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Sumario

Nesta tese propomo-nos a implementar procedimentos de estimacao com vista a obter
estimadores dos limiares para modelos com limiares definidos a partir de equacgoes di-
ferenciais estocasticas. O primeiro procedimento a ser apresentado baseia-se na adequacao
do algoritmo EM (expectation-maximization ou esperanca e maximizagao) a estimagcao de
limiares no modelo com limiares construido a partir do processo Browniano com tendéncia.
O segundo procedimento, repete uma das idéias fundamentais na estimagao de limiares
no contexto de séries temporais, estimacao de minimos quadrados, ou seja o procedimento
que iremos adoptar serd o de estimar os limiares pelos valores que minimizam a soma do
quadrado dos erros. Iremos implementar este procedimento nao sé para modelos com limi-
ares baseados no processo Browniano com tendéncia mas também para modelos genéricos
entre os quais se destacam os que sao baseados nos processos de Ornstein-Uhlenbeck
e Browniano geométrico. Ambos os procedimentos sao sujeitos a uma implementacao
pratica aplicada a dados simulados, sendo ainda o procedimento de estimacao por mini-
mos quadrados aplicado a dados reais respeitantes a cotacoes diarias de um conjunto de
fundos financeiros internacionais. O primeiro fundo é o fundo PF-European Sustainable
Equities-R da Pictet Funds e o segundo o Parvest Europe Dynamic Growth fund do BNP
Paribas. Os dados para ambos os fundos sao os precos didrios do ano 2004. O tltimo
fundo a ser considerado é o fundo Converging Europe Bond da Schroder e os dados sao

os precos diarios do ano 2005.






Summary

In this thesis we implement estimating procedures in order to estimate threshold
parameters for the continuous time threshold models driven by stochastic differential
equations. The first procedure is based on the EM (expectation-maximization) algorithm
applied to the threshold model built from the Brownian motion with drift process. The
second procedure mimics one of the fundamental ideas in the estimation of the thresholds
in time series context, that is, conditional least squares estimation. We implement this
procedure not only for the threshold model built from the Brownian motion with drift
process but also for more generic models as the ones built from the geometric Brownian
motion or the Ornstein-Uhlenbeck process. Both procedures are implemented for simu-
lated data and the least squares estimation procedure is also implemented for real data
of daily prices from a set of international funds. The first fund is the PF-European Sus-
tainable Equities-R fund from the Pictet Funds company and the second is the Parvest
Europe Dynamic Growth fund from the BNP Paribas company. The data for both funds
are daily prices from the year 2004. The last fund to be considered is the Converging
Europe Bond fund from the Schroder company and the data are daily prices from the

year 2005.
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Symbols and Notation

e a Ab=min{a,b}
e aVb=max{a,b}
e A, A, -discretization interval

1 if,xreA
[ ]IA(I) =
0 otherwise

e mod(a,b)-remainder of the integer division of a by b
® Ty,...,Tk,...-threshold hitting times

e [z] = max{n € N;n < x}

e X, ..., X, observation of the process.

e BM D-Brownian motion with drift

e ('LS-conditional least squares

e F M-expectation maximization

e (GBM-geometric Brownian motion

e MCEM-monte carlo expectation maximization

e OLS-ordinary least squares

e OU-Ornstein Uhlenbeck

o SET AR-self exciting threshold autoregressive model
e T'AR-threshold autoregressive model
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Preface

The past decades have witnessed major developments in the field of statistical infer-
ence for diffusion processes and time series analysis. In the time series the assumptions
of linearity and stationarity have been abandoned and the study of nonlinear models
is increasing. One class of nonlinear models, called threshold models can be found in
[Tong, 1990], in this class the most popular is the threshold autoregressive model (T'AR),
or TAR(m,p), where the process is divided into m regimes following in each regime an
AR model. Our goal is to extend the notion of threshold processes to continuous time
processes and obtain estimation methods for this kind of processes. A diffusion which
experiences a regime change upon crossing upper (M) and lower (m) levels will be our
generic model for the stochastic process. We want to study diffusions where changes in
the drift parameter have a consequence on the trend of the process, that is, we want to
consider diffusions with positive trend for some drift parameter ;1 and with negative trend
for drift parameter py. For instance, the Brownian motion with drift is a diffusion of the
suggested type and the thresholds are introduced, in the model, in the following way. Let
us consider two thresholds, m and M, and suppose that we start with the process with
positive trend (driven by py) and the process continues in this first regime until it hits the
upper threshold M, at that time a change occurs and the process follows with negative
trend (driven by us) and continues in this second regime until it hits the lower threshold
m, starting all over again in the first regime. We call the resulting process a continuous
time threshold model. Simple diffusion processes are often used for stochastic modelling
in many areas as physics, biology or economics. In many applications a continuous time
threshold model can be more useful than simple diffusion model, for instance in some cool-
ing (or heating) system controlled by a thermostat we can observe this kind of behavior
in the temperature evolution see [Molina & et al., 2004], in a biological system where
the animal population increase until hits a threshold value that makes the population
dynamics to change (for instance the lack of food) and the population decreases until it
hits a lower threshold where the dynamics change (when the food is enough to support

a small population) and the population increases once again or in a financial context we

xvii
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can expect the price of some asset to have an increasing or decreasing dynamic between
two thresholds. All these models involve unknown parameters which need to be esti-
mated from observations of the processes. Different methods of estimation as maximum
likelihood, least squares or martingale estimating functions are well studied for diffusion
models. However, for thresholds diffusions models there are not (as to our knowledge)

similar results regarding the estimation of the threshold parameters.



CHAPTER 1

Overview on threshold model

1.1. Introduction

In the time series context the assumptions of linearity and stationarity have been
abandoned and the study of nonlinear models is increasing. One class of nonlinear models,
called threshold models can be found in [Tong, 1990], in this class the most popular is
the threshold autoregressive model (T'AR), or TAR(m,p), where the process is divided
into m regimes following in each regime an AR model. This model can be represented by

the following equation:

m

(11) Y, = Z (a’i,O + ai,IY;ﬁ—l +oeeet ai,PE/t—p + 8i,t) H{T’i—lgzt—1<7"i}7
=1

where for each regime i the nonlinear model is just ordinary AR(p) process. The thresholds
are real numbers —oo =1y <1 < ... < Ty < Ty = 400 and Z;_ 1 = Z(Y1, ..., Y1) is
the threshold variable that specifies the change in regime.

We want to study diffusions where changes in the drift parameter have a consequence
on the trend of the process, that is, we want to consider diffusions with positive trend
for some drift parameter p; and with negative trend for drift parameter us,. Considering
two thresholds, m and M, and suppose that we start with the process with positive
trend (driven by p;) and the process continues in this first regime until it hits the upper
threshold M, at that time a change occurs and the process follows with negative trend
(driven by p9) and continues in this second regime until it hits the lower threshold m,
starting all over again in the first regime. This model can be specified by the following

equation:
(1.2) dXt = a(p(t), Xy)dt + b(o, X;)dBy,

with

:u(t) = Z |:/”L1]I[T2ka7'2k+1[(t) + MQH[72k+1772k+2[<t)] )
k>0

where 7p < 7 < ... < 7; < ... are the threshold hitting times, that is, 70541 = inf{t >

Tok; Xy = M} and Topyo = inf{t > mop41; Xy = m} for £ > 0 and 7y = 0.

1



2 1. OVERVIEW ON THRESHOLD MODEL

This thesis is mainly concerned with the estimation of the threshold parameters, m
and M, in the threshold diffusion process. The original contributions of this thesis are
contained in the next chapters. The thesis is organized as follows. The present chapter
continues with a review on the estimating procedures for the threshold models in the time
series context and in the diffusion context. Chapter 2 starts with an overview and some
results on hitting times for some diffusion processes and follows with the introduction of a
Monte Carlo Expectation Maximization type algorithm to estimate the parameters of the
Brownian motion with drift threshold model, from discrete observations of the process,
finishing with an implementation of the algorithm. In chapter 3, we start implement-
ing a conditional least squares estimation procedure for the Brownian motion with drift
threshold model, with decreasing step A, and knowing the regime for each observation,
after that we implement the procedure with unknown regimes. Finally, we generalize the
estimation procedure to more general threshold models as the ones built, for example,
from the Ornstein-Uhlenbeck and the geometric Brownian motion processes. For all the
estimating procedures presented, simulation studies are carried out and the results are
presented. In the end the procedure is also implemented with real data. Overall con-
clusions are presented in the end, along with some general comments on the estimation

methods and suggestions for possible extensions and future research.

1.2. Overview on TAR models

The objective of this overview is to look at some estimating procedures and relevant
questions in time-series threshold models. The threshold autoregressive model (1.1) can
be written as,

(

a0+ a1 Y+ FaryYi—p ey, it Z, <m
a0+ a21Ye—1 + -+ agpYip + €24, itry < Zy <y

\ Qm,0 + am,lift—l + -+ am,p}/t—p + Emity if T'm—1 S Zt

with p the order of the autoregression and m the number of regimes. One particular
well known case is the self-exciting threshold autoregressive model (SETAR), where the
threshold variable Z; is replaced by some lagged value of Y; that is Z; = Y, _4 and d is
called the delay. For the threshold model, with A; = (a0, @1, ..., a;p), for i = 1,....;m,
r = (ry,...rm-1) and = (Ay, ..., Ay, 1), the usual estimation procedure is conditional

least squares (C'LS), that is, the C'LS estimator Oy = (/lLN, s flm,N, 7n) is the one that
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minimizes the conditional sum of squared errors,

Ln(9) = ) (Y = Eg[Yy|Fia])%,

t=p
with (F;) the natural filtration and N the number of observations.

The minimization is done in two steps.

(1) For fixed r, we can get by ordinary least squares (OLS) values for A; n(r), i =

1,...,m and write

where S; n (A; n, 1) = Zi\;p <(Y} — Ai,N|Y)QI[{”_1§Zt<”}>, .|. stands for inner prod-
uct and Y = (1,Y, 1, ..., V).

(2) Then we choose 7y that minimizes Sy(r), that is
(1.3) rn = argmin Sy (r)

and finally we put

A

Ai,N = Ai,N(f‘N)ai = 1, o, m.

Usually, it is assumed that » € R with R bounded set, and in the SET AR case the delay
parameter d is introduced and a double grid (over d and ) is introduced in (1.3). For the

case of SET AR model with m = 2,

(1.4) v aiota Y+ ta,Yptey, Y, 4<r
. t —
Ao+ ag Y1+ FagyY,pteay, Y, 4>

where €;; = ¢;e; with €, 1.i.d. zero mean and unity variance, using the same estimation
procedure (C'LS), fixing r and d and performing a grid search Chan, in [Chan, 1993|,
showed that when the autoregressive function is discontinuous, that is, when dW* =
(1, wp_1,wp_2, ..., wp), with w,_4 = r, such that (A4; — Ay)|W* # 0, the CLS estimator
On of 0 is consistent. Moreover, in the same paper, the author shows that 7y is N
consistent and N (7y — r) converges in distribution to M_, where [M_, M, [ is the unique
random interval over which a compound Poisson process attains its global minimum.
Furthermore, N(7y — ) is asymptotically independent of VN (Al — Ay, Ay — As) and the
latter is asymptotically normal with the same distribution as that for the case when r is
known. Still in the SETAR(2,p) case, when the autoregressive function is continuous,

that is, if (A; — Ao)|W* = 0 for all W* = (1, wp_1,wp_2, ..., wp), where w,_4 = r, or in a
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equivalent way, a;; = ag; for 1 <i # d < p and a; ¢ + ra1 4 = azo + ras g, that is, when
(1.4) can be written as
p .
a1, a(Yi—q—71)+e, fYig<r
3/t=a0+zajyt—j+ .
j=1,£d a2 q(Yi—a — 1) teoy Y, qa>r
where ag = a1 + ra1q and a; = a;; = ag; for j # d, Chan and Tsay, in the paper
[Chan & Tsay, 1998], show that the C'LS estimator, Oy of 6, is yet consistent. However,

#x is now v/N consistent and
VN (0y — 0) is asymptotically N(0,U~'VU),
where U = E[H;H!'] and V = E[e?H,;HT]. With e,(0) = Y; — Eg[Y;|F;_1] and
Hy(0) =(-1,-Y 1,0, ~Yiear1,—Yica— 7)., —(Yica — 1)y oory = Yip,

avalyy, <y + asalpy,_y>n)"

the partial derivatives of e;(f) with respect to 6, where (y)- = min(y,0) and (y); =
max(y,0).

