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The well-known Cornell quark-antiquark potential in momentum space contains singularities both in its
one-gluon-exchange (OGE) and linear confining parts, which prevents a direct use of the convenient
Nyström method to solve the corresponding bound-state integral equation for the meson masses. While it
has been known for a long time how the Coulomb-type singularity in the OGE potential can be treated with
a subtraction technique, only very complicated methods have been developed to deal with the stronger
singularity in the linear potential. In this work, we present a simple subtraction method to remove this
singularity from the kernel, such that the Nyström method becomes applicable. Derivatives of the wave
function, that appear as a result of the subtraction, are represented by means of interpolating functions, for
which we found Lagrange polynomials to be very efficient. Test calculations show excellent agreement
with exactly known energy eigenvalues. By increasing the number of integration points and the order of the
Lagrange interpolation polynomials, extremely high accuracy can be achieved. This method can also be
extended to relativistic Bethe-Salpeter type equations with singular kernels.

DOI: 10.1103/PhysRevD.110.114039

I. INTRODUCTION

The nonrelativistic Cornell potential model [1–3], and
“relativized” variations of it [4,5], have been very successful
in describing the masses and decay rates of heavy quarko-
nia. They represent the interaction between heavy quarks
and antiquarks as a combination of a color-Coulomb
potential created by one-gluon exchange which dominates
at small distances, and a linear confining potential of
nonperturbative origin that is mainly responsible for the
behavior of the interaction at longer distances. Usually, a
nonrelativistic Schrödinger equation with this potential is

solved in coordinate space [6–8]. Lowest-order relativistic
corrections are often added, of which the spin-dependent
contributions yield spin-spin, spin-orbit, and tensor inter-
actions [9]. Spin-independent corrections, which contain
nonlocal terms, are usually ignored.
Generally formulated within Schrödinger theory, such

models do not account for the dynamical covariant structure
of quarks. However, for mesons with at least one light quark
a relativistic treatment is necessary, and in addition, the
implementation of dynamical mass generation and sponta-
neous chiral symmetry breaking is indispensable for a
realistic description of light mesons, in particular the pions.
This can be achieved in nonperturbative approaches based
on quantum field theory, such as the Dyson-Schwinger/
Bethe-Salpeter formalism [10–15] and the covariant spec-
tator theory (CST) [16–24]. The CST formalism also allows
for the inclusion of a covariant generalization of the Cornell
potential, such that the CST bound-state equations for
mesons in the nonrelativistic limit reduce again to the
Schrödinger equation with the Cornell potential.
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These manifestly covariant relativistic approaches are
represented in momentum space, which seems to be the
only practical way to take relativity exactly into account,
and they are formulated and solved in the form of integral
equations. However, in momentum space, the Cornell
potential contains singularities, which greatly complicate
the application of standard numerical solution techniques. In
particular, the very convenient and often used Nyström
method [25,26] is incompatible with the presence of
singularities in the kernel of the integral equation.
These singularities are of the same type in the non-

relativistic Cornell potential and in its relativistic generali-
zation in CST. It is therefore sufficient to look for solution
methods of the simpler nonrelativistic problem first and
then apply them to the relativistic case.
Several works have addressed the problem of the non-

relativistic Cornell potential in momentum-space. How the
Coulomb part of the potential can be treated through a
subtraction technique to be compatible with the Nyström
method has already been shown in [27]. Unfortunately, no
similar subtraction method was found to work with the
Nyström method for the more difficult linear potential.
Alternatively, in Ref. [28], the linear-confining problem

in S-waves was solved using a quadrature method where
the singularity of the integral is incorporated into the weight
functions. This method gives remarkable high-precision
results, but is very involved in practice, because the weight
functions must be adapted specifically for each integral
appearing in the Schrödinger equation.
References [29,30] used a screened and therefore non-

singular Cornell potential, which made it possible to solve
the momentum-space Schrödinger equation with the
Nyström method and an extended Simpson’s rule and other
quadrature rules. However, when the unscreened limit is
approached, the numerical accuracy worsens significantly.
Others [31–36] opted for applying Galerkin methods

[26], in which the unknown wave function is represented as
a linear combination of basis functions, and the solution
of the resulting linear eigenvalue problem yields the
corresponding expansion coefficients, together with the
bound-state energies. The singularities in the kernel are
integrable—a principal value singularity in the case of the
linear potential—and can be integrated numerically with
the Sloan method, i.e., by placing quadrature points
symmetrically around the singularity.
For this method to work well in practice, one needs to

carefully choose appropriate basis functions that reproduce
the correct asymptotic behavior of the wave function for
small and large momenta. This behavior is determined by
the potential and also depends on the partial wave. If the
kernel is modified in any way, for instance by including
form factors or terms of relativistic origin, the asymptotic
behavior may change, and the basis functions have to be
modified accordingly. What accuracy can be achieved
ultimately depends on an appropriate choice of the basis.

It is in fact also possible to remove the principal-value
singularity of the linear potential altogether by a subtraction
technique [36,37], however, at the expense of introducing
the first derivative of the wave function under the integral.
This seemed to exclude the Nyström method, but represents
no obstacle for the application of a Galerkin method. In
Ref. [37], we have successfully used this method with a
basis of B-spline functions.
Nevertheless, in view of the already mentioned chal-

lenges connected with an adequate choice of basis func-
tions in the Galerkin method, in this work we revisit the
subtracted form of the linear potential problem, and
demonstrate how it can be made amenable for the
Nyström method, thereby presenting a simpler, more
flexible and efficient numerical method for solving the
Cornell potential in momentum space. The new procedure
can provide extremely accurate results, and can also be
applied to the fully relativistic linear confining problem in
the CST equation, because the singularity structure
remains unchanged under its covariant generalization.
In Sec. II we first review the partial wave form of the

momentum-space Schrödinger equation with the Cornell
potential and its singularity structure, as well as the basic
ideas of the Nyström method. Then we show how the
Coulomb singularity can be made compatible with the
Nyström method, and why the same technique does not
seem to work for the linear potential. We go on to
demonstrate our solution to this problem, which consists
of representing the first and second derivatives of the wave
function, that appear as a consequence of the subtraction of
the singularity, in terms of interpolating functions.
Section III displays the resulting discretized version of
the momentum-space Schrödinger equation in detail and
brings it into matrix-equation form. Our numerical results
are presented and discussed in Sec. IV, and finally Sec. V
gives a summary of this work and our conclusions.

II. THE CORNELL POTENTIAL
IN MOMENTUM SPACE

The Cornell quark-antiquark potential [1–3] in coordi-
nate space is composed of a Coulomb-like short-range
interaction, originating from one-gluon-exchange, and a
linearly rising confining potential, of the form

ṼðrÞ ¼ −
α

r
þ σr; ð2:1Þ

where r ¼ jrj is the distance between the two quarks, α is
the strong coupling constant, including a color factor, and
the constant σ characterizes the strength of the confining
potential.
The Fourier-transform of the Coulomb potential

ṼCðrÞ ¼ −
α

r
ð2:2Þ
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is very well known,

VCðqÞ ¼
Z

d3rṼCðrÞeiq·r ¼ −
4πα

q2
; ð2:3Þ

which is obtained by first transforming a screened version
of it and then taking the unscreened limit. The momentum
transfer q ¼ k − p is the difference between the relative
momenta in the initial and final state.
In order to find the momentum-space version of the

linear potential,

ṼLðrÞ ¼ σr; ð2:4Þ
one can apply the same general idea, but different screening
methods can be used. In [37], we found that starting from a
particular kind of screening leads to the convenient
representation

VLðqÞ ¼
�
VAðqÞ − ð2πÞ3δð3ÞðqÞ

Z
d3q0

ð2πÞ3 VAðq0Þ
�
; ð2:5Þ

where

VAðqÞ ¼ −
8πσ

q4
: ð2:6Þ

The form of the “potential” (2.5) is somewhat peculiar and
should be interpreted as a distribution. It will always be
multiplied with a wave function and integrated over the loop
momentum k, which produces meaningful expressions.
This becomes clear when the momentum-space Cornell

potential,

VðqÞ ¼ VCðqÞ þ VLðqÞ; ð2:7Þ

is now inserted into the Schrödinger equation for the
momentum-space wave function ψðpÞ of a two-body
system with reduced mass mR,

p2

2mR
ψðpÞ þ

Z
d3k
ð2πÞ3VCðp−kÞψðkÞ

þ P
Z

d3k
ð2πÞ3VAðp−kÞ½ψðkÞ− ψðpÞ� ¼ EψðpÞ: ð2:8Þ

Both integrands are singular at k ¼ p, and it appears that
the singularity in VA is even much stronger than the one in
VC. However, it is weakened by the wave-function sub-
traction in the numerator that arises from the Dirac-delta
term in VL of Eq. (2.5). As a result, the integral over VA in
(2.8) reduces to a Cauchy principal value integral, indicated
by the symbol P

R
, and is therefore well defined [37].

