)

When K = 0 the Equation 4.45 is simplified and equal to
WO Callprice(0) = S2 — S2N(d1) + S1(d2) (4.49)

where
log (g—f) + %OZT
di = dy =dqi — a\/f, o2 is equal to Equation 4.48.

oNT

To demonstrate the Equation 4.49, two approaches can be employed. The first is to
set K to tend to 0 in Equation 4.45, and after some manipulations the desired result is
achieved. The second approach is to see that max[min(Sy, S2) — 0, 0] = min(Sy, Sz) and
that min(Sq, S2) = So — max(Sz — S1,0), then note that the expression max(S; — Sy, 0)
corresponds to the payoff of an outperformance option and thus arrive at the expected
outcome.

As noted in section 2.1, the formulas presented in this section are specific cases of the
pricing formula introduced by Veiga, Wystup, and Esquivel [26].

4.4.2 Parity Relationships

As some of these options do not have an explicit price formula deduced, the aim of this
subsection is to deduce parity relationships, similary to those for simple options (see
Equation 4.4), between these options and options for which an explicit formula is already

known.
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Although the best of call option on two assets has an explicit formula in Johnson’s
article [11], a parity relationship exists between this option and a worst of call option on

two assets. This parity relationship is found in Stulz [25] and is as follows:

BO Callysice(K) = C(S1,K, T) + C(S2, K, T) — WO Callyyice(K) (4.50)

which means that a best of call on two assets is equal to the sum of two standard call options
on the two assets minus a worst of call option on two assets. It should be emphasised that
the left and right sides of the equation are equivalent, regardless of the position of 51 and
S, in relation to each other and to the strike price K.

To verify this result, consider the following two investments:

¢ Portfolio A: Buy a call on the maximum of Sy and S» struck at K.

¢ Portfolio B: Buy a call option on asset S; with strike price K, buy another call option
with the same strike price but now on the asset S; and sell a call on the minimum of
S1 and S5 struck at K.

If max(S1, Sp) = S1 > K, there are two cases to examine:
¢ The first is when Sy > K, then Portfolio A pays
S51—-K
whereas Portfolio B pays

51-K+5-K-5+K=51-K.

® The second is when S; < K, then Portfolio A pays
S51—-K
and Portfolio B pays

Sl—K+O—max[0,Sz—K]251—K+O—0251—K.

The case max(S1,S2) = Sz > K, follows a similar logic as before, so A and B are
equivalent at maturity. In the case where max(Si, S2) < K, the prices of both assets are
less than K and therefore Portfolio A is worth 0 and Portfolio B is also worth 0, as both
portfolios consist of call options. For it to be arbitrage free!, at any date ¢t < T, both
portfolios must also have the same value, making Equation 4.50 true.

With this equality, the price of a best of call on two assets can be calculated, since
the formulas for simple call options (Equation 4.1) and for the worst of call on two assets

(Equation 4.45) are known.

IMeans that there is no possibility of a sure profit with zero investment [28], i.e two assets that have the
same value on the maturity date must have the same value on any date.
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Johnson'’s article [11] also gives the pricing formula for a best of call option on n assets,
but since there is a parity relationship when n = 2, the goal is to find one for a generic n.
After a few attempts, the following parity relationship was discovered:

n n
BO Call(S1, 2.1, ., Sus) = ) WO Call(Si) — > WO Call(Si, Sj1)
i=1 i,j=1
i<j

n n
4.51
+ Z WO Call(S;, Sj ¢, Sk,t) — Z WO Call(Sit, Sjt, Sk,t, Sit) ®51)

i,j k=1 i,j k=1
i<j<k i<j<k<l

+ ...+ (=1)"'WO Call(S1 4, Sa,t, .., S p)-

To verify this result, consider, in full generality, that S; 7 < Sy 7, ..., < S, 7 at maturity

date t = T. Removing the date subscript for simplicity, Equation 4.51 can be rewritten as:

BO Call(S1, S, ..., Sy, )=

n-2 n-1 n

Zwo Call(S)—Z Z WO Call(S;, Sj)+ Y. > > WO Call(S;, S, Sk)

i=1 j=i+1 i=1 j=i+l k=j+1

= )—\

@
=
N

n-1 n

Z Z WO Call(S;, S;, Sk, S1) + ... + (=1)" 'WO Call(Sy, ..., S,,)
=j+11=k+1

I
—_

i i+1 k=

j

=

n-2 n-1 n

WO Call(S;) - Z Z WO Call(S;) + Z Z Z WO Call(S;)

i=1 i=1 j=i+1 i=1 j=i+1 k=j+1
n-=3

N

n-1 n

Z WO Call(S;) + ... + (=1)""TWO Call(S;)
i=1 j=i+1 k=j+1I=k+1

BN

[

Note that, given S; < S5, ..., < Sy, the left side of the equation simplifies to
max(max(S1, Sz, ..., Si) — K, 0) = max(S,, — K, 0).

Regarding the right side, each term of the form WO Call(Sx), k =1, ..., n, appears a
number of times given by:
n—k
(n—k
Ni = Z(—l)]( . )
=0 J

however, using the binomial theorem, it can be written as:

n—k n—-k
Ny = Z(—l)f(” ]‘ k) => (” ]_ k)(—l)fl("—k>—j —(1+1)"%, k=1,2,...,n-1

=0 =0

obtaining Ny =0,k =1,...,n—1,and N, = 1, which means that all terms are canceled

except for WO Call(S,,), which appears only once in the first sum. Next, it is sufficient to
write

WO Call(S,,) = max(min(S,) — K,0) = max(S, — K, 0)
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to conclude that the left and right side portfolios of Equation 4.51 are equal at maturity.
For the prices to be arbitrage free!, both portfolios must also have the same value at any
time t < T, so Equation 4.51 is true.

The next parity relationship to check is between the worst of put and the worst of call

for the general case, i.e. when there are n assets. This is equal to:

WO Putprice(K) = e 7T K = WO Callpyice(0) + WO Callpice(K). (4.52)

To get the expression for WO Callpice(0), when the option is on 1 assets, is enough to
make K tend to 0 in Equation 4.44. If the option is on two assets, WO Callpyice(0) is equal
to Equation 4.49.

To verify this result (Equation 4.52), contemplate the following two investments:

¢ Portfolio A: Buy a put on the minimum of n assets with a strike price of K.

¢ Portfolio B: Buy a bond that pays K at maturity T, sell a call on the minimum of
n assets with a strike price of 0 and buy a call on the minimum of n assets with a

strike price of K.

Let’s consider that min(Sq, Sy,...,S,) = S; fori = 1,2,...,n. Therefore, only two
cases need to be analysed, since for any S;, with j # i, less than or greater than K, the

parity expression only depends on the worst performing asset, i.e. S;. The two cases are:
¢ First case is when S; < K, then Portfolio A pays
K-5;

whereas Portfolio B pays
K-S +0=K-28;.

* Second case is when S; > K, then Portfolio A pays 0 whereas Portfolio B pays
K—Si+(5i—K)=0.
So A and B are equivalent at maturity. For it to be arbitrage free!, both portfolios must
have the same value at any time t < T, so Equation 4.52 is true.
The last parity relationship to verify is between the best of put and the best of call for
the general case, i.e. when there are n assets. This is equal to:
BO Putpice(K) = e7"TK — BO Callprice(0) + BO Callpyice(K). (4.53)

To get the expression for BO CallpriCe (0), when the option is on n assets, is enough to
make K tend to 0 in Equation 4.51. If the option is on two assets, BO Callprice(O) is equal to

BO Callprice(O) = 51 + Sz - WO Callprice(O).
To verify this result (Equation 4.53), consider the following two investments:
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¢ Portfolio A: Buy a put on the maximum of n assets with a strike price of K.

¢ Portfolio B: Buy a bond that pays K at maturity T, sell a call on the maximum of
n assets with a strike price of 0 and buy a call on the maximum of n assets with a
strike price of K.

Suppose that max(S1,Sg,...,S5,) = Si fori =1,2,...,n. Therefore, only two cases
need to be analysed, since for any S;, with j # i, less than or greater than K, the parity

expression only depends on the best performing asset, i.e. S;. The two cases are:

¢ First case is when S; > K, then Portfolio A pays 0 whereas Portfolio B pays

K—Si+(5i—K)=0.

* Second case is when S; < K, then Portfolio A pays
K-S§;

whereas Portfolio B pays
K-S;+0=K-S,.

So A and B are equivalent at maturity. For it to be arbitrage free!, both portfolios
must also have the same value at any time t < T, so Equation 4.53 is true. Note that from
the parity relationships of Equation 4.50 and Equation 4.53, it is possible to establish a
relationship between the best and worst of put options.

Therefore, using these parity relationships, the price and the Greeks of each of these

options can be calculated.

4.4.3 Sensitivity Analysis

Throughout this subsection, the Greeks of the worst option on two assets are calculated,
in other words, the derivatives of the price function with respect to the various variables
it depends on are computed.

First, let’s define some of the notation that is used when writing the derivatives. So:

log (g—f) - 10°T
041=7/1+01‘/i ay = ’

oVNT
s

log (é) - 310°T
oVT '

1202 — 01 L1201 — 02
= c=——.
Pc o r P o

B1=72 +0oVT, B2 =

With this new notation it is possible to write the option price formula of the worst of
call option (Equation 4.45) in a simplified way:
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WO Callprice = S1N2 (@1, a2, pe) + SaNa (B1, B2, pc) — Ke " Na(y1, 72, p12) (4.54)

The first three derivatives to be presented were already calculated in the article by
Stulz [25]. These derivatives are the interest rate derivative, the strike price derivative and

the correlation between the two assets derivative, respectively. So these derivatives are

equal to:
dpP
P=a= KxT xe " "Na(y1, 2, p12), (4.55)
o
K- ¢ TN2(y1, 2, p12), (4.56)

12
P - —2p T
Cega = P _S,N B1—pcP2 | e 2P2 alaz\/_‘

dp ll—p% \2n Y

From now on, the calculations made to obtain the derivatives of the other variables

(4.57)

are demonstrated. The first derivative to look at is the derivative in order to the maturity,

which is equal to:

@za_P: (8N290c1+8N280c2)+ (&%4_&%)
oT ~ "'\ 9oy 9T " da, 9T | " 7>\ 9, 9T ~ 9B, T
(9)/1 JT 8)/2 oT '

(4.58)
+Kre_rTN2(7/1, V2, pP) — Ke T (

There are several partial derivatives in the Equation 4.58 that need to be calculated. So
let’s start by calculating the partial derivatives of the alphas, the betas and the gammas in

order to the maturity:

o VT-39) - o (tog (%) + (- 302) 7)

oT 1T
S
)T g - - b
O]T
log (5—K1) + (r — %a%) T
B 201TNT '
2

The partial derivative 5+ has a similar reasoning, since the two variables are almost

equal, which means that

@ B log (5%) + (r— %ag)T

JoT 20,TNT
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Next,
&al B 87/1 ‘o L
9T ~ oT 2\/T
log(S—KI) (r—30%) T + 02T
B 201T‘/T
B log (Sﬁl) + (r + %0%) T
- 20'1T\/f '

The partial derivative % has an analogous logic, due to the two variables being almost

identical, which means that

9P B log (S%) + (r + %ag) T
JT 20,TNT '

Then,
oay VT (30 = 5 (log (%) - 4o°7)

oT oT
log(S ) \/_ \/T
T
B ol
) log (g—;) - 20°T
T 20TVT
352

The partial derivative - can be understood similarly, given that the two variables are
nearly the same, which implies that

B> B log (g—f) — %GZT
oT 20TNT

Now let’s study the partial derivatives of the bivariate cumulative standard normal

distribution in order to the alphas, the betas and the gammas. Looking at the partial

£ IN2
( / : / azf(x,y:pc)dydx)

derivative o 3
( f(x,y;pc)dx) dy

9

day

L3

/ flar,y;pe)dy
L.

IdN,

8041

a%—2p5a1y+y2

g 2(1*0%) dy

21t4/1 - p?

|
x
Nl»- N

201-p2) dy

/0[2 1 (y PcéYl)z
EE——
—00 2714/1 — p?
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with f(x, y; p.) being the bivariate normal density function.

To solve the integral, the following change of variable is necessary

Y~ pPcx1

V1-pt

=u o y=+1-pu+pam

as a result,

C

2

2 2
] ag—pcay aq
2

Mo _ed [VF 1
day V271 J —c0 V2n\/1—p%

N (042 — Pct1 ) .

VIr \Vipt

The idea for the other bivariate normals is very similar to what was done earlier.
Therefore, the objective is to use pairs of greek letters with each other, i.e. a1 with a5, 1
with > and y1 with ), since each bivariate normal is a function of each of these pairs.
In addition, the correlation coefficients corresponding to each bivariate normal are taken
into account in the expressions for the density functions of the bivariate normals. Finally,
regarding the variable to be changed to solve the integral, the variable that is derived
is the one that is always multiplied by the correlation coefficient corresponding to each
respective bivariate normal. The other partial derivatives are therefore equal to:

a2
JIN, _ 6_72N a1 — pPc2
a2 Nam |\ 1-p2 |
i
ON, e 2 N B2 — pcp1
a - Vi
ﬁl \/2_7'( /1 _ pZC
£
dNy _e? N B1— pcph2
B N | g
oN -4
g _
2_¢€ N Y2 — pP)1

M \2m 1-p? '

ION, e 7 Y1i—pY2
2 \2m |\ \1-p2
From now on, only the partial derivatives of the alphas, betas and gammas in order

to the variables are computed, since the partial derivatives of the bivariate normals are
always the same and have therefore already been calculated.

The next derivative to be determined is the derivative in order to the volatility of the
asset 1, which is equal to:
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V1 =

8_P _ 8N2 80(1 n 8N2 80(2 8N2%
80'1 -0l 80(1 801 80(2 801 2 8[7’2 aﬁl
~19N2 971

a)/1 9(71'

(4.59)
- Ke

The partial derivatives in order to o1 are equal to

n o1 (-3201T) - (log (5_K1) +(r—30?) T)

agl O‘%\/T
log (5—1) - (r + %o%) T
= a%\/f ,

P log (ﬁ) —(r+ic?)T

a1 _ S1 271 + \/T
801 U%ﬁ
log (&) - (r-4o3) T
- a?\T ’

1

6 (-3T(Q201 - 2p02)) = £ (201 — 2pa2) (log (2) - %GZT)

day _ 1
doq 2\T
—aT(01 — po2) — (01 - po2) (log (g—f) - %OZT)
B a2\T
log (g—;) — 16T
= (01— po2) v

Since f3; is similar to a, so

S
P2 ( : log(s—f)—%azT
— =(01—po
do 1P a3\NT

Now that the derivative for the volatility of asset 1 has been calculated, let’s look at
the derivative for the volatility of asset 2, which is equal to:

8_P _ 8N2 80(2
602 B 1&0(2 80'2

INa df1  IN2 B2\ Ke—'T INp dy2

* SZ 8[31 8_0'2 * 8ﬁ2 8_02 ¢ 8)/2 802'

vy = (4.60)

Due to the fact that the derivatives of the variables in order to o1 have already been
computed, and they are similar in order to o, the calculations can be simplified, resulting

in the outcome that
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%—(G - po1)

90, 2= po1 T ,
S

P2 _ (02 - pon) os(8) 47

802 27 pa 03\/7 !

% _ log (s%) - (r+ %ag)T
80'2 CT%‘/T ’

o1 log (s%) —(r=3%03)T

9_02_ a%T

The derivative with respect to the price of asset 1 is now to be determined. Although
the article provides this calculation, the presented expression was challenging to interpret,
leading to independent computation. The result is:

_ JP _ JIN, day JIN, dap JdN> 8,32 T JN, a)/l
B 951 B N2(0(1,0(2) * Sl 8a1 851 * 80@ 851 2 8‘32 851 Ke 8)/1 851 '
(4.61)

Aq

The partial derivatives in order to Sy are equal to

dar oy 1
851 851 oﬂ/TSll

80(2 _ 1
d51 U\/Tsll
P __1

Since the derivative in order to the price of asset 1 has been calculated, the derivative
with respect to the price of asset 2 is also considered, and is as follows:
JP 3N2 &0(2
= — = _ N
d 0 0
+ 52 &ﬂ + %ﬂ — Ke_rTﬁﬂ.
8ﬁ1 852 8ﬁ2 852 87/2 852

The partial derivatives in order to S, are equal to

Ay
(4.62)

B _dy_ 1
852 (952 OzﬁSZI
daz _ _1
95, a\/TS2’
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%2 ___1
852 GVTSZ‘

The final partial derivative to be determined is the derivative of A; with respect to the

price of asset 2, which is equal to:

JN, dN.
9A1 _ 8N2 80(2 + 1 a&af 1 aaazz
852 80(2 852 Ulﬁ 852 \/T 852
o o (4.63)
dN; 1 S, B2 _Ke'T 1 I

+ e .
B2 6\TS, G\/_Sl 95, 01 VTS, 952

Many of these partial derivatives have already been calculated, except for the deriva-
tives in order to the price of asset 2 of the bivariate normal derivative in the order to the
greek letters. Thus, let’s compute them:

aaNz

o _ 1 e_ﬁ(P a — a1pe 1
952 \2n V1-p? oVTSo/1 - p%,
IN:
I5r _ 1 e_g@ Y2 = v1p 1
952 \2nm VI=p2 | 0aNTST= 2
ON
a&azz _ T%

N (_1 ) a1 - azpe
952 am\ 2 a\/_Sz V1 - p?
_9 (al—azpc

1 9
+——e" 2¢
V2n V1-p2

_‘OC
G\/_Sz 1- Pc

_ _T% a1 — aape Pe a1 — aapc
0SV2RT Vi | v\ )

N

9% 1 ( Lyg,——1 )e'éN B1 = B2pc
= | —— 2 _—

95 \am\ 27 6VTS, 1-p2

1 -1
R
V2n \/1 _ ch \/1 _ ,0?; VTS, VTS,

_ 1 e‘ﬁ_% B1— B2pc N 0+ pcoz o B1 = P2pc
052 V21T 1-— p%: o [1 _ pé ,1 _ pé

With all the derivatives calculated for the worst of call, itis therefore possible to calculate

the Greeks for the other options due to the parity relationships shown in subsection 4.4.2.
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The deduction starts with the Greeks for the best of call. The Greeks of the simple call
option are taken from Bjork’s book [2].

The first Greek to be computed is p, which is the derivative of the interest rate:

PBo cally = KX Te "TN(da(t, S1)) + K x Te " N(da(t, S2)) = pwo Ca) (4.64)

with d(t, S;) given by Equation 4.3.
The derivative of the best of call function with respect to the strike price is equal to

PO call) IPwo cany
dK JK
The next derivative to be calculated is the derivative in order to the correlation, known

= —¢"IN(do(t, S1)) — e "TN(da(t, Sp)) — (4.65)

as Cega, which is equal to

Cegapo cany = ~Ce8awo cany (4.66)

since there is no correlation term on simple options, there is no derivative on it.

The derivative in order to the maturity date is as follows

S1p(di(t, S1))o1
2T
N S2p(d1(t, S2))o2 .
2T
with dy(t, S;) given by Equation 4.2.

O@®o call) = +rKe "TN(ds(t, $1))
(4.67)

rKe " TN(da(t, S2)) = Owo call)

The following derivatives to be determined are in order to the volatilities of each asset,

and are equal to

V180 catly = S19(d1(t, $1))VT = viwo can, (4.68)

Va@o cally = S2¢(d1(t, $2))VT = vawo can, (4.69)

there is no derivative in v for the option on asset 2 because the volatility of asset 1 is not
one of the parameters of the price function. The same happens in v, since there is no
volatility of asset 2 in the price function of the option on asset 1.

The derivatives in order to the prices of each asset, are equal to

A1go cany = N(di(t, S1)) — Aywo cany, (4.70)

Ao calty = N(d1(t, S2)) — Aywo cal), 4.71)

the same situation described above when calculating the Vega also occurs when calculating
the derivatives in order to the price.

To finish calculating the Greeks for the best of call option, let’s calculate the derivative
of A1 with respect to the price of the asset 2.
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dAiocaly _  dAiwo cal
25, B dS, '

This derivative ultimately depends only on the crossgamma of the worst of call, as

(4.72)

there are no cross effects in simple call options.
The next set of Greeks that are calculated are for the worst of put options. Begin by
calculating the derivative of the interest rate

pwopuy = —Te " TK + pewo call), (4.73)

the term WO Call(0) does not depend on the interest rate variable, so there is no derivative
for this term.