Hansen in a sequence of papers involving threshold models, studies several models. For
instance, in [Hansen, 2000] the author develops asymptotic theory for the distribution
of the regression estimates from the regression model, when m = 2,

v, = ATX 4+ e, Zy <7 |
AYX, 4+ e, Zy>r
with X = (1, X14, Xa4, ..., Xpt), and when the regression errors form a martingale dif-
ference sequence. The estimation procedure is the same (C'LS) and the fundamental
difference between the assumptions in [Hansen, 2000] and the other authors is that he

makes the assumption that
A2 — A1 = CNia,
that is, a decreasing threshold effect, with ¢ # 0 and 0 < a < 1/2. Getting,
N2y — ) S T

where
Ve

1
= m and T = arg IEGE%RX |:—§|S| + W(S):| .
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With, D = D(r) when D(s) = E[X,X]|Z; = s], V = V(r) when V(s) = E[X, X[ e?|Z, =
sl, f = f(r) when f(z) is the density of Z; and

Wi, s<0
W(s)=14 0, s=0,
W2 s>0

where W! and W? are independent standard Brownian motion. The distribution for T is

known and given by,

P[T <z]=1+ \/gexp (%) +%exp(x)¢ (_?) B (m—2|—5) i (_\/75>

when = > 0 and ¢ cumulative standard normal distribution function. For x < 0, P[T' <
z]=1-P[T < —x].
In [Hansen, 2000], the author also builds likelihood ratio tests to test the hypothesis

Hy : 7 = 1o under the assumption that &; are i.i.d. N(0,0?%). For the drift parameters in

the regression, he shows that, with § = (A7, AT)T and 6 = (AT, AT)T,
VNG —8) % N(0,Vp),

where Vj is the standard asymptotic covariance matrix as if r were fixed and known.
Earlier, in [Hansen, 1997] the author proved similar results about the asymptotic
distribution of the threshold and the likelihood ratio test for the TAR(2,p) model, he
also reviews the test for linearity suggested in [Hansen, 1996] to test the linear model
against the threshold model and the same kind of test is studied in [Hansen, 1999|.
In the paper [Hansen & Seo, 2002] the authors provide an estimation procedure

for threshold co-integration in vector error-correction models with two regimes,

AlTthl(ﬁ) + €4, wl%l(ﬁ) <r

AY, =
ATX, 1 (B) + &, wi1(B)

V

r

Where Y, is p-dimensional time series, 1(1) (that is, each of the series is non-stationary
with unit root), which is co-integrated with cointegration vector 3 (so 57Y; is stationary

or 1(0)). Where w;(3) = 1Y}, A is k x p matrix and
Xt—l(ﬁ) = <1awt—1(ﬁ)aA}/;§—17 "'aAYt—l)-

The errors ¢; are assumed to form a martingale difference sequence with finite covariance

matrix ¥ = E[g,e]]. Under the assumption that the errors g, are i.i.d. Gaussian, the
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authors implement maximum likelihood estimation (M LE) of the threshold model. The

Gaussian likelihood is

N

N 1
Ln(Ar, A2, 8, B,1) = —Elog %] - B Z&(ALAQ, 3,8, r) R e (A, Ay, B, B8,7),

t=1

where

(A1, As, 3, 8,1) = AY, — AT Xy 1 (B) w1 (3y<ry — A3 Xem1(B) L, 1 (8)>11-

The MLE (Al,Ag,i,B, 7) are the values that maximize Ly (A1, Ay, X, 3,7), and the

proposed estimation procedure is the following:

(1) Form a grid for 8 and 7.

(2) For each value of § and r in the grid, calculate Al(ﬁ, r), /12(6,7") and i(ﬁ, r) as
the constrained M LE for (Ay, Ay, X)) (it coincides with OLS estimation).

(3) Find (8, 7) as the values of (3,r) which yield the lowest value of

log |X(8,7)]

this is because the likelihood function is

Lx(8,7) = £n(Ai(5,7), Ax(8.7), B8, 7), 6.7) =~ Tog |55, )] - L.

(4) Finally, set

izi(évf)a Alel(Baf) and A2:A2(677§)
Another process is studied by Tsay, in [Tsay, 1998|, where the author considers a

multivariate (open-loop) threshold regression model,

p q
(1.5) Yr=¢j+ Z G1Yt—i + Zﬁﬁt—i +ep, ifrja <zmea <1y

i=1 i=1
with 7 =1, ..., s, ¢; constant vectors, y and x are k and v dimensional, respectively. Given
observations {y;, s, 2}, t = 1,..., N the author provides a test to detect the threshold

nonlinearity of 3;. Writing the linear model in a regression framework,

yl = Xlo+el t=h+1,..,N,

where X; = (L y{_ 1, ...y, xf 1, xf_ )7, ¢ is the parameter matrix and h = max(p, ¢, d).

The threshold variable takes values in S = {25414, ..., 2n_a}, denoting 2(;) the i-th small-

est element of S, and letting ¢(i) be the time index of z(;. Then, the arranged regression
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based in the increasing order of the threshold variable z;_, is

(16) ytjgi)+d = ngz)+d¢ + €£i)+d,i = 1, ceey N — h.

To built the test the author uses predictive residuals. The idea is simply, if ¥, is linear then
the recursive LS estimator of (1.6) is consistent and the predictive residuals approach
white noise and are uncorrelated with the regressor X;;)4q. On the other hand, if y,
follows a threshold model, the predictive residuals will no longer be white noise because
the recursive LSFE is biased and would be correlated with the regressor. The author
also generalizes in a similar way the results of [Chan, 1993| and [Hansen, 2000] about
the consistency of the C'LS estimator of the parameters in model (1.5), and deduces the
asymptotic normal distribution for the slope parameters.

The estimation of threshold parameters and confidence intervals when the model
is SETAR(m, p) with discontinuous autoregressive function, is considered in the paper
[Kapetanios, 2003]. Using a different approach, the author proposes the use of general-
ized method of moments (GM M), specially in small samples. Using moment conditions

of the form
Elzj(r)e] = Elzdlgr, 1 <v,_y<rjy&e) =0

where z; are variables that provides extraneous information about the threshold parame-

ters. The author considers the loss function,
(1.7) Loss(Y;r) = m(y;r) m(y;r)

where

_ 1 .
m(y,r); = N E zji(r)é(r),
ierj(T‘)

r = (ri,...,tm-1)" and T';(r) denotes the set of observations for which the j-th moment
condition is specified to hold and &; are the regression residuals. The author proves that
the estimator, 7, of the threshold parameter defined by the minimization of Loss(Y’;r)
is consistent. The author also suggests the use of bootstrap (and sub-sampling) for con-
struction of standard errors and confidence intervals for the threshold parameter.

The model SETAR(2,p), is considered in [Gonzalo & Wolf, 2005] and the pro-
posed solution for inference about the threshold parameter is sub-sampling when the
estimation procedure for the model parameters is, once more, C LS. The basis of con-

structing confidence intervals for the threshold parameter r is the approximation of the
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sampling distribution of 7y, properly normalized. With
Iy(u) = P[N?(7y — 1) <

for some positive (3, the sub-sampling approximation to Jy(u) is defined by

1 N—b+1
Lyp(u) = N oor1 > Lpogyaein)us
a=1

where the integer 1 < b < N is the block size and 7, , = 7(Yg, ..., Ya1p-1) is the estimator
of r computed in the sub-sample Y,, ..., Y, ., 1, that is, C'LS estimation applied to the
sub-sample.

In the paper [Gonzalo & Pitarakis, 2002] the model of interest is the threshold
regression model, and the authors give conditions under which the threshold parameters
converge to the true value when the C'LS procedure is used in the sequential estimation
of the parameters. Computer burden becomes substantial when m > 2 and to overcome
this problem the authors propose a sequential estimation procedure for the threshold
parameters. The authors consider at each step of the procedure a threshold regression
model with two regimes, and follow the C'LS estimation with a slight difference. Instead

of estimating 7 as in (1.3), that is, 7y = argmin, Sy(r) the authors define
(18) JN(T) = SN — SN(T)

where Sy is the sum of the square of the residuals when the model is supposed linear and

estimate 7 has
ry = argmax Jy(r).
'

The authors deduce the (non-stochastic) limit J(r) of Jy(r) and give conditions for the

convergence
~ p
N — 7“(1)

where r) € {r1,...;rm-1} is the threshold parameter that dominates all the others in

terms of their contribution for the maximization of J(r). Writing f"](\}) for this first

estimate, the sequential procedure continues, a second threshold estimate, f](\?), is given

by

fg\?) = arg max JN(r\fS))

with

In(rliy) = D (IO, o + T (17, o

’I">7"N
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The objective functions .J; y and Jy x are of the same kind of (1.8) but are built when is
adjusted a threshold regression model with two regimes at each sub-sample, and where

the sub-samples are selected using the condition, on the threshold variable Z, Z; < fj(\p

and Z; > f%), respectively. Then,

L

and the procedure follows until all the thresholds are estimated. In this paper, the au-
thors also discuss the small sample behavior of the estimators, and provide an estimating
procedure for the number of regimes.

The Bayesian theory is also used for inference in TAR models as in the paper of
[Stramer & Lin, 2002]. The authors consider a SETAR(2,p1,p2), that is, they con-
sider a two regime SET AR model but where the autoregressive order is p; in the first
regime and p, in the second regime, that is,

v a1+ a1 Yo+ a1 Yy g, if Y <r
t p—

ago+ag1Yi 1+t agyYyp, + g, Y g>7
where ¢; is standard white noise. The authors consider the following prior distribution

for the parameters,

(i) A? areindependent N(0,v; 'I;),i = 1,2 with I; the identity matrix and v; positive
scalar.
(ii) ¢? are independent IG(«, 3) where IG denotes the inverse gamma distribution.
(iii) r follows a Ula,b] (uniform distribution) where a and b are the 25% and 75%
empirical quantiles of the data.

(iv) d follows U(1, ..., D), a discrete uniform distribution for some positive integer D.

(v) p; are independent U(0, .., K;) for some positive integer K;, i = 1, 2.

The authors then propose a reversible jump Markov-Chain-Monte-Carlo algorithm to
jump between models with different p’s and for dealing with models with different values
of d.

Some authors use wavelets for inference in threshold models as the case in the pa-
pers [Li & Xie, 1999] and [Ip, Wong, Li & Xie, 1999]. In the first paper the authors
assume the SETAR(m,p) model,

m

Y, = Z (aio+ai1Yia+ -+ a;,pYip+€it) Lir, i <vi y<ri)

=1
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with —co<a<r; <--- <r,_1 <b< oo, and introduce the function,

T(y1, - Yp) = Z (aio + ainyr + -+ aipyp) L <ya<rsy-
i=1

They built p empirical wavelet coefficients for the function 7°(.) and use its properties for
the estimation of the delay d, the number of regimes m and the threshold coefficients. For
instance, checking the ones that have large absolute values the d parameter is estimated.
By further checking the empirical wavelets corresponding to the time delay across the fine
scale levels, the thresholds and their levels are identified. Finally the authors show the
consistency of the estimators.