Next, we expand Eq. (2.8) into partial waves. Introducing
the unit vectors k̂ and p̂, such that p ¼ pp̂ and k ¼ kk̂, and
abbreviating x ¼ k̂ · p̂, the potentials, depending only on
q2 ¼ p2 þ k2 − 2pkx, can be written as functions of p, k,
and x. Let us first look at the Coulomb potential. The

angular dependence is represented as a series of Legendre
polynomials PlðxÞ,

VCðp; k; xÞ ¼
X∞
l¼0

4π

2lþ 1
VC;lðp; kÞPlðxÞ: ð2:9Þ

The expansion coefficients are determined through the
angular integral

VC;lðp; kÞ ¼ 2π

Z
1

−1
dxPlðxÞVCðp; k; xÞ

¼ −8π2α
Z

1

−1
dx

PlðxÞ
p2 þ k2 − 2pkx

¼ −
8π2α

pk
QlðyÞ; ð2:10Þ

where the Legendre functions of the second kind, QlðyÞ,
depend on

y ¼ p2 þ k2

2pk
; ð2:11Þ

and are singular at y ¼ 1, which occurs when k ¼ p. The
representation

QlðyÞ ¼ PlðyÞQ0ðyÞ −Wl−1ðyÞ; ð2:12Þ

with

Wl−1ðyÞ ¼
Xl
m¼1

1

m
Pl−mðyÞPm−1ðyÞ; ð2:13Þ

is very useful here. It shows that the singularities in the
potential matrix elements for all angular momenta have their
origin in Q0ðyÞ, which can also be written

Q0ðyÞ ¼
1

2
ln

���� yþ 1

y − 1

���� ¼ 1

2
ln

�
pþ k
p − k

�
2

; ð2:14Þ

whereas Wl−1ðyÞ is not singular and contributes only
for l ≥ 1.
The partial-wave decomposition of the linear potential

VLðqÞ of (2.5) has been derived in [37]. Because of its
nature as a distribution, it is easiest to write how it acts on
the partial-wave components ψlðpÞ of the wave function.1
We find

Z
∞

0

dkk2

ð2πÞ3VL;lðp;kÞψlðkÞ

¼
Z

∞

0

dkk2

ð2πÞ3 ½VA;lðp;kÞψlðkÞ−VA;0ðp;kÞψlðpÞ�; ð2:15Þ

1Because of rotational symmetry, neither the partial-wave
potentials nor wave functions depend on the eigenvalue of the
z-component of the angular momentum, which is therefore
suppressed throughout.
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where the partial-wave elements of VA are

VA;lðp;kÞ ¼ 2π

Z
1

−1
dxPlðxÞVAðp;k; xÞ

¼ 8π2σ

ðpkÞ2 ½PlðyÞQ0
0ðyÞ þP0

lðyÞQ0ðyÞ−W0
l−1ðyÞ�

¼ −
8π2σ

ðpkÞ2
��

2pk
p2 − k2

�
2

PlðyÞ

−P0
lðyÞQ0ðyÞ þW0

l−1ðyÞ
�
: ð2:16Þ

In addition to the singularity inQ0ðyÞ, that is also present in
the Coulomb potential (2.10), the first term is even more
strongly singular and the source of all the difficulties in this
calculation.
We can now write the partial-wave Schrödinger equation

for the Cornell potential as

p2

2mR
ψlðpÞ −

α

πp

Z
∞

0

dk k½PlðyÞQ0ðyÞ −Wl−1ðyÞ�ψlðkÞ

−
σ

πp2
P
Z

∞

0

dk

�
4p2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ�

−Q0ðyÞP0
lðyÞψlðkÞ þW0

l−1ðyÞψlðkÞ
�

¼ EψlðpÞ:

ð2:17Þ

Next we turn our attention to the problem of solving this
equation numerically.

A. The Nyström method

The Schrödinger equation in momentum space (2.17) is
a homogeneous Fredholm integral equation of the second
kind, of the form

Z
b

a
dkKðp; kÞϕðkÞ ¼ EϕðpÞ; ð2:18Þ

where Kðp; kÞ is its kernel. One convenient method to
solve it numerically is the Nyström method [25], which is
based on the numerical integration of a function fðkÞ by
means of a quadrature rule,

Z
b

a
fðkÞdk ≈

XN
j¼1

wjfðkjÞ: ð2:19Þ

The quadrature points kj and weights wj are determined by
the choice of the quadrature method and the integration
interval, which in our case extends from 0 to ∞. After
applying (2.19) to (2.18), one obtains a closed set of N
linear equations if for the external variable p we choose
each of the points fkjg of the quadrature rule,

XN
j¼1

wjKðki; kjÞϕðkjÞ ¼ EϕðkiÞ: ð2:20Þ

The continuous variables p and k have thereby been
discretized to take on only values from the same set,
and they are now essentially only distinguished by their
indices. From here on we will refer to the set of quadrature
points as fpig and use the notation pi or pj rather than ki
or kj.
If we introduce the notation ϕi ¼ ϕðpiÞ and Mij ¼

wjKðpi; pjÞ, the discretized Schrödinger equation can
be written as a linear eigenvalue problem for the N × N
matrix Mij,

XN
j¼1

Mijϕj ¼ Eϕi; ð2:21Þ

where the eigenvector for each eigenvalue E is a set of
values of the corresponding eigenfunction at the quadrature
points, ϕðpiÞ.

B. Subtraction of logarithmic singularities
from the kernel

Several terms in the kernel of Eq. (2.17) are singular
when k ¼ p (and y ¼ 1). Therefore, the diagonal elements
Mii in (2.21) do not exist and the Nyström method cannot
be applied.
However, by means of a trick due to Landé [38], the

logarithmic singularities in the Q0ðyÞ terms can be elim-
inated. Taking advantage of the well-known result [27]

Z
∞

0

dk
Q0ðyÞ
k

¼ π2

2
; ð2:22Þ

and using Plð1Þ ¼ 1, we can write

Z
∞

0

dk kPlðyÞQ0ðyÞψlðkÞ

¼
Z

∞

0

dk

�
kPlðyÞQ0ðyÞψlðkÞ −

p2

k
Q0ðyÞψlðpÞ

�

þ
Z

∞

0

dk
p2

k
Q0ðyÞψlðpÞ

¼ p
Z

∞

0

dk

�
k
p
PlðyÞQ0ðyÞψlðkÞ −

p
k
Q0ðyÞψlðpÞ

�

þ p2
π2

2
ψlðpÞ: ð2:23Þ

The integrand in square brackets vanishes in the limit
k → p and therefore does not contribute to the diagonal
of the matrix M. The complete Coulomb term in the
Schrödinger equation (2.17) can now be written
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−
α