The next Greek to be computed is the derivative in order to the strike price, which is
as follows:

IPworut) T 4 IdPwo cally
oK ) S
the term WO Call(0) does not depend on the strike price variable, so there is no derivative

(4.74)

for this term.

The correlation derivative is as follows

Syp(d1)o102NT
o

Cegawo puy = ~ +Cegawo cany/ (4.75)

the WO Call(0) price expression is different from the usual one because the strike price
is 0, resulting in a different Cega expression. These differences happen in the next few
derivatives.

The next Greek to be calculated is ®, which is equal to

Sz(p(dl)ﬁ
2NT

The next derivatives to be deduced are in order to the volatilities of each asset, these

Owo puy = —re "TK + + Owo call)- (4.76)

are equal to

S2(d)VT (01 = paa)

V1(WO Put) = > + V(WO Call), (4.77)

Sop(d1)VT (02 — pa1)

V2(WO Put) = > + V2(WO Call)- (4.78)

Now calculating the A of each asset

Aywo put) = —=N(d2) + Aywo cary, (4.79)

Aowo puty = =1 + N(d1) + Aywo cany- (4.80)
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To complete the calculation of the Greeks for the worst of put option, the derivative of

A1 with respect to the price of asset 2 is computed.

A1 (WO Put) 1 IA1 WO Call)
——— = —¢(d2) + :
(952 Szgﬁ (952

To finalize the computation of the Greeks for these options, the derivatives for the best

(4.81)

of put option are calculated. Calculations start with the determination of the derivative

of the interest rate

p@oPuty = —Te T K + p@o can) (4.82)

the term BO Call(0) does not depend on the interest rate variable, so there is no derivative
for this term.

The next Greek to be determined is the derivative in order to the strike price, which is
the following:

IdPBO Put) Ty IdP o cal)
JK JK
the term BO Call(0) does not depend on the strike price variable, so there is no derivative

(4.83)

for this term.

The derivative of the correlation is the following

Syp(d1)o102NT
Cegago puy = - +Cegapo can) (4.84)

the price expression of BO Call(0) is different from the usual one because the strike price
is 0, which leads to a different Cega expression. These differences happen in the next few
derivatives.

The next Greek to be calculated is ©. This is equal to

_ Sap(di)o
O®o puy = —re K — (ZPT + O B0 Call)- (4.85)

The next Greeks to be deduced are the Vegas, these are equal to

S2p(d1)VT (01 — paa)

V1(BOPut) = — - + V1(BO Call), (4.86)

S20(d)VT (02 = poy)

V2(BO Put) = — 5 + V2(BO Call)- (4.87)

Calculating A for each asset follows.

A1@Bo Puy = —1 + N(d2) + AyB0 Cal, (4.88)

Ax®o Puty = —N(d1) + Ao call- (4.89)
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To conclude the Greeks analysis for the best of put option, the derivative of A1 with

respect to the price of asset 2 is computed

JA u oA
1(BOPut) _ o(ds) 1 N 1(BO Call)

(4.90)
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5

REsuLTs AND ANALYSIS

In this chapter, the focus is on presenting and analysing the results obtained from the

pricing and Greeks computation of each multi-asset option.

The first type of multi-asset option to be discussed is the basket option.

5.1 Basket Options

In order to analyse which is the best method for approximating the price of a basket option

compared to the Monte Carlo simulation, it was decided to use a fictitious example of a

basket with 4 underlying assets and with the parameters that define the pricing of the

option equal to

S;(0) = 100

o; =40%

r=20

T=5

w; =0.25

pij =05 (for i#j) and

K =100

Therefore, the results achieved for this example are equal to

Methods

Levy

MP-RG

MP-4M

Monte Carlo

Price

28.05

24.50

27.99

27.61

Table 5.1: Price of a Basket Option for the different methods

Ju’s method, addressed in subsection 4.2.2, is excluded from Table 5.1 because, despite

multiple attempts to implement it in Python, it was not possible to replicate the results
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from the article by Krekel, Kock, Korn and Man [14]. Consequently, this technique is not
included in the discussion of the subsequent results.

Looking at the values presented in Table 5.1, it can be concluded that, for this example,
the MP-4M method is the closest to the Monte Carlo simulation, while the MP-RG method is
the furthest. However, it is important to emphasise that, to draw more precise conclusions
about which methods yield results closest to the Monte Carlo simulation, it is necessary
to vary the various parameters that define the price function of a basket option. This
allows for an evaluation of which methods provide the most reliable results under various
fluctuations. Only then the method that best approximates the price of a basket option
can be selected. Thus, this approach is implemented.

All varied parameters are adjusted to the same values. For instance, if the price of
one asset is changed, all the others are also set to that same value. However, due to the
completeness of the programmed code, it is not necessary for the above situation to occur,
i.e. it is possible, for example, for all assets to have different prices.

The first parameter to vary is the asset price. The variation in the asset price values for
the different methods is shown in Figure 5.1.

Basket Call Option Price Varying Asset Prices using Different Methods

Levy
MP-GR
100 1 —— MP-4M
—&— Monte Carlo
Il 95% CI

80 1

60 4

Option Price

20 4

25 50 75 100 125 150 175 200
Asset Prices

Figure 5.1: Basket Call Option Price Varying Asset Prices using Different Methods

Analysing the graph of Figure 5.1, it can be seen that all methods, except the MP-GR,
perform well. The Levy and the MP-4M methods have prices that are virtually the same
as the Monte Carlo simulation. This observation is reinforced by the confidence interval
of the Monte Carlo simulation in the graph, as the values of the Levy and the MP-4M
methods are within the confidence interval.

The next parameter to be varied is the correlation. Since all assets have the same
correlation with each other, and the correlation matrix must be positive definite (see
subsection 3.2.2), this parameter can only be successfully varied if the correlation is equal
to or greater than —0.3. The graph illustrating these variations is shown in Figure 5.2.

Examining the graph of Figure 5.2, it is evident that, aside from the MP-GR method,
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Basket Call Option Price Varying Correlation using Different Methods

Levy
MP-GR
= MP-4M
30 4 —&— Monte Carlo

Option Price
N
w

N
(=}

154

T T T T T T
-0.2 0.0 0.2 0.4 0.6 0.8
Correlation

Figure 5.2: Basket Call Option Price Varying Correlation using Different Methods

the other methods perform well. For negative and small positive correlations, the Levy
method slightly overprices the basket option compared to the Monte Carlo simulation
values. However, for correlation values above 0.5, the option price becomes nearly
identical to both the Monte Carlo simulation and the MP-4M method. In contrast, the
MP-4M method consistently produces option prices that are nearly identical to the Monte
Carlo simulation, regardless of the correlation value.

The Figure 5.3 shows the effect of varying the volatility parameter in the different

methods.

Basket Call Option Price Varying Volatility using Different Methods

50
Levy
MP-GR

1 —e— mMp-am
—®— Monte Carlo

Option Price
S = ] o] ] &
1 1 1 L |

=
T}
!

=
(5]
L

T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6
Volatility

Figure 5.3: Basket Call Option Price Varying Volatility using Different Methods

Observing the graph of Figure 5.3, it is clear that for low volatilities, the methods
closely match the values of the Monte Carlo simulation. Yet, at volatilities of 0.2, the
MP-GR method begins to diverge from the Monte Carlo simulation. Additionally, the
rate of increase of the MP-GR method appears to slow down as volatility rises. The
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rate of increase for both the MP-4M and Levy methods appears to follow a linear trend,
resembling a straight line as volatility increases.

Finally, the strike price parameter is varied. The graph corresponding to this variation
for the different methods can be seen at Figure 5.4.
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Figure 5.4: Basket Call Option Price Varying Strike Price using Different Methods

Analysing the graph of Figure 5.4, reveals that, for very small strike prices, the methods
yield values nearly identical to those of the Monte Carlo simulation. However, as the strike
price increases, starting from a strike price of 40, the MP-GR method begins to diverge
from the others and ends up undervaluing the basket option compared to the Monte Carlo
simulation.

Thus, with these variations in the parameters, it can be concluded that the MP-4M
method is the most consistent and produces the most similar results to the Monte Carlo
simulation. The MP-GR method, on the other hand, produces the poorest results compared
to the Monte Carlo simulation.

The article by Krekel, Kock, Korn and Man [14] explores the idea of varying different
parameters and concludes that Ju’s method is the most effective for approximating the
price of a basket option. This is because it produces results that most closely match those
obtained from Monte Carlo simulation. Conversely, the MP-RG method demonstrates the
poorest pricing performance among all the methods analyzed, as its results deviate the
most from the Monte Carlo benchmarks. In addition, while the MP-4M method shows
strong results in the calculations, the authors recommend its use only when the assets
exhibit low volatilities.

Now, let’s analyse the values obtained for the Greeks using Monte Carlo simulation and
the two methods mentioned in subsection 4.2.3. The example used for these calculations
is the same as that for pricing the basket option.

Due to the completeness of the code, i.e. all codes allow to choose the asset for
which is wanted to calculate the derivatives, it was decided to calculate the derivatives in
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order to the first asset, and in the case of Cega, in order to the first and the second asset.
Consequently, the following results will reflect this.
The first Greek presented is A, with the results shown in Table 5.2.

Methods | Levy | MP-RG | Monte Carlo
A 0.16 0.15 0.16

Table 5.2: Delta of a Basket Option for the different methods

Examining the results in Table 5.2, it is evident that of the two methods used, the Levy
method produces results most similar to those of the Monte Carlo simulation, with both
yielding identical outcomes in this case.

Calculating the value of the derivative for just one asset price is not entirely reliable.
Therefore, a graph has been created that illustrates various asset price values for the

different methods, as shown in Figure 5.5.
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Figure 5.5: Delta of a Basket Call Option using Different Methods

Evaluating the graph of Figure 5.5, it can be seen that the conclusions drawn earlier
remain valid across various asset price values, confirming that Levy’s method produces
results most similar to the Monte Carlo simulation. The results of the MP-GR method
for extremely low and high asset prices align closely with those from the Monte Carlo
simulation. Furthermore, the graph shows that A is positive and increasing, indicating that
a one-unit increase in the price of any of the assets in the basket results in an increase in the
price of the basket. This behavior is similar to that of call options, which is understandable,
as the basket can be viewed as a call option on a single underlying asset, where the
underlying asset is the basket itself. Another characteristic observed is that the values of
the derivative for the different asset prices range between 0 and 1, a feature common to
call options.

Next, the results for the derivative with respect to the correlation can be seen at
Table 5.3.
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Methods

Levy

MP-RG

Monte Carlo

Cega

2.32

1.51

2.38

Table 5.3: Cega of a Basket Option for the different methods

The results of Table 5.3, reveal that neither of the two methods produces results similar
to the Monte Carlo simulation. However, Levy’s method is the one with the closest
results to those obtained by Monte Carlo simulation, making it a more reliable method
than the MP-RG for calculating the Cega of a basket option. Given that the Monte Carlo
simulation took approximately 16 minutes to obtain a single Cega result, due to the
extensive number of repetitions required to achieve stability, Levy’s method should be
favored for determining this Greek, as it delivers the most satisfactory results between the
two methods.

Similar to the case of A, a graph has been created displaying various correlation values
for the different methods. This graph is presented in Figure 5.6.
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Figure 5.6: Cega of a Basket Call Option using Different Methods

The graphic of Figure 5.6, confirms the earlier observations made while analyzing
Table 5.3, meaning that none of the methods yield results that are entirely similar to those
of the Monte Carlo simulation. Yet, for correlation values exceeding 0.5, Levy’s method
starts to produce results that closely align with the Monte Carlo simulation.

The Cega is a decreasing positive function, as expected, indicating that an increase of
one unit in the correlation causes an increase in the price of the basket. This means that
the highest price of a basket occurs when the correlation is more positive, while the lowest
price is when the correlation is more negative, practically close to —1. This observation is
logical, since a negative correlation between the assets leads to greater dispersion in the
asset prices, which can result in a smaller increase in the basket price. In contrast, a strong
positive correlation between the assets makes the asset prices to be very similar to each
other, potentially leading to a larger increase in the basket price.
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Lastly, the results obtained for the v are in Table 5.4.

Methods | Levy | MP-RG | Monte Carlo
v 17.34 | 11.28 17.21

Table 5.4: Vega of a Basket Option for the different methods

As in the case of the Cega, the results of Table 5.4 indicate that none of the methods
produce results similar to the Monte Carlo simulation. Nonetheless, Levy’s method is
once again the only one that provides results closer to those of the Monte Carlo simulation,
establishing it as a more reliable approximation technique compared to the MP-RG method.

Now let’s make a graph with different volatility values for the assets for the different

methods. The graph can be seen at Figure 5.7.
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Figure 5.7: Vega of a Basket Call Option using Different Methods

Looking at the graph of Figure 5.7, it confirms what was said earlier when analysing
Table 5.4, indicating that none of the methods produce results entirely similar to those
of the Monte Carlo simulation. However, for low values of volatility, up to 0.25, Levy’s
method has v values that are practically identical to those of the Monte Carlo simulation.

A closer examination of the graph reveals that the MP-GR method decreases at a faster
rate than both the Levy method and the Monte Carlo simulation.

The v graph is a decreasing positive function, meaning that a one unit increase in
volatility causes an increase in the price of a basket. Although the A of a basket call option
behaves similarly to a call option, the same cannot be said for the v, as the sigma parameter
now depends on the volatility of each asset. Consequently, the graph does not have the
shape of a parabola with the concavity pointing downwards. It can also be observed that
the lowest Vega value occurs when the volatility of the assets is 0.6, whereas the highest
is found at a volatility of 0.1.
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5.2 Outperformance Options

In order to analyse the Greeks of the outperformance option, the price function of this
option was first programmed to help construct the graphs later.

As the pricing formula for these options is similar to that of an European call option,
the Greeks will likewise behave similarly. However, let’s analyse each of the Greeks in

detail to confirm this.
To calculate the Greeks, a fictitious example has been used, where the parameters

defining the option price function are

$1(0) = 100
S2(0) =95
01 = 20%
o2 =25%

T=1
p12 =05

It should be noted that these fixed values for each parameter will change when calcu-
lating the Greeks for their respective parameters.

As with the basket options, graphs have been created to help analyse the results. The
tirst Greek to be analysed is A1, which is the derivative with respect to the price of the
asset 1. The graph for this Greek is shown in Figure 5.8.
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Figure 5.8: Graphic of Asset 1 Price Greek for Outperformance Option Function

Examining the first graph of Figure 5.8, it is evident that from values close to 95, an
increase in the price of the asset 1 leads to an increase in the option’s price. When the
price of asset 1 is below 95 (the price of asset 2), the option is worthless, as asset 1 cannot
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outperform asset 2. In the second graph, the behavior of A; mirrors the A behavior of
European call options. Notably, for asset 1 prices between 20 and 60 (or 75), A; remains at
zero, indicating no change in the option price. When the price of asset 1 varies between 60
and 140, the function grows at a positive rate, which means that an increase in the price
of asset 1 during this price interval causes the option price to increase positively. Finally,
for prices above 140, A; stabilises at 1, which is the maximum value that this Greek can
take, meaning that the option’s value will continue to increase at a constant rate.

Now let’s analyse Ay, which represents the derivative with respect to the price of asset
2. The graph illustrating this Greek can be found in Figure 5.9.
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Figure 5.9: Graphic of Asset 2 Price Greek for Outperformance Option Function

Studying the graphs of Figure 5.9, its clear that the behaviour of A; is the opposite of
A1. The first graph shows that an increase in the price of the asset 2 causes a decrease in
the price of the option. Once the price of asset 2 reaches 140, the option loses all value, as
asset 2 outperforms asset 1, rendering the option worthless. The second graph shows that,
initially, up to a price of 60, A is equal to —1, which means that an increase in the price
of the asset 2 will consistently cause the option price to decline at the same rate, which is
reflected in the first graph by a decreasing straight line up to this point. Between the price
range of 60 and 140, the value of A; increases, although it remains negative, indicating
that while the option price continues to fall, it does so at a much slower rate. When the
price of the asset 2 exceeds 140, the A; stabilises at 0, signifying that the option price no
longer varies with changes in the price of asset 2.

Now, let’s examine the ©. Its graph is shown in Figure 5.10.

The first graph of Figure 5.10 shows that extending the maturity date of the option
increases its price, with the growth being more rapid for shorter maturities and slowing
as the maturity date extends. The second graph illustrates that increasing the maturity
date causes the value of © to decrease positively, initially at a faster rate, but the decline
becomes more gradual for longer maturity periods, which aligns with the observations
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Option Price vs. Maturity Theta vs. Maturity
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Figure 5.10: Graphic of Maturity Time Greek for Outperformance Option Function

from the first graph.
The next Greek to be analysed is Cega. The graph for this Greek can be viewed in
Figure 5.11.
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Figure 5.11: Graphic of Correlation Greek for Outperformance Option Function

Interpreting the first graph of Figure 5.11, it can be seen that as the correlation between
the two assets increases, the option price decreases. This is consistent with expectations,

as o is equal to \/ a% + a% —2po102. When the correlation is —1, ¢ is at its highest value,
leading to the highest option price. As the correlation increases, o decreases, resulting in
a lower option price. The lowest price is observed when the correlation is 1. The second
graph shows that as the correlation rises, Cega becomes more negative, indicating that the
option price drops faster with increasing correlation, as was already evident from the first
graph. Therefore, this type of option is more attractive when the two assets are negatively
correlated.

Finally, the v for each of the assets is analysed. The graphs of these derivatives are
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presented in Figure 5.12 and Figure 5.13.
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Figure 5.12: Graphic of Volatility Asset 1 Greek for Outperformance Option Function
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Figure 5.13: Graphic of Volatility Asset 2 Greek for Outperformance Option Function

The first graphs of Figure 5.12 and Figure 5.13 indicate that as the volatility of each
asset rises, the price of the option also increases. This aligns with the definition of o, where
the volatilities of each asset are squared in the formula for o, resulting in a higher value
of 0 and, consequently, an increase in the option price. The second graph in each figure
shows that as the volatility of the assets increases, the value of v rises and becomes positive,
signifying that the option price increases at a faster rate. At certain higher volatility values,

v starts to stabilize, meaning the rate of price increase levels off.

5.3 Best and Worst of Options

As with the outperformance options, it was necessary to program the pricing formulas
for these options, using either the explicit formula or the parity relationships discussed
earlier (subsection 4.4.2), in order to generate graphs for analysing their Greeks.
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To calculate the Greeks of these options, a fictitious example has been used where the

parameters defining the price function are

$1(0) = 100
S2(0) =95
o1 =20%
0y = 25%

K =110
r=5%
T=1

p12 =05

Note that the fixed values for each parameter will vary when calculating the Greeks

for each respective parameter.

5.3.1 Worst of Call Option

The first Greek to be studied is p, the derivative in order to the risk-free interest rate, whose

graph can be seen in Figure 5.14.
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Figure 5.14: Graphic of Interest Rate Greek for Worst of Call Option Function

Examining the first graph of Figure 5.14, it can be observed that the price of a worst
of call is a positive increasing function of the interest rate, similar to that of an European
call option. The second graph indicates that p is an increasing positive function of the
interest rate, meaning that a one-unit increase in the interest rate results in an increase in
the option price, consistent with the observations made in the first graph.

The next Greek to analyse is the derivative of the option price function with respect to
the strike price. The graph of this Greek can be found in Figure 5.15.
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Option Price vs. Strike Price Greek vs. Strike Price
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Figure 5.15: Graphic of Strike Price Greek for Worst of Call Option Function

Interpreting the first graph of Figure 5.15, it is evident that the price of a worst of call
is a decreasing function as the strike price increases. This is consistent with the nature
of call options, where an increase in the strike price leads to a decrease in value and may
eventually render the option worthless. This behaviour is similar to that of an European
call option. The second graph illustrates that this Greek is a negatively increasing function
of the strike price, meaning that a one-unit increase in the strike price results in a decrease
in the option price, but at a slower rate as the strike price rises. This observation further
supports the findings from the first graph.

The next Greek to be analysed is Cega, and its graph can be viewed in Figure 5.16.
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Figure 5.16: Graphic of Correlation Greek for Worst of Call Option Function

Looking at the first graph of Figure 5.16, it can be observed that at high negative
correlations, the price of the option grows insignificantly. However, from a correlation
of —0.75 onward, the price of the option increases significantly as the correlation value
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rises. This behaviour is logical because the option is based on the worst performing asset,
therefore, a smaller spread between asset prices is desirable to ensure that even the worst
performing asset retains significant value. Turning to the second graph, it can be seen that
Cega is a positively increasing function of the correlation coefficient, meaning that a one-
unit increase in the correlation leads to an increase in the option price. These conclusions
align with the observations made for the first graph. Additionally, a closer look at the
second graph reveals that for correlation values below 0.5, the graph approximates a
straight line, whereas from a correlation value of 0.5, the graph resembles an exponential
function.