In the second paper, [Ip, Wong, Li & Xie, 1999], the estimators are built in the
same way, but the process considered is the open-loop threshold autoregressive model

(TARSO)

m

Y, = Z (@io+ainYea+ -+ aipYep+bioXe + -+ b, Xe g +€it) L, <X, g<ri}-
i=1

Then, they define the function 7" for this process as

m

T(z) = Z (aio 4+ aiayr + -+ aipyp + bioTe + bi1ve1 + -+ bigTi—g) Ly, <ayarsy
i=1

with z = (y1, ..., Yp, 21, ..., Z4), and proceed as in the case of the SET AR model.

One fundamental question considered in several papers, [Caner & Hansen, 2001],
[Bec, Guay & Guerre, 2008|, |[Gonzalo & Montesinos, 2004], [Hansen, 1996/,
[Hansen, 1999], [Hansen & Seo, 2002, [Tsay, 1998], [Wong & Li, 2000], is the
question of testing for linearity, that is, the question of testing the linear model against

some kind of threshold model.

1.3. Overview on diffusion threshold models

As to our knowledge the only paper where a threshold diffusion process is considered,
is in [Freidlin & Pfeiffer, 1998]. In this paper the authors consider Brownian motion
with a drift that changes from positive (b1) to negative (by) and use it to build a threshold
model where the upper threshold (x;) is not known and the lower threshold is zero. The
regimes in the threshold model are driven by the positive and negative drifts, the process
is supposed to be continuously observed and the estimation procedure relies on maximum

likelihood estimation. The authors consider X;,0 < t < oo, a one-dimensional process
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defined as the continuous solution of the equation
dXt = bl(t)dt + UdBt,XO =xr < O,

where
i(t) = L, 7o <t < Topa
0, Topt1 <€ < Topqo

when 7o, = min{t > 7o : Xy = 21} and 7oy = min{t > 7oy ¢ Xy = 0}, The
authors define a cycle for the level 0 < h < x; as the time interval [73;, 75, ,[ with
Toper = Min{t > 75, Xy = h}, 75, = min{t > 75, | : X; = 0}, that is, the time interval
between two successive intersections of the trajectory X; with the level x = 0 separated
by crossing of the level h and define Ny, as the total number of cycles for the trajectory
of X; in [0,T]. Next, for each cycle k they observe X = maX.y <i<rs, , Xt and define,

with X(;) the sth-order statistic of the Nt cycle maxima, the estimator of z; as the value

XNy, that satisfies,

X)) (Nrp —UNpp)) = max X (Nrp — ).

1<i<Nr

The authors prove the consistency of this estimator.






CHAPTER 2

MCEM-algorithm

In this chapter we start with a first section dedicated to hitting times for some diffusion
processes and the chapter follows with a second section where we use the information on
hitting times to build an Expectation-Maximization type algorithm to estimate the model

parameters in the Brownian motion with drift threshold model.

2.1. Hitting times distribution

In this section we start with hitting times for the Brownian motion and the Brownian
motion with drift processes. The results being known will be stated and the proofs will
be written in order to allow the generalization for some other processes, namely the
geometric Brownian motion process. Given a stochastic process X with right-continuous
paths, which is adapted to a filtration (F;);>¢ and considering a subset I' € B(R) of the
state space of the process, the hitting time (in I") is defined as,

Tr(w) = inf{t > 0; X (w) € T'}.
In the following the hitting times of interest will be in some predefined level or threshold.

2.1.1. Standard Brownian motion. Let B = (B;),5, be standard Brownian mo-
tion and T, = inf{t > 0: By = b}, b € R the first hitting time of the level b by the process
B. We want to study the distribution of Tj.

DEFINITION 2.1. Define the running maximum, or the maximum to the date, M;, of

the Brownian motion by: Vi > 0, M; = supy<,<, Bs

First we suppose b > 0, from the following proposition is easy to deduce the density

function for Tj.

ProposITION 2.2 ([Hida, 1980] or [Revuz & York, 1991]). The following equal-
ities hold for b > 0 and ¢ > O:

P[T, <t] =P[M; > b] = 2P[B; > 0]

13
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We obtain the distribution function Fr,,

2 too
Faf) =PI < 6 =B > 8 = 2= [ ey -

V27t
2 too 2
:\/ﬂ/’) 6_7\/¥dl'.
nt Jo

Vit

doing the substitution z = \/% By differentiation the density of T; is obtained,

b 2
6_37, t>0, b>0.
273

fTb (t) =

In the case b < 0, we need the following definition.

DEFINITION 2.3. Define the running minimum, or the minimum to the date, my, of

the Brownian motion by: V¢ > 0,m; = info<s<; Bs.
COROLLARY 2.4. The following equalities hold for b < 0 and ¢ > 0:
P[T, < t] = P[m; < b] = 2P[B; > —1].
PROOF. If b < 0 we have {T}, <t} = {m; < b}, but

fmy < b) = {OggtBs < b} _ {— sup (—B,) < b}

0<s<t
:{sup Bsz—b},
0<s<t

because (—B;):> is also a Brownian motion starting at the origin, and by proposition 2.2

we have

O

For b < 0 we have {T}, <t} = {m; < b} = 2P[B; > —b] then in this case the density

of Ty is given by
—b b2
t) = ez, t>0, b<0,
fTb( ) \/W

and so we can finally write the density for T, b€ R,

b 2
fr(t) = M5 >0

\V2mt3

The moment generating function for 7 is known and can be written as

oo |ple—at 2 too p 2 0042
or,(a) = / e 3 e~ dt :/ |—|e’b WAt = e MV 5,
0 2rt 0
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2.1.2. Brownian motion with drift p. In this section we want to study the hit-
ting times for the Brownian motion with drift process and we follow the construction in

[Karatzas & Shreve, 1991]. Let us consider the Ito process given by,
dB;, = dB, — pdt, t<T, By=0

for T € [0, 400 and B; standard Brownian motion. We continue with, 7, = inf{t > 0 :

Bt = b} Let,
! I Lo
M, = exp </ udBs — —/ /fds) =
0 2 Jo

then by the Girsanov theorem ([@ksendal, 1998] or [Karatzas & Shreve, 1991]) we
define the measure P* in (2, Fr) by,

1
dP* = MpdP = exp (uBT - §,BT> dP

and w.r.t. P#, the process By, t < T is a Brownian motion. Then we say that, under P*,

B, = ut + B, is a Brownian motion with drift .

REMARK 2.5. We have that,

(1) (M;)g<y<p is a martingale w.r.t. (F;)i<r and P, ([Oksendal, 1998](Ex. 4.4)),
and so MpdP = M,dP in JF;.
(2) PH[A] = E[I4M,],YA € F, because PH[A] = [ T4dP* = [, 1aMdP = E[I,M,].

With ¢ fixed, on the set {7}, < t} € F: N Fp, = Fya, we have Mg, = My, and the
Optional Sampling theorem ([Karatzas & Shreve, 1991] or [Revuz & York, 1991))
with the remark imply

PUTy < t] = E [Iir,<n M) = E [E[lir,<n Me|Fenr;]] = E Lz, <o E[M|Fenr; ]|

1
= E [lig,<iyMint,] = E [Iig,<y Mz, ] = E {H{Tbﬁ} exp <MBTb - §M2Tb)}

<2'1) 1 2 ¢ b 1.2
=E |:]I{Tb<t} exp (Mb ok Tb>] = / et 2 EP[T), € ds]
0

t b‘ b2 t |b| (b—ps)?
= eHb—ghs | e 2ds = ———e¢ 25 ds
/0 vV 2ms3 0o V2ms3

So Ty has the density, under P+,

b (b—pt)?
R )
27t

P+ [Tb c dt] =
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Because, under P, B, = ut + B, is a Brownian motion with drift ;, we can say that the

density of T}" is
Fro() = Aoty
' V2nts ’ ’
with T} = inf{¢ : ut + W; = b} were W} is the standard Brownian motion. We will write

B} for ut + B; and we get the moment generating function for T},
+oo
pryla) =Bl = [ e i = 0 IVEEL a0
0

If we consider a Brownian motion with drift x but starting at a instead of 0, represented

as Bt,, and because Ty, = inf{t : B, = b} = inf{t : B} = b—a} =T' , we get the

t,ar

density

b—al _-a-un?
= e 2t

ngja(t) - 27rt3 ) t> 07

and the moment generating function,
Py, (Oé) = e“(b*a)*‘b*a\\/ M2+2a’ a> 0.

2.1.3. Brownian motion with drift 4 and diffusion coefficient o. Let us con-

sider the Brownian motion with drift x4 and diffusion coefficient o,

B!"? = ut + o By
with B; the standard Brownian motion. Starting with

BII‘,LL/U = Et + Bt7

o
then we have
B = gBM°.

But

b
Tb‘w:inf{t:Bf’azb}:inf{t:UBf/U:b}:inf{t:Bf/U:—}:Tf/a,

o

and because of what we have done in the last section, we obtain the density when Bf" =

as BY =q/o
|b — CL| _(bfaﬂtt)2
Voo o 120

and, the moment generating function,

ngf;l" (t) =

p(b—a)—|b—alV/ p2+2a02
pree(a) =e = , a>0.
,a
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2.1.4. Transformation of the Brownian motion with drift. Let us consider the
Brownian motion with drift, B;"”, we know the density for the first hitting time, 7}
Define a new process by

Yi=g(B), Yo=a,
for an invertible monotonous function g. Because
Ty, =inf{t>0:Y,=b} =inf{t >0:g(B") =b}

=inf {t > 0: B = g7 (0)} = T

g1 (b),g~(a)’

we have the density for T}, given by:

“L(p) — g~} (971(17)*971(&)*%)2
gt @l e
V2mo?t3
and the moment generating function

(a7 =g @) s -9 (@] VT H2a02
SOTbYa(Oé) =€ o , a>0.

(2.2) Fay (1)

REMARK 2.6. When we consider the process Y; = ¢ (B}"?) by the Ito’s formula, we

get
2

(23) dY; = | (97 (Y) n+ 5o (97 (V) | dt + g’ (97 (¥2)) dB:,

and the results can be applied to the processes solution of this kind of s.d.e.

2.1.5. Geometric Brownian motion. If we consider the geometric Brownian mo-

tion, a positive process satisfying,
dXt = [I,Xtdt + O'XtdBt, XO = Q.
We know that the solution of the last s.d.e. is given by,

Xi=a e(“_Lj)tJrgBt

0,2
Xi=g (Bf_wg)

g(z) =ae*, g '(r)=In <§> )

Y

we can then write
with

Then we can write, using (2.2), the density for the first hitting time of the geometric

Brownian motion,

_ In(b)—In(a)— “,é t 2
o (1) = lIn(e) —Infa)| _(0rme lew))

vV 2mo2t3
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and, the moment generating function,

%{ln(a)iln(b)+2u(ln(b)7ln(a))f| ln(b)712n(a)\ 8ac24(02—2p)2
erx () =e 7 , a>0.

2.1.6. Simple generalization. More generally, instead of starting with a Brownian

motion, we can think in the process solution of the SDE
dX; = at)dBy, Xo=0,

that is,
t
Xt:/ a(s)dBs,
0

where «(t) is a deterministic regular function. Our goal is to obtain the density for the

hitting times of such a process. We know that X; is a time changed Brownian motion
t
X; = Bxy, with (X), :/ a(s)?ds,
0
and we need a reflection principle for this kind of processes.

PROPOSITION 2.7. Let X; = fotoz(s)st, Xo =0, a(s) continuous function and Vvt >
0, (X); >t With M{* = sup,, X; and T;* = inf{t > 0; X; = b} we have for b > 0

PIT;" <t] =P[M > b = 2P[X, > I].