πp

Z
∞

0

dkk½PlðyÞQ0ðyÞ −Wl−1ðyÞ�ψlðkÞ

¼ −
α

πp

Z
∞

0

dk

�
kQlðyÞψlðkÞ −

p2

k
Q0ðyÞψlðpÞ

�

−
απp
2

ψlðpÞ: ð2:24Þ

For the Nyström method, we need to know the limit of the
integrand of the second line of (2.24) as k → p, which
comes only from the Wl−1ðyÞ term hidden in QlðyÞ,

lim
k→p

�
kQlðyÞψlðkÞ−

p2

k
Q0ðyÞψlðpÞ

�
¼−pWl−1ð1ÞψlðpÞ;

ð2:25Þ

and it is easy to see that

Wl−1ð1Þ ¼
Xl
m¼1

1

m
: ð2:26Þ

Using the Landé subtraction technique, the pure
Coulomb problem can therefore be solved quite easily
with the Nyström method.
A similar singular term as in the Coulomb potential

appears also in the kernel (2.16) of the linear potential in all
partial waves with l ≥ 1. We can treat it with a slight
variation of the same idea,

Z
∞

0

dkQ0ðyÞP0
lðyÞψlðkÞ

¼
Z

∞

0

dk

�
Q0ðyÞP0

lðyÞψlðkÞ −
p
k
Q0ðyÞP0

lð1ÞψlðpÞ
�

þ
Z

∞

0

dk
p
k
Q0ðyÞP0

lð1ÞψlðpÞ

¼
Z

∞

0

dk

�
Q0ðyÞP0

lðyÞψlðkÞ −
p
k
Q0ðyÞP0

lð1ÞψlðpÞ
�

þ p
π2

2
P0
lð1ÞψlðpÞ; ð2:27Þ

where P0
lð1Þ ¼ lðlþ 1Þ=2.

Again, the integrand vanishes when k → p and can
therefore be omitted from the diagonal elements of the
matrix M when the Nyström method is used. There is no
need to write P

R
∞
0 in the first line of (2.27) because this is

now a regular integral.

C. Subtraction of the principal value singularities

There is only one singular term remaining in the kernel
of the linear potential in (2.17), but this is the most
problematic one. After pulling out a factor 2p2 for
convenience, we have to deal with

P
Z

∞

0

dk
2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ�: ð2:28Þ

There appears to be a double pole at k ¼ p, but the
numerator goes to zero like (k − p), so it is actually only a
single pole, and the principal value integral exists.
To see this, we expand the factor in brackets in the

numerator of (2.28) in a Taylor series around k ¼ p,

PlðyÞψlðkÞ − ψlðpÞ ¼ ðk − pÞψ 0
lðpÞ

þ ðk − pÞ2
2!

�
P0
lð1Þ
p2

ψlðpÞ þ ψ 00
lðpÞ

�
þ ðk − pÞ3

3!
RlðkÞ;

ð2:29Þ

where the function RlðkÞ is the remainder of the Taylor
series after the terms up to second order have been
subtracted and ðk − pÞ3=3! has been factored out. The
only important property of RlðkÞ in this context is that it is
finite at k ¼ p. Equation (2.29) confirms that one power of
k − p in the denominator of (2.28) is canceled and that the
singularity is therefore only a single pole.
Substituting (2.29) into (2.28) shows that the integrand

in the vicinity of k ¼ p behaves like

2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ� ¼
2k2

kþ p
ψ 0
lðpÞ

k2 − p2
þ k2

ðkþ pÞ2
�
P0
lð1Þ
p2

ψlðpÞ þ ψ 00
lðpÞ

�
þ k2ðk − pÞ
3ðkþ pÞ2 RlðkÞ

¼ pψ 0
lðpÞ

k2 − p2
þ 2kþ p
ðkþ pÞ2 ψ

0
lðpÞ þ

k2

ðkþ pÞ2
�
P0
lð1Þ
p2

ψlðpÞ þ ψ 00
lðpÞ

�
þ k2ðk − pÞ
3ðkþ pÞ2 RlðkÞ:

ð2:30Þ

For the Nyström method to work, this singularity has to be removed. In [37] we have shown that this can be done with
another Landé subtraction. The reason why we have separated the term proportional to ψ 0

lðpÞ in (2.30) into two parts is that,
when the first one is subtracted,
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P
Z

∞

0

dk
2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ� ¼
Z

∞

0

dk

�
2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ� −
pψ 0

lðpÞ
k2 − p2

�

þ pψ 0
lðpÞP

Z
∞

0

dk
k2 − p2

; ð2:31Þ

the well-known integral

P
Z

∞

0

dk
k2 − p2

¼ 0 ð2:32Þ

takes care of the principal value singularity. The final result is an ordinary integral, free of singularities,

P
Z

∞

0

dk
2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ� ¼
Z

∞

0

dk

�
2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ� −
pψ 0

lðpÞ
k2 − p2

�
: ð2:33Þ

The price to pay for this simplification is that the derivative of the wave function makes its entrance into the integrand,
which does not seem compatible with the Nyström method. In [37] we therefore followed a different strategy to solve the—
now singularity-free—integral equation for the Cornell potential,
�

p2

2mR
−
απp
2

þ σπ

2p
P0
lð1Þ

�
ψlðpÞ−

α

πp

Z
∞

0

dk

�
kQlðyÞψlðkÞ−

p2

k
Q0ðyÞψlðpÞ

�

−
2σ

π

Z
∞

0

dk
�

2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ− ψlðpÞ�−
pψ 0

lðpÞ
k2 − p2

−
Q0ðyÞ
2p2

�
P0
lðyÞψlðkÞ−

p
k
P0
lð1ÞψlðpÞ

�
þW0

l−1ðyÞ
2p2

ψlðkÞ
�

¼ EψlðpÞ; ð2:34Þ

namely to expand ψlðpÞ into a set of basis functions whose
derivatives can be easily calculated. In [37] we chose a
basis of modified cubic B-spline functions.
In this Galerkin method, one solves for the expansion

coefficients instead of the function values at grid points.
The method works well and gives accurate results, but the
choice of basis functions requires special care. It is
especially important that the basis is able to accurately
reproduce the behavior of the solutions at very small and
very large momenta. This asymptotic behavior needs to be
determined before the equation is solved, which is not
always easy to do. It is one of the advantages of the
Nyström method that no advance knowledge of the proper-
ties of the solutions is needed.

D. The Nyström method for the subtracted kernels

The purpose of this work is to show how the Nyström
method can be applied to solve the integral equa-
tion (2.34). As already mentioned before, one of the
requirements is to be able to calculate the kernel along the
diagonal k ¼ p. That the kernel is not singular at k ¼ p is
a necessary, but not a sufficient condition. In the case of
the subtracted Coulomb potential, (2.27) provides these
matrix elements. We need to do the same for the subtracted
linear potential.

From (2.30) we can read off

lim
k→p

�
2k2

ðk2 − p2Þ2 ½PlðyÞψlðkÞ − ψlðpÞ� −
pψ 0

lðpÞ
k2 − p2

�

¼ 3

4p
ψ 0
lðpÞ þ

1

4

�
P0
lð1Þ
p2

ψlðpÞ þ ψ 00
lðpÞ

�
: ð2:35Þ

The Q0ðyÞ term of the linear potential in (2.34) vanishes in
this limit, so only the unproblematic W0

l−1ð1ÞψlðpÞ=2p2

has to be added to (2.35).
At this point, the situation seems to be even worse than

expected from looking at (2.34), because we need to know
the first and second derivatives of the unknown function
ψlðpÞ to construct the complete kernel matrix along the
diagonal.
The new idea of this work is to calculate the derivatives

of the wave function at the grid points pi by means of
interpolating functions that depend linearly on the values
of the wave function at the grid points in the vicinity of
pi. The Schrödinger equation can thereby be cast into the
form (2.21) and solved by standard numerical methods to
determine the eigenvalues and eigenvectors of square
matrices.