The next Greek to be studied is ®, whose graph is shown in Figure 5.17.
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Figure 5.17: Graphic of Maturity Time Greek for Worst of Call Option Function

Analysing the first graph of Figure 5.17, it can be observed that the price of the worst
of call is a positively increasing function of the maturity date, a behaviour similar to that
of call options. The second graph indicates that © is a decreasing positive function of the
maturity date, meaning that a one-unit increase in the maturity date leads to an increase
in the option price.

The next Greek to examine is v for the volatility of each asset. The two graphs can be
seen in Figure 5.18 and Figure 5.19.

The first graphs in Figure 5.18 and Figure 5.19, show that the option price is an
increasing positive function of each asset’s volatility, with the price stabilising at higher
volatility levels. In the second graphs, it can be seen that v is a decreasing positive function
of each asset’s volatility. This means that a one-unit increase in the volatility of one of the
assets will cause the option price to rise. It appears that the values of v approach zero as
the volatility increases, as observed in the graph.

The next Greek to analyse is the A for the price of each assets. The graphs can be
viewed in Figure 5.20 and Figure 5.21.

From the first graphs of Figure 5.20 and Figure 5.21, it can be observed that the option
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Figure 5.18: Graphic of Volatility Asset 1 Greek for Worst of Call Option Function
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Figure 5.19: Graphic of Volatility Asset 2 Greek for Worst of Call Option Function
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Figure 5.20: Graphic of Price Asset 1 Greek for Worst of Call Option Function
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Option Price vs. Asset 2 Price Delta vs. Asset 2 Price
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Figure 5.21: Graphic of Price Asset 2 Greek for Worst of Call Option Function

price is zero for asset prices up to 75. In this range, the worst performing asset has a value
much lower than the strike price, and since the option is a call, it holds no value. For prices
above 75, the option’s value begins to increase as the price of the asset rises. Once asset
prices exceed 150, the option value starts to stagnate. The second graphs in both figures
show that for asset prices up to 75, A is zero, which aligns with the observation in the first
graph, since the option price is zero, so is A. For asset prices between 75 and the point
where the two assets reach equal prices, A is an increasing function, indicating that as the
asset price rises, the option price increases as well. The maximum value of A occurs when
both assets are priced equally, and beyond this point, A decreases, giving the impression
that it returns to zero. This is consistent with the first graph’s conclusion, as the option
price becomes constant, its derivative (A) also approaches zero at these values. Since this
is a worst of option, it makes sense that for asset prices above 100, A drops, as the worst
performing asset is likely to be the other one at that point.

To conclude the study of the worst of call option Greeks, let’s examine the crossgamma,
which is the derivative of A with respect to the price of asset 2. The graph of this Greek
is displayed in Figure 5.22.

Interpreting Figure 5.22, it can be seen that the crossgamma remains at zero for asset
2 prices up to 50. This is logical because A1 is zero at these values, and since crossgamma
is its derivative, it follows that it would also be zero. As the price of asset 2 increases from
50 to a point where it is approximately equal to the price of asset 1, the crossgamma rises,
indicating that an increase in asset 2’s price leads to an increase in A;. The crossgamma
reaches its peak when both assets have the same price, after which it begins to decline,
suggesting it may approach zero. This aligns with the behavior seen in the A; graph.
Notably, the magnitude of crossgamma remains close to zero throughout, indicating that
asset 2 has little influence on A;.
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Crossgamma vs. Asset 2 Price
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Figure 5.22: Crossgamma for Worst of Call Option Graphic

5.3.2 Best of Call Option

For these options, let’s only analyse the most important Greeks, which are Cega, v and A,
in that order. The Figure Figure 5.23 illustrates the behavior of Cega.
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Figure 5.23: Graphic of Correlation Greek for Best of Call Option Function

Examining the first graph of Figure 5.23, it is clear that for a high negative correlation,
the option price does not decrease significantly. However, starting from a correlation
of —0.75, the option price begins to drop significantly as the correlation value increases.
This behaviour is the opposite of what is observed with the worst of call, which is
understandable since a more negative correlation benefits the option by increasing the
dispersion between asset prices, allowing the best performing asset to reach a higher value.
Turning to the second graph, it shows that Cega is a negatively decreasing function of
the correlation coefficient. This means that a one-unit increase in the correlation results
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in a decrease in the option price. These conclusions align with the insights from the first
graph, and this graph is symmetrical to that of the Cega of the worst of call option.
The Figure 5.24 represents the v graph of the best of call.
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Figure 5.24: Graphic of Volatility Asset 2 Greek for Best of Call Option Function

The first graph of Figure 5.24 illustrates that the option price is an increasing and
positive function of the volatility of each asset. The second graph indicates that v is a
positively increasing function of the volatility of each asset. This means that an one-unit
increase in the volatility of any asset will lead to a rise in the option price. The graph
suggests that if volatility continues to increase, v is likely to stabilise and reach a constant
value.

Finally, the Figure 5.25 contains the A of the best of call.
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Figure 5.25: Graphic of Price Asset 2 Greek for Best of Call Option Function

From the first graph of Figure 5.25, it can be observed that for asset prices up to 75,

the price of the option is zero. In this situation, the best performing asset, asset 1, has a
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value lower than the strike price, meaning the call option has no value. For prices above
75, the option’s value begins to increase as the price of the asset rises. The second graph
shows that for asset prices up to 75, A is zero, which aligns with the observation in the
first graph, as a zero option price corresponds to a zero A. For asset prices between 75
and 150, A is an increasing function, i.e. as the asset price increases, the option price also
increases. At asset prices of 150 or more, A starts to stabilise and reaches a value of 1. This

behaviour of this Greek is identical to the A of an European call option.

5.3.3 Worst of Put Option
First, let’s analyse Cega, whose graph can be viewed in Figure 5.26.
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Figure 5.26: Graphic of Correlation Greek for Worst of Put Option Function

Looking at the first graph of Figure 5.26, it is evident that the price of the option
decreases almost proportionally as the correlation value increases. This behaviour is
comprehensible, as a lower worst performing asset price relative to the strike price is
advantageous in this case, since the option is a put. In the second graph, it can be observed
that Cega is a negatively increasing function for high negative correlation values, up to
approximately a correlation coefficient of —0.5. Beyond this point, the function begins to
decrease as the correlation coefficient increases, indicating that a one-unit increase in the
correlation value may lead to either a smaller or a larger decrease in the option price.

The Figure 5.27 illustrates the v of a worst of put option.

The first graph of Figure 5.27 shows that the option price is an increasing and positive
function of the volatility of each asset. The second graph indicates that v is a positive
increasing function, meaning that a one-unit increase in the volatility of one of the assets
will generally lead to an increase in the option price. Furthermore, it can be observed
that for volatility values equal to or greater than 0.35, the value of v begins to stabilise at
approximately 35.
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Figure 5.27: Graphic of Volatility Asset 2 Greek for Worst of Put Option Function

The last Greek of the worst of put options to be studied is the A, represented in
Figure 5.28.
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Figure 5.28: Graphic of Price Asset 2 Greek for Worst of Put Option Function

The first graph of Figure 5.28 illustrates that for asset prices up to 125, the option price
decreases as the asset price increases. For values above 125, the option price begins to
stabilise, remaining constant. The second graph shows that for asset prices up to 50, the A
is —1. For asset prices between 50 and 150, A is a negative increasing function, i.e. as the
asset price increases, the option price decreases at a slower rate. For asset prices of 150 or

more, A begins to stabilise and reaches 0.

5.3.4 Best of Put Option

The Cega of this option is illustrated in Figure 5.29.
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Figure 5.29: Graphic of Correlation Greek for Best of Put Option Function

Analysing the first graph of Figure 5.29, it is evident that that the option price increases
almost proportionally as the correlation value rises. The option price reaches its maximum
at perfect positive correlation, where asset prices are not dispersed, which is advantageous
for a put option. In the second graph, Cega is shown to be a decreasing positive function
for high values of negative correlation, up to approximately a correlation coefficient of
—0.5. Beyond this point, the function begins to increase as the correlation coefficient rises,
indicating that a one-unit increase in correlation can lead to either a smaller or larger
increase in the option price.

The graph of the v can be found in Figure 5.30.
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Figure 5.30: Graphic of Volatility Asset 2 Greek for Best of Put Option Function

The first graph of Figure 5.30 shows that the option price is a positive increasing
function of the volatility of each asset. The second graph indicates that v is a positive

decreasing function, meaning that a one-unit increase in the volatility of one of the assets
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will cause the option price to rise more rapidly at lower volatilities and more slowly at
higher volatilities.

To finish the analysis of the Greeks of these options, let’s examine the A of the best of
put option. The graph for this Greek can be viewed in Figure 5.31.
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Figure 5.31: Graphic of Price Asset 2 Greek for Best of Put Option Function

The first graph of Figure 5.31 indicates that the option price remains constant for asset
prices up to 75. Beyond this threshold, the option value begins to decrease, eventually
reaching zero as the asset price continues to rise. The second graph shows that for asset
prices up to 75, A is zero, aligning with the first graph’s observations, if the option price is
constant, A must be zero. For asset prices between 75 and 100, A behaves as a negatively
decreasing function, i.e. as the asset price increases, the option price decreases. When the
asset price ranges from 100 to 200, the function remains negative but starts to increase,
meaning that a one-unit rise in the asset price results in a smaller decrease in the option

price. It is also noteworthy that A approaches zero as the asset price nears 200.
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CONCLUSION

The aim of this thesis was to study and analyse multi-asset options. While the effects
of various parameters on these options were examined, particular emphasis was placed
on the impact of correlation. This focus provided deeper insights into how correlation
influences the behavior and pricing of multi-asset options.

In general, the three types of multi-asset options exhibited distinct behaviors regarding

the increase in the correlation coefficient.

In the study of basket options, prior to examining the impact of correlation on these
options, an effort was made to determine which of the four methods analysed yielded
results most similar to those obtained from the Monte Carlo simulation. One of the four
methods could not be implemented in the Python programming language, so it was
excluded from consideration when drawing conclusions about which method was the
best. By varying most of the parameters that define the price of a basket option, except
for the maturity date and the interest rate, it was found that the method producing the
most consistent and similar results to the Monte Carlo simulation is the MP-4M technique.
After determining which method best approximates the price of a basket option, the effect
of correlation on these options was analysed using Monte Carlo simulation. This method
serves as the benchmark due to its high accuracy in approximating both the price and the
Greeks of a basket option. Additionally, two of the four methods studied in this thesis
were utilised in this analysis. The idea of using these methods to analyse the Greeks was
innovative, as, to the best of available knowledge, none of the reviewed articles on this
topic have addressed this aspect. Since these methods are used to approximate the price
of a basket option, they could also be utilised to estimate the Greeks of these options.
Consequently, varying the correlation coefficient between —0.3 and 0.9 revealed that none
of the methods yielded results comparable to the Cega derived from the Monte Carlo
simulation. However, for high positive correlation coefficients, Levy’s method produces
results nearly identical to those of the Monte Carlo simulation. Analysing the behaviour
of Cega through simulation, reveals that this Greek is a positive decreasing function of
the correlation coefficient, indicating that as the correlation increases, the option price

continues to rise, but at a progressively lower rate. If the option price increases with rising
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correlation, it implies that the maximum option price is attained when the correlation
reaches the perfectly positive value. Monte Carlo simulation may be the best method
for obtaining both the price and the Greeks of a basket option, serving as a benchmark
due to its high accuracy. However, achieving reliable values requires running numerous
repetitions, which can make it computationally intensive. Therefore, these alternative
methods should be considered, as they can offer a faster computational approach while
approximating the benchmark results.

The Cega of outperformance options is the opposite of that of basket options. The
Cega curve of these options is a negative decreasing function of the correlation coefficient,
indicating that as the correlation increases, the price of the option decreases at a greater
rate. This relationship implies that the maximum price the option can reach occurs when
the correlation is perfectly negative.

Finally, the behaviour of the Cega was examined for the best and the worst of options.
Starting with the Cega of the worst of call, it can be seen that it is a positive increasing
function of the correlation coefficient. This means that as the correlation increases, the
price of the option rises at an increasing rate. Since the price of the option increases with
the correlation, the maximum price it can achieve occurs when the correlation coefficient
is 1.

On the other hand, the Cega of the best of call exhibits the opposite behaviour. The
graph of this Greek is a negative decreasing function, which means that as the correlation
coefficient increases, the price of the option decreases at an accelerating rate. Therefore,
the highest price that the option can achieve occurs when the correlation coefficient is
equal to —1.

The Cega of the worst of put option behaves similar to that of the best call option,
primarily being a negative decreasing function. There are certain correlation values,
particularly at highly negative correlation coefficients, where the function may show
an increase. Generally, however, an increase in correlation leads to a decrease in the
option price, initially at a slower rate and then at an accelerated rate as the correlation
continues to rise. Consequently, this option reaches its maximum price with negative
perfect correlation.

The Cega of the best of put demonstrates behavior similar to that of the worst call
option, generally being a positive increasing function. At very negative correlation values,
however, the function exhibits a decreasing trend. This indicates that as the correlation
coefficient increases, the price of the option rise, initially at a slower pace and then
accelerating. Thus, the maximum price for the best of put options occurs when the
correlation value is perfectly positive.

As observed, the various multi-asset options exhibit distinct behaviors in relation to
the correlation parameter, highlighting the diversity these options offer to investors.

One of the strengths of this thesis was the calculation of the derivatives of two of the
four methods studied to approximate the price of a basket option, as no developments in
this area were found in any of the literature reviewed. Additionally, all the code developed
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for pricing and calculating the Greeks of basket options is general, it allows for differing
parameters among assets, or for all assets to share the same parameters. In the case of the
Greeks, users can choose the specific asset for which the derivatives are to be calculated.
Another strong point was the extension of the parity formulas for the best and worst of
options to n assets.

One area for improvement was the inability to program the Ju method in Python due
to the lack of clarity in the available articles. To address this, the literature review could
have been expanded to include more sources, in hopes of finding clearer explanations or
alternative presentations of the method that would facilitate its implementation.

For future work on this topic, the Greeks of the MP-4M method could be calculated, as
it is one of the most reliable techniques for approximating the price of a basket option. An-
other potential avenue for future research could involve repeating the analysis performed
for basket options while considering the errors that arise from using these methods to
approximate their price and Greeks. Another area for development is addressing the
hedging problem for these options, since their Greeks have already been analysed. Future
research could also focus on utilising basket option approximation methods to estimate
implicit correlation. Additionally, researchers could extend the scope of this thesis by
studying more complex multi-asset options and applying the same analytical approaches
that were used throughout this dissertation.
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CoDE

from math import log, sqrt, exp

from scipy.stats import norm, multivariate_normal
import numpy as np

import matplotlib.pyplot as plt

import pandas as pd

import seaborn as sns

from mpl_toolkits.mplot3d import Axes3D

from itertools import product

#Call Option Function with Black Scholes
def black_scholes_call(S, K, T, r, sigma):
dl = (log(S / K) + (r + (sigma**2) / 2) * T) / (sigma * sqrt(T))

d2 = dl - sigma * sqrt(T)

call_price = S * norm.cdf(dl) - K * exp(-r * T) * norm.cdf(d2)

return call_price

# Example usage:

SO® = 100 # Current stock price

K =110 # Option strike price

T=1 # Time to expiration in years
= 0.05 # Risk-free interest rate

sigma = 0.2 # Volatility

call_option_price = black_scholes_call(S®, K, T, r, sigma)
print (f )
The price of the call option is: 6.04

Listing I.1: Call Option Function and an Example
def worst_of_call(S1, S2, K, T, r, sigmal, sigma2, rho):
gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))

gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))
sigma_square = (sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2
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ANNEXI. CODE

worst_call_price = S1 * multivariate_normal.cdf([alphal, alpha2], mean=
mean, cov=[[1,thetal], [thetal, 1]]) + S2 * multivariate_normal.cdf([betal,
beta2], mean=mean, cov=[[1l, theta2], [theta2, 1]]) - K * exp(-r * T) *
multivariate_normal.cdf([gammal, gamma2], mean=mean, cov=[[1l, rho], [rho,
11D
return worst_call_price
#Example usage:
S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price
K =110 # Option strike price
T =1 # Time to expiration in years
r = 0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock
rho = 0.5 # Correlation between the 2 stocks
worst_call_option_price = worst_of_call(S1l, S2, K, T, r, sigmal, sigma2, rho)
print (£
)
The price of the worst of call option is: 2.35
Listing 1.2: Worst of Call Option Function and an Example
def best_of_call(S1l, S2, K, T, r, sigmal, sigma2, rho):
best_call_price = black_scholes_call(S1, K, T, r, sigmal) +
black_scholes_call(S2, K, T, r, sigma2) - worst_of_call(S1l, S2, K, T, r,
sigmal, sigma2, rho)
return best_call_price
#Example usage:
S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price
K =110 # Option strike price
T=1 # Time to expiration in years
r = 0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock
rho = 0.5 # Correlation between the 2 stocks

# Define the parameters for the the bivariate cumulative standard normal
distribution

mean = [0, 0]

alphal = gammal + sigmal * sqrt(T)

alpha2 = (log(S2/S1) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
thetal = (rho * sigma2 - sigmal)/sqrt(sigma_square)

betal = gamma2 + sigma2 * sqrt(T)
beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
theta2 = (rho * sigmal - sigma2)/sqrt(sigma_square)
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best_call_option_price = best_of_call(S1, S2, K, T, r, sigmal, sigma2, rho)
print (£

)
The price of the best of call option is: 9.53

Listing 1.3: Best of Call Option Function and an Example

def margrabe(S1, S2, T, sigmal, sigma2, rho):

* *

sigma = sqrt((sigmal**2) + (sigma2**2) - 2 rho * sigmal
dl (log(S2/S1)+ ((sigma®**2) / 2) * T) / (sigma * sqrt(T))
d2 = dl - sigma * sqrt(T)

sigma2)

margrabe_price = S2 - S2 * norm.cdf(dl) + S1 * norm.cdf(d2)
return margrabe_price

Listing I.4: Auxiliary Function

def worst_of_put(S1l, S2, K, T, r, sigmal, sigma2, rho):
worst_put_price = exp(-r * T) * K - margrabe(S1, S2, T, sigmal, sigma2,
rho) + worst_of_call(S1l, S2, K, T, r, sigmal, sigma2, rho)
return worst_put_price

#Example usage:
S1 = 100 # Current S1 stock price

S2 = 95 # Current S2 stock price

K =110 # Option strike price

T =1 # Time to expiration in years
r = 0.05 # Risk-free interest rate

sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock
rho = 0.5 # Correlation between the 2 stocks

worst_put_option_price = worst_of_put(S1l, S2, K, T, r, sigmal, sigma2, rho)
print (£
)]

7/ The price of the worst of put option is: 18.60

Listing I.5: Worst of Put Option Function and an Example

def best_of_put(S1, S2, K, T, r, sigmal, sigma2, rho):
best_put_price = exp(-r * T) * K - S1 - S2 + margrabe(S1, S2, T, sigmal,
sigma2, rho) + best_of_call(S1, S2, K, T, r, sigmal, sigma2, rho)
return best_put_price

#Example usage:
S1 = 100 # Current S1 stock price

S2 = 95 # Current S2 stock price

K =110 # Option strike price

T=1 # Time to expiration in years
r = 0.05 # Risk-free interest rate

sigmal = 0.2 # Volatility S1 stock
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sigma2 = 0.25 # Volatility S2 stock
rho = 0.5 # Correlation between the 2 stocks

best_put_option_price = best_of_put(Sl, S2, K, T, r, sigmal, sigma2,

print (£
The price of the best of put option is: 7.55

Listing 1.6: Best of Put Option Function and an Example

#Greeks of Worst Call Option
#In order to the interest rate

def greek_rho(S1, S2, K, T, r, sigmal, sigma2, rho):

rho)

gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))
gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

greek_rho_value = K * T * exp(-r * T) * multivariate_normal.cdf([gammal,

gammaz2], mean=[0,0], cov=[[1l, rho], [rho, 1]1])
return greek_rho_value

#Example usage:

S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price
K =110 # Option strike price

T =1 # Time to expiration in years

7/ sigmal = 0.2 # Volatility S1 stock

sigma2 = 0.25 # Volatility S2 stock
rho = 0.5 # Correlation between the 2 stocks

# Generate interest rates
interest_rates = np.arange(®, 0.11, 0.01)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
interest_rates,