PROOF. First observe that {T;* <t} = {M;* > b} because B; has continuous trajec-

tories and «a is continuous. On the other hand we have
PIM;X > b = P[M;* > b, X, > b +P[M* >b, X, <b]
because {X; > b} C {MX > b} we get
PMX > b, X, > b] = P[X, > b].
Because Xrx = b we can write
PIMY > b, X, <b] = P[T}" <t,X; <b] =PI} <t, Xpx,(qx) — Xgx < 0]
and with s =t — T;X

XTbX+S - XTbX = B<X>(TbX+s) - B<X>TbX .

Taking into account that (X); is increasing and in {7T;* <t} we have s > 0, so

<X>TbX+s > <X>TbX>
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and with B Brownian motion and the hypotheses made we get

TX = STTbX'

b

Bix) — Buox L Fix)

(T +s)
Then
XTbX+s - XTbX 1L ‘rfTbX
and
1
PIMY > b, X; < b = P[T}" <tP[Xpx,, — Xpx < 0] = 5I@[TbX <,

because Xpx o — Xpx has Normal distribution with zero mean. Finally,
PMX > b] = 2P[X, > b].

O

In the same way as earlier we can get the distribution for T;¥ = inf{t > 0 : X; =
b},b >0, once Bx), ~ N(0, (X)),

y2

FTbX (t) = P[MtX > b] = 2P[B<X> 7Wdy =

> b

9 +00
2 / +:o =% /(X )da,

2 <X>t E3p
doing the substitution
oy
T = .
(X)e
By differentiation we obtain the density of T}¥,
b(X), __»
Jrx(t) = BLCYI W50, >0, b>0.

V2 (X)?

For b < 0 we have the following analogous result.

COROLLARY 2.8. With the same assumptions of the last proposition, and m;X =

infocs<; Xs and TX = inf{t > 0; X; = b} we have for b < 0

PRrOOF. It is enough to see,

{TF <t} ={mi" <} ={ inf X, <b}={sup(-X,)>-b}

0<s<t o

= {sup Bi_x), > —b} = {sup Bix), > —b} = {M;" > —b}.

0<s<t 0<s<t

By proposition 2.7,

P[T;* <] = P[M;* > —b] = 2P[X; > —b].
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Becoming

D(X), 2
(2.4 fx(t) = A4t ps0, per,
' 2m (X7

REMARK 2.9. If we consider a(t) = 1 then X; = By, (X), =t and the last density is

just what we have computed in a previous section.

In order to generalize this result to a drifted process, let Y; be the solution of
dY; = —pa(t)dt +dBy, t < T, Yy =0
with a(t) as in proposition 2.7, B, a Brownian motion. Then by Girsanov’s with
t 1 t
M, = exp (/ pa(s)dBs — 5/ ugaz(s)ds) ,t1<T
0 0
we define the measure Q in (2, Fr) by,
dQ = MpdP,
with respect to which
t
Y, = —,u/ a(s)ds + By
0
is a Brownian motion, for ¢t < T'. Let

t
X, = / a(s)dBy, Xo =0, TX —inf{t > 0: X, — b},
0

similarly to the case of the Brownian motion with drift, remark 2.5 and equation (2.1),

because X; € F;, {T;X <t} € F; and TX € Frx.

TX 1 TX
Ty <y exp | p / a(s)dB; — 5’ / a®(s)ds
0 0

2

t 2
=E {H{T,,th} exp <,UXT,7X - #—<X>T;<)] = / et~ T XPITY € ds
0

Q[T <t]=FE*

2
t 2 t B
:/ eﬂb_%Q()s ‘bHX)/S 6_2<g(7>8d8_ ’b‘<X>; —%d
0

2m(X)] ~ o Varix)E

So the density w.r.t. Q of T* is given by,

bl
fTbX(t)_ \/m

S.

_ b—p(X)p)?
2(X)¢

W

We can write,

X, = /Otoz(s)st _ /Ota(s)dYS +p/0t 02(s)ds
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also w.r.t. Q, Y; is Brownian motion, and we can conclude that for the process solution

of the SDE
dX; = pa®(t)dt + a(t)dBy,

with B; Brownian motion, we have

bly'(t) e / 2
)= ————e 20O | t) = a’(s)ds.
e = () = [ oo

REMARK 2.10. Once more, writing «(t) = 1 then X; is just a Brownian motion with

drift u, y(t) =t and

|b| _ (b—ut)?
t = e 2t

fTbX( ) o i3

just as earlier for the Brownian motion with drift.

2.2. MCEM-algorithm in the threshold model

In this section we consider the Brownian motion with drift in order to built a threshold
model. Given two thresholds, m and M, and supposing that the change occurs only in
the drift coefficient we built a threshold model. Starting the process with a positive
trend (driven by gy > 0), the process continues in this first regime until it hits the upper
threshold M, at that time a change occurs and the process follows with negative trend
(driven by ue < 0) and continues in this second regime until it hits the lower threshold
m, starting all over again in the first regime. To estimate the thresholds m and M
and the drift parameters we use an Expectation-Maximization (EM) type algorithm for
incomplete data because we will work with observed data from the process but this data
do not include observations of the threshold hitting times.

Let us consider the following model:
dXt = u(t)dt + odB;, X = xg € [m, M|,

where

'u(t> - Z [ulﬂ[ﬁkﬁ%ﬂ[(t) + /’62]1[7—2k+177'2k+2[<t)] ;o M1 > Oa H2 < 0
k>0

where 0 = 79 < 71 < ... < T < ... are the threshold hitting times. That is, giving two
thresholds m and M, 7 is the time needed for the Brownian motion with drift p; to go
from xg to M, 75— 7 is the time needed for the process with drift s go from M to m and,
more generally, 7; — 7;_; is the time needed for the process to go from one threshold to the
other. We suppose o is known and we want to estimate 6 = (pq, 2, m, M). Suppose that

we observe X, X1, ..., X, at equidistant times 0 = #, {1, ..., %, in the time interval [0, 77,
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with A =t;—t;,_y and t; = jA for j = 1,...,n. In both regimes the Brownian motion with
drift is used to build the threshold model as explained before, however the resulting process
is not a Brownian motion with drift in each of the regimes. Notice that, in the Brownian
motion with drift process we have X; ;1 — X; ~ N(uA,0*A) but in the corresponding
threshold process this is not true, even if we know that is no change in regime between
the observation times. The transition densities are not known for the threshold process
and for that reason we use what we think that is a natural approximation, the transition
densities of the Brownian motion with drift process. In the next chapter we will return
again to the problem of the threshold process not being Brownian motion with drift in
each regime. If we consider Brownian motion with drift p; in the first regime of the
process and Brownian motion with drift pus in the second regime, then p; and p,, the

transition densities in regime 1 and 2, are

pl(A Ty, Ty 1'#1) = —1 eXp (xiﬂ . MA)Q
s Lgy La4-1, - -
V2mo2A

202A
1 (Tig1 — i — pA)?
Pa(A, T, Tiyas pig) = \/ﬁexp (— 202 :

The hitting times 74, ..., 7, are not observed and their number in the time interval [0, 7] is
given by some random variable K. The densities for the difference between two consecutive
hitting times 7y, ..., 74 are known (subsection 2.1.3), and given by:

M—ZL‘O exp <_(M-I’0 —/,LlTl)Q) 7

2
20°m

fT1(7'1;,U1;M) =

for i = 2,4,6, ...,

M —m exp (_ (m — M — pa(7i — Ti—l))2> 7

(i —Tie1;0) =
Jri-i i ( 130) V2ro2(r; — 7y 20%(7i — Ti-1)

and for i = 3,5,7, ...,

- — — S T 2
fTi_Ti—l (Ti — Ti—1; ‘9) M—m exp (_ (M m /'Ll(TZ Tl—l)) ) '

B V21o2(ti — Tim1)? 202(1; — Ti-1)

Because the hitting times process is Markov, we can write the joint density for &k hitting

times as,

M—=x M — 1o — T 2 k M—m
lev'-'ka<T17 "~a7—k;0) = —Oexp (_( 0~ M1 1) ) H

\/2mo?r] 20271, pals \/27r02(7i —Tii1)?
[(k—1)/2] oN [k/2] 9
H —m — i1 — T2 H - M — i — T2i—
y exp (_(M m — pu1 (721 — T2;)) ) exp (_ (m — M — ps(12; — T2i-1)) ) 7

paiey 202(Toip1 — Toi) i1 202(T9; — Tai—1)
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where [v] = maxjen{l < v}. To get estimators for the drift and the threshold parameters
we will use a Monte Carlo EM algorithm, because the hitting times are not observed and
we will use Monte Carlo simulation in the expectation step.

To implement the algorithm, we will augment the data X1, ..., X,, by considering the

hitting times T}, ..., Tk in order to write the complete likelihood function,

— Z Le(x1, oy Ty T1y ooy Tt 0) L —iy (W)

with K the random variable that represents the number of hitting times in the interval
[0,7] (we don’t consider the term were K = 0 because in that case there is no change
in regime in [0, 7). Conditionally on the hitting times the process X, is Markov and we

have

Lc(xb ey Ly Ty eevy Thes 9) = le,...,Xn,Tl,...,Tk(xly ey Ly Ty eeey Thes 0)

= le,..‘,,Xn|T1,.‘.,Tk(3717 cee iL‘n|7'1, oo Tk)le,...,Tk<7—17 coey Tk 9)

Ji—l J2—1
= [[ »(A 2, zic)pr (11 =ty 20, M)pa(tyn — 71, Mg 1) [ po(D 2, i)
=0 i=j1+1

X Po(T2 = iy, T, M)P1(Ljp1 — T2, My Tjyi1) =+~ Plitmod(kt1,2)] (Th — s Ty %)
n—1
X Pli+mod(k,2)] (tijrl — Tk, %, ﬂfjkﬂ) H p[1+mod(k,2)](Ai> i, $i+1)
1=j+1
M—ZBO ( (M—.l'o—,l”’l
p J—

—— X
\/m 2027 ) H \/27r02 (1, — Ti—1)?

Sl ( (M —m — 1 (Toip1 — ;) ) Wkl ( m — M — (7o — 721'—1))2)
x H exp [ — H exp ’

i1 202(T2z‘+1 - T2z 202(T2z‘ - 7'2z'—1)

X

where for all i = 1,....k, j; € {1,...,n — 1} is, such that 7 €]t;,, t; 1] and j; < jo < --- <
Jr. With x = m x mod(k + 1,2) + M x mod(k,2) and mod(a,b) is the remainder of the

integer division of a by b. Then we define the complete log-likelihood in a similar way,

lOg LK Zlog xl,---7$n77-17"'7Tk;9))H{K:k}(w)



24 2. MCEM-ALGORITHM
with

log(Le(X1y ey Ty T1y ooy Th3 0)) =

_ ﬁi (Tip1 — i — /MA)2 + ]221 (Tip1 — 2 — M2A>2 +..
N 202A 202A

i=0 i=j1+1

n—1 [(k+1)/2]
(Tiv1 — T — Pasmodk2)D)? (M =z, — pa(Toim1 — tjy,,))?
+ > +

20'2A 20’27-.7 _t
1=jr—1 i=1 ( 2i—1 .727,71)

+

[(k+1)/2] [k/2]
. Z Lo, 1+1 M — po(tp, 41 — T2i-1))? . Z (m — xj,, — po(T2i — tj,,))?
(tj2i—1+1 - 7_21'—1) 202(7_21 - t]2z)

i=1
[k/ 2]

— tit1— To))? M —
+Z (Tjgi41 — M — p1 (41 — T2i)) +10g< 330)

20%(tjp41 — Tai)

M —xo — 2 & M —m
| 02 p71) +Zlog
20%T — V2mo2(ti — 1ioq)?