STADLER, BIERNAT, and VALVERDE PHYS. REV. D 110, 114039 (2024)

114039-6



III. THE DISCRETIZED FORM OF THE MOMENTUM-SPACE SCHRÖDINGER EQUATION

As already outlined in Sec. II A, we discretize the integrations over k according to (2.19), rename the grid points kj → pj,
and choose the points p on the same grid of points fpig. Furthermore, we introduce the abbreviations ψ i ¼ ψlðpiÞ and
yij ¼ ðp2

i þ p2
jÞ=ð2pipjÞ. With these conventions, the Schrödinger equation (2.34) becomes

�
p2
i

2mR
−
απpi

2
þ σπ

2pi
P0
lð1Þ

�
ψ i −

α

πpi

X
j≠i

wj

�
pjQlðyijÞψ j −

p2
i

pj
Q0ðyijÞψ i

�
þ α

π
wiWl−1ð1Þψ i

−
2σ

π

X
j≠i

wj

�
2p2

j

ðp2
j − p2

i Þ2
½PlðyijÞψ j − ψ i� −

piψ
0
i

p2
j − p2

i
−
Q0ðyijÞ
2p2

i

�
P0
lðyijÞψ j −

pi

pj
P0
lð1Þψ i

�
þW0

l−1ðyijÞ
2p2

i
ψ j

�

−
2σ

π
wi

�
3

4pi
ψ 0
i þ

1

4

�
P0
lð1Þ
p2
i

ψ i þ ψ 00
i

�
þW0

l−1ð1Þ
2p2

i
ψ i

�
¼ Eψ i: ð3:1Þ

Note that, for both potentials, the summations over j
exclude the diagonal terms j ¼ i, whose explicit expres-
sions are written right after the corresponding summation.
As already mentioned above, we approximate now the

derivatives ψ 0
lðpiÞ and ψ 00

lðpiÞ through the derivatives of an
interpolating function, which represents ψlðpÞ as a linear
combination of the wave function at some subset of the grid
points,

ψlðpÞ ¼
X
j

ψlðpjÞLjðpÞ; ð3:2Þ

where the functions LjðpÞ are often taken to be poly-
nomials. For instance, for Lagrange interpolation using NL
points fpkg near point p, they are

LjðpÞ ¼
YNL

k¼1
k≠j

p − pk

pj − pk
: ð3:3Þ

With this we get the derivatives at the quadrature points as

ψ 0
lðpiÞ ¼

X
j

L0
jðpiÞψlðpjÞ;

ψ 00
lðpiÞ ¼

X
j

L00
j ðpiÞψlðpjÞ: ð3:4Þ

How many and exactly which indices j are summed over
here depends on the order of the interpolating polynomials.
It seems best to choose the interpolation points pk to be the

closest quadrature points to the left and right of pi. For
instance, for a 5-point Lagrange interpolation, the pk
should be pi−2; pi−1; pi; piþ1; piþ2. Exceptions must be
made for the points close to the ends, where not enough
interpolation points to the left or right are available.
Equation (3.1) can now be written as an eigenvalue

equation of the form Mψ ¼ Eψ , where ψ is a column
vector with elements ψ i ≡ ψlðpiÞ, andM is a matrix (with
elements Mij). For the derivatives we write

ψ 0
i ¼

X
j

Dð1Þ
ij ψ j; ψ 00

i ¼
X
j

Dð2Þ
ij ψ j; ð3:5Þ

where the matrices Dð1Þ
ij ¼ L0

jðpiÞ and Dð2Þ
ij ¼ L00

j ðpiÞ
depend only on the grid points close to pi. Other inter-
polation methods can of course be used as well, such as
spline interpolation. This will lead to different matrices

Dð1Þ
ij andDð2Þ

ij , but the general form (3.5) will stay the same.
It is convenient to slightly reorganize (3.1). The sub-

traction terms in the summations over j contain ψ i and
other factors that do not depend on the summation index
and can be pulled out, leaving the following sums:

Sð1Þi ¼
X
j≠i

wj

2p2
j

ðp2
j − p2

i Þ2
; Sð2Þi ¼

X
j≠i

wj

p2
j − p2

i
;

Sð3Þi ¼
X
j≠i

wj

pj
Q0ðyijÞ: ð3:6Þ

Then we get

�
p2
i

2mR
þ αpi

π

�
Sð3Þi −

π2

2
þ wiWl−1ð1Þ

pi

�
þ 2σ

π

�
Sð1Þi þ P0

lð1Þ
2pi

�
π2

2
− Sð3Þi −

wi

2pi

���
ψ i

−
α

πpi

X
j≠i

wjpjQlðyijÞψ j −
2σ

π

X
j≠i

wj

�
2p2

j

ðp2
j − p2

i Þ2
PlðyijÞ −

Q0ðyijÞ
2p2

i
P0
lðyijÞ

�
ψ j

þ 2σ

π

X
j

��
piS

ð2Þ
i −

3wi

4pi

�
Dð1Þ

ij −
wi

4
Dð2Þ

ij −
wjW0

l−1ðyijÞ
2p2

i

�
ψ j ¼ Eψ i: ð3:7Þ
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Equation (3.7) is organized in such a way that all diagonal
kernel elements appear in the first line, the off-diagonal
elements in the second line, and in the third line the
contributions from the derivatives of the wave function,
which are usually contained in a more or less narrow band
along the diagonal, and a term involving W0

l−1ðyijÞ that is
present on and off the diagonal.

The form of this equation is

XN
j¼1

Mijψ j ¼ Eψ i; ð3:8Þ

and we can read off the elements of the matrixM from (3.7)

Mij ¼ δij

�
p2
i

2mR
þ αpi

π

�
Sð3Þi −

π2

2
þ wiWl−1ð1Þ

pi

�
þ 2σ

π

�
Sð1Þi þ P0

lð1Þ
2pi

�
π2

2
− Sð3Þi −

wi

2pi

���

−
α

π
ð1 − δijÞ

wjpj

pi
QlðyijÞ −

2σ

π
ð1 − δijÞwj

�
2p2

j

ðp2
j − p2

i Þ2
PlðyijÞ −

Q0ðyijÞ
2p2

i
P0
lðyijÞ

�

þ 2σ

π

��
piS

ð2Þ
i −

3wi

4pi

�
Dð1Þ

ij −
wi

4
Dð2Þ

ij −
wjW0

l−1ðyijÞ
2p2

i

�
: ð3:9Þ

IV. NUMERICAL RESULTS

In this section we present the results of calculations we
performed for the linear confining part of the Cornell
potential with the Nyström method, by numerically deter-
mining the eigenvalues and eigenvectors of the matrix M
of (3.9), where we have set α ¼ 0.
The reason for this restriction is simply that the Coulomb

problem has already been solved with the Nyström method

in the past [27,39]. We have of course also solved the
pure Coulomb problem as a test case, but we do not display
here any results because there are no new insights to be
gained. Suffice it to say that we reproduce the exactly
known energy levels and wave functions with excellent
accuracy.
For the quadrature rule (2.19), we start with Gauss-

Legendre quadrature points fxig and weights fwx;ig for the
interval x∈ ½−1;þ1�, such that

TABLE I. Energy eigenvalues for the lowest eigenstates n ¼ 1 to n ¼ 10 for the linear potential for l ¼ 0 for increasing number N of
Gauss-Legendre integration points, using a 5-point Lagrange interpolation. One can see an excellent convergence to the exact
eigenvalues shown in the last row. The energies are given in units of ðσ2=2mRÞ1=3.