[worst_of_call(S1, S2, K, T, rate, sigmal, sigma2,
for rate in interest_rates],
[greek_rho(S1, S2, K, T, rate, sigmal, sigma2, rho) for rate in
interest_rates]
b

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , V= , ax=axes[0], label=
, color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )
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39
40
41

43
44
45

W

[S2 0

data.plot(x= , Y= , ax=axes[1l], label= , color=
axes[1].set_title( )

axes[1].set_xlabel( )

axes[1].set_ylabel( )

plt.tight_layout()
plt.show()

Listing 1.7: Interest Rate Greek Function of Worst of Call Option and an Example

#In order to the strike price

def greek(S1l, S2, K, T, r, sigmal, sigma2, rho):
gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))
gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

greek_value = - exp(-r * T) * multivariate_normal.cdf([gammal, gamma2],
mean=[0,0], cov=[[1, rho], [rho, 1]1])

return greek_value

#Example usage:

S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price
T =1 # Time to expiration in years
r = 0.05 # Risk-free interest rate

sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock
rho = 0.5 # Correlation between the 2 stocks

# Generate strike prices
strike_prices = np.arange(90, 111, 1)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
strike_prices,
[worst_of_call(S1l, S2, strike, T, r, sigmal, sigma2, rho)
for strike in strike_prices],
[greek(S1, S2, strike, T, r, sigmal, sigma2, rho) for strike in
strike_prices]

1D

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= E , ax=axes[0], label=
, color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )
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37 data.plot (x= , y= , ax=axes[1l], label= , color=
)

38 axes[1].set_title( )

39/ axes[1].set_xlabel( )

40/ axes[1].set_ylabel( )

41

422/ plt.tight_layout ()
43/ plt.show()

Listing 1.8: Strike Price Greek Function of Worst of Call Option and an Example

1/ #In order to the correlation

3/ def greek_cega(S1l, S2, K, T, r, sigmal, sigma2, rho):
4 gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

*

5 sigma_square = (sigmal®*®*2) + (sigma2**2) - 2 rho * sigmal * sigma2

6 betal = gamma2 + sigma2 * sqrt(T)

7 beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
8 rho_C = (rho * sigmal - sigma2)/sqrt(sigma_square)

9 dl = (betal - rho_C * beta2) / (sqrt(l - rho_C ** 2))

11 greek_cega_value = S2 * norm.cdf(dl) * (exp(-0.5 * (beta2 ** 2)) / sqrt(2
* np.pi)) *
12 return greek_cega_value

* *

(sigmal sigma?2 sqrt(T) / sqrt(sigma_square))

14| #Example usage:

15/S1 = 100 # Current S1 stock price
16/ S2 = 95 # Current S2 stock price
17/ K = 110 # Option strike price

18T = 1 # Time to expiration in years
9/r = 0.05 # Risk-free interest rate
20/ sigmal = 0.2 # Volatility S1 stock
21 sigma2 = 0.25 # Volatility S2 stock

23| # Generate correlation values
24/ correlations = np.arange(-0.99, 1, 0.1)

26| # Create a DataFrame to organize the data
27/ data = pd.DataFrame ({

28 . correlations,

29 : [worst_of_call(S1, S2, K, T, r, sigmal, sigma2, rho) for
rho in correlations],

30 : [greek_cega(Sl, S2, K, T, r, sigmal, sigma2, rho) for rho in
correlations]

311 D)

32

33| # Plotting the graphs using pandas integration with matplotlib
34| fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

86



N

W

&3]

data.plot(x= , ¥= , ax=axes[0], label= s
color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color= )
axes[1].set_title( )

axes[1l].set_xlabel( )

axes[1].set_ylabel( )

plt.tight_layout()

7/ plt.show ()

Listing 1.9: Correlation Greek Function of Worst of Call Option and an Example

#In order to the time

def greek_theta(S1, S2, K, T, r, sigmal, sigma2, rho):
gammal = (log(S1/K) + (r - (sigmal®**2) / 2) * T) / (sigmal * sqrt(T))
gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

% *

sigma_square = (sigmal**2) + (sigma2**2) - 2 rho * sigmal sigma2
alphal = gammal + sigmal * sqrt(T)
alpha?2

rhol = (rho * sigma2 - sigmal)/sqrt(sigma_square)

(log(S2/S1) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))

betal = gamma2 + sigma2 * sqrt(T)
beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
rho2 = (rho * sigmal - sigma2)/sqrt(sigma_square)

dl = (alpha2 - rhol * alphal) / (sqrt(l - rhol ** 2))
d2 = (alphal - rhol * alpha2) / (sqrt(l - rhol ** 2))
d3 = (beta2 - rho2 * betal) / (sqrt(l - rho2 ** 2))
d4 = (betal - rho2 * beta2) / (sqrt(l - rho2 ** 2))

%

d5 = (gamma2 - rho * gammal) / (sqrt(l - rho ** 2))
d6 = (gammal - rho * gamma2) / (sqrt(l - rho ** 2))
deriv_alphal = (log(K/S1) + (r + (sigmal®**2) / 2) * T) / (2 * T * sigmal *
sqrt(T))

deriv_alpha2

(log(S1/S2) - (sigma_square / 2) * T) / (2 * T * sqrt(
sigma_square * T))
(log(K/S1) + (r - (sigmal**2) / 2) * T) / (2 * T * sigmal *

deriv_gammal

sqrt (1))
deriv_gamma2 = (log(K/S2) + (r - (sigma22#**2) / 2) * T) / (2 * T * sigma2 *
sqrt (1))
deriv_betal = (log(K/S2) + (r + (sigma2**2) / 2) * T) / (2 * T * sigma2 *
sqrt (1))

deriv_beta2 = (log(S2/S1) - (sigma_square / 2) * T) / (2 * T * sqrt(
sigma_square * T))

greek_theta_value = S1 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (alphal **
2)) * norm.cdf(dl) * deriv_alphal + (1/(sqrt(2 * np.pi))) * exp(-0.5 * (
alpha2 ** 2)) * norm.cdf(d2) * deriv_alpha2) + \
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S2 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (betal ** 2)) * norm.cdf(d3) *
deriv_betal + (1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2)) * norm.cdf(

d4) * deriv_beta2) + \

K *r * exp(-r * T) * multivariate_normal.cdf([gammal, gamma2], mean

=[0,0], cov=[[1, rho]l, [rho, 1]11) - \

K * exp(-r * T) * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (gammal ** 2)) *

o

norm.cdf(d5) * deriv_gammal + (1/(sqrt(2
2)) * norm.cdf(d6) * deriv_gamma2)
return greek_theta_value

#Example usage:

S1 = 100 # Current S1 stock price

S2 = 95 # Current S2 stock price

K =110 # Option strike price

r = 0.05 # Risk-free interest rate

sigmal = 0.2 # Volatility S1 stock

sigma2 = 0.25 # Volatility S2 stock

rho = 0.5 # Correlation between the 2 stocks

# Generate maturity dates
maturities = np.arange(l, 11, 0.1)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
maturities,
[worst_of_call(S1, S2, K, time, r, sigmal, sigma2,
for time in maturities],
[greek_theta(S1, S2, K, time, r, sigmal, sigma2, rho) for
maturities]

i)

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , y= , ax=axes[0], label=
color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color=
axes[1].set_title( )

axes[1].set_xlabel( )

axes[1].set_ylabel( )

plt.tight_layout()
plt.show()

* np.pi))) * exp(-0.5 * (gamma2

rho)

time in

Listing 1.10: Maturity Time Greek Function of Worst of Call Option and an Example
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1| #In order to the volatility of the assets

2

18

19

20

21

24

def greek_vegal(S1l, S2, K, T, r, sigmal, sigma2, rho):

gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))
gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))
sigma_square = (sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2
alphal = gammal + sigmal * sqrt(T)

alpha2 = (log(S2/S1) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))

rhol = (rho * sigma2 - sigmal)/sqrt(sigma_square)
betal = gamma2 + sigma2 * sqrt(T)

beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))

rho2 = (rho * sigmal - sigma2)/sqrt(sigma_square)

dl = (alpha2 - rhol * alphal) / (sqrt(l - rhol ** 2))
d2 = (alphal - rhol * alpha2) / (sqrt(l - rhol ** 2))
d3 = (betal - rho2 * beta2) / (sqrt(l - rho2 ** 2))
d4 = (gamma2 - rho * gammal) / (sqrt(l - rho ** 2))
deriv_alphal (log(K/S1) - (r - (sigmal**2) / 2) * T) / ((sigmal ** 2)
sqrt(T))

deriv_alpha2 = (sigmal - rho sigma2) * (((log(S1/S2) - ((sigma_square
T) / 2)) / ((sqrt(sigma_square)**3) * T)))

deriv_gammal = (log(K/S1) - (r + (sigmal**2) / 2) * T) / ((sigmal ** 2)
sqrt(T))

deriv_beta2 = (sigmal - rho sigma2) * (((log(S2/S1) - ((sigma_square
) / 2)) / ((sqrt(sigma_square)**3) * T)))

%

*

greek_vegal_value = S1 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (alphal **
) * norm.cdf(dl) * deriv_alphal + (1/(sqrt(2 * np.pi))) * exp(-0.5 * (
alpha2 ** 2)) * norm.cdf(d2) * deriv_alpha2) + \

S2 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2)) * norm.cdf(d3) *
deriv_beta2) - \

K * exp(-r * T) * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (gammal ** 2)) *
norm.cdf(d4) * deriv_gammal)

return greek_vegal_value

#Example usage:

S1
S2

K
T

r

= 100 # Current S1 stock price
= 95 # Current S2 stock price

110 # Option strike price
1 # Time to expiration in years

0.05 # Risk-free interest rate

sigma2 = 0.25 # Volatility S2 stock
rho

= 0.5 # Correlation between the 2 stocks

# Generate volatilities for stock 1

volatilityl = np.arange(0.1, 0.61, 0.01)

# Create a DataFrame to organize the data
data = pd.DataFrame ({

volatilityl,

89
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42 : [worst_of_call(S1, S2, K, T, r, sigmal, sigma2, rho) for
sigmal in volatilityl],

43 : [greek_vegal(S1l, S2, K, T, r, sigmal, sigma2, rho) for sigmal in
volatilityl]

401

46| # Plotting the graphs using pandas integration with matplotlib

47| fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

48

49/ data.plot(x= , y= , ax=axes[0], label=
, color= )

50 axes[0].set_title( )

51 axes[0].set_xlabel( )

52/ axes [0].set_ylabel ( )

54/ data.plot (x= , y= , ax=axes[1], label= , color=
)

55 axes[1].set_title( )

56/ axes[1].set_xlabel( )

57 axes[1].set_ylabel ( )

59 plt.tight_layout ()
60 plt.show()

Listing 1.11: Volatility of Asset 1 Greek Function of Worst of Call Option and an Example

1| def greek_vega2(S1, S2, K, T, r, sigmal, sigma2, rho):

2 gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))

3 gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

4 sigma_square = (sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2

5 alphal = gammal + sigmal * sqrt(T)

6 alpha2 = (log(S2/S1) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
7 rhol = (rho * sigma2 - sigmal)/sqrt(sigma_square)

8 betal = gamma2 + sigma2 * sqrt(T)

9 beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))

10 rho2 = (rho * sigmal - sigma2)/sqrt(sigma_square)

11 dl = (alphal - rhol * alpha2) / (sqrt(l - rhol ** 2))

12 d2 = (beta2 - rho2 * betal) / (sqrt(l - rho2 ** 2))

13 d3 = (betal - rho2 * beta2) / (sqrt(l - rho2 ** 2))

14 d4 = (gammal - rho * gamma2) / (sqrt(l - rho ** 2))

15 deriv_alpha2 = (sigma2 - rho * sigmal) * (((log(S1/S2) - ((sigma_square *
T) / 2)) / ((sqrt(sigma_square)**3) * T)))

16 deriv_gamma2 = (log(K/S2) - (r + (sigma2**2) / 2) * T) / ((sigma2 ** 2) *
sqrt(T))

17 deriv_betal = (log(K/S2) - (r - (sigma2**2) / 2) * T) / ((sigma2 ** 2) *
sqrt (T))

18 deriv_beta2 = (sigma2 - rho * sigmal) * (((log(S2/S1) - ((sigma_square * T

) / 2)) / ((sqrt(sigma_square)**3) * T)))
19
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20 greek_vega2_value = S1 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (alpha2 ** 2)
) * norm.cdf(dl) * deriv_alpha2) + \

21 S2 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (betal ** 2)) * norm.cdf(d2) *
deriv_betal + (1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2)) * norm.cdf(
d3) * deriv_beta2) - \

22 K * exp(-r * T) * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (gamma2 ** 2)) *
norm.cdf(d4) * deriv_gamma2)

23 return greek_vega2_value

25| #Example usage:
26/ S1 = 100 # Current S1 stock price
27/S2 = 95 # Current S2 stock price

28/ K = 110 # Option strike price
29/ T = 1 # Time to expiration in years
30r = 0.05 # Risk-free interest rate

31 sigmal = 0.2 # Volatility S1 stock
32lrho = 0.5 # Correlation between the 2 stocks

34| # Generate volatilities for stock 2
35/ volatility2 = np.arange(0.1, 0.61, 0.01)

37| # Create a DataFrame to organize the data
38 data = pd.DataFrame ({

39 : volatility2,

40 : [worst_of_call(S1, S2, K, T, r, sigmal, sigma2, rho) for
sigma2 in volatility2],

41 : [greek_vega2(S1l, S2, K, T, r, sigmal, sigma2, rho) for sigma2 in
volatility2]

201

43

44| # Plotting the graphs using pandas integration with matplotlib

45/ fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

46

47/ data.plot (x= , V= , ax=axes[0], label=
, color= )

48| axes[0].set_title( )

149/ axes[0] .set_xlabel( )

50 axes [0] .set_ylabel( )

52/ data.plot (x= , ¥= , ax=axes[1], label= , color=
)

53 axes[1].set_title( )

54 axes[1].set_xlabel( )

55/ axes[1].set_ylabel ( )

57/ plt.tight_layout ()
58 plt.show()

Listing 1.12: Volatility of Asset 2 Greek Function of Worst of Call Option and an Example
g y P P
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#In order to the underlying assets prices

def greek_deltal(S1, S2, K, T, r, sigmal, sigma2, rho):
gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))
gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))
sigma_square = (sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2
alphal = gammal + sigmal * sqrt(T)

alpha2 = (log(S2/S1) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))

rhol = (rho * sigma2 - sigmal)/sqrt(sigma_square)
betal = gamma2 + sigma2 * sqrt(T)

beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))

rho2 = (rho * sigmal - sigma2)/sqrt(sigma_square)

dl = (alpha2 - rhol * alphal) / (sqrt(l - rhol ** 2))
d2 = (alphal - rhol * alpha2) / (sqrt(l - rhol ** 2))
d3 = (betal - rho2 * beta2) / (sqrt(l - rho2 ** 2))
d4 = (gamma2 - rho * gammal) / (sqrt(l - rho ** 2))

1 / (sigmal * sqrt(T) * S1)

-1 / (sqrt(T * sigma_square) * S1)

1 / (sigmal * sqrt(T) * S1)
deriv_beta2 = 1 / (sqrt(T * sigma_square) * S1)

deriv_alphal

deriv_alpha2
deriv_gammal

greek_deltal_value = S1 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (alphal
2)) * norm.cdf(dl) * deriv_alphal + (1/(sqrt(2 * np.pi))) * exp(-0.5
alpha2 ** 2)) * norm.cdf(d2) * deriv_alpha2) + \

S2 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2)) * norm.cdf(d3)
deriv_beta2) + \

multivariate_normal.cdf([alphal, alpha2], mean=[0,0], cov=[[1, rhol],
rhol, 111) - \

K * exp(-r * T) * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (gammal ** 2))
norm.cdf(d4) * deriv_gammal)

return greek_deltal_value

3| #Example usage:

S2 = 95 # Current S2 stock price

K =110 # Option strike price

T =1 # Time to expiration in years
r = 0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock

rho = 0.5 # Correlation between the 2 stocks

# Generate stock 1 prices
assetl = np.arange (20, 200, 1)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
assetl,

[worst_of_call(S1, S2, K, T, r, sigmal, sigma2, rho) for

S1 in assetl],
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44

45

46

48
49

50

56

58
59

60

61

21

N
N

[greek_deltal(S1, S2, K, T, r, sigmal, sigma2, rho) for S1 in
assetl]

B

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , V= , ax=axes[0], label=
, color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color=
)
axes[1].set_title( )

7/ axes[1].set_xlabel( )

axes[1l].set_ylabel( )

plt.tight_layout()
plt.show()

Listing 1.13: Price of Asset 1 Greek Function of Worst of Call Option and an Example

def greek_delta2(S1, S2, K, T, r, sigmal, sigma2, rho):
gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))
gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

sigma_square = (sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2
alphal = gammal + sigmal * sqrt(T)

alpha2 = (log(S2/S1) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))

rhol = (rho * sigma2 - sigmal)/sqrt(sigma_square)

betal = gamma2 + sigma2 * sqrt(T)

beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
rho2 = (rho * sigmal - sigma2)/sqrt(sigma_square)

dl = (alphal - rhol * alpha2) / (sqrt(l - rhol ** 2))

d2 = (beta2 - rho2 * betal) / (sqrt(l - rho2 ** 2))

d3 = (betal - rho2 * beta2) / (sqrt(l - rho2 ** 2))

* gamma2) / (sqrt(l - rho ** 2))

deriv_alpha2 = 1 / (sqrt(sigma_square * T) * S2)

d4 = (gammal - rho

deriv_gamma2 = 1 / (sigma2 * sqrt(T) * S2)
deriv_betal = 1 / (sigma2 * sqrt(T) * S2)
deriv_beta2 = -1 / (sqrt(sigma_square * T) * S2)

greek_delta2_value = S1 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (alpha2 **

2)) * norm.cdf(dl) * deriv_alpha2) + \

S2 * ((1/(Csqrt(2 * np.pi))) * exp(-0.5 * (betal ** 2)) * norm.cdf(d2) *

deriv_betal + (1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2)) * norm.cdf(

d3) * deriv_beta2) + \

multivariate_normal.cdf([betal, beta2], mean=[0,0], cov=[[1, rho2], [rho2,
11D -\
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K * exp(-r * T) * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (gamma2 ** 2))
norm.cdf(d4) * deriv_gamma2)
return greek_delta2_value

#Example usage:
S1 = 100 # Current S1 stock price

s K = 110 # Option strike price

T =1 # Time to expiration in years

r = 0.05 # Risk-free interest rate

sigmal = 0.2 # Volatility S1 stock

sigma2 = 0.25 # Volatility S2 stock

rho = 0.5 # Correlation between the 2 stocks

# Generate stock 2 prices

asset2 = np.arange (20, 200, 1)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
asset2,
[worst_of_call(S1, S2, K, T, r, sigmal, sigma2, rho) for
S2 in asset2],
[greek_delta2(S1, S2, K, T, r, sigmal, sigma2, rho) for S2 in
asset2]

»

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , ¥y= , ax=axes[0], label=
, color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color=
)

axes[1].set_title( )

axes[1].set_xlabel( )

axes[1].set_ylabel( )

plt.tight_layout()
plt.show()

Listing 1.14: Price of Asset 2 Greek Function of Worst of Call Option and an Example

#Crossgamma
def greek_crossgamma(S1, S2, K, T, r, sigmal, sigma2, rho):
gammal = (log(S1/K) + (r - (sigmal**2) / 2) * T) / (sigmal * sqrt(T))

gamma2 = (log(S2/K) + (r - (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))
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6 sigma_square = (sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2

7 alphal = gammal + sigmal * sqrt(T)

8 alpha2 = (log(S2/S1) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
9 rhol = (rho * sigma2 - sigmal)/sqrt(sigma_square)

10 betal = gamma2 + sigma2 * sqrt(T)

11 beta2 = (log(S1/S2) - (sigma_square * T) / 2) / (sqrt(T * sigma_square))
12 rho2 = (rho * sigmal - sigma2)/sqrt(sigma_square)

13 dl = (alpha2 - rhol * alphal) / (sqrt(l - rhol ** 2))

14 d2 = (alphal - rhol * alpha2) / (sqrt(l - rhol ** 2))

15 d3 = (betal - rho2 * beta2) / (sqrt(l - rho2 ** 2))

16 d4 = (gamma2 - rho * gammal) / (sqrt(l - rho ** 2))

17 deriv_alpha2 = 1 / (sqrt(sigma_square * T) * S2)

18 deriv_beta2 = 1 / (sqrt(sigma_square * T) * S1)