[(k—1)/2] [k/2]
M m — H1(721+1 - 721))2 B Z (m - M — Mz(Tzz' - T2i—1))2
P 20'2 7'2 41— 7'21) 1 202 (7_21‘ - TQi—l) ’

apart from a term not involving 6.

2.2.1. E-step. Using the EM algorithm we need in the p-iteration of the E-step to
compute the expectation of the log-likelihood of the augmented data given the observed

data and current value 0, = ({115, ft2,p, My, M), that is
Q(0,0,) =Ky, [log (LE (X1, ... Xps T1y ooy Tie)) | X1, ooy Xan) -

We will approximate this expectation conditionally on the observed data through Monte
Carlo.
Concretely, we simulate replicates 7¢, ..., T,il,l =1,...,L, of T}, ..., T, and weight the

replicates using importance sampling. Notice that, for each [ € {1,..., L} we draw the

sequence Ty, ..., 74, from

fTI,--~7Tkl (7—17 ooy Thys ep) = le (7-1; H1,p; Mp)szle (7-2 — T1; ep)kal *Tqu(Tkz — Thy—1; 910)

in a sequential way. That is, we draw s! from fp, taking 7} = s then draw s}, from fr, 7,
taking 75 = 7! + s, and so on (while we are in the [0, 7] interval). In this way we are

drawing the 7’s from the hitting time process and the number of hitting times from K.
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Finally, we can approximate the conditional expectation of the log-likelihood of the

augmented data writing,

L
(2.5)  Eg, [log (LX) |X1,.... X, = %Zlog (LB (X1, ooy X, 7oy Thy)) X 0,

=1

where the weight w' is such that,

w o fx,. Xn|T1,e., Tkl(l'l,---,$n|7'1l7---,7';lﬂ)fT1 ..... Tkl(7'1l,--~77'kl)~

2.2.2. M-step. In the M-step of the algorithm we want to maximize Q(¢,6,) with
respect to 6. Because of what we have done so far, this is just get the value of 6 that

maximizes,
QL(6,6,) Zlog (LE(X1, oy Xy Ty 7h)) X 0

We start by differentiating Q L(G, 6,) with respect to 6 and solving,

aQL (0701?)
o1

0Qr(0,6p)

dQL(G, Qp) 0o _g/u D _

do 3@3(97917)
QL

L oM _ L J

o o o O

For puy,

aQL (0,6,) i 0log Lk( :171,...,mn,T{,...,T,il;Q))wl
=1 O

Equating to zero we get,

(2.6) L (ZL: [auwl}> — XL: [brw'] =0,

with

[(ki=1)/2]
ap; = A Ji+ Z (jéi—i-l — o — 1)+ (n - jllql — Dmod(ki +1,2) | +27{
i=1

—1)/2 k1 /2]
Z 7'21_,’_1 T5) + Tk mod(k; +1,2) + Z tii 41 tjéH) — tjilmOd(kl’Q)’
i=1 =1

biy = xymod(k; +1,2) — 2o + M (2[(k; 4+ 1)/2]) — m(k; — 1),

and using the fact that ¢; = jA. For py we get,

(2.7) i (Z [az,zwl]> =3 [bou'] =0,
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with
[k1/2] [k1/2]
ag; = A Z (jéz - jéifl —1)+(n— jllcl L)mod(k;,2) | + 2 Z 727, 7’21 1)
i=1
(k1 —1)/2]

_ T,ilmOd(k:l, )+t it Z 32 7 ) — tj}med(kl +1,2),

b?,l = .Q?and(kl, 2) + m(Q[kl/Q]) - Mkl

For m we get the equation,

L
CS[M +Wl]>
L
+m (Z M(UL, +2W') = Vi, 4 u(l — 1) — mmkl/zmwl})
=1
L
+ (Z [ — ,ul(kl — 1) + ,LLQ( [k‘l/Q])) — 0'2(/{31 — 1) + M2Wl)wl}> = 0.
=1
With
[k /2]
A
v, =
! ; (13 — tjéi)(tjéﬁrl —T3)
v [klZ/Q] 321(% 11— ) Lyl -‘rl(Téi - tjéi)
e i=1 (7—21 t i )(tjé +1 T2ll)
ki 1
W= _
2T
Doing the same with respect to M we get,
(2.9)
1
Aﬁ(EjK-Wi—mﬂ—7>wﬂ>+wﬂ<§:K@m+mw@44%
P T P p
I=1 1 =1
29 +m N\
a2k +1)/2) = ok + T (g + 2m) W) w
1
. . 9 z3 + 2may
+ M Z —xgmUMp — (xo + m)(VMP + M1(2[(k’l + 1)/2]) — ,ugk’l) +o kl — T
=1 1
L
—(m® + 2zom)W') w']) + (Z [(xom(vj\l@ + i (2[(k + 1)/2]) — poky
1=1

+20 +mW6—amH4m—m%0 }):Q

7'1
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with,
(ki +1)/2]
A
Ui, = ;
! 121 (731 — tjéifl)@jéi,ﬁl —Thi 1)

(/2]

_ Al ! —t.
éi—l (tjéi—ﬁ‘l TQi_l) + xjéi—ﬁ'l (T%_l tjéi—l>
l

i1 (7521 — tjéifl)(tjéifl-i-l — Tyi-1)

I
Vi, =

Finally, we only need to solve the equations to get 6,41 and start the (p + 1)-iteration of
the algorithm. If we consider the special case u; = —us = u, then the equations are as

following. For pu

nA T,lcl w'l | = 2k; — 2)(M — m) + 2(M — x
o u<z[( brh) ]) 5~ 2k~ 200 )+ 201 2

=1
+(M = zn)mod(ky, 2) + (z, — m)mod(k, + 1,2))w'] = 0,

for m,

211) +m (Y [(—M(Ufnp +2WY) =V 2[R /2] + ke — 1])wl}>

+ (Z [(M(anzp — 20k /2] 4+ kg = 1)) — o*(ky — 1) + MQWl)wlD =0,

and for M we get,
(2.12)

M3 (i [(—U}wp Wt — Ti{) wlD + M2 (Z [((xo +m)UL, + Vi
(2l 1)/2) 4 )+ 2 g 2m>W’) wD

1

! ! 9 T3 + 2mxg
M S| —romUly, = (o +m) (Vi + pl2(lha+ 1)/2] + k) + 0% — ===
=1
L

—(m? + 2zgm) W) w']) + (Z [(xom(vﬂgp +u(2[(k +1)/2) + k)
=1

+x—(l) +mW') — o (m + (k — 1)1’0)> wlD =0.

71
REMARK 2.11. To start the algorithm we need initial values for py, ps, m and M.
We can choose i and M as the o and 1 — o empirical quantile (o = 20% for instance).

After we fixed the thresholds one way to get values for 7, ..., 7, is choosing ¢; as the first
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element in {1,...,n} such that X, < M, Xg1 > M and 1 = Mg, + (1 — Nty 41 for
some A € [0, 1]; g the first element in {¢; + 1, ...,n} such that X, > m, X, 11 < m and

Ty = Atg, + (1 — A)tg41. More generally, go;+1 the first element in {go; + 1, ..., n} such that
X,

q2i+1

< M, Xgpiir41 > M and Top1 = AMlgoirr + (1= AN)tgyii 41, and go; the first element in
{q2i—1 +1,...,n} such that X, > m, X,,, 11 <m and 7o = M, + (1 — Ay, +1. Finally,

we get [i19 and fi2o using the equations (2.6) and (2.7) in an appropriate way.

To implement the MCEM-algorithm in the way we do, it is needed to know the density
of the hitting times and the density of the process observations conditioned to the hitting
times. This is the justification for the generalizations of the hitting times density in the
previous section being possible to get similar equations for the geometric Brownian motion

or other processes remaining the problem of getting the true transition densities.

2.3. Simulation

In this section we implement a simulation study in order to test the estimation method.
We start simulating 170 observations of the threshold model with A = .1. The process
is divided in two regimes, the first one being Brownian motion with the drift gy = 1 and
the second Brownian motion with drift uo = —1, that is, the change in regime results
from the change in the sign of the drift parameter, both regimes have a value of o = .4.
The change in regime happens when the process hits the upper threshold M = 3 if the
process is in the first regime, or when the process hits the lower threshold m = —3 if the
process is in the second regime. The process starts in the first regime with initial value
zo = 0 and the trajectory is built summing (pseudo)random numbers generated from
a normal distribution with parameters p; A and o?A for the first regime and random
numbers generated from a normal distribution with parameters psA and o?A for the
second regime. The initial values for the parameters are computed, from the generated
data, following remark 2.11 and are given by fi;1 = 0.637295 = —Jip1, My = —1.14301,
and ]\/4\1 = 1.99292. At the p-th step of the algorithm, we compute L = 500 repetitions of
hitting times sequences in order to approximate the Monte Carlo expectation (2.5). To
draw the sequence of hitting times we use numerical methods to find the root 7 of the
equation,

"M,

P
————— ¢
0o V2mo?t3

with « random number draw from computer U[0,1] generator. Solutions of the last

-~ v = -~ 2
—m _ (Mp—mp—ul’pt)
p 202¢ dt = U

equation can be used to draw the hitting times not only from regime 1 to regime 2 but
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also the opposite hitting times, because the difference between regimes is only in the
sign of the drift parameter. From the last equation we draw values for the difference
between consecutive hitting times and because of that, we need to sum these values to
get the sequence of hitting times. Alternatively, it is possible to use the accept-reject
method choosing for density candidate the gamma density with an appropriate choice
of parameters. After the 500 repetitions are completed we can compute the p + 1-th
estimators fiy pi1, Mp+1 and ]\//TPH from equation (2.10), (2.11) and (2.12). The final values
for the estimators, after 100 iterations of the algorithm, are iy 101 = 1.05 = —[i2.101, M101 =
—2.85, and ]\//7101 = 2.9. Being the thresholds underestimated (in absolute value) and the
drift overestimated. Notice that, if we estimate the drift parameter for the simulated
data using the extra information about the regime for each observation, we get 1 > 1
and this can explain why, from the algorithm, we get an overestimated value fi; 101. The
simulation was written in the Mathematica 4.1 program and the list of the instructions
appears in appendix 2. One hundred iterations of the algorithm have been considered

and the estimates are presented in the figures 2.1 , 2.2 and 2.3.

FIGURE 2.1. Estimated values for p; from 100 iterations of MCEM



30 2. MCEM-ALGORITHM
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FIGURE 2.2. Estimated values for m from 100 iterations of MCEM
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FI1GURE 2.3. Estimated values for M from 100 iterations of MCEM

Repeating the procedure for 100 trajectories with the same conditions and considering
the mean and standard deviation for the final estimators we get the following results:

TABLE 2.1. Mean and standard deviation for the drift and the threshold esti-
mates from 100 replicates of MCEM

—~

il om | M
mean | 1.020 | —2.940 | 2.950
sd. 10.118| 0.186 |0.174

This method needs many computations and for that reason is computer time consum-
ing, being impossible to increase the number of repetitions or the length of each trajectory
in a personal computer. Once again, it should be possible to use the accept-reject method
to simulate the hitting times, in order to reduce the computer time. We also apply the

method to models with bigger volatility parameter but for the same order of repetitions we
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have worst results and the only way to get them better should be increasing the number

of repetitions with the handicap of time spending.