Energy level n

N 1 2 3 4 5

50 2.3381366586 4.0883811896 5.5205090235 6.7830986753 7.9303780220
100 2.3381083587 4.0879637759 5.5205602995 6.7865928385 7.9436701246
200 2.3381074406 4.0879499019 5.5205598624 6.7867044514 7.9441187098
400 2.3381074114 4.0879494586 5.5205598293 6.7867079757 7.9441331176
600 2.3381074106 4.0879494460 5.5205598283 6.7867080750 7.9441335251
800 2.3381074105 4.0879494446 5.5205598281 6.7867080865 7.9441335724
1000 2.3381074105 4.0879494443 5.5205598281 6.7867080889 7.9441335823
Exact 2.3381074105 4.0879494441 5.5205598281 6.7867080901 7.9441335871

Energy level n

N 6 7 8 9 10

50 8.9868873730 9.9628553476 10.8600670363 11.6520490076 12.3644392700
100 9.0213956811 10.0373646777 11.0029378425 11.9257952285 12.8112165757
200 9.0226099870 10.0400815207 11.0083369103 11.9356672738 12.8281686672
400 9.0226495588 10.0401713896 11.0085183186 11.9360043877 12.8287571438
600 9.0226506823 10.0401739512 11.0085235116 11.9360140829 12.8287741529
800 9.0226508127 10.0401742488 11.0085241154 11.9360152111 12.8287761342
1000 9.0226508400 10.0401743111 11.0085242419 11.9360154477 12.8287765499
Exact 9.0226508533 10.0401743416 11.0085243037 11.9360155632 12.8287767529
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Z þ1

−1
gðxÞdx ≈

XN
i¼1

wx;igðxiÞ; ð4:1Þ

and then map from the interval ½−1;þ1� to ½0;∞Þ with the
transformation

pðxÞ ¼ p0

1þ x
1 − x

; ð4:2Þ

such that

pi ¼ p0

1þ xi
1 − xi

; wi ¼ p0

2wx;i

ð1 − xiÞ2
; ð4:3Þ

where p0 > 0 is a scaling parameter.
The Hamiltonian contains two parameters, namely the

string tension σ of the linear potential and the reduced mass
mR of the 2-body system. Because the energy eigenvalues
scale with ðσ2=2mRÞ1=3, it is sufficient to solve Eq. (3.8)
for σ ¼ 2mR ¼ 1.
The linear potential in S-waves is the ideal case to test

our numerical methods, because its exact solutions in

coordinate space are known in terms of the Airy functions
Ai, with the corresponding energies given by

El¼0
n ¼ −zn

�
σ2

2mR

�
1=3

; with AiðznÞ ¼ 0; ð4:4Þ

where zn < 0 is the nth root of the Airy function AiðzÞ.
First we demonstrate for the linear potential the numerical

convergence of the energy eigenvalues to the exact values as
the number of Gauss-Legendre points N increases. We
calculated the lowest energy eigenvalues n ¼ 1 to n ¼ 10
using 5-point Lagrange interpolation (i.e., fourth-order
polynomials) to approximate the first and second derivatives
of the wave function. Table I shows that our numerical
S-wave energies converge quickly to the exact eigenvalues.
For N ¼ 800 Gauss-Legendre points we already find
perfect agreement in all ten displayed decimal places for
the lowest eigenvalue, but also for the 10th eigenvalue we
still reach very good agreement, with first deviations
showing up only in the 7th decimal place.
In Table II the S-wave results for the energy eigenvalues

n ¼ 1 to n ¼ 10, obtained with four different methods, are
compared. For the Nyström methods, 1000 Gauss-Legendre

TABLE II. Energy eigenvalues for the lowest eigenstates n ¼ 1 to n ¼ 10 for the linear potential for l ¼ 0, calculate with different
methods. The first line displays the results of Ref. [37] where the wave functions are expanded into a basis of 64 B-splines. For the
results of the second line, a cubic spline interpolation with vanishing first derivatives at the endpoints was employed instead of Lagrange
interpolation. The results otained with different orders of the Lagrange polynomials in lines 3–9 were calculated with 1000 integration
points, the last line is the exact result of Eq. (4.4). The energies are given in units of ðσ2=2mRÞ1=3.

Energy level n

Method 1 2 3 4 5

Expansion into B-splines [37] 2.3381076139 4.0879494012 5.5205596162 6.7867079447 7.9441334370
Cubic spline interpolation 2.3381073948 4.0879490817 5.5205592518 6.7867079666 7.9441352618
3-point Lagrange interpolation 2.3381074769 4.0879489796 5.5205581177 6.7867039490 7.9441251616
4-point Lagrange interpolation 2.3381074265 4.0879498190 5.5205604254 6.7867082210 7.9441318589
5-point Lagrange interpolation 2.3381074105 4.0879494443 5.5205598281 6.7867080889 7.9441335823
6-point Lagrange interpolation 2.3381074105 4.0879494441 5.5205598284 6.7867080913 7.9441335902
7-point Lagrange interpolation 2.3381074105 4.0879494441 5.5205598281 6.7867080901 7.9441335871
8-point Lagrange interpolation 2.3381074105 4.0879494441 5.5205598281 6.7867080901 7.9441335871
9-point Lagrange interpolation 2.3381074105 4.0879494441 5.5205598281 6.7867080901 7.9441335871
Exact 2.3381074105 4.0879494441 5.5205598281 6.7867080901 7.9441335871

Energy level n

Method 6 7 8 9 10

Expansion into B-splines [37] 9.0226512090 10.0401766855 11.0085333135 11.9360442615 12.8288594552
Cubic spline interpolation 9.0226565188 10.0401871972 11.0085487188 11.9360572362 12.8288428719
3-point Lagrange interpolation 9.0226354555 10.0401482812 11.0084827276 11.9359522932 12.8286841273
4-point Lagrange interpolation 9.0226449940 10.0401610335 11.0084990145 11.9359723795 12.8287082138
5-point Lagrange interpolation 9.0226508400 10.0401743111 11.0085242419 11.9360154477 12.8287765499
6-point Lagrange interpolation 9.0226508587 10.0401743485 11.0085243088 11.9360155581 12.8287767217
7-point Lagrange interpolation 9.0226508533 10.0401743415 11.0085243037 11.9360155630 12.8287767523
8-point Lagrange interpolation 9.0226508534 10.0401743416 11.0085243038 11.9360155634 12.8287767531
9-point Lagrange interpolation 9.0226508533 10.0401743416 11.0085243037 11.9360155632 12.8287767529
Exact 9.0226508533 10.0401743416 11.0085243037 11.9360155632 12.8287767529
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integration points were used, while for the Galerkin method
of Ref. [37], with an expansion in a basis of 64 B-spline
functions, the numerical integration was performed using

the adaptive “NIntegrate” routine inMathematica. Excellent
agreement with the exact results was achieved with 5-point
and higher Lagrange interpolation, whereas the B-spline

TABLE III. Energy eigenvalues calculated with a grid ofN ¼ 200 integration points for the lowest eigenstates n ¼ 1 to n ¼ 10 for the
linear potential for l ¼ 0 for increasing number NL of points used in the Lagrange interpolation. The second column shows the exact
values obtained from (4.4), the other columns show the differences between the numerical and the exact results, Enum − Eexact, where the
exponents of base 10 are given in parentheses. The energies are given in units of ðσ2=2mRÞ1=3.
n l ¼ 0 exact NL ¼ 3 NL ¼ 5 NL ¼ 7 NL ¼ 9 NL ¼ 11 NL ¼ 13 NL ¼ 15