19 deriv_dl = 1 / (sqrt(sigma_square * T) * S2 * sqrt(l - rhol ** 2))

20 deriv_d2 = (-rhol) / (sqrt(sigma_square * T) * S2 * sqrt(l - rhol ** 2))

21 deriv_d3 = (1 / (sqrt(l - rho2 ** 2))) * ((1 / (sigma2 * S2 * sqrt(T))) +
(rho2 / (sqrt(sigma_square * T) * S2)))

22 deriv_d4 = 1 / (sigma2 * sqrt(T) * S2 * sqrt(l - rho ** 2))

23

24 greek_crossgamma_value = ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (alpha2 ** 2)
) * norm.cdf(d2) * deriv_alpha2) + \

25 (1/(sigmal * sqrt(T))) * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (alphal ** 2)
) * norm.pdf(dl) * deriv_dl) - \

26 (1/(sqrt(sigma_square * T))) * (((l/(sqrt(2 * np.pi))) * exp(-0.5 * (

alpha2 ** 2)) * norm.cdf(d2) * (-alpha2) * deriv_alpha2) + ((1/(sqrt(2 * np
.pi))) * exp(-0.5 * (alpha2 ** 2)) * norm.pdf(d2) * deriv_d2)) + \

27 S2 * deriv_beta2 * (((1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2)) *
norm.pdf(d3) * deriv_d3 + (1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2))
* norm.cdf(d3) * beta2 * (deriv_alpha2))) + \

28 deriv_beta2 * ((1/(sqrt(2 * np.pi))) * exp(-0.5 * (beta2 ** 2)) * norm.cdf
(d3d> -\

29 (K/S1) * exp(-r * T) * (1/(sigmal * sqrt(T))) * ((1/(sqrt(2 * np.pi))) *
exp(-0.5 * (gammal ** 2)) * norm.pdf(d4) * deriv_d4)

30 return greek_crossgamma_value

32| #Example usage:
33/ S1 = 100 # Current S1 stock price

34K = 110 # Option strike price
35T = 1 # Time to expiration in years
36/r = 0.05 # Risk-free interest rate

37/ sigmal = 0.2 # Volatility S1 stock

38/ sigma2 = 0.25 # Volatility S2 stock

39/ rho = 0.5 # Correlation between the 2 stocks
4

41| # Generate stock 2 prices

42/ asset2 = np.arange(20, 200, 1)

43

44| # Create a DataFrame to organize the data

45/ data = pd.DataFrame ({

46 : asset2,
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[worst_of_call(S1l, S2, K, T, r, sigmal, sigma2, rho) for
S2 in asset2],
[greek_crossgamma(S1, S2, K, T, r, sigmal, sigma2, rho) for
S2 in asset2]
b

# Plotting the graphs using pandas integration with matplotlib
fig, ax = plt.subplots(figsize=(8, 6))

data.plot(x= , y= , ax=ax, label= , color=
)]

ax.set_title( )

ax.set_xlabel( )

ax.set_ylabel( )

plt.tight_layout()
plt.show ()

Listing I.15: Crossgamma of Worst of Call Option (Derivative of Deltal in order to Asset

2 Price) Function and an Example

#Best of Call Greeks

#Cega

def greek_cega_bo_call(S1, S2, K, T, r, sigmal, sigma2, rho):
cega_bo_call = -greek_cega(S1l, S2, K, T, r, sigmal, sigma2, rho)
return cega_bo_call

#Example usage:

S1 = 100 # Current S1 stock price

S2 = 95 # Current S2 stock price
K =110 # Option strike price

5T = 1 # Time to expiration in years

0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock

r

# Generate correlation values
correlations = np.arange(-0.99, 1, 0.1)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
correlations,
[best_of_call(S1l, S2, K, T, r, sigmal, sigma2, rho) for
rho in correlations],
[greek_cega_bo_call(S1, S2, K, T, r, sigmal, sigma2, rho) for rho

in correlations]
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# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x='Correlation’, y="Option Price’, ax=axes[0], label="Option Price’,
color="mediumblue’)
axes[0].set_title('Option Price vs. Correlation’)

axes[0].set_xlabel (' Correlation’)
axes[0].set_ylabel ('Option Price’)

data.plot(x="Correlation’, y="'Cega’, ax=axes[l], label="Cega’, color="hotpink’
)

axes[1l].set_title( ' Cega vs. Correlation’)

axes[1l].set_xlabel(’Correlation’)

axes[1l].set_ylabel(’Cega’)

plt.tight_layout()
plt.show()

Listing 1.16: Cega of Best of Call Option Function and an Example

#Vega

def greek_vega_bo_call(S1, S2, K, T, r, sigmal, sigma2, rho):

dl = (log(S2 / K) + (r + (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

vega_bo_call = S2 * sqrt(T) * norm.pdf(dl) - greek_vega2(S1l, S2, K, T, r,
sigmal, sigma2, rho)

return vega_bo_call
#Example usage:

S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price

K =110 # Option strike price

T =1 # Time to expiration in years
r = 0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock

rho = 0.5 # Correlation between the 2 stocks

# Generate volatilities for stock 2
volatility2 = np.arange(0.1, 0.61, 0.01)

# Create a DataFrame to organize the data

data = pd.DataFrame ({
"Volatility Asset 2’: volatility2,
"Option Price’: [best_of_call(S1, S2, K, T, r, sigmal, sigma2, rho) for
sigma2 in volatility2],

97




ANNEXI. CODE

27 "Vega’: [greek_vega_bo_call(S1, S2, K, T, r, sigmal, sigma2, rho) for
sigma2 in volatility2]

281 1)

29
30| # Plotting the graphs using pandas integration with matplotlib
31 fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

32
33 data.plot(x="Volatility Asset 2’, y="Option Price’, ax=axes[0], label="0Option
Price’, color="mediumblue’)

34 axes[0].set_title('Option Price vs. Volatility Asset 27)

35 axes[0].set_xlabel('Volatility Asset 27)

36| axes[0].set_ylabel ("Option Price’)

37
38 data.plot(x="Volatility Asset 2’, y=’'Vega’, ax=axes[l], label='Vega’, color=’
hotpink’)

39/ axes[1].set_title(’Vega vs. Volatility Asset 27)

40/ axes[1].set_xlabel (' Volatility Asset 27)

41| axes[1].set_ylabel (' Vega’)

42
43/ plt.tight_layout ()
44 plt.show()

Listing 1.17: Vega of Best of Call Option Function and an Example

1| #Delta

2

3/ def greek_delta_bo_call(S1, S2, K, T, r, sigmal, sigma2, rho):

4

5 dl = (log(S2 / K) + (r + (sigma2**2) / 2) * T) / (sigma2 * sqrt(T))

delta_bo_call = norm.cdf(dl) - greek_delta2(S1, S2, K, T, r, sigmal,
sigma2, rho)

9 return delta_bo_call
10
11| #Example usage:

12/ S1 = 100 # Current S1 stock price
13| K
14T = 1 # Time to expiration in years

110 # Option strike price

15r = 0.085 # Risk-free interest rate

16/ sigmal = 0.2 # Volatility S1 stock

17/ sigma2 = 0.25 # Volatility S2 stock

18/ rho = 0.5 # Correlation between the 2 stocks

20| # Generate stock 2 prices

21/ asset2 = np.arange(20, 200, 1)
22
23| # Create a DataFrame to organize the data
24/ data = pd.DataFrame ({

25 "Asset 2 Price’: asset2,
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[best_of_call(S1, S2, K, T, r, sigmal, sigma2, rho) for S2

in asset2],
[greek_delta_bo_call(S1, S2, K, T, r, sigmal, sigma2, rho) for S2

in asset2]

b

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , y= , ax=axes[0], label=
, color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel ( )

data.plot(x= , y= , ax=axes[1], label= , color=
D)

axes[1].set_title( )

axes[1].set_xlabel( )

axes[1l].set_ylabel( )

plt.tight_layout()
plt.show ()

Listing I.18: Delta of Best of Call Option Function and an Example

#Worst of Put Greeks

#Cega

5/ def greek_cega_wo_put(S1l, S2, K, T, r, sigmal, sigma2, rho):

¥*

sigma = sqrt((sigmal®**2) + (sigma2**2) - 2 rho * sigmal * sigma2)
dl = (log(S2/S1)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

cega_wo_put = -((S2 * sqrt(T) * sigmal * sigma2 * norm.pdf(dl)) / sigma) +
greek_cega(S1, S2, K, T, r, sigmal, sigma2, rho)

return cega_wo_put

#Example usage:

S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price
K =110 # Option strike price

3'T = 1 # Time to expiration in years

r = 0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock

# Generate correlation values
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24/ correlations = np.arange(-0.99, 1, 0.1)

26| # Create a DataFrame to organize the data

27/ data = pd.DataFrame ({

28 : correlations,

29 : [worst_of_put(S1l, S2, K, T, r, sigmal, sigma2, rho) for
rho in correlations],

30 : [greek_cega_wo_put(S1, S2, K, T, r, sigmal, sigma2, rho) for rho
in correlations]

31 1)

33| # Plotting the graphs using pandas integration with matplotlib
34/ fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

36| data.plot (x= E , ax=axes[0], label=
color= )

37| axes [0].set_title( )

38| axes [0].set_xlabel( )

39/ axes[0].set_ylabel( )

41/ data.plot(x= , y= , ax=axes[1], label= , color= )
42/ axes[1].set_title( )
43/ axes[1].set_xlabel( )

44/ axes[1].set_ylabel( )

46/ plt.tight_layout Q)
47/ plt.show ()

Listing 1.19: Cega of Worst of Put Option Function and an Example

1 #Vega

3/ def greek_vega_wo_put(S1l, S2, K, T, r, sigmal, sigma2, rho):

5 sigma = sqrt((sigmal®**2) + (sigma2**2) - 2 * rho * sigmal * sigma2)

6 dl = (log(S2/S1)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

7

8 vega_wo_put = ((S2 * sqrt(T) * (sigma2 - rho * sigmal) * norm.pdf(dl)) /

sigma) + greek_vega2(S1, S2, K, T, r, sigmal, sigma2, rho)

10 return vega_wo_put

12| #Example usage:

13/S1 = 100 # Current S1 stock price
14/ S2 = 95 # Current S2 stock price
15/ K

16/T = 1 # Time to expiration in years

110 # Option strike price

17lr = 0.085 # Risk-free interest rate
18/ sigmal = 0.2 # Volatility S1 stock
19 rho = 0.5 # Correlation between the 2 stocks
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# Generate volatilities for stock 2
volatility2 = np.arange(0.1, 0.61, 0.01)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
volatility2,
[worst_of_put(S1, S2, K, T, r, sigmal, sigma2, rho) for
sigma2 in volatility2],
[greek_vega_wo_put(S1, S2, K, T, r, sigmal, sigma2, rho) for

sigma2 in volatility2]

b

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot (x= , y= , ax=axes[0], label=
, color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color=
)

axes[1].set_title( )

axes[1].set_xlabel( )

axes[1l].set_ylabel( )

plt.tight_layout()
plt.show ()

Listing 1.20: Vega of Worst of Put Option Function and an Example

#Delta
def greek_delta_wo_put(S1, S2, K, T, r, sigmal, sigma2, rho):

sigma = sqrt((sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2)
dl = (log(S2/S1)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

delta_wo_put = -1 + norm.cdf(dl) + greek_delta2(S1, S2, K, T, r, sigmal,
sigma2, rho)

return delta_wo_put

#Example usage:

S1 = 100 # Current S1 stock price
K = 110 # Option strike price

T =1 # Time to expiration in years

r 0.05 # Risk-free interest rate
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17/ sigmal = 0.2 # Volatility S1 stock
18 sigma2 = 0.25 # Volatility S2 stock
19 rho = 0.5 # Correlation between the 2 stocks

21| # Generate stock 2 prices
22| asset2 = np.arange (20, 200, 1)

24| # Create a DataFrame to organize the data

25/ data = pd.DataFrame ({

26 . asset2,

27 : [worst_of_put(S1l, S2, K, T, r, sigmal, sigma2, rho) for S2
in asset2],

28 : [greek_delta_wo_put(S1, S2, K, T, r, sigmal, sigma2, rho) for S2
in asset2]

291 1)

31| # Plotting the graphs using pandas integration with matplotlib
32| fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

34/ data.plot(x= , y= , ax=axes[0], label=
, color= )

35 axes[0].set_title( )

36| axes [0].set_xlabel( )

37| axes[0] . set_ylabel ( )

39/ data.plot (x= , y= , ax=axes[1l], label= , color=
)

40| axes[1].set_title( )

41| axes[1].set_xlabel( )

42| axes[1].set_ylabel( )

44/ plt.tight_layout ()
45/ plt.show ()

Listing 1.21: Delta of Worst of Put Option Function and an Example

1| #Best of Put Greeks
3| #Cega
5/ def greek_cega_bo_put(S1l, S2, K, T, r, sigmal, sigma2, rho):

7 sigma = sqrt((sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2)
8 dl = (log(S2/S1)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

¥

10 cega_bo_put = ((S2 * sqrt(T) * sigmal sigma2 * norm.pdf(dl)) / sigma) +

greek_cega_bo_call(S1, S2, K, T, r, sigmal, sigma2, rho)

12 return cega_bo_put
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#Example usage:

S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price
K =110 # Option strike price

T =1 # Time to expiration in years

r = 0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock

# Generate correlation values
correlations = np.arange(-0.99, 1, 0.1)

# Create a DataFrame to organize the data

data = pd.DataFrame ({
correlations,
[best_of_put(S1, S2, K, T, r,
in correlations],
[greek_cega_bo_put(S1, S2, K, T, r,
in correlations]
b

sigmal,

sigmal,

sigma2, rho) for rho

sigmaz2,

# Plotting the graphs using pandas integration with matplotlib

fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12,

data.plot(x= , y= , ax=axes[0],

color= )
axes[0].set_title(
axes[0].set_xlabel( )
axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1],

)
axes[1].set_title( )
axes[1l].set_xlabel( )
axes[1l].set_ylabel( )

plt.tight_layout()
plt.show ()

label=

6))

label=

rho) for rho

color=

Listing I.22: Cega of Best of Put Option Function and an Example

#Vega

def greek_vega_bo_put(S1l, S2, K, T, r, sigmal, sigmaz2,

sigma = sqrt((sigmal®**2) + (sigma2**2) - 2

dl = (log(S2/S1)+ ((sigma**2) / 2) * T) / (sigma *

vega_bo_put = -((S2 * sqrt(T) * (sigma2 - rho * sigmal)

sigma) + greek_vega_bo_call(S1, S2, K, T, r,
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return vega_bo_put

#Example usage:

S1 = 100 # Current S1 stock price
S2
K = 110 # Option strike price

95 # Current S2 stock price

T =1 # Time to expiration in years
r = 0.05 # Risk-free interest rate
sigmal = 0.2 # Volatility S1 stock
rho = 0.5 # Correlation between the 2 stocks

# Generate volatilities for stock 2
volatility2 = np.arange(0.1, 0.61, 0.01)

# Create a DataFrame to organize the data
data = pd.DataFrame ({

"Volatility Asset 2’: volatility2,
"Option Price’: [best_of_put(S1l, S2, K, T, r, sigmal, sigma2, rho) for
sigma2 in volatility2],
"Vega’': [greek_vega_bo_put(S1l, S2, K, T, r, sigmal, sigma2, rho) for
sigma2 in volatility2]

b

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x="Volatility Asset 2, y='Option Price’, ax=axes[0], label="Option
Price’, color="orangered’)

axes[0].set_title(’'Option Price vs. Volatility Asset 27)

axes[0].set_xlabel(’'Volatility Asset 27)

axes[0].set_ylabel ('Option Price’)

data.plot(x="Volatility Asset 2’, y='Vega’, ax=axes[l], label='Vega’, color=’
forestgreen’)

axes[1l].set_title(’'Vega vs. Volatility Asset 27)

axes[1l].set_xlabel(’'Volatility Asset 27)

axes[1l].set_ylabel(’Vega’)
plt.tight_layout()
plt.show ()
Listing 1.23: Vega of Best of Put Option Function and an Example
#Delta
def greek_delta_bo_put(S1l, S2, K, T, r, sigmal, sigma2, rho):
sigma = sqrt((sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2)

dl = (log(S2/S1)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))
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delta_bo_put = -norm.cdf(dl) + greek_delta_bo_call(S1, S2, K, T, r, sigmal
, sigma2, rho)

9
10 return delta_bo_put
11
12| #Example usage:

13/ S1 = 100 # Current S1 stock price

14/K = 110 # Option strike price

15T = 1 # Time to expiration in years

6/r = 0.05 # Risk-free interest rate

17/ sigmal = 0.2 # Volatility S1 stock

18/ sigma2 = 0.25 # Volatility S2 stock

19/ rho = 0.5 # Correlation between the 2 stocks
20
21| # Generate stock 2 prices

22| asset2 = np.arange (20, 200, 1)
23
24| # Create a DataFrame to organize the data

25/ data = pd.DataFrame ({

26 "Asset 2 Price’: asset2,

27 "Option Price’: [best_of_put(Sl, S2, K, T, r, sigmal, sigma2, rho) for S2
in asset2],

28 "Delta’: [greek_delta_bo_put(S1l, S2, K, T, r, sigmal, sigma2, rho) for S2
in asset2]

29/ B

31| # Plotting the graphs using pandas integration with matplotlib
32| fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

33
34/ data.plot(x="Asset 2 Price’, y='Option Price’, ax=axes[0], label="Option Price
", color="orangered’)

35 axes[0].set_title('Option Price vs. Asset 2 Price’)
36 axes[0].set_xlabel (' Asset 2 Price’)

37| axes[0].set_ylabel ("Option Price’)

38
39 data.plot(x="Asset 2 Price’, y='Delta’, ax=axes[l], label='Delta’, color=’
forestgreen’)

40| axes[1].set_title(’'Delta vs. Asset 2 Price’)

41 axes[1].set_xlabel (' Asset 2 Price’)

42| axes[1].set_ylabel(’'Delta’)

43
44 plt.tight_layout ()
45/ plt.show ()

Listing 1.24: Delta of Best of Put Option Function and an Example

[

l‘from math import log, sqrt, exp

z‘from scipy.stats import norm, multivariate_normal
3‘import numpy as np
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import matplotlib.pyplot as plt

import pandas as pd

import seaborn as sns

from mpl_toolkits.mplot3d import Axes3D
from itertools import product

#0utperformance Option Pricing Function with Black Scholes

def margrabe(S1l, S2, T, sigmal, sigma2, rho):
sigma = sqrt((sigmal®**2) + (sigma2**2) - 2 * rho * sigmal * sigma2)
dl = (log(S1/S2)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

d2 = dl - sigma * sqrt(T)

margrabe_price = S1 * norm.cdf(dl) - S2 * norm.cdf(d2)
return margrabe_price

#Example usage:
S1 = 100 # Current S1 stock price

S2 = 95 # Current S2 stock price

3T = 1 # Time to expiration in years
sigmal = 0.2 # Volatility S1 stock
sigma2 = 0.25 # Volatility S2 stock
rho = 0.5 # Correlation between the 2 stocks
margrabe_option_price = margrabe(S1, S2, T, sigmal, sigma2, rho)
print (£

)

The price of the outperformance option is: 11.61

Listing I.25: Outperformance Option Function and an Example

#In order to the stock prices

def greek_deltal(S1l, S2, T, sigmal, sigma2, rho):

* *

sigma = sqrt((sigmal®**2) + (sigma2**2) - 2 rho * sigmal
dl = (log(S1/S2)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

sigma2)

greek_deltal_value = norm.cdf(dl)
return greek_deltal_value

#Example usage:

S2 = 95 # Current S2 stock price

T =1 # Time to expiration in years

sigmal = 0.2 # Volatility S1 stock

sigma2 = 0.25 # Volatility S2 stock

rho = 0.5 # Correlation between the 2 stocks

# Generate asset 1 prices
assetl = np.arange (20, 200, 1)
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20| # Create a DataFrame to organize the data

21
22

23

40
41

data = pd.DataFrame ({
assetl,
[margrabe (S

[greek_deltal(S1,
b

# Plotting the graphs using pan
fig, axes = plt.subplots(nrows=

data.plot(x= , y=
, color= )
axes[0].set_title(
axes[0].set_xlabel(
axes[0].set_ylabel(

data.plot(x= y V=
)
axes[1l].set_title(
axes[1].set_xlabel(
axes[1].set_ylabel( )

plt.tight_layout()
plt.show ()