CHAPTER 3

LSE for Brownian motion with drift threshold model

In the previous chapter we implemented a MCEM algorithm in order to estimate
the threshold parameters in the Brownian motion with drift threshold model based on a
natural approximation for the transition density. Supposing that the transition density
is the real one, we deduced the implementation of the algorithm but have not studied
the properties of the estimators. In this chapter we will introduce and study another
estimating procedure and get partial asymptotic results about the threshold estimators.
In order to do this, we will implement a conditional least squares estimator procedure for
the Brownian motion with drift threshold model and we will try to get more information
about the law of the process in each regime in order to deduce the conditional expectation
in the estimation procedure. We want to show that the conditional least square threshold

estimator for the model,
(3.1) dXt = p(t)dt + odB;, Xo = xo,

where

,U(t) = Z [MOH[T%,T%H[(t) - Mﬂﬂ[mkﬂﬁzkw[(tﬂ ;Mo >0
k>0

and 0 =79 <7 <...<7; <...are the threshold hitting times, is consistent. Our goal
is to prove the consistency when the process is discretely observed and the regime to each
observation belongs is unknown. We give some steps in order to prove the consistency. We
will start with a first section where we sketch the proof of the consistency of the thresholds
estimators in the conditions of decreasing discretization step size A and knowing the
regime to which each observation of the process belongs. In the second section we will
abandon the restriction of knowing the regimes for which each observation belongs to
and we will introduce in the estimation procedure a practical way of computing the
conditional regime classification, no asymptotical results on consistency will be proved for
this case and a simulation study will be carried out. The third section is devoted to an
implementation of a simulation study where we will simulate data from the more general
models as the ones built from Geometric Brownian motion or the Ornstein-Uhlenbeck

process and then we will implement the estimation procedure in order to estimate the

33
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upper and lower thresholds. We also apply the estimating procedure to real financial data
considering the three models Brownian motion with drift, Geometric Brownian motion

and Ornstein-Uhlenbeck process.

3.1. Discretely observed process with known regimes

Consider the observations Xi,..., X, of the Brownian motion threshold process in
the time interval [0,¢,] and introduce the r.v Ry, ..., R, where R; = 1 if X, is in regime
1, while R; = 2 if X is in regime 2. Let K, be the number of changes of value of the
sequence Rq,...R;, we will assume in this section that we observe the values of R;.

Then, we can define the estimator fi;(m, M) of p in a natural way, as:

| 2

(3.2) fi(m, M) =

i

(M —m).

~

(2

We have the following results.

LEMMA 3.1. With K; the true number of changes in regime in [0, ¢;], we have:

i i Mo
i—too My — mo’

a.s.

PROOF. Let us write 7y, ..., Tk, for the thresholds hitting times. The difference between
regimes is just the sign of the drift parameter and it is easy to conclude from the initial
sections in chapter 2 that 7;.; — 75,7 = 1,... is a sequence of independent identically

distributed random variables with mean 4oe=m0

. Following the same idea as in the proof
of the strong law of large numbers for renewal processes, looking at K; as K; = max{n :

T, < t;}, we have:

K;—1 Ky
T4 Y (T =) =T <t < T =T+ Y (T — 1), Vi
=1 =1

and so,
Kz‘fl Kz‘
T + Zj:l (Tj.:,_l — Tj) < t_z < 1 + Zj:l(Tj-‘rl — Tj)
K; - K; K; .

Now since 0 < E[rj1; — 75] = 2= < o0 we have:
Ko

K, — o

and from the strong law of large numbers,

nt Y- 1
lim = Im (Tjp1 — 75) =

M(] — My
1—00 Kz i—00 Kz .

Ho
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In the same way we get,

T+ Zﬁ;l(ﬂﬂ —T7) My —mg
- )

=00 K; Ho

and that completes the proof. O

We also have a similar result on convergence for the ratio It{—
Notice that a change in regime is not detected, when we compute Ki, in one of the

following cases:

(1) we have in the sequence ..., X; € Ry, X411 € Ry,... but we have 2p, for some
p > 1, changes in regime in the interval |¢;,¢;44],
(2) we have in the sequence ..., X; € Ry, X;+1 € Ra, ... but we have 2p + 1, for some

p > 1, changes in regime in the interval |t;,¢;.1].

In both cases more than one change in regime in |¢;,¢;41] is needed.

LEMMA 3.2. Being K; the number of changes of value of the sequence Ry,... R;. We

have that lim;_, Kt;K = 0 almost surely.

PRrRooOF. Let us consider
E,={w: R, = Ry, but 3t € [t,,t,1] with R, # R, },

the event corresponding to the first situation of change in regime in [t,, t,,+1] not detected.

With A, = t,.1 — t,, we begin by checking that:

_ (]\Jofnl()quAn)Q

2 e 2An
(3.3) P[E,] < NI ETr—— VA,

This is easy to prove if we first notice that,

(3.4)

E,, C {more than one change of regime in [t,,t,1[AR, = 1} C {0<miri B < mgy — My}

C : 0 . £ 0 _ _
C {ogl%%n B, <mgy— My + oA, } {Oggin B{ > My —mgy — oAy}

or

(3.5)

E,, C {more than one change of regime in [t,,, t,,+1[AR,, = 2} C {Oglg}A( B > My — myo}
S8>An

C{ max B> M, — mg — oA
_{0§s§}A<n s = Mo 0 — oAy}
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where (B#0),>( denotes the Brownian motion with drift (drift coefficient pg, note in par-
ticular that (B?)>¢ is the standard Brownian motion) starting from 0. Then we can
write

P[E,] <P[ max B? > My —mg — pol,],

0<s<A,

and we use the law of the maximum of the Brownian motion (see chapter 2, proposition
2.2) together with the well known inequality,

1 e /2

V2t T ’

(3.6) Vo let Z ~N(0,1), P(Z>zx)<

to get
_ (]Wofmofy,oAn)Q

PE,] < 2 ¢ o VA,

V21 (Mo — mg — proln)
Then, from the previous bound, we get, that exists constants ¢y, cy > 0 such that,

(3.7) iP[En] < ie—ii.
n=1 n=1

For the sum to be finite it is enough to consider a decreasing A,, as for instance A,, = 1/n.

Finally, from Borel-Cantelli lemma ([Adams, 1996|) we get that,
Pllimsup E,| = P[E,; infinitely often] = 0.

We get the same result for the second kind of changes in regime in [t,, t,.1] that are not

detected, and we can conclude that

K K
lim — = lim —, a.s.

1— 00 i 1— 00 i

We also have.

LEMMA 3.3. Defining fi; = f1;(mo, Mp) as in equation (3.2), when my and M are the

true values of the thresholds, we have:

lim fi; = po, a.s.
1—-+00

PROOF. From (3.2) we can write,

N K;(My —myg
then from the previous lemmas we get,
f(i<M0 — my)

lim

= Ko,
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and that completes the proof of this lemma. O

Ideally, we define the conditional least square errors function as,

—_

LSEn(m7 M) = (XiJrl - E,u,m,M [XiJrl’Xia ce Xl])2 )
1

(2

but we do not know the conditional expectation for this process and we will therefor
consider an approximation of that expectation, and introduce the auxiliary conditional

least squares contrast:

(3.9)
n—1 n—1
Z 1417 X :u’t m M)A)QlRi:Ri+1:1+Z(Xi+1_Xi+ﬂi(m7 M)A)QlRi:Ri+1:27
i=1 i=1

where, as before,

(3.10) fii(m, M) = t—:(M —m).

In order to justify this auxiliary conditional least squares contrast, we prove the

following lemma.
LEMMA 3.4. We have:
Eu(),mo,Mo [Xi+1 - XZ|X17 Ri]lRi:RH—l:l = /’I’OA]‘Ri:RH—l:l + A<m0> M07 A)a

where
1/2

2\/— _ (Mp— mo [J.(]A)2
V2 (Mo —mg — p1oA))

PROOF. On the event R; = R; ;1 = 1, we have,

E [A(mo, ]\407 A)] < QMOA X

Xi+1 - Xl = (Xi+1 - X’L) 1no change of regime + (Xi+l - XZ) 1more than one change of regime
0
(311) = (BA + ,LLOA) 1no change of regime + (Xi+1 - Xl) 1more than one change of regime

= BR + 110A + (Xi11 — X; — BX — 1102) Linore than one change of regime-
We need to compute E[(X;11 — X; — BX — 10A) Linore than one change of regime)  We have
from Cauchy-Schwarz,
(3.12)

“E[(Xi—i-l_Xi_Bg_,uOA)lmore than one change ofregime] SE[((XH-l X BA H’OA)> ]%

NG

X(P[more than one change of regime])

Now

(3.13) E[((Xit1 — Xi — BX — 10A))*]? < 200,



38 3. LSE FOR BROWNIAN MOTION WITH DRIFT THRESHOLD MODEL

because we always have that,

(3.14)
Xi — oA + BX < Xip1 < Xi + oA + BR & —2u0A < Xip1 — X; — oA — BR < 0.

We also have,
6—(M0—mo—qu)2/2A

1
3.15 P[more than one change of regime| < 2 A,
(3.15) [ e of regime] < 2 T o — 10l

as shown in the proof of lemma 3.2. We deduce the required inequality by combining

equations (3.11), (3.12), (3.13) and (3.15). O

From the auxiliary conditional least squares contrast equation (3.9) we can estimate

the difference M — m.

LEMMA 3.5. The estimator of the difference M — m is given by:

Z;’L:—f %(XH-I - Xi>1Ri=Ri+1—1 - Z?_ll %(Xi—i-l - Xi)lRi:Ri+1:2

(3.16) M —m =
AZZ 1 t2 ]-R R7,+1

PRrOOF. It is enough to compute,

(3.17)
OLS,,(m, M)
(M —m)

n—1 2 o
K; K;
&= T <Xi+1 - Xi— t_i(M - m)A) LRi=Ri11=1
=1

=0

~

n—1 £
K; K;
+ Z Z (Xi—i-l — XZ + t_<M - m)A) 1Ri=Ri+1=2 =0

(2

< — Z Xit1 — Xi)lp—py, = 1+Z Xit1 — Xi)lp—p,,,—2

n—1 -9

+ (M —m)A Z t; (1Ri:Ri+1:1 + 1Ri:Ri+1:2) =0

=1

(Z?;ll I;_:(Xz‘-f—l - Xi)lRizRi+1:1 - Z?;f It(_:(Xi-i-l - Xi)lRi:Ri+1:2>

n—1 K
AZZ 1 t2 1R'L—Rz+1

SM—m =

O

Now we can write the proof of the consistency of the estimators, solution of the

auxiliary conditional least squares contrast.
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THEOREM 3.6. When A,, — 0 and nA,, — 400, the estimator M — m that minimizes

the LS,(m, M) function is consistent.

PRrROOF. It is easy to obtain the decomposition:
(3.18)
LSn(m, M) = LSn(m(), Mo) - (M—m— (MO —mo)) X Al(n) + (M—m— (MQ —mo))QAQ(’I’L),

where

n—1 2
K; X R
Ai(n)= 2A27 {(Xip1=Xi=ti(mo, Mo) A1 g, =y =1 — (X1 =X+ fi(mo, Mo) N1 g, = g, o)
i=1 '

n—1 -9

K-
AQ(”) = A? Z _ZlRi:Ri-H‘

2
i=1 5
We therefore deduce that the estimator of the difference M —m that minimizes LS,,(m, M)

can also be written as,

3 Ai(n)
M —m = My —mo+ 2"
m 0 mo A2<n)

From lemma 3.2 we have:

Kz’ Ho
? a.s.

H—
Mo—mo

Taking Césaro means ([Williams, 1991]), we deduce that

(3.19)

1 T

(3.20) WAQ(”) — m,

a.s.

because we can write,

n—1 2 n

1 1 <= K2 b, 1 K7

—ae(n) =~ > o lrmrin = % = ) (b —bi)—
=1 ! i

: -1
with b, = >~ 1g,—g,,, and because

-1
b_n _ n — 2?:1 1Ri7ﬁR¢+1 _ 1 .
n n

K, K, t, K,
n

and once more we just need to use the fact that % — Molﬁ)mo and then when A — 0 we
get the desired result.