1 2.33810741045976703849 8.25 ð−6Þ 3.01 ð−8Þ −2.78 ð−10Þ 1.07 ð−12Þ −1.67 ð−13Þ −3.23 ð−7Þ 1.34 ð−6Þ
2 4.08794944413097061664 −5.77 ð−5Þ 4.58 ð−7Þ 2.22 ð−9Þ −9.61 ð−11Þ 8.98 ð−13Þ −3.24 ð−7Þ 1.34 ð−6Þ
3 5.52055982809555105913 −2.12 ð−4Þ 3.43 ð−8Þ 4.50 ð−8Þ −2.75 ð−10Þ −2.77 ð−11Þ −3.25 ð−7Þ 1.34 ð−6Þ
4 6.78670809007175899878 −5.14 ð−4Þ −3.64 ð−6Þ 1.52 ð−7Þ 4.28 ð−9Þ −2.43 ð−10Þ −3.25 ð−7Þ 1.34 ð−6Þ
5 7.94413358712085312314 −1.04 ð−3Þ −1.49 ð−5Þ 2.43 ð−7Þ 2.98 ð−8Þ −3.10 ð−10Þ −3.26 ð−7Þ 1.34 ð−6Þ
6 9.02265085334098038016 −1.91 ð−3Þ −4.09 ð−5Þ −3.61 ð−8Þ 1.06 ð−7Þ 3.45 ð−9Þ −3.27 ð−7Þ 1.34 ð−6Þ
7 10.04017434155808593059 −3.22 ð−3Þ −9.28 ð−5Þ −1.57 ð−6Þ 2.60 ð−7Þ 2.47 ð−8Þ −3.28 ð−7Þ 1.34 ð−6Þ
8 11.00852430373326289324 −5.14 ð−3Þ −1.87 ð−4Þ −6.19 ð−6Þ 4.67 ð−7Þ 9.70 ð−8Þ −3.26 ð−7Þ 1.34 ð−6Þ
9 11.93601556323626251701 −7.81 ð−3Þ −3.48 ð−4Þ −1.72 ð−5Þ 5.29 ð−7Þ 2.84 ð−7Þ −3.06 ð−7Þ 1.34 ð−6Þ
10 12.82877675286575720041 −1.14 ð−2Þ −6.08 ð−4Þ −4.02 ð−5Þ −1.37 ð−7Þ 6.73 ð−7Þ −2.27 ð−7Þ 1.33 ð−6Þ

TABLE V. Energy eigenvalues calculated with a grid ofN ¼ 1000 integration points for the lowest eigenstates n ¼ 1 to n ¼ 10 for the
linear potential for l ¼ 0 for increasing number NL of points used in the Lagrange interpolation. The second column shows the exact
values obtained from (4.4), the other columns show the differences between the numerical and the exact results, where the exponents of
base 10 are given in parentheses. The energies are given in units of ðσ2=2mRÞ1=3.
n l ¼ 0 exact NL ¼ 3 NL ¼ 5 NL ¼ 7 NL ¼ 9 NL ¼ 11 NL ¼ 13 NL ¼ 15

1 2.33810741045976703849 6.64 ð−8Þ 9.74 ð−12Þ −5.07 ð−15Þ 2.37 ð−15Þ 1.09 ð−15Þ 1.23 ð−15Þ −1.72 ð−16Þ
2 4.08794944413097061664 −4.64 ð−7Þ 1.48 ð−10Þ 2.83 ð−14Þ 2.22 ð−15Þ 8.83 ð−16Þ 1.31 ð−16Þ −2.25 ð−15Þ
3 5.52055982809555105913 −1.71 ð−6Þ 1.32 ð−11Þ 5.89 ð−13Þ 2.00 ð−16Þ 1.46 ð−15Þ −4.58 ð−16Þ −1.14 ð−15Þ
4 6.78670809007175899878 −4.14 ð−6Þ −1.18 ð−9Þ 2.01 ð−12Þ 2.69 ð−15Þ −7.20 ð−16Þ −3.19 ð−17Þ −2.31 ð−15Þ
5 7.94413358712085312314 −8.43 ð−6Þ −4.83 ð−9Þ 3.30 ð−12Þ 1.64 ð−14Þ 2.17 ð−16Þ 4.44 ð−16Þ −2.96 ð−15Þ
6 9.02265085334098038016 −1.54 ð−5Þ −1.33 ð−8Þ −9.48 ð−14Þ 5.74 ð−14Þ −7.26 ð−16Þ 1.39 ð−16Þ −2.63 ð−15Þ
7 10.04017434155808593059 −2.61 ð−5Þ −3.04 ð−8Þ −2.00 ð−11Þ 1.48 ð−13Þ 4.55 ð−17Þ −2.95 ð−17Þ −1.99 ð−15Þ
8 11.00852430373326289324 −4.16 ð−5Þ −6.18 ð−8Þ −8.10 ð−11Þ 2.79 ð−13Þ 2.64 ð−15Þ 8.66 ð−16Þ −8.48 ð−16Þ
9 11.93601556323626251701 −6.33 ð−5Þ −1.16 ð−7Þ −2.29 ð−10Þ 3.61 ð−13Þ 7.41 ð−15Þ 2.40 ð−16Þ −1.18 ð−15Þ
10 12.82877675286575720041 −9.26 ð−5Þ −2.03 ð−7Þ −5.44 ð−10Þ 9.31 ð−14Þ 1.81 ð−14Þ 1.80 ð−15Þ −1.25 ð−15Þ

TABLE IV. Energy eigenvalues calculated with a grid of N ¼ 600 integration points for the lowest eigenstates n ¼ 1 to n ¼ 10 for the
linear potential for l ¼ 0 for increasing number NL of points used in the Lagrange interpolation. The second column shows the exact
values obtained from (4.4), the other columns show the differences between the numerical and the exact results, where the exponents of
base 10 are given in parentheses. The energies are given in units of ðσ2=2mRÞ1=3.
n l ¼ 0 exact NL ¼ 3 NL ¼ 5 NL ¼ 7 NL ¼ 9 NL ¼ 11 NL ¼ 13 NL ¼ 15

1 2.33810741045976703849 3.07 ð−7Þ 1.25 ð−10Þ −1.27 ð−13Þ 1.04 ð−16Þ 2.60 ð−15Þ 1.01 ð−15Þ −5.31 ð−11Þ
2 4.08794944413097061664 −2.15 ð−6Þ 1.91 ð−9Þ 1.03 ð−12Þ −5.82 ð−15Þ 1.32 ð−15Þ −2.94 ð−16Þ −5.31 ð−11Þ
3 5.52055982809555105913 −7.91 ð−6Þ 1.67 ð−10Þ 2.10 ð−11Þ −1.57 ð−14Þ 8.95 ð−16Þ −2.61 ð−16Þ −5.31 ð−11Þ
4 6.78670809007175899878 −1.91 ð−5Þ −1.51 ð−8Þ 7.16 ð−11Þ 2.22 ð−13Þ 6.87 ð−16Þ −9.53 ð−16Þ −5.31 ð−11Þ
5 7.94413358712085312314 −3.90 ð−5Þ −6.20 ð−8Þ 1.17 ð−10Þ 1.57 ð−12Þ −6.17 ð−16Þ −9.39 ð−16Þ −5.31 ð−11Þ
6 9.02265085334098038016 −7.12 ð−5Þ −1.71 ð−7Þ −4.35 ð−12Þ 5.70 ð−12Þ 2.06 ð−14Þ −1.17 ð−15Þ −5.31 ð−11Þ
7 10.04017434155808593059 −1.20 ð−4Þ −3.90 ð−7Þ −7.12 ð−10Þ 1.44 ð−11Þ 1.48 ð−13Þ −1.34 ð−15Þ −5.31 ð−11Þ
8 11.00852430373326289324 −1.92 ð−4Þ −7.92 ð−7Þ −2.88 ð−9Þ 2.72 ð−11Þ 6.03 ð−13Þ −2.15 ð−16Þ −5.31 ð−11Þ
9 11.93601556323626251701 −2.92 ð−4Þ −1.48 ð−6Þ −8.15 ð−9Þ 3.49 ð−11Þ 1.83 ð−12Þ 1.23 ð−14Þ −5.31 ð−11Þ
10 12.82877675286575720041 −4.28 ð−4Þ −2.60 ð−6Þ −1.93 ð−8Þ 7.66 ð−12Þ 4.58 ð−12Þ 7.01 ð−14Þ −5.31 ð−11Þ
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method with 64 basis functions still yields accurate results,
but clearly less than what is achieved with the Nyström
methods.
Note that the cubic spline and 4-point Lagrange inter-