Listing 1.26: Price of Asset 1 Greek

1, S2, T, sigmal, sigma2, rho) for S1 in assetl

S2, T, sigmal, sigma2, rho) for S1 in assetl]

das integration with matplotlib
1, ncols=2, figsize=(12, 6))

, ax=axes[0], label=

, ax=axes[1l], label= , color=

Function of Outperformance Option and an Example

def greek_delta2(S1, S2, T, sigmal, sigma2, rho):

sigma = sqrt((sigmal**2) +
dl = (log(S1/S2)+ ((sigma**
d2 = dl - sigma * sqrt(T)

greek_delta2_value = -norm.
return greek_delta2_value

#Example usage:

S1 = 100 # Current S1 stock p
T =1 # Time to expiration in y
sigmal = 0.2 # Volatility S1 s
sigma2 = 0.25 # Volatility S2
rho = 0.5 # Correlation between

# Generate asset 2 prices
asset2 = np.arange (20, 200, 1)

# Create a DataFrame to organiz
data = pd.DataFrame ({
asset2,

(sigma2**2) - 2 * rho * sigmal * sigma2)
2) / 2) * T) / (sigma * sqrt(T))

cdf (d2)

rice
ears
tock
stock
the 2 stocks

e the data
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[margrabe(S1, S2, T, sigmal, sigma2, rho) for S2 in asset2

[greek_delta2(S1, S2, T, sigmal, sigma2, rho) for S2 in asset2]
b

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , y= , ax=axes[0], label=
, color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color=
)

axes[1].set_title( )

axes[1].set_xlabel( )

axes[1l].set_ylabel( )

plt.tight_layout()
plt.show()

Listing 1.27: Price of Asset 2 Greek Function of Outperformance Option and an Example

#In order to the maturity date

def greek_theta(S1, S2, T, sigmal, sigma2, rho):

%

sigma = sqrt((sigmal**2) + (sigma2**2) - 2 * rho * sigmal sigma2)

dl = (log(S1/S2)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

greek_theta_value = S1 * norm.pdf(dl) * (sigma / (2 * sqrt(T)))
return greek_theta_value

#Example usage:

S1 = 100 # Current S1 stock price

S2 = 95 # Current S2 stock price

sigmal = 0.2 # Volatility S1 stock

sigma2 = 0.25 # Volatility S2 stock

rho = 0.5 # Correlation between the 2 stocks

# Generate maturity dates

maturities = np.arange(l, 20, 1)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
maturities,
[margrabe(S1, S2, T, sigmal, sigma2, rho) for T in
maturities],
[greek_theta(S1, S2, T, sigmal, sigma2, rho) for T in maturities]
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24

D)

# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , y= , ax=axes[0], label= ,
color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color=
)
axes[1l].set_title( )

7 axes[1].set_xlabel( )

axes[1l].set_ylabel( )

plt.tight_layout(Q)
plt.show()

Listing I.28: Maturity Time Greek Function of Outperformance Option and an Example

#In order to the correlation

def greek_cega(S1, S2, T, sigmal, sigma2, rho):
sigma = sqrt((sigmal**2) + (sigmaz2**2) - 2 * rho * sigmal * sigma2)
dl = (log(S1/S2)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

¥ ¥

greek_cega_value = -S1 * norm.pdf(dl) ((sigmal sigma2 * sqrt(T)) / (
sigma))

return greek_cega_value

#Example usage:

S1 = 100 # Current S1 stock price

S2 = 95 # Current S2 stock price

T =1 # Time to expiration in years

sigmal = 0.2 # Volatility S1 stock

sigma2 = 0.25 # Volatility S2 stock

7| # Generate correlation values

correlations = np.arange(-0.99, 1, 0.1)

# Create a DataFrame to organize the data
data = pd.DataFrame ({
correlations,
[margrabe(S1, S2, T, sigmal, sigma2, rho) for rho in
correlations],
[greek_cega(S1l, S2, T, sigmal, sigma2, rho) for rho in
correlations]

D)
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# Plotting the graphs using pandas integration with matplotlib
fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

data.plot(x= , y= , ax=axes[0], label=
color= )

axes[0].set_title( )

axes[0].set_xlabel( )

axes[0].set_ylabel( )

data.plot(x= , y= , ax=axes[1l], label= , color=
)

axes[1].set_title( )

axes[1l].set_xlabel( )

axes[1].set_ylabel( )

plt.tight_layout()
plt.show()

Listing 1.29: Correlation Greek Function of Outperformance Option and an Example

110



1/ #In order to the stock volatilities

3/ def greek_vegal(S1, S2, T, sigmal, sigma2, rho):

4 sigma = sqrt((sigmal**2) + (sigmaz2**2) - 2 * rho * sigmal * sigma2)

5 dl = (log(S1/S2)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))

6

7 greek_vegal_value = S1 * norm.pdf(dl) * (((sigmal - sigma2 * rho) * sqrt(
T)) / (sigma))

8 return greek_vegal_value

9

10, #Example usage:

11/ S1 = 100 # Current S1 stock price

12/ S2 = 95 # Current S2 stock price

13T = 1 # Time to expiration in years

14/ sigma2 = 0.25 # Volatility S2 stock

15/ rho = 0.5 # Correlation between the 2 stocks

16

17| # Generate volatilities for stock 1

18 volatilityl = np.arange(0.1, 0.61, 0.01)

19

20| # Create a DataFrame to organize the data

21 data = pd.DataFrame ({

22 : volatilityl,

23 : [margrabe(S1, S2, T, sigmal, sigma2, rho) for sigmal in
volatilityl],

24 : [greek_vegal(S1l, S2, T, sigmal, sigma2, rho) for sigmal in
volatilityl]

250 1)

26

27| # Plotting the graphs using pandas integration with matplotlib

28| fig, axes = plt.subplots(nrows=1, ncols=2, figsize=(12, 6))

29

30 data.plot (x= , y= , ax=axes[0], label=

, color= )

31 axes[0].set_title( )

32/ axes[0].set_xlabel( )

33| axes[0] . set_ylabel ( )

34

35/ data.plot (x= , y= , ax=axes[1], label= , color=

)

36/ axes[1].set_title( )

37/ axes[1].set_xlabel( )

38 axes[1].set_ylabel( )

39

40/ plt.tight_layout ()
41 plt.show ()

Listing 1.30: Volatility of Asset 1 Greek Function of Outperformance Option and an
Example
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def greek_vega2(S1, S2, T, sigmal, sigma2, rho):

22

N

sigma = sqrt((sigmal**2) + (sigma2**2) - 2 * rho * sigmal * sigma2)
dl = (log(S1/S2)+ ((sigma**2) / 2) * T) / (sigma * sqrt(T))
greek_vega2_value = S1 * norm.pdf(dl) * (((sigma2 - sigmal * rho) sqrt(

T)) / (sigma))

return greek_vega2_value

#Example usage:

S1 = 100 # Current S1 stock price
S2 = 95 # Current S2 stock price
T =1 # Time to expiration in years
sigmal = 0.2 # Volatility S1 stock

rho = 0.5 # Correlation between the 2 stocks

# Generate volatilities for stock 2

volatility2 = np.arange(0.1, 0.61, 0.01)

# Create a DataFrame to organize the data

data = pd.DataFrame ({

volatility2,
[margrabe(S1, S2, T, sigmal, sigma2, rho) for sigma2 in
volatility2],
[greek_vega2(S1, S2, T, sigmal, sigma2, rho) for sigma2 in
volatility2]

b

# Plotting the graphs using pandas integration with matplotlib

fig, axes = plt.subplots(nrows=1, ncols=2,

3/ data.plot (x= y Y=

, color= )
axes[0].set_title(
axes[0].set_xlabel(
axes[0].set_ylabel( )

data.plot(x= , y=
)

axes[1l].set_title(

axes[1].set_xlabel(

s axes[1].set_ylabel( )

plt.tight_layout()
plt.show ()

figsize=(12,

, ax=

ax=axes[1],

6))

axes[0],

label=

label=

color=

Listing 1.31: Volatility of Asset 2 Greek Function of Outperformance Option and an

Example

import numpy as np

from scipy.stats import norm, gamma,
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3 from scipy.special import gamma as gamma_function, psi
4 import math

5 import matplotlib.pyplot as plt

6/ import pandas as pd

7/ import time

g from scipy.integrate import simps

10, #Monte Carlo Simulation

12 def basket_option_price(S®, K, r, T, sigma, N, n_assets, weights, theta, rho):
13 total_payoff = 0

14 total_payoff_vector = []

15 mean = np.zeros(n_assets)

16 cov = rho

17

18 for _ in range(N):

19 # Generate random price paths for each asset

20 asset_prices = SO * np.exp((r - 0.5 * sigma**2) * T + sigma * np.sqrt(
T) * multivariate_normal.rvs(mean, cov))

21

22 # Calculate the weighted average price of the assets in the basket

23 weighted_average_price = np.dot(asset_prices, weights)

24

25 # Calculate the payoff of the basket option

26 payoff = max(theta * (weighted_average_price - K), 0)

27

28 # Accumulate the payoffs

29 total_payoff += payoff

30 total_payoff_vector.append(payoff)

31

32 # Discount the total payoff back to present value

33 discounted_payoff = total_payoff * np.exp(-r * T)

34

35 # Compute option price

36 option_price = discounted_payoff / N

37 std_payoff = np.exp(-r * T) * np.std(total_payoff_vector)

38 return option_price, std_payoff

39

40| # Example usage

41 np.random.seed (57724)

42/ S® = np.array([100, 100, 100, 100]) # Initial price of the assets

43| sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

su4lr = 0 # Risk-free interest rate

45T =5 # Time to maturity

46| weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

47/ rho = np.array([[1l, 0.5, 0.5, 0.5],[6.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,
0.5, 0.5, 111) # Correlation matrix

100 # Strike price

10000 # Number of Monte Carlo repetitions

481 K
49 N
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n_assets = 4 # Number of assets in the basket
theta = 1 #To determine if it is a call or a put option

option_price = basket_option_price(S®, K, r, T, sigma, N, n_assets, weights,
theta, rho)

print ( s
option_price)

5/ Basket option price and standard deviation of the values: (27.60752366820115,

67.96972952908918)

Listing 1.32: Basket Option Price using Monte Carlo Simulation and an Example

#Levy’s log-normal moment matching

def levy_method(S®, sigma, r, T, weights, rho, K):
Df = np.exp(-r * T)
F =[]
for s® in SO:
Fi = s® * np.exp(r * T)
F.append(Fi)
M = np.dot(weights,F)
V_square = 0
for i in range(len(weights)):
for j in range(len(weights)):

s

V_square += weights[i] * weights[j] * F[i] * F[j] * np.exp(sigmali
1 * sigma[j] * rho[i][j] * T)

m=2 * np.log(M) - 0.5 * np.log(V_square)

v_square = np.log(V_square) - 2 * np.log(M)

dl = (m - np.log(K) + v_square) / (np.sqrt(v_square))

d2

dl - np.sqrt(v_square)

value_basket = Df * (M * norm.cdf(dl) - K * norm.cdf(d2))
return value_basket

#Example usage

S® = [1060, 100, 100, 100] # Initial price of the assets

sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

r=20 # Risk-free interest rate

T =275 # Time to maturity

weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket

3 rho = np.array([[1, 0.5, 0.5, 06.5],[0.5, 1, 0.5, 0.5],[6.5, 6.5, 1, 0.5],[0.5,

0.5, 0.5, 11D # Correlation matrix
K = 100 # Strike price

option_price_levy = levy_method(SO®, sigma, r, T, weights, rho, K)
print( , option_price_levy)
Basket option price: 28.051966214249894

Listing 1.33: Basket Option Price using Levy’s log-normal moment matching and an

Example
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1| #The reciprocal gamma approximation by Milevsky and Posner
2
3/ def gamma_method(S®, sigma, r, T, weights, rho, K):

4 Df = np.exp(-r * T)

5 F =[]

6 for s® in SO:

7 Fi = s® * np.exp(r * T)

8 F.append (Fi)

9 M = np.dot(weights,F)

10 V_square = 0

11 for i in range(len(weights)):

12 for j in range(len(weights)):

13 V_square += weights[i] * weights[j] * F[i] * F[j] * np.exp(sigmali
1 * sigma[j] * rho[i][j] * T)

14 alpha = (2 * V_square - M ** 2) / (V_square - M ** 2)

15 beta = (V_square - M ** 2) / (V_square * M)

17 value_basket = Df * (M * gamma.cdf(1/K, a = alpha - 1, scale = beta) - K *

gamma.cdf(1/K, a = alpha, scale = beta))
18 return value_basket

20| #Example usage

21/ SO = [100, 100, 100, 100] # Initial price of the assets

22/ sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

23/r =0 # Risk-free interest rate

24/ T = 5 # Time to maturity

25/ weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket

26/ rho = np.array([[1l, 0.5, 0.5, 6.5],[60.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,
0.5, 0.5, 111) # Correlation matrix

27/ K = 100 # Strike price

29| option_price_gamma = gamma_method(S®, sigma, r, T, weights, rho, K)
30| print , option_price_gamma)
31| Basket option price: 24.495775089623557

Listing 1.34: Basket Option Price using the reciprocal gamma approximation by Milevsky

and Posner and an Example

1| #Milevsky and Posner’s approximation via higher moment

3/ def sign_function(number):

4 if number == 0:

5 sign = 0

6 else:

7 sign = math.copysign(l, number)
8 return sign

0/ def higher_moments_method(S®, sigma, r, T, weights, rho, K):
11 Df = np.exp(-r * T)
2 F =[]
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13 for sO® in SO:

14 Fi = sO0 * np.exp(r * T)

15 F.append(Fi)

16 M = np.dot(weights, F)

7 V_square = 0

18 for i in range(len(weights)):

19 for j in range(len(weights)):

20 V_square += weights[i] * weights[j] * F[i] * F[j] * np.exp(sigmali
1 * sigma[j] * rho[i]l[j] * T)

21 std = np.sqrt(V_square - (M ** 2))

22 third_moment = 0

3 for i in range(len(weights)):

24 for j in range(len(weights)):

25 for k in range(len(weights)):

26 third_moment += weights[i] * weights[j] * weights[k] * F[i] *

F[j] * F[k] * np.exp(sigma[i] * sigma[j] * rho[i]l[j] * T) * np.exp(sigmali
] * sigmal[k] * rho[i]J[k] * T) * np.exp(sigmalj] sigmal[k] * rho[j][k] * T)
27 skewness = ((third_moment - 3 * M * (std ** 2) - (M ** 3)) / (std ** 3))
28 w=20.5* ((8 + 4 * (skewness ** 2) + 4 * np.sqrt((4 * skewness ** 2) + (
skewness ** 4))) ** (1/3)) + (2 / ((8 + 4 * (skewness ** 2) + 4 * np.sqrt
((4 * skewness ** 2) + (skewness ** 4))) ** (1/3))) -1

*

29 b =1/ (np.sqrt(np.log(w)))

30 a=20.5*b * np.log((w * (w - 1))/(std ** 2))

31 d = sign_function(skewness)

32 c=d* M- np.exp(((1 / (2 * b)) - a) / b)

33 Q=a+b * np.log((K - ¢) / d)

34

35 value_basket = Df * (M - K + (K - ¢) * norm.cdf(Q) - d * np.exp((1 - 2 * a
*b) / (2% (b ** 2))) * norm.cdf(Q - (1 / b)))

36 return value_basket

38| #Example usage

39/S0 = [100, 100, 100, 100] # Initial price of the assets

40, sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

a1/r = 0 # Risk-free interest rate

2T =75 # Time to maturity

43| weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket

44/ rho = np.array([[1l, 0.5, 0.5, 6.5],[6.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,
0.5, 0.5, 111 # Correlation matrix

45K = 100 # Strike price

47/ option_price_higher_moments = higher_moments_method(S®, sigma, r, T, weights,
rho, K)

48 print ( , option_price_higher_moments)

49| Basket option price: 27.995069983977984

Listing 1.35: Basket Option Price using Milevsky and Posner’s approximation via higher

moment and an Example

1| # Example usage
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38
39
40
41
42
43
44
45
46
47
48

np.random.seed (57724)

SO = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets

sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

r=20 # Risk-free interest rate

T =275 # Time to maturity

weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

rho_base = np.array([[1l, 0.5, 0.5, 0.5],[0.5, 1, 0.5, 0.5],[0.5, 0.5, 1,

0.5],[0.5, 0.5, 0.5, 111) # Correlation matrix

100 # Strike price

300000 # Number of Monte Carlo repetitions

K
N
n_assets = 4 # Number of assets in the basket

theta = 1 #To determine if it is a call or a put option

# Values to iterate for off-diagonal elements of the correlation matrix
rho_off _diagonal_values = np.arange(-0.3, 1.0, 0.1)

# Create lists to store the rho values and deltas for each method

rho_values = []
levy = []
mp_gr = []
mp_4m = []
montecarlo = []

# Iterate over the off-diagonal correlation values
for rho_value in rho_off_diagonal_values:
# Update the correlation matrix
rho = rho_base.copy(Q)
for i in range(rho.shape[0]):
for j in range(rho.shape[1]):
if i !'= j:
rho[i, j] = rho_value

# Calculate the delta for the updated correlation matrix

value_levy = levy_method(S®, sigma, r, T, weights, rho, K)

value_mp_gr = gamma_method(S®, sigma, r, T, weights, rho, K)
value_mp_4m = higher_moments_method(S0®, sigma, r, T, weights, rho, K)
value_montecarlo = basket_option_price(S®, K, r, T, sigma, N, n_assets,
weights, theta, rho)[0]

# Store the rho value and deltas
rho_values.append(rho_value)
levy.append(value_levy)
mp_gr.append(value_mp_gr)

mp_4m. append(value_mp_4m)
montecarlo.append(value_montecarlo)

# Convert lists to DataFrame

df = pd.DataFrame ({
levy,
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"MP-GR’: mp_gr,
MP -4V mp_4m,
"Monte Carlo Simulation’: montecarlo

}, index=rho_values)

# Plotting Deltas using pandas
plt.figure(figsize=(8, 6))

plt.plot(df.index, df[’'Levy’], marker="0’, linestyle='-', color=’'orange’,
label="Levy ")

plt.plot(df.index, df[ MP-GR’], marker="0’, linestyle='-’, color=’'violet’,
label="MP-GR")

plt.plot(df.index, df[ ' MP-4M"], marker="0’, linestyle='-’, color="red’, label=
"MP-4M’)

plt.plot(df.index, df[’lMonte Carlo Simulation’], marker='o’, linestyle="-",
color="lightseagreen’, label="Monte Carlo’)

plt.xlabel ("Correlation™)

plt.ylabel ("Option Price™)

plt.title(’Basket Call Option Price Varying Correlation using Different
Methods’)

plt.grid(False) # Enable gridlines if you want them

plt.legend ()

plt.show ()

Listing 1.36: Basket Call Option Price Varying Correlation using Different Methods

# Example usage

np.random.seed(57724)

sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

r =20 # Risk-free interest rate

T =275 # Time to maturity

weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

rho_base = np.array([[1l, 0.5, 0.5, 0.5],[0.5, 1, 0.5, 0.5],[0.5, 0.5, 1,

0.5]1,[0.5, 0.5, 0.5, 111) # Correlation matrix

100 # Strike price

300000 # Number of Monte Carlo repetitions

K
N
n_assets = 4 # Number of assets in the basket

theta = 1 #To determine if it is a call or a put option

# Initial vector of asset prices

S_initial = np.array([20.0, 20.0, 20.0, 20.0])

# Step by which each element in the vector will be incremented
step = 10

# Number of steps

num_steps = 19

# Create lists to store the rho values and deltas for each method
asset_price_values = []
levy = []
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[]
24 mp_4m = []

23 mp_gr

25 montecarlo = []
26| lower_bounds = []
27/ upper_bounds = []

29| # Iterate over the number of steps
30 for i in range(num_steps):

31 # Update the vector of asset prices

32 SO = S_initial + i * step

33 # Calculate the delta for the updated correlation matrix

34 value_levy = levy_method(SO®, sigma, r, T, weights, rho, K)

35 value_mp_gr = gamma_method(S®, sigma, r, T, weights, rho, K)

36 value_mp_4m = higher_moments_method(S®, sigma, r, T, weights, rho, K)
37 value_montecarlo = basket_option_price(S®, K, r, T, sigma, N, n_assets,

weights, theta, rho)[0]

38 confidence_interval_lower_bounds = basket_option_price(S®, K, r, T,
N, n_assets, weights, theta, rho)[0] - norm.ppf(0.95) * (
basket_option_price(S®, K, r, T, sigma, N, n_assets, weights, theta,
[11 / np.sqrt(N))