As a consequence, to conclude the consistency of ]\4/—\m, we are left to prove

1

We will prove

=

n— . A p
(XiJrl - Xz - ﬂi(m07 MO)A)1R¢=R¢+1=1 L) 07

i n—oo

1
22 —
(322) nA

~

i=1



40 3. LSE FOR BROWNIAN MOTION WITH DRIFT THRESHOLD MODEL

the proof being similar for the second term in A;(n).

Let us write

n—1 2
% %(Xiﬂ — Xi — f1i(mo, Mo)A)1g,=r, ,=1 = A1n(n) + Az(n),
i=1
where
1 &K,
An(n) = X ZZ1 t—(Xz‘+1 — Xi — oA Rr=R, =1
1 &K,
Ax(n) = A Z t_A (1o — fi(mo, Mo)) 1 pi=R, 1 =1-

Ajs(n) converges to zero a.s. as deduced from lemmas 3.2 and 3.3, after taking the Césaro
mean.

As for Ayp(n), we introduce

1 K;
i:_—ZXZ‘ —Xi— Al.:. 1.
G nA Z( +1 110A) 1R, Rit1=1

To deduce the convergence of A;1(n) to zero, it is enough to prove, see Lemma 9 of

[Genon-Catalot & Jacod, 1993],

n—1
(3.23) SOEGIT] — 0,
n—1 ) ]Peo
(3.24) D E[GF] —= 0.
=1

To prove (3.23), we use lemma 3.4 to obtain

ZEQ? <Lzl o - Mommacion) \/Zm
T P V2 (Mo —mo — p1oA)
because,
E[G|Fi] = g &(X,;H — X — oM pp | T =
nA t; i=Riy1
- R 0 X o e = S, 10,

and then the sum in (3.23) goes to zero when A goes to zero because of the exponential

bound. To prove the convergence in (3.24), we can get, from the proof of lemma 3.4,
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equation (3.11), the decomposition,

~

n—1 1

n—1 2
K;
Z]E[Cﬂffl] = n2A2 ZE (t_> (Xi—i-l - X — UOA)lei:RiH:l Fi| =
i=1 v

i=1
1 n—1 K 2
) 2
:Wz<t_> E |:(Bg+(Xz+1 _X’L _Bg _MOA)lmore than one change of regime) |371i|
i=1\

and then use the Cauchy-Schwarz inequality to get,
— ~ 2 n— N 2 o — 2
C 2K Zl L T o N
- n2A - t, n2A2 1 tl Ho \ 2 (M(] — Moy — MoA)

_ A\ 2 e N 2 e AY2 1/2
SIS o ) IR e W
n nAn 1 tz n? - tl Ho \ 2m (MO — My —/L()A)

and this concludes the proof by taking Césaro’s mean and making n — oo. U

1/2

Notice that the contrast (3.9) only depends on M and m through the difference M —m.
One way to extend the dependence, in order to estimate M and m, could be to expand
further the conditional expectation in such a way that incorporate new terms depending

on each threshold, separately. This is done in the following lemma:

LEMMA 3.7. Define for a Brownian motion with drift y, starting from 0, 7° to be the

first hitting time of b. We have:

E 0. mono[(Xiv1 — Xi)|Xi, Rillgi=1 = poAlp,=1 + 2uE[(7]° — A)locr<alv=nto—x; Lri=1

+ A(m07 M07 A)u

where, for all x < My and A,
_ (]\Jofm()fqu)Q 1/2
2A

2 e
E[A(mo, Mo, AY] < 210 x VA
[Amo, Mo, &) Ho V2 (My —mo — poA)

Remarks.

(1) It is not easy to obtain an analytical expression for the second term in the ex-
pansion: E[(7]" — A)Llocr<alomns—x;-

(2) It is important to note that when X; = M, the second term of the expansion

2u0E[(73° — A)lo<r<alb=o = —210A.
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Proor. We have
Xi+1 - XZ :(Xi+1 - X’L) 1no change of regime + (Xi+1 - X’L) 1exact1y one change of regime
+ (Xi+1 - X’L) 1rnore than one change of regime-
On the event R; = 1, we then decompose:
—_no Ho 1o
XiJrl - Xl _BA + N’OAlno change of regime + [/II’OTb - ,u()(A - Tb )]10ne change of regime
0
+ (Xi+1 - XZ - BA)lmore than one change of regime
which can be rewritten
RO 1o
Xi+1 - XZ _BA + ,LLOA + 2[M0<Tb - A)]1onc change of regime
0
+ (Xi+1 - XZ - ,U‘OA - BA>1more than one change of regime-

We are finished by proving that

N

_ (Alofmofqu)Q
2A

2 e
E Xz _Xz - A - BO 1Inore an one change of regime| < 2 A A )
(X1 Ho A) th hange of regime] < 2440 \/%(Mo—mo—qu)\/_

which is not difficult using Cauchy-Schwarz and the fact that,

- (Iblofmofp,OA)z
2A

2
V21 (My —mp — pod)

as we proved before. O

VA,

P[more than one change of regime| <

With this new lemma we can define a new auxiliary conditional least squares contrast with
terms that depend on each of the thresholds opening the possibility of defining consistent

estimators for each of the thresholds.

(3.25)

n—1

LSy (m, M) =Y (Xi1 = X — fii(m, M)A = 20E[(7)" = A)locrealomn—x,) 1r=1
=1
n—1

+ Z(Xi—l-l — X + fu(m, M)A + 2B [(7, " — A)locrcalimm-x,)*Lr,—2-

i=1

In the terms E[(7/ — A)locrealp—mr—x, and E[(7; ™ — A)locrenlp—m—x,, m and M are not
explicit and so the previous approach to get the estimator for the thresholds difference
and the ideas for the proof of the consistency are not applicable. For now we have no

complete way of defining threshold estimators. However, in order to get some practical
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way of estimating the thresholds we will in the next section introduce an alternatively

estimating procedure and then we will check this ideas through simulation.

3.2. Discretely observed process with unknown regimes

In this section our purpose is to implement a practical way of getting estimator for

each threshold when we do not know the regime of each observation. The first step of

the procedure consists of the classification of the observations in regimes in order to built

an auxiliary conditional least squares contrast function as we did in the last section. For

each n the procedure is implemented as follows.

(1)

(3.26)

For fixed thresholds m and M, we split the observations in two regimes, R (m, M)
and }Afg(m, M) corresponding to the regime with positive trend and negative trend
respectively. The regime classification is done in the following way: we start with
the first observation in regime 1 and we consider all observations in regime 1
until the first observation that is bigger or equal than M, being that observation
considered still in regime 1 and simultaneously also in regime 2, then we consider
all the observations from this time on in regime 2 until we get the first one that is
smaller or equal than m being that observation considered in regime 2 and also in
regime 1, the classification process continues in this way until all the observations
be considered in one of the regimes. We also get a value for IA(n the number of
changes in regime.

Next, we can compute the conditional estimator i, of pg in a similar way as
before but in this case using all the information, that is the number of estimated
changes in regime in [0,t,] and not only on [0,¢;]. We define the auxiliary con-
ditional least squares contrast function in the same way, but with the indicator
functions depending only on the regime of the previous observation instead of the
regimes for consecutive observations (it was needed before for the proof of the

consistency).

—

n—

n—1
LS, (m, M)=> " (Xis1 — X; — fin(m, M)A)? 15 +> (Xip1 — Xi + fin(m, M)A 15 .
=1

(3)

=1

Finally we choose for the threshold estimates the value of (m, M ) that minimizes

LS, (m, M), that is,

—~

(M, My,) = argmin(mM)LSn(m, M),
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and we put

REMARK 3.8. Notice that the least squares contrast function (3.26) depends on the
difference M — m through /i, as before, but it also depends on M and m through the
sequence El, ,]/%n With this dependence we can estimate the thresholds m and M

separately because to different pairs (m, M) corresponds different sequences fil, .y, Ry,

and in consequence different values for LS, (m, M).

REMARK 3.9. For discrete observations of a continuous time process we have an extra
difficulty comparing with the time series theory, because we do not know what happens
between observations. In time series, the change in regime happens only at some observed
value of the process but that is not the case in the continuous processes because the
change in regime can happen between observed values. However, from the way we split
the observations in the two regimes, it is obvious that we can restrict our computations of
the conditional least squares error to the values of m and M that belong to the observed
values of the process. This happens because if X;, < X, <--- < X, , are the order
statistics of the observations then for m €)X, ,,, X;,+1,,] and for M €)X, ,,, Xo11.], (p < q)
with constant value of M — m, the sum LS, (m, M) is constant because the sequence
ﬁl, o ﬁn is always the same. Moreover, in order to reduce the computational burden,
and because m < M, we can restrict our choice of m to the values X;, < --- < X,

and M to the values X,,_,,, < --- < X,,, for some p €]0, 1].

We think that this procedure will give consistent estimators when A decreases and
simultaneously the interval where we observe the process, [0,t,] increases. To get asymp-
totical results we should need a decreasing A because that is the only way to ensure that
the regime classification of the observations converges to the true one for some sequence
of thresholds (my,, M, )nen. At the same time we need to increase the observation interval
[0,t,] to ensure that the number of changes in regime increases because those changes are
fundamental in the estimation of the thresholds.

We are now in condition to illustrate this procedure on simple examples through sim-
ulations. First we start implementing the procedure for the process with fixed step size
A considered in the L.S,, function. In this implementation we will work with observations
in a fixed length [0, 7] interval and we will simulate 500 repetitions of independent tra-

jectories. In the second example we implement the procedure for the same process with
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decreasing step size between observations. In both cases we use a smaller discretization
step in the simulation of the trajectory than the one used to get a set of observations of

the process.

ExaMPLE 3.10. We consider the Brownian motion with drift threshold model with
o = 1, myg = —2 and My = 2, and for 0 = 4 and 0 = .9. The trajectory of the
process is generated using a discretization step of .01 and we start the procedure with
the conditional regime classification. The following figure illustrates a section of the

trajectories under consideration for the two values of 0. The simulations were done using

AN

FI1GURE 3.1. Threshold BMD trajectories with ug = 1, mg = —2, My = 2 and

N

[y
[y

o
o

'
[y
[y

oc=4vso=.9

the Mathematica program and first we start with 500 repetitions for the interval [0, 100]
(with 1000 observations). For the estimating procedure we fix A = .1 and we use the LS,
(3.26) function. We perform a grid search for m in [—2.3, —1] and for M in [1,2.3] and
the step of the grid is .01. The results for the both cases (different values of o) under

consideration are presented in the next table.

TABLE 3.1. Estimates for 500 replicates for the threshold BMD process in [0, 100]
with n = 1000, pp =1, mg = —2 and My =2, and forc = 4 and 0 = .9

—

mean(m,) | sd(m,) mean(]\/in) sd(M,,) | mean(fi,) | sd(fin)
oc=.4] —1.989 0.020 1.990 0.020 0.980 0.040
c=.9| —1.996 0.045 2.003 0.050 0.971 0.088

As we can see the results suggest that the procedure works well, getting good approx-
imations for the original values and as expected, the standard deviation for the estimators

are larger when o = 0.9.
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In order to increase the number of changes in regime we also apply the procedure to
the observation interval [0,500] (n = 5000) but this time just for 100 replicates and for
both values of o. The results are the following:

TABLE 3.2. Estimates for 100 replicates for the threshold BMD process in [0, 500]
with n = 5000, up =1, mg = —2 and My =2, and for c = .4 and 0 = .9

—~

mean(my,) | sd(m,,) mean(]\//Tn) sd(M,) | mean(jiy,) | sd(fin)
oc=.4| -2.000 0.0002 2.000 0.0002 0.985 0.016
c=.9| —-1.997 0.0140 1.994 0.0170 0.967 0.044

In the next example, we apply the estimating procedure to the process with decreasing

discretization step and increasing time interval [0, ,].