polations both involve cubic polynomials, but they are not
identical. Neighboring splines are linked through continu-

ity conditions, such that their corresponding matrices Dð1Þ
ij

and Dð2Þ
ij of (3.5) connect all points, whereas our Lagrange

polynomials are local. As can be seen in Table II, both yield
results of comparable accuracy, where interestingly the
exact results always lies between them.
The higher-order Lagrange interpolation results turned

out to be so precise that we wanted to see how high their
accuracy can go when the number of integration points and
the order of the interpolating polynomials is increased. In
Tables III–V, we show the differences between the numeri-
cal results and the exact energies given by Eq. (4.4) with
higher precision. The exact energies are given up to 20
decimal places, together with the difference between the
numerical and the exact results.
In Table III we see that, for N ¼ 200 integration points,

the accuracy increases with the interpolation order up to
about 11-point interpolation, then it drops again to levels
similar to 3-point interpolation, except that the accuracy of
the higher states remains somewhat higher. Similarly,
Table IV for N ¼ 600 shows that higher-order interpola-
tions improve the accuracy further until a drop that happens
at a higher order. For N ¼ 1000 in Table V, a clear drop is
no longer discernible, and an impressive accuracy is
achieved even in the highly excited states.
We can conclude that, as expected, increasing the

number of integration points improves the accuracy of
the results. So does increasing the order of the Lagrange
interpolation polynomial. However, if the number of
integration points is low one should not choose a high-
order interpolation. A plausible explanation for this behav-
ior is that higher-order interpolating polynomials tend to

oscillate between the node points, such that the derivatives
become unreliable. Increasing the number of nodes (here
the integration points) reduces their relative distance and
lowers this tendency, such that higher-order interpolation
actually improves the results.
It should be mentioned that the calculations for

Tables III–V were performed with Mathematica with 30-
digit precision. In normal machine-precision (16 digits), the
roundoff errors accumulate too much to allow such high
accuracy. In applications to actual physical problems, like
calculations of the meson spectra with the Cornell potential,
a much lower accuracy is of course sufficient.
For higher partial waves, with l > 0, no exact solutions

are available. However, given the extreme accuracy of our
Nyström method, we list in, Table VI, the converged
energies, up to 10 decimal places, for angular momenta
up to l ¼ 5, calculated with N ¼ 1000 and 15-point
Lagrange interpolation. Partial waves like P-, D-, and
F-waves with l ¼ 1, 2, 3, respectively, are of practical
importance, as they contribute to the wave functions of
scalar, vector, axial-vector, and tensor mesons. Tables of the
numerical values of our wave functions up to l ¼ 5 can be
found in [40]. A Mathematica notebook with the routines
used to produce the results presented in this work is
available from the authors upon request.
To give an idea about the necessary computing power,

Table VII displays typical computation times required to
solve Eq. (3.7) withMathematica 14 on an Apple Macbook
Pro laptop computer with an M1 chip. In these examples,
normal machine precision was employed, because this is
the most relevant case for practical applications. It can be
seen that the computation timescales very closely with the
square of the number of integration points. Most of the time
is spent for calculating the matrix elements (3.9), whereas
the time for solving the eigenvalue problem is almost
negligible.
For the purposes of this work, solving the numerical

problem in Mathematica was clearly sufficient. However,

TABLE VI. Energy eigenvalues for the lowest eigenstates n ¼ 1 to n ¼ 10 of the linear potential for increasing orbital angular
momentum l. To be sure that all shown 10 decimal places are converged, the results were calculated with N ¼ 1000 integration points
and a 15-point Lagrange interpolation. The energies are given in units of ðσ2=2mRÞ1=3.

Orbital angular momentum l

n 0 1 2 3 4 5

1 2.3381074105 3.3612545287 4.2481822704 5.0509256508 5.7944228052 6.4930175133
2 4.0879494441 4.8844518636 5.6297084371 6.3321154965 6.9992605338 7.6369670555
3 5.5205598281 6.2076233326 6.8688828130 7.5046459023 8.1172598797 8.7092259071
4 6.7867080901 7.4056654987 8.0097031246 8.5971174402 9.1683269015 9.7243497970
5 7.9441335871 8.5152343949 9.0770033453 9.6272676380 10.1656642600 10.6924917742
6 9.0226508533 9.5576160388 10.0864602026 10.6070045389 11.1185630862 11.6210674240
7 10.0401743416 10.5465223126 11.0487412666 11.5447896633 12.0338590400 12.5156900526
8 11.0085243037 11.4914275107 11.9715080333 12.4468977833 12.9167581611 13.3807317800
9 11.9360155632 12.3992183084 12.8604916131 13.3181394690 13.7713365311 14.2196783310
10 12.8287767529 13.2750964716 13.7201176498 14.1623023780 14.6008585064 15.0353631723
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from our experience with the calculations of Ref. [37] we
can say that several orders of magnitude in speed can be
gained by coding the problem in a compiled programming
language like FORTRAN. It can then be further increased by
parallelization. This can become relevant when the equa-
tions have to be solved many times, for instance for
parameter fitting.

V. SUMMARY AND CONCLUSIONS

In this work, we propose an accurate and simple method
for solving the Schrödinger equation with a color Coulomb
plus a linear confining potential in momentum space. The
linear potential gives rise to a logarithmic singularity,
which can be removed in the same way as the one from
the Coulomb potential, but also to a Cauchy principal-value
singularity, which stands in the way of a direct application
of the standard Nyström method for its numerical solution.
In a preceding paper [37], we have shown how the
principal-value singularity can be subtracted, thus making
the Schrödinger equation singularity free. However, as a
consequence of this subtraction, the derivatives of the—
a priori—unknown wave function appear in the equation.
One way of dealing with this obstacle is to use a Galerkin

method, i.e., to expand the wave function in a basis of
appropriate functions whose derivatives are known or can
be calculated. In Ref. [37] we followed this approach and
solved the singularity-free Schrödinger equation by means
of an expansion in a basis of cubic B-splines. We found that
the solutions converge well with increasing number of basis
functions, especially for the lowest energy eigenvalues. For
the higher-energy eigenstates, however, a rather large
number of basis functions was needed to find good
agreement with the exactly known values.
A drawback of the expansion method is that the basis

functions must be chosen and adapted for each problem

very carefully. If they do not have the same asymptotic
behavior as the correct solution, problems with conver-
gence and accuracy are likely to occur.
In this work, we have demonstrated that it is in fact

possible to use the Nyström method to solve the momen-
tum-space Schrödinger equation with the linear confining
potential, and consequently with the whole Cornell poten-
tial, when its principal-value singularity is treated with the
subtraction technique of [37]. The first and second deriv-
atives of the wave function that enter the equation can be
expressed in terms of the values of the wave function at
neighboring points by means of interpolating functions.
The problem then reduces to an ordinary matrix eigenvalue
problem that can be easily solved.
We have tried different interpolation functions, most of

them Lagrange interpolating polynomials of different order,
but for comparison also cubic splines. Because the sol-
utions for the linear potential in S-waves are known
analytically, the accuracy of our method with respect to
the number of Gauss-Legendre quadrature points and the
order of the interpolating polynomial can be rigorously
evaluated.
We found that already with a relatively small number of

about 100 to 200 quadrature points and a low-order
Lagrange interpolation, the achieved accuracy is more than
sufficient for most practical applications in quark-antiquark
bound state calculations. By further increasing the number
of integration points and the order of the Lagrange
interpolation, extreme accuracy can be achieved. With
1000 integration points and a Lagrange interpolation of
11 or more points, the differences between the numerical
and the exact results are of the order of 10−15 or smaller.
The computing time is mainly determined by the number of
quadrature points, whereas increasing the order of the
interpolation polynomial comes at almost no additional
cost. In our calculations, the Nyström method was sub-
stantially faster than the B-spline expansion we used in [37]
to achieve about the same accuracy.
For partial waves other than S-waves, no exact analytic

solutions are known, and therefore the accuracy of the
numerical solutions cannot be tested with the same level of
rigor. Nevertheless, for reference, we also provide our
converged energies, up to 10 decimal places, for angular
momenta up to l ¼ 5, calculated with N ¼ 1000 and 15-
point Lagrange interpolation.
We conclude that the Nyström method we presented in

this work to solve the Cornell potential in momentum space
is simple, efficient, and very accurate. It requires no
particular adaptation of quadrature points or weights. It
is also flexible enough to be used with other interaction
kernels that have a similar singularity structure, such as the
relativistic corrections to the Cornell potential. In particular,
we will apply this method to the solution of the CST
equations for hadrons with fully relativistic kernels.