39 confidence_interval_upper_bounds = basket_option_price(S®, K, r, T,
N, n_assets, weights, theta, rho)[0] + norm.ppf(0.95) * (
basket_option_price(S®, K, r, T, sigma, N, n_assets, weights, theta,
[1] / np.sqrt(N))

40 # Store the asset prices and deltas

41 asset_price_values.append(SO[0])

42 levy.append(value_levy)

43 mp_gr.append(value_mp_gr)

44 mp_4m. append(value_mp_4m)

45 montecarlo.append(value_montecarlo)

46 lower_bounds.append(confidence_interval_lower_bounds)
47 upper_bounds.append(confidence_interval_upper_bounds)
48

49| # Convert lists to DataFrame
50, df = pd.DataFrame ({

51 : levy,

52 : mp_gr,

53 : mp_4m,

54 : montecarlo,
55 : lower_bounds,

56 : upper_bounds

571}, index=asset_price_values)

59| # Plotting Prices using pandas
60 plt.figure(figsize=(10, 6))

61 plt.plot(df.index, df[ ], marker= , linestyle= , color=
label= )

62 plt.plot(df.index, df[ ], marker= , linestyle= , color=
label= )
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plt.plot(df.index, df[ ], marker= , linestyle= , color= , label=
)
plt.plot(df.index, df[ ], marker= , linestyle= s
color= , label= )
plt.fill_between(df.index, df[ 1, df[ ], color
= , alpha=1, label= )
plt.xlabel( )
plt.ylabel( )
plt.title(
)

plt.grid(False) # Enable gridlines if you want them
plt.legend()
plt.show()

Listing 1.37: Basket Call Option Price Varying Asset Prices using Different Methods

# Example usage

np.random.seed(57724)

SO® = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets

r =20 # Risk-free interest rate

T =275 # Time to maturity

weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

rho_base = np.array([[1l, 0.5, 0.5, 0.5],[0.5, 1, 0.5, 0.5],[0.5, 0.5, 1,
0.5],[0.5, 0.5, 0.5, 111) # Correlation matrix

K = 100 # Strike price

N 400000 # Number of Monte Carlo repetitions

n_assets = 4 # Number of assets in the basket

theta = 1 #To determine if it is a call or a put option

# Values to iterate for sigma
sigma_values = np.arange(0.1, 0.7, 0.1)

# Create lists to store the rho values and deltas for each method

volatilities_values = []
levy = []

mp_gr = []

mp_4m = []

montecarlo = []

# Iterate over the sigma values
for sigma_value in sigma_values:
# Update the sigma vector

*

sigma = np.array([sigma_value] n_assets)

# Calculate the delta for the updated correlation matrix
value_levy = levy_method(S®, sigma, r, T, weights, rho, K)
value_mp_gr = gamma_method(S®, sigma, r, T, weights, rho, K)

value_mp_4m = higher_moments_method(S®, sigma, r, T, weights, rho, K)
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41
42
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46

value_montecarlo = basket_option_price(S®, K, r, T, sigma, N, n_assets,
weights, theta, rho)[0]

# Store the volatilities and deltas
volatilities_values.append(sigma_value)

levy.append(value_levy)

mp_gr.append(value_mp_gr)

mp_4m. append (value_mp_4m)

montecarlo.append(value_montecarlo)

# Convert lists to DataFrame
df = pd.DataFrame ({

levy,
mp_gr,
mp_4m,
montecarlo
}, index=volatilities_values)
# Plotting Prices using pandas
plt.figure(figsize=(8, 6))
plt.plot(df.index, df[ ], marker= , linestyle= , color= s
label= )
plt.plot(df.index, df[ ], marker= , linestyle= , color= ,
label= )
plt.plot(df.index, df[ ], marker= , linestyle= , color= , label=
)
plt.plot(df.index, df[ ], marker= , linestyle= s
color= , label= )
plt.xlabel( )
plt.ylabel( )
plt.title(
D)

plt.grid(False) # Enable gridlines if you want them
plt.legend()
plt.show()

Listing 1.38: Basket Call Option Price Varying Volatilities using Different Methods

# Example usage

np.random.seed(57724)

SO® = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets

sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

r =0 # Risk-free interest rate

T =275 # Time to maturity

weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

rho_base = np.array([[1, 0.5, 0.5, 0.5],[0.5, 1, 0.5, 0.5],[0.5, 0.5, 1,
0.5]1,[0.5, 0.5, 0.5, 111) # Correlation matrix

N = 300000 # Number of Monte Carlo repetitions

n_assets = 4 # Number of assets in the basket
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theta = 1 #To determine if it is a call or a put option

# Values to iterate for strike price

strike_values = np.arange (20, 200, 10)

# Create lists to store the rho values and deltas for each method

strike_price_values
levy = [1

mp_gr = []
mp_4m = []
montecarlo = []

=[]

# Iterate over the sigma values

for strike_price_val in strike_values:

# Update the sigma vector

K = strike_price_val

# Calculate the delta for the updated correlation matrix

value_levy = levy_method(S®, sigma

value_mp_gr = gamma_method (SO,

, T

sigma,

T, weights,

r, T, weights,

value_mp_4m = higher_moments_method (SO,

value_montecarlo

weights, theta,

sigma, r, T,

= basket_option_price(S0®, K,

rho) [0]

# Store the volatilities and deltas

strike_price_values.append(strike_price_val)

levy.append(value_levy)

mp_gr.append(value_mp_gr)

mp_4m. append(value_mp_4m)

montecarlo.append(value_montecarlo)

# Convert lists to DataFrame

df = pd.DataFrame ({
levy,
mp_gr,
mp_4m,

montecar

}, index=strike_price_values)

# Plotting Prices using pandas
plt.figure(figsize=(8, 6))

plt.plot(df.index,
label= )

plt.plot(df.index,
label= )

plt.plot(df.index,

)

plt.plot(df.index,

color=

plt.xlabel(
plt.ylabel(

df [

df [

df[

df[
)
)

], marker=

], marker

], marker

label=

lo
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35

plt.

plt.
plt.
plt.

title(
D)
grid(False) # Enable gridlines if you want them
legend OO
show ()

Listing 1.39: Basket Call Option Price Varying Strike Price using Different Methods

#Greeks with Levy’s log-normal moment matching

#In

def

def

order to the stock prices

access_vector_entry(vector):
# Ask the user for the index of the entry they want to access
index = int(input( ))

# Check if the index is valid
if 0 <= index < len(vector):
# Access the specified entry of the vector
specific_entry = vector[index]
return index, specific_entry
else:
return None

delta(S®, sigma, r, T, weights, rho, K):
Df = np.exp(-r * T)
F =[]
for s® in SO:

Fi = s® * np.exp(r * T)

F.append (Fi)
M = np.dot(weights,F)
V_square = 0
for i in range(len(weights)):

for j in range(len(weights)):

V_square += weights[i] *

1 * sigmal[j] * rho[il[j] * T)
m=2 * np.log(M) - 0.5 * np.log(V_square)

weights[j] * F[i] * F[j] * np.exp(sigmali

v_square = np.log(V_square) - 2 * np.log(M)
partl_deriv_V_square = 0
for j in range(len(weights)):

if j !'= access_vector_entry(weights)[0]:

o

partl_deriv_V_square += 2 * access_vector_entry(weights)[1]

s .

weights[j] np.exp(r * T) * F[j] * np.exp(access_vector_entry(sigma)[1]
sigma[j] * rho[access_vector_entry(rho)[0]][j] * T)
else:

%

partl_deriv_V_square += 2 * (access_vector_entry(weights)[1] ** 2)

¥ *

np.exp(r * T) * access_vector_entry(F)[1]
sigma) [1] ** 2) * T)

deriv_V_square = ((partl_deriv_V_square) / V_square) - 2 * ((
np.exp(r * T)) / M)

np.exp((access_vector_entry(

*

access_vector_entry(weights) [1]
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dl = (m - np.log(K) + v_square) / (np.sqrt(v_square))

*

deriv_root_v_square = 0.5 * (1 / (np.sqrt(v_square)))
greek_delta = Df * ((access_vector_entry(weights)[1] *
norm.cdf(dl) + M * norm.pdf(dl) * deriv_root_v_square))
return greek_delta

#Example usage

S® = [100, 100, 100, 100] # Initial price of the assets
sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets
r =20 # Risk-free interest rate

T =75 # Time to maturity

deriv_V_square

% %

np.exp(r * T)

weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket
rho = np.array([[1, 0.5, 0.5, 0.5],[6.5, 1, ®.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,

0.5, 0.5, 111) # Correlation matrix
K = 100 # Strike price

greek_delta_value = delta(S®, sigma, r, T, weights, rho, K)
print ( , greek_delta_value)
Enter the index of the entry you want to access: 0

5 Delta value: 0.16006495776781238

Listing 1.40: Asset Price Greek of Levy’s log-normal moment matching and an Example

#In order to the correlation

def cega(S®, sigma, r, T, weights, rho, K):

Df = np.exp(-r * T)

F =[]

for s® in SO:
Fi = s® * np.exp(r * T)
F.append(Fi)

M = np.dot(weights,F)

V_square = 0

for i in range(len(weights)):
for j in range(len(weights)):

%

V_square += weights[i] weights[j] * F[i] * F[j]
1 * sigma[j] * rho[il[j] * T)
m=2 * np.log(M) - 0.5 * np.log(V_square)

v_square = np.log(V_square) - 2 * np.log(M)

* np.exp(sigmali

deriv_V_square = access_vector_entry(weights)[1] * access_vector_entry(

%

weights)[1] * access_vector_entry(F)[1]

%

access_vector_entry(sigma) [1]

access_vector_entry(F)[1]
access_vector_entry(sigma)[1] * T * np.exp(

sigma[access_vector_entry(sigma) [0]] * sigma[access_vector_entry(sigma) [0]]

s

dl = (m - np.log(K) + v_square) / (np.sqrt(v_square))

o

deriv_root_v_square = (1 / (np.sqrt(v_square) V_square))

deriv_V_square

greek_cega = Df * M * norm.pdf(dl) * deriv_root_v_square
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return greek_cega

#Example usage

S® = [100, 100, 100, 100] # Initial price of the assets

sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

r=20 # Risk-free interest rate

T =75 # Time to maturity

weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket

rho = np.array([[1, 0.5, 0.5, 0.5],[6.5, 1, ®.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,

0.5, 0.5, 111 # Correlation matrix
K = 100 # Strike price

greek_cega_value = cega(S®, sigma, r, T, weights, rho, K)
print( , greek_cega_value)

Enter the index of the entry you want to access: 0

Enter the index of the entry you want to access: 1

Cega value: 2.318447222035616

Listing 1.41: Correlation Greek of Levy’s log-normal moment matching and an Example

#In order to the volatility

def vega(S®, sigma, r, T, weights, rho, K):
Df = np.exp(-r * T)
F =[]
for s® in SO:
Fi = s®@ * np.exp(r * T)
F.append(Fi)
M = np.dot(weights,F)
V_square = 0
for i in range(len(weights)):
for j in range(len(weights)):
V_square += weights[i] *
1 * sigma[j] * rho[i]l[j] * T)
m=2 * np.log(M) - 0.5 * np.log(V_square)
v_square = np.log(V_square) - 2 * np.log(M)
deriv_V_square = 0
for j in range(len(weights)):
if j != access_vector_entry(weights)[0]:
deriv_V_square += 2 * access_vector_entry(weights)[1] *

-

o

rho) [0]]1[j] * T * np.exp(access_vector_entry(sigma)[1]
access_vector_entry(rho) [0]]1[j] * T)
else:

deriv_V_square += 2 * (access_vector_entry(weights)[1] ** 2) *

%

access_vector_entry(F)[1] ** 2) * access_vector_entry(sigma)[1l] * T * np.

exp((access_vector_entry(sigma) [1] ** 2) * T)

dl = (m - np.log(K) + v_square) / (np.sqrt(v_square))
deriv_root_v_square = 0.5 * (1 / (np.sqrt(v_square) * V_square)) *
deriv_V_square
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greek_vega = Df * M * norm.pdf(dl) * deriv_root_v_square
return greek_vega

#Example usage

SO = [100, 100, 100, 100] # Initial price of the assets

sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

r =20 # Risk-free interest rate

T =275 # Time to maturity

weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket

rho = np.array([[1, 0.5, 0.5, 0.5],[6.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,
0.5, 0.5, 111) # Correlation matrix

K = 100 # Strike price

7/ greek_vega_value = vega(S®, sigma, r, T, weights, rho, K)

print( , greek_vega_value)
Enter the index of the entry you want to access: 0
Vega value: 17.34096914765987

Listing 1.42: Volatility Greek of Levy’s log-normal moment matching and an Example

#Greeks with The reciprocal gamma approximation by Milevsky and Posner
#In order to the stock prices

def greek_delta(S®, sigma, r, T, weights, rho, K):

Df = np.exp(-r * T)
F =[]
for sO® in SO:

Fi = sO0 * np.exp(r * T)

F.append(Fi)
M = np.dot(weights,F)
V_square = 0
for i in range(len(weights)):

for j in range(len(weights)):

V_square += weights[i] * weights[j] * F[i] * F[j] * np.exp(sigmali

1 * sigma[j] * rho[i]l[j] * T)
alpha = (2 * V_square - M ** 2) / (V_square - M ** 2)
beta = (V_square - M ** 2) / (V_square * M)
deriv_V_square = 0
for j in range(len(weights)):

if j != access_vector_entry(weights)[0]:

s

deriv_V_square += 2 * access_vector_entry(weights)[1] * weights[j]
* np.exp(r * T) * F[j] * np.exp(access_vector_entry(sigma)[1l] * sigmal[j] *
rho[access_vector_entry(rho) [0]][j] * T)
else:
deriv_V_square += 2 * (access_vector_entry(weights)[1] ** 2) * np.

*

exp(r * T) * access_vector_entry(F)[1] np.exp((access_vector_entry(sigma)
[1] ek 2) * ’I‘)

x = np.linspace(0.00001, 1/K, 10000)
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function_to_integrate = np.log(x) * gamma.pdf(x, a =(alpha-1), scale =

beta)

function_to_integrate_1 = np.log(x) * gamma.pdf(x, a = alpha, scale = beta

)

deriv_g_order_alpha = simps(function_to_integrate, x) + gamma.cdf(l/K, a =
(alpha-1), scale = beta) * (np.log(l/beta) - ((gamma_function(alpha - 1)
psi(alpha - 1)) / gamma_function(alpha-1)))

deriv_g_order_beta = -gamma.cdf(1/K, a =(alpha-1), scale = beta) * ((alpha
- 1)/ beta) + gamma.cdf(1/K, a = alpha, scale =beta)

alpha) / (gamma_function(alpha-1) * beta))

%

(gamma_function(

deriv_g_alpha = simps(function_to_integrate_1, x) + gamma.cdf(l/K, a =
alpha, scale = beta) * (np.log(l/beta) - ((gamma_function(alpha) * psi(
alpha)) / gamma_function(alpha)))

deriv_g_beta = -gamma.cdf(1/K, a = alpha, scale = beta) * (alpha / beta) +

*

gamma.cdf(1/K, a = (alpha+1l), scale = beta) (gamma_function(alpha + 1) /

(gamma_function(alpha) * beta))

* *

deriv_alpha = ((2 * V_square * M access_vector_entry(weights)[1] * np.
exp(r * T) - (M ** 2) * deriv_V_square) / ((V_square - M ** 2) ** 2))
deriv_beta = ((-access_vector_entry(weights)[1] * np.exp(r * T)) / (M **

s .

2)) - ((Caccess_vector_entry(weights)[1] * np.exp(r * T) * V_square - M *

deriv_V_square)/ (V_square ** 2))

*

delta_greek = Df * (access_vector_entry(weights)[1] np.exp(r * T)

gamma.cdf(1/K, a =(alpha-1), scale=beta) + M * (deriv_g_order_alpha *
deriv_alpha + deriv_g_order_beta * deriv_beta) - K * (deriv_g_alpha *
deriv_alpha + deriv_g_beta * deriv_beta))

return delta_greek

#Example usage

SO

= [100, 100, 100, 100] # Initial price of the assets

sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

r
T

=0 # Risk-free interest rate

=5 # Time to maturity

weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket
rho = np.array([[1l, 6.5, 0.5, 0.5],[0.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,

K

0.5, 0.5, 111 # Correlation matrix
= 100 # Strike price

value_greek_delta = greek_delta(S®, sigma, r, T, weights, rho, K)

/I print ( , value_greek_delta)

Enter the index of the entry you want to access: 0

o/ Delta value: 0.14611034390053368

Listing 1.43: Asset Price Greek of the reciprocal gamma approximation by Milevsky and

Posner and an Example

#In order to the correlation

def greek_cega(S®, sigma, r, T, weights, rho, K):

Df = np.exp(-r * T)
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5 F =[]

6 for s® in SO:

7 Fi = s® * np.exp(r * T)
8 F.append(Fi)

9 M = np.dot(weights,F)

10 V_square = 0

11 for i in range(len(weights)):

12 for j in range(len(weights)):

13 V_square += weights[i] * weights[j] * F[i] * F[j] * np.exp(sigmal[i
1 * sigma[j] * rho[il[j] * T

14 alpha = (2 * V_square - M ** 2) / (V_square - M ** 2)

15 beta = (V_square - M ** 2) / (V_square * M)

16 deriv_V_square = 2 * weights[access_vector_entry(weights)[0]] * weights[

%

access_vector_entry(weights) [0]] F[access_vector_entry(F)[0]] * F[

* %

access_vector_entry(F) [0]] sigma[access_vector_entry(sigma) [0]] sigmal

access_vector_entry(sigma) [0]] * T * np.exp(sigma[access_vector_entry(sigma

*

)[0]] * sigma[access_vector_entry(sigma) [0]] rho[access_vector_entry(rho)

[0]][access_vector_entry(rho) [0]] * T)

17 x = np.linspace(0.00001, 1/K, 10000)

18 function_to_integrate = np.log(x) * gamma.pdf(x, a = (alpha-1), scale =
beta)

19 function_to_integrate_1 = np.log(x) * gamma.pdf(x, a = alpha, scale = beta
)

20 deriv_g_order_alpha = simps(function_to_integrate, x) + gamma.cdf(l/K, a =

(alpha-1), scale = beta) * (np.log(l/beta) - ((gamma_function(alpha - 1) *
psiCalpha - 1)) / gamma_function(alpha-1)))
21 deriv_g_order_beta = -gamma.cdf(1/K, a =(alpha-1), scale = beta) * ((alpha
- 1)/ beta) + gamma.cdf(1l/K, a = alpha, scale = beta) * (gamma_function(
alpha) / (gamma_function(alpha-1) * beta))

N
N

deriv_g_alpha = simps(function_to_integrate_1, x) + gamma.cdf(l/K, a =
alpha, scale = beta) * (np.log(l/beta) - ((gamma_function(alpha) * psi(
alpha)) / gamma_function(alpha)))

deriv_g_beta = -gamma.cdf(1/K, a = alpha, scale = beta) * ((alpha)/ beta)
+ gamma.cdf(1/K, a = (alpha+1), scale = beta) * (gamma_function(alpha + 1)

N
w

/ (gamma_function(alpha) * beta))

24 deriv_alpha = -(((M ** 2) * deriv_V_square) / ((V_square - M ** 2) #*¥* 2))
25 deriv_beta = ((M * deriv_V_square)/ (V_square ** 2))

26

27 cega_greek = Df * (M * (deriv_g_order_alpha * deriv_alpha +

o

deriv_g_order_beta deriv_beta) - K * (deriv_g_alpha * deriv_alpha +
deriv_g_beta * deriv_beta))

28 return cega_greek

29

30| #Example usage

31/ S0 = [100, 100, 100, 100] # Initial price of the assets

32/ sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

3Br =0 # Risk-free interest rate

34T = 5 # Time to maturity

35| weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket
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rho = np.array([[1, 0.5, 0.5, 0.5],[6.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,
0.5, 0.5, 111 # Correlation matrix
K = 100 # Strike price

value_greek_cega = greek_cega(S®, sigma, r, T, weights, rho, K)
print ( , value_greek_cega)

Enter the index of the entry you want to access: 0

Enter the index of the entry you want to access: 1

Cega value: 1.5083135100970173

Listing 1.44: Correlation Greek of the reciprocal gamma approximation by Milevsky and

Posner and an Example

#In order to the volatility

def greek_vega(S®, sigma, r, T, weights, rho, K):
Df = np.exp(-r * T)
F =[]
for s® in SO:
Fi = sO0 * np.exp(r * T)
F.append(Fi)
M = np.dot(weights,F)
V_square = 0
for i in range(len(weights)):
for j in range(len(weights)):
V_square += weights[i] * weights[j] * F[i] * F[j] * np.exp(sigmali
1 * sigma[j] * rho[i]l[j] * T)
alpha = (2 * V_square - M ** 2) / (V_square - M ** 2)
beta = (V_square - M ** 2) / (V_square * M)
deriv_V_square = 0
for j in range(len(weights)):
if j != access_vector_entry(weights)[0]:

%

deriv_V_square += 2 * access_vector_entry(weights)[1] weights[j]

%

access_vector_entry(F)[1] * F[j] * sigma[j] * rho[access_vector_entry(

*

rho) [0]]1[j] * T * np.exp(access_vector_entry(sigma)[1] sigmal[j] * rhol[
access_vector_entry(rho) [0]11[j] * T)
else:
deriv_V_square += 2 * (access_vector_entry(weights)[1] ** 2) * (
access_vector_entry(F)[1] ** 2) * access_vector_entry(sigma)[1l] * T * np.
exp((access_vector_entry(sigma) [1] ** 2) * T)

X = np.linspace(0.00001, 1/K, 10000)

function_to_integrate = np.log(x) * gamma.pdf(x, a = alpha - 1, scale =
beta)

function_to_integrate_1 = np.log(x) * gamma.pdf(x, a = alpha, scale = beta
)

deriv_g_order_alpha = simps(function_to_integrate, x) + gamma.cdf(l/K, a =
alpha - 1, scale = beta) * (np.log(l/beta) - ((gamma_function(alpha - 1) *
psi(Calpha - 1)) / gamma_function(alpha-1)))
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26 deriv_g_order_beta = -gamma.cdf(1/K, a = alpha - 1, scale = beta) * ((
alpha - 1)/ beta) + gamma.cdf(l1/K, a = alpha, scale = beta) * (
gamma_function(alpha) / (gamma_function(alpha-1) * beta))

27 deriv_g_alpha = simps(function_to_integrate_1, x) + gamma.cdf(l/K, a =

N

o

alpha, scale = beta) * (np.log(l/beta) - ((gamma_function(alpha) * psi(
alpha)) / gamma_function(alpha)))

28 deriv_g_beta = -gamma.cdf(1/K, a = alpha, scale = beta) * ((alpha)/ beta)
+ gamma.cdf(1/K, a = alpha + 1, scale = beta) * (gamma_function(alpha + 1)
/ (gamma_function(alpha) * beta))

29 deriv_alpha = -(((M ** 2) * deriv_V_square) / ((V_square - M ** 2) ** 2))

30 deriv_beta ((M * deriv_V_square)/ (V_square ** 2))

32 vega_greek = Df * (M * (deriv_g_order_alpha * deriv_alpha +

deriv_g_order_beta * deriv_beta) - K * (deriv_g_alpha * deriv_alpha +
deriv_g_beta * deriv_beta))

33 return vega_greek

35| #Example usage

36/ SO = [100, 100, 100, 100] # Initial price of the assets

37/ sigma = [0.4, 0.4, 0.4, 0.4] # Volatility of the assets

38 r =0 # Risk-free interest rate

39T = 5 # Time to maturity

40| weights = [0.25, 0.25, 0.25, 0.25] # Weights of assets in the basket

41 rho = np.array([[1l, 0.5, 6.5, 6.5],[6.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,
0.5, 0.5, 111) # Correlation matrix

2/K = 100 # Strike price

44| value_greek_vega = greek_vega(S®, sigma, r, T, weights, rho, K)
45/ print , value_greek_vega)
46| Enter the index of the entry you want to access: 0

47/ Vega value: 11.281524028235635

Listing 1.45: Volatility Greek of the reciprocal gamma approximation by Milevsky and

Posner and an Example

1| #Greeks with Monte Carlo Simulation
3| #In order to the stock prices

5/ def delta_monte_carlo(S®, K, r, T, sigma, N, n_assets, weights, theta, rho,

epsilon):
6 total_payoff_plus = 0
7 total_payoff_minus = 0
8 mean = np.zeros(n_assets)

9 cov = rho

10 SO_plus = SO.copy()

11 SO_minus = SO.copy()

12 SO_plus[access_vector_entry(SO_plus)[0]] = SO_plus[access_vector_entry(
SO_plus) [0]] + epsilon
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13 SO®_minus[access_vector_entry(SO_minus) [0]] = SO_minus[access_vector_entry(
SO_minus) [0]] - epsilon

14

15 for _ in range(N):

16 # Generate random price paths for each asset

17 normal_multivariate = multivariate_normal.rvs(mean, cov)

18 asset_prices_plus = SO_plus * np.exp((r - 0.5 * sigma**2) * T + sigma
* np.sqrt(T) * normal_multivariate)

19 asset_prices_minus = SO_minus * np.exp((r - 0.5 * sigma**2) * T +
sigma * np.sqrt(T) * normal_multivariate)

20

21 # Calculate the weighted average price of the assets in the basket

22 weighted_average_price_plus = np.dot(asset_prices_plus, weights)

23 weighted_average_price_minus = np.dot(asset_prices_minus, weights)

24

25 # Estimate payoff for perturbed basket prices

26 payoff_plus = max(weighted_average_price_plus - K, 0)

27 payoff_minus = max(weighted_average_price_minus - K, 0)

28

29 # Accumulate the payoffs

30 total_payoff_plus += payoff_plus

31 total_payoff_minus += payoff_minus

32

33 # Estimate Delta using finite differences

34 delta = (total_payoff_plus - total_payoff _minus) / (2 * epsilon)

35

36 # Compute Delta

37 delta_estimated = delta / N

38

39 return delta_estimated

40

41| # Example usage

42/ np.random.seed (57724)

43/ S® = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets

44/ sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

5/r = 0 # Risk-free interest rate

46T = 5 # Time to maturity

47/ weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

48 rho = np.array([[1l, 0.5, 0.5, 0.5],[0.5, 1, 0.5, 0.5],[0.5, 0.5, 1, 0.5],[0.5,

0.5, 0.5, 111 # Correlation matrix

100 # Strike price

5000000 # Number of Monte Carlo repetitions

49| K
50| N
51/ n_assets = 4 # Number of assets in the basket

52| theta = 1 #To determine if it is a call or a put option

53 epsilon = 0.01
55| delta_option = delta_monte_carlo(S®, K, r, T, sigma, N, n_assets, weights,

theta, rho, epsilon)
56, print ( , delta_option)
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57 Enter the index of the entry you want to access: 0
55/ Delta option: 0.15985148601680993

Listing 1.46: Asset Price Greek using Monte Carlo Simulation and an Example

1| #In order to the correlation

2

3/ def cega_monte_carlo(S®, K, r, T, sigma, N, n_assets, weights, theta, rho,

epsilon):

total_payoff_plus = 0

total_payoff_minus = 0

mean = np.zeros(n_assets)

cov = np.identity(n_assets)

cov_plus = rho.copy(Q)

cov_minus = rho.copy(Q)
cov_plus[access_vector_entry(cov_plus)[0]][access_vector_entry(cov_plus)
[0]] = cov_plus[access_vector_entry(cov_plus)[0]][access_vector_entry(
cov_plus) [0]] + epsilon
cov_plus[access_vector_entry(cov_plus)[0]][access_vector_entry(cov_plus)
[0]] = cov_plus[access_vector_entry(cov_plus)[0]][access_vector_entry(
cov_plus)[0]] + epsilon

cov_minus[access_vector_entry(cov_minus) [0]][access_vector_entry(cov_minus
)[0]] = cov_minus[access_vector_entry(cov_minus) [0]][access_vector_entry(
cov_minus) [0]] - epsilon

cov_minus[access_vector_entry(cov_minus) [0]][access_vector_entry(cov_minus
)[0]] = cov_minus[access_vector_entry(cov_minus)[0]][access_vector_entry(
cov_minus) [0]] - epsilon

cov_plus = np.linalg.cholesky(cov_plus)

cov_minus = np.linalg.cholesky(cov_minus)

for _ in range(N):

# Generate random price paths for each asset

normal_multivariate = multivariate_normal.rvs(mean, cov)

asset_prices_plus = SO® * np.exp((r - 0.5 * sigma**2) * T + sigma * np.
sqrt(T) * np.dot(cov_plus,normal_multivariate))

asset_prices_minus = SO * np.exp((r - 0.5 * sigma**2) * T + sigma * np
.sqrt(T) * np.dot(cov_minus,normal_multivariate))

# Calculate the weighted average price of the assets in the basket
weighted_average_price_plus = np.dot(asset_prices_plus, weights)
weighted_average_price_minus = np.dot(asset_prices_minus, weights)

# Estimate payoff for perturbed basket prices
payoff_plus = max(weighted_average_price_plus - K, 0)
payoff_minus = max(weighted_average_price_minus - K, 0)

# Accumulate the payoffs

total_payoff_plus += payoff_plus
total_payoff_minus += payoff_minus
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# Estimate Cega using finite differences

¥*

cega = (total_payoff_plus - total_payoff_minus) / (2 epsilon)
# Compute Cega
cega_estimated = cega / N

return cega_estimated

# Example usage

start = time.time()

np.random.seed (57724)

SO = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets

sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

r =20 # Risk-free interest rate

T =275 # Time to maturity

weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

rho = np.array([[1, 0.90, 0.90, 0.90],[0.90, 1, 0.90, 0.90]1,[0.90, 6.96, 1,
0.90],[0.90, 0.90, 0.90, 111) # Correlation matrix

K = 100 # Strike price

N = 10000000 # Number of Monte Carlo repetitions

n_assets = 4 # Number of assets in the basket

theta = 1 #To determine if it is a call or a put option
epsilon = 0.01

cega_option = cega_monte_carlo(S®, K, r, T, sigma, N, n_assets, weights, theta

, rho, epsilon)
end = time.time()
time_execution = end - start

print( , cega_option)

print (£ )
Enter the index of the entry you want to access: 0

Enter the index of the entry you want to access: 1

Cega option: 2.376090

The function took 937.54998 seconds to execute.

Listing 1.47: Correlation Greek using Monte Carlo Simulation and an Example

#In order to the volatility

def vega_monte_carlo(S®, K, r, T, sigma, N, n_assets, weights, theta, rho,
epsilon):
total_payoff_plus = 0
total_payoff_minus = 0
mean = np.zeros(n_assets)
cov = rho
sigma_plus = sigma.copy()
sigma_minus = sigma.copy()
sigma_plus[access_vector_entry(sigma_plus)[0]] = sigma_plus[
access_vector_entry(sigma_plus)[0]] + epsilon
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3| N

sigma_minus[access_vector_entry(sigma_minus)[0]] = sigma_minus[

access_vector_entry(sigma_minus) [0]] - epsilon

for _ in range(N):
# Generate random price paths for each asset

normal_multivariate = multivariate_normal.rvs(mean, cov)

asset_prices_plus = SO * np.exp((r - 0.5 * sigma_plus**2) * T +

sigma_plus * np.sqrt(T) * normal_multivariate)

* np.exp((r - 0.5

N

asset_prices_minus = SO

* *

sigma_minus np.sqrt(T) normal_multivariate)

sigma_minus**2) * T

# Calculate the weighted average price of the assets in the basket

weighted_average_price_plus = np.dot(asset_prices_plus,

weighted_average_price_minus = np.dot(asset_prices_minus,

# Estimate payoff for perturbed basket prices
payoff_plus = max(weighted_average_price_plus - K, 0)
payoff_minus = max(weighted_average_price_minus - K, 0)

# Accumulate the payoffs
total_payoff_plus += payoff_plus

total_payoff_minus += payoff_minus

# Estimate Vega using finite differences

weights)

vega = (total_payoff_plus - total_payoff_minus) / (2 * epsilon)

# Compute Vega
vega_estimated = vega / N

return vega_estimated

# Example usage
np.random.seed(57724)

weights)

SO = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets
sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

r =20 # Risk-free interest rate

T =275 # Time to maturity

weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the

basket

rho = np.array([[1, 0.5, 0.5, 0.5],[60.5, 1, 0.5, 0.5],[0.5, 0.5,

0.5, 0.5, 111 # Correlation matrix
100 # Strike price
5000000 # Number of Monte Carlo repetitions

K

n_assets = 4 # Number of assets in the basket
theta = 1 #To determine if it is a call or a put option

epsilon = 0.01
vega_option = vega_monte_carlo(S®, K, r, T, sigma, N, n_assets,

, rho, epsilon)
print ( , vega_option)
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%‘Enter the index of the entry you want to access: 0
Vega option: 17.213066855820717

56
|

Listing 1.48: Volatility Greek using Monte Carlo Simulation and an Example

[

# Example usage
np.random.seed(57724)
sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

@D N

4r =0 # Risk-free interest rate

5T =5 # Time to maturity

6/ weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the
basket

7/ rho = np.array([[1l, 0.5, 0.5, 0.5],[6.5, 1, 0.5, 0.5],[0.5, 6.5, 1, 0.5],[0.5,
0.5, 0.5, 111) # Correlation matrix

8K = 100 # Strike price

9/ N 500000 # Number of Monte Carlo repetitions

10/ n_assets = 4 # Number of assets in the basket

11| theta = 1 #To determine if it is a call or a put option
12/ epsilon = 0.01

14| # Initial vector of asset prices

15/ S_initial = np.array([20.0, 20.0, 20.0, 20.0])

16/ # Step by which each element in the vector will be incremented
17 step = 10

18| # Number of steps

19 num_steps = 19

21| # Create lists to store the asset prices and deltas
22 asset_prices = []

23 delta_levy = []

24/ delta_mp_gr = []

25/ delta_montecarlo = []

27| # Iterate over the number of steps
28/ for i in range(num_steps):

29 # Update the vector of asset prices

30 S = S_initial + i * step

31 # Calculate the delta for the updated vector of asset prices

32 delta_value_levy = delta(S, sigma, r, T, weights, rho, K)

33 delta_value_mp_gr = greek_delta(S, sigma, r, T, weights, rho, K)

34 delta_value_montecarlo = delta_monte_carlo(S, K, r, T, sigma, N, n_assets,

weights, theta, rho, epsilon)

35 # Store the asset prices and deltas

36 asset_prices.append(S[0]) # Use the first asset price as the x-axis value
37 delta_levy.append(delta_value_levy)

38 delta_mp_gr.append(delta_value_mp_gr)

39 delta_montecarlo.append(delta_value_montecarlo)

4(
41| # Convert lists to DataFrame
42/ df_deltas = pd.DataFrame ({
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"Levy’: delta_levy,

"MP-GR’: delta_mp_gr,

"Monte Carlo Simulation’: delta_montecarlo
}, index=asset_prices)

# Plotting Deltas using pandas

plt.figure(figsize=(8, 6))

plt.plot(df_deltas.index, df_deltas[’'Levy’], marker="'0’, linestyle=’-', color=
"orange’, label="Levy’)

plt.plot(df_deltas.index, df_deltas[ MP-GR’], marker='o0o’, linestyle='-’, color
=’violet’, label="MP-GR’)

plt.plot(df_deltas.index, df_deltas[ lMonte Carlo Simulation’], marker="o0’,

’

linestyle="-", color="lightseagreen’, label='lonte Carlo’)

plt.xlabel ("Asset Price')

plt.ylabel("Delta™)

plt.title(’Delta of a Basket Call Option using Different Methods’)
plt.grid(False) # Enable gridlines if you want them

plt.legend ()

plt.show ()

Enter the index of the entry you want to access: 0

Listing 1.49: Delta of a Basket Call Option using Different Methods

# Example usage

np.random.seed (57724)

SO = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets
sigma = np.array([0.4, 0.4, 0.4, 0.4]) # Volatility of the assets

r =20 # Risk-free interest rate

T =25 # Time to maturity

7/ weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the

basket

rho_base = np.array([[1l, 0.5, 0.5, 0.5],[60.5, 1, 0.5, 0.5],[0.5, 0.5, 1,
0.5],[0.5, 0.5, 0.5, 111) # Correlation matrix

K 100 # Strike price

N 10000000 # Number of Monte Carlo repetitions

n_assets = 4 # Number of assets in the basket

theta = 1 #To determine if it is a call or a put option
epsilon = 0.01

# Values to iterate for off-diagonal elements of the correlation matrix
rho_off_diagonal_values = np.arange(-0.3, 1.0, 0.1)

# Create lists to store the rho values and deltas for each method
rho_values = []

cega_levy = []

cega_mp_gr = []

cega_montecarlo = []

# Iterate over the off-diagonal correlation values
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for rho_value in rho_off_diagonal_values:
# Update the correlation matrix
rho = rho_base.copy()
for i in range(rho.shape[0]):
for j in range(rho.shape[1]):
if i !'= j:
rho[i, j] = rho_value

# Calculate the delta for the updated correlation matrix

cega_value_levy = cega(S®, sigma, r, T, weights, rho, K)

cega_value_mp_gr = greek_cega(S®, sigma, r, T, weights, rho, K)
cega_value_montecarlo = cega_monte_carlo(S®, K, r, T, sigma, N, n_assets,
weights, theta, rho, epsilon)

# Store the rho value and deltas
rho_values.append(rho_value)
cega_levy.append(cega_value_levy)
cega_mp_gr.append(cega_value_mp_gr)
cega_montecarlo.append(cega_value_montecarlo)

# Convert lists to DataFrame
df_cegas = pd.DataFrame ({
cega_levy,
cega_mp_gr,
cega_montecarlo
}, index=rho_values)

# Plotting Deltas using pandas
plt.figure(figsize=(8, 6))

plt.plot(df_cegas.index, df_cegas[ ], marker= , linestyle= , color=
, label= )

plt.plot(df_cegas.index, df_cegas[ ], marker= , linestyle= , color=
, label= )

5/ plt.plot(df_cegas.index, df_cegas[ ], marker= s
linestyle= , color= , label= )

plt.xlabel( )

plt.ylabel( )

plt.title( )

plt.grid(False) # Enable gridlines if you want them
plt.legend ()

plt.show()
3 Enter the index of the entry you want to access: 0
Enter the index of the entry you want to access: 1

Listing 1.50: Cega of a Basket Call Option using Different Methods

# Example usage
np.random.seed (57724)
SO = np.array([100.0, 100.0, 100.0, 100.0]) # Initial price of the assets
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r =0 # Risk-free interest rate
T =25 # Time to maturity

weights = np.array([0.25, 0.25, 0.25, 0.25]) # Weights of assets in the

basket
rho = np.array([[1, 0.5, 0.5, 0.5],[0.5, 1, 0.5, 0.5],[0.5, 0.5, 1,
0.5, 0.5, 11D # Correlation matrix
K = 100 # Strike price
N = 5000000 # Number of Monte Carlo repetitions
n_assets = 4 # Number of assets in the basket

theta = 1 #To determine if it is a call or a put option
epsilon = 0.01

# Values to iterate for sigma
sigma_values = np.arange(0.1, 0.7, 0.1)

# Create lists to store the sigma values and cegas for each method
sigma_store = []

vega_levy = []

vega_mp_gr = []

vega_montecarlo = []

# Iterate over the sigma values
for sigma_value in sigma_values:
# Update the sigma vector
sigma = np.array([sigma_value] * n_assets)

# Calculate the cega for the updated sigma vector
vega_value_levy = vega(S®, sigma, r, T, weights, rho, K)
vega_value_mp_gr = greek_vega(SO, sigma, r, T, weights, rho, K)
vega_value_montecarlo = vega_monte_carlo(S®, K, r, T, sigma, N,
weights, theta, rho, epsilon)

# Store the sigma value and cegas
sigma_store.append(sigma_value)
vega_levy.append(vega_value_levy)
vega_mp_gr.append(vega_value_mp_gr)
vega_montecarlo.append(vega_value_montecarlo)

# Convert lists to DataFrame
df_vegas = pd.DataFrame ({
vega_levy,
vega_mp_gr,
vega_montecarlo

}, index=sigma_store)

# Plotting Deltas using pandas
plt.figure(figsize=(8, 6))

3 plt.plot(df_vegas.index, df_vegas[ ], marker= , linestyle=

, label= )
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plt.plot(df_vegas.index, df_vegas[ ], marker= , linestyle=

, label= )
plt.plot(df_vegas.index, df_vegas[ ], marker=
linestyle= , color= , label= )
plt.xlabel( )
plt.ylabel( )
plt.title( )

plt.grid(False) # Enable gridlines if you want them
plt.legend ()

plt.show()

Enter the index of the entry you want to access: 0

Listing 1.51: Vega of a Basket Call Option using Different Methods
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