TABLE VII. Computation times (in sec) required for the
numerical solution of Eq. (3.7) with α ¼ 0, using Mathematica
14 with normal machine precision. The calculations were
performed on an Apple Macbook Pro with an M1 chip. For a
fixed orbital angular momentum l, the computation timescales
very closely with the square of the number of integration points
N. It is almost independent of the order of the Lagrange
interpolation.

Orbital angular momentum l

N 0 1 2 3 4 5

50 0.08 0.07 0.26 0.64 1.12 1.72
100 0.26 0.28 1.03 2.55 4.49 6.90
200 1.04 1.13 4.10 10.19 18.00 27.55
400 4.28 4.53 16.54 40.97 72.18 110.92
600 9.71 10.31 37.27 92.04 162.61 248.75
800 17.18 18.34 66.28 164.55 287.96 440.95
1000 26.69 28.39 103.32 255.73 450.50 689.97
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APPENDIX: APPROXIMATE DERIVATIVES
WITH LAGRANGE INTERPOLATION

In this appendix, we list the explicit expressions for the
matrices that determine the approximate first and second
derivatives of the wave function at the grid points.

1. Construction of the Lagrange polynomial

We start with a set of NL points fpjg, where
j ¼ 1;…; NL, and the respective values of a function
fðpÞ at these points, ffjg, where we abbreviate
fj ≡ fðpjÞ. The Lagrange interpolating polynomial is the
unique polynomial LðpÞ of orderNL − 1 that passes exactly
through these given points ðpj; fjÞ, i.e.,

LðpjÞ ¼ fðpjÞ; j ¼ 1;…; NL: ðA1Þ

It can be written in the form

LðpÞ ¼
XNL

j¼1

fjLjðpÞ; ðA2Þ

with

LjðpÞ ¼
YNL

k¼1
k≠j

p − pk

pj − pk
. ðA3Þ

To find the first derivative of the interpolating polynomial,

L0ðpÞ ¼
XNL

j¼1

fjL0
jðpÞ; ðA4Þ

we only need to find L0
jðpÞ. Applying the rule for the

derivative of a product, we get

L0
jðpÞ ¼

XNL

m¼1
m≠j

1

pj − pm

YNL

k¼1
k≠j
k≠m

p − pk

pj − pk
: ðA5Þ

Similarly, we get the second derivative through

L00ðpÞ ¼
XNL

j¼1

fjL00
j ðpÞ; ðA6Þ

and

L00
j ðpÞ ¼

XNL

m¼1
m≠j

1

pj − pm

XNL

l¼1
l≠j
l≠m

1

pj − pl

YNL

k¼1
k≠j
k≠l
k≠m

p − pk

pj − pk
: ðA7Þ

2. Derivatives at the nodes

An important application of the Lagrange polynomials is
the numerical approximation of the derivatives of the
unknown function fðpÞ that is only known at a list of
points. The derivatives at arbitrary points can be calculated
from the expressions (A4)–(A7), respectively. If the deriv-
atives are needed only at the nodes themselves, this can be
somewhat simplified.
First, note that for any specific node pi, which is one of

the set fpjg, we get

LjðpiÞ ¼
YNL

k¼1
k≠j

pi − pk

pj − pk
¼ δij; ðA8Þ

because if i ≠ j, i will coincide with one of the k’s and
therefore the product is zero because it must include a
factor pi − pi, whereas each factor is 1 if i ¼ j. Inserting in
(A2), this also implies

LðpiÞ ¼
XNL

j¼1

fjLjðpiÞ ¼
XNL

j¼1

fjδij ¼ fi; ðA9Þ

as it must.
Next, we calculate (A5) for p ¼ pi

L0ðpiÞ ¼
XNL

j¼1

fjL0
jðpiÞ; ðA10Þ

L0
jðpiÞ ¼

XNL

m¼1
m≠j

1

pj − pm

YNL

k¼1
k≠j
k≠m

pi − pk

pj − pk
; ðA11Þ

L00ðpiÞ ¼
XNL

j¼1

fjL00
j ðpiÞ; ðA12Þ

L00
j ðpiÞ¼

XNL

m¼1
m≠j

1

pj−pm

XNL

l¼1
l≠j
l≠m

1

pj−pl

YNL

k¼1
k≠j
k≠l
k≠m

pi−pk

pj−pk
: ðA13Þ
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Note that m ¼ i and l ¼ i are not excluded from the sums,
and that k ¼ i gives 0 in the product.

3. Interpolation on a subset of points

Usually we have a table of N > NL points and first need
to select a subset of points on which to perform the NL-
point Lagrange interpolation. The result of the interpolated
function and its derivatives will depend on the selected
subset, and clearly different reasonable choices are
possible.
We adopted an algorithm for the selection of the subset

of points for the case that we want to calculate the
derivatives at one of the N given points pi. We assume
that the closest neighboring points should be selected, i.e.,
we need to determine the offset s, such that the interpo-
lation will use all NL points between j ¼ sþ 1 and
j ¼ sþ NL

LðpiÞ ¼
XsþNL

j¼sþ1

fjLjðpiÞ ¼ fi; ðA14Þ

L0ðpiÞ ¼
XsþNL

j¼sþ1

fjL0
jðpiÞ; ðA15Þ

L0
jðpiÞ ¼

XsþNL

m¼sþ1
m≠j

1

pj − pm

YsþNL

k¼sþ1
k≠j
k≠m

pi − pk

pj − pk
; ðA16Þ

L00ðpiÞ ¼
XsþNL

j¼sþ1

fjL00
j ðpiÞ; ðA17Þ

L00
j ðpiÞ ¼

XsþNL

m¼sþ1
m≠j

1

pj − pm

XsþNL

l¼sþ1
l≠j
l≠m

1

pj − pl

YsþNL

k¼sþ1
k≠j
k≠l
k≠m

pi − pk

pj − pk
: ðA18Þ

With our map (4.2), the points are distributed such that the
distance between them increases as one moves to larger
values. In this situation, it makes sense to take an equal
number of points to the left and to the right of i if NL is odd,
but one more point to the left if NL is even.
Our algorithm for determining s is
(1) For odd NL

(i) If i < NLþ1
2

: s ¼ 0

(ii) If i > N − NL−1
2

: s ¼ N − NL

(iii) Else: s ¼ i − NLþ1
2

(2) For even NL

(i) If i < NLþ2
2

: s ¼ 0
(ii) If i > N − NL−2

2
: s ¼ N − NL

(iii) Else: s ¼ i − NLþ2
2

.
The numerical results presented in this work used this
algorithm for the calculation of the matrices

Dð1Þ
ij ¼ L0

jðpiÞ; Dð2Þ
ij ¼ L00

j ðpiÞ; ðA19Þ

as given in (A16) and (A18).
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