ExaMPLE 3.11. Once more we consider the one dimensional Brownian motion with
drift process, we will consider pg = 1, mg = —2 and My = 2, and ¢ = .9. First, in order to
study the asymptotic behavior of the estimators when A decreases we apply the procedure
for 100 independent trajectories with decreasing A for a fixed observation interval [0, 200].
We compute the sum LS, for the values of (m, M) € [—2.5,1.0] x [1.0,2.5] in a grid with
grid step .1. It will be interesting to simulate more intensively the process but we need a
large amount of computer time to do that. We put the results in the following table.

TABLE 3.3. Estimates for 100 replicates from BMD process with decreasing A in
the fixed observation interval [0,200]. We have A = 200/n and po = 1, mg = —2,

My=2,06=.9

mean(fiy) | sd(fin) | mean(in) | sd(y) | mean(M,) | sd(M,)

n=100,A =2 0.701 0.037 —0.801 0.132 0.762 0.157
n=200,A=1 0.823 0.032 —1.298 0.118 1.293 0.123
n=400,A =1/2 0.884 0.027 —1.556 0.082 1.585 0.075
n=2800,A=1/4 | 0922 | 0026 | —1732 | 0056 | 1733 | 0.062
n = 1600,A =1/8 0.940 0.026 —1.820 0.049 1.822 0.054
n = 3200,A =1/16 0.976 0.025 —1.970 0.046 1.959 0.049

REMARK 3.12. We know that, on one hand, it is not possible to estimate consistently
the drift parameters if the observation interval is kept fixed, and similarly we do not

expect to be able to estimate consistently the threshold parameters in this asymptotic
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framework. Indeed, for a fixed observation interval the true number of changes in regime

is constant and the changes in regime are fundamental for the consistent estimation of

the parameters. We therefore do not expect the standard deviations of the estimators in
table 3.3 to decrease to zero.

We also repeat the procedure for decreasing discretization step and increasing time
interval in order to see the asymptotic behavior of the estimators. The results of this
simulation are based in the following. The trajectory is initial simulated with step § = 277
in the interval [0, 128] and in the estimating procedure the discretization step is given by
Ay = 2% with k = 4, ..., 7 corresponding to the observation intervals [0, 2%] and the number
of observations 4. In the figure 3.2 we show one trajectory for k = 5 and in table 3.4 we

present the results and as we can see the standard deviation of the estimators decreases

to zero sugesting the consistency of the estimators.

3 :
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FIGURE 3.2. Threshold BMD process trajectory for A = 1/32, observation in-
terval [0,32] and pp =1, mg=—-2, My =2,0=.9

TABLE 3.4. Estimates for 100 replicates from BMD process with decreasing Ay, =

2% increasing observation interval [0, 2*], number of observations nj = 4* and

po=1,mog=-2,My=2,0=.9

mean(fi,) | sd(fin) | mean(fy) | sd(fy) | mean(M,) | sd(M,,)
k=4 0.981 0.216 —1.954 0.103 1.944 0.115
k=5 1.011 0.161 —1.956 0.075 1.955 0.080
k=6 1.010 0.107 —1.983 0.052 1.976 0.055
k=7| 0990 | 0077 | —198 | 0015 | 198 | 0.016
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A final remark, it will be interesting to compare intensively the least square error
estimates with the ones we get from the MCEM algorithm in chapter 2. In a first attempt
we applied the least square errors procedure to the simulated data of chapter 2 and get

similar results with values 1, = 1.04387, m,, = —2.995 and ]\/L = 2.845.

3.3. LSE for general diffusions discretely observed

We now investigate the generalization of the estimation procedure of the threshold
estimators to other threshold diffusion processes than the ones built from the Brownian
motion with drift. Processes that can change from an increasing to a decreasing regime
after a change in the drift parameter, defined by the hitting of predefined thresholds, are
the ones that we want to study. The estimating procedure will be the same as the one for
the threshold process built from the Brownian motion with drift in the last section, that is,
we will use the least squares estimation approach in order to get the threshold estimators.
First we will define the LSFE function for general threshold processes and then introduce
auxiliary least contrast functions for the threshold processes built from the Ornstein-
Uhlenbeck and geometric Brownian motion processes. Second, we will implement the
procedure to simulated data from threshold models built using the Ornstein-Uhlenbeck
and geometric Brownian motion processes and we will also apply the estimation procedure
to real data from a set of several international financial funds.

We will study the general threshold diffusion model:
(3.27) dXt = a(pu(t), Xy)dt + b(o, X;)dBy,

with

p“(t> = Z [:ul]I[Tzk,T%H[(t) + MQ]I[TQHLTsz[(t)] , M1 €O, €Oy

k>0

where 0 = 79 < 7y < ... < 7; < ... are the threshold hitting times, that is, the instants
where the process in the increasing regime hits the upper threshold M, or the process in
the decreasing regime hits the lower threshold mg. The sets ©; and O, are such that, for
p € O1, Xy(u) is in regime 1 (increasing regime) and for g € O, X;(u) is in regime 2
(decreasing regime). We define the conditional least square errors function as,

n—1

LSE,(m, M) = Z (Xiv1 = Epmonr [Xi | Xa, Ri])2 ’

i=1
for the general process, but as before for each of the processes that we will study an

auxiliary function will be needed.
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3.3.1. Geometric Brownian motion threshold process. Using the geometric

Brownian motion process we built a threshold model.

(328) dXt = ,u(t)Xtdt + O'XtdBt, XO = Xy,

where

:u(t> - Z [MOH[TQkaT2k+1[(t) - NO]I[Tzk+177'2k+2[(t)] y Mo > 02/2‘
k>0

For the particular case of this threshold process we will consider the auxiliary conditional

least squares contrast:

n—1 n—1
(3.29) LSn(m, M) => (Xjy1 — XselnmME2 10 43 (X — Xge FnmMA)2 .
i=1 =1

where we use the approximation
Byt [Xi1|Xi, Ri] = Xjefn(mMA

or

E,mm [Xisa| Xs, Ri] = X fn (M)A

depending on the regime, because that is the conditional expectation for the Geometric
Brownian motion without thresholds and as we suspect for the case of the Brownian
motion with drift threshold model this should be a good approximation when A is small.

We also use the same ideas to define the drift estimator as,

o2 K M
3.30 by (m, M) = —+ —"In(— |.
(3.30) jntm M) =G+ 52 (20

where o2 should be replaced by 62 if is unknown (being estimated in the same way as
for the simple geometric Brownian motion) and where K, is the estimated number of
changes in regime in [0, ¢,]. Notice that, we write 1 &, instead of 1 Ri—Ri,, Once again. For
consistency proof purposes we should replace fi,(m, M) with fi;(m, M) in order to work
with a function that is measurable with respect to o(Xj,..., X;). If we want to define

the change in regime as a change from p; > 0%/2 to ps < 0/2 we should compute the

estimators fiy ,, flo, of p and uy replacing ¢, in equation(3.30) by 2A Z?;ll 1h, nd
2A Y1 15, respectively.
Once again we start by repeating the procedure for 100 independent trajectories with

decreasing A and for a fixed observation interval [0,200]. We consider, pu; = 1, us = —1
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and o = .6, for the thresholds my = 5 and M, = 15. We compute LS, for (m,M) €
[4,7] x [11,16] in a grid with step .1, we get the results presented in the table 3.5.

TABLE 3.5. Estimates for 100 replicates from GBM process with decreasing A

in the fixed observation interval [0,200]. We have A = 200/n and p1 = 1 = —puo,
mog =95, Mg=15,0=.6

mean(fi1 n) | sd(fi1,n) | mean(fia,n) | sd(fiz.n) | mean(my,) | sd(my,) mean(]\//}n) sd(]\//fn)
n = 100 0.195 0.096 —0.073 0.093 6.451 0.203 11.052 0.408
n = 200 0.400 0.088 —0.155 0.085 6.210 0.182 11.960 0.371
n = 400 0.616 0.064 —0.341 0.069 5.965 0.131 12.495 0.320
n = 800 0.773 0.061 —0.576 0.062 5.670 0.098 13.310 0.212
n = 1600 0.822 0.050 —0.772 0.051 5.495 0.069 14.130 0.160
n = 3200 0.903 0.044 —0.914 0.047 5.150 0.058 14.840 0.117

In order to implement the simulation study for decreasing discretization step and
increasing observation interval, we built the initial trajectory with discretization step
d = 277 and apply the procedure for each k = 4,...,7 with A, = 2%, the observation
intervals [0, 2*] and the number of observations 4.

We show one trajectory in figure 3.3 and get the results presented in table 3.6.
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FicUre 3.3. Trajectory for the Geometric Brownian motion threshold process
with A = 1/32, observation interval [0,32] and p; = 1 = —pg, mg =5, My = 15,
c=.6

As we can see the procedure seems to work well to get the threshold estimators,

regarding the drift parameters, the convergence seems to be slower.
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TABLE 3.6. Estimates for 100 replicates from GBM process with decreasing Ay =
2% increasing observation interval [0, 2¥], number of observations nj = 4% and

p1=1= —pa, mg =25, Myg=15,0 = .6

—

mean(firn) | sd(finn) | mean(fiz,) | sd(fiz,) | mean(ing) | sd(i,) | mean(M,) | sd(M,)
k=4 0.830 0.161 —0.949 0.295 5.412 0.296 14.364 0.499
k=5 0.920 0.136 —0.959 0.184 5.374 0.160 14.450 0.358
k=6 0.961 0.099 —0.974 0.126 5.236 0.137 14.522 0.276
k=17 0.984 0.059 —1.007 0.089 5.022 0.076 14.958 0.067

3.3.2. Ornstein-Uhlenbeck. Finally, we built from the Ornstein-Uhlenbeck process
a threshold model.

(331) dXt = ,LL(t)Xtdt + O'dBt, X() = X,
where
:u(t) = Z |:/J“1H[T2k772k+1[(t> + N2H[Tzk+1ﬂ'2k+2[(t)} ;o 1> 0,09 <0
k>0
4 s z . 3 s .
A 1 y : ) 3
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FIGURE 3.4. One trajectory for the Ornstein-Uhlenbeck threshold process with
A = 1/32, observation interval [0,32] and py =1 = —p2, mo=1, My =4,0 =1

For the particular case of this threshold process we will consider the auxiliary condi-
tional least squares contrast similar to the one used for the Geometric Brownian motion

threshold process:

n—1 n—1
(3.32) LSn(m, M) = (Xj — XjeltnmMA)21 3 (X — XelznmMA)21
i=1 =1
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because the conditional expectation for the original Ornstein-Uhlenbeck process without
thresholds is the same as the one for the Geometric Brownian motion and once more we
expect that for small A this should be a good approximation.

This time we define the estimator of u; and ps using the usual estimators for the
Ornstein-Uhlenbeck process but considering the observations in each regime to estimate

each one of the parameters.

n—1
1 i1 (XiXit) i =
(3.33) jin(m, M) = —In <Z§:( +1) L 1),

n—1
A i=1 Xi21f%i(m7M):1
and
n—l
1 1 (XiXov1) L =
Z Xz R;(m,M)=2

where the dependency from m and M is given from the conditional classification Ri(m, M) =
1 or Ry(m, M) = 2.

We apply the procedure for 100 independent trajectories with decreasing A and for
the fixed observation interval [0,200]. Considering p; = 1,2 = —1 and o0 = 1, and
for the thresholds my = 1 and M, = 4. We compute LS, for the values of (m, M) €
[0.5,2.4] x [2.6,4.5] in a grid with step .1. We get the results presented in table 3.7.

TABLE 3.7. Estimates for 100 replicates from O.U. process with decreasing A in

the fixed observation interval [0,200]. We have A = 200/n and p; = 1 = —puo,
mo=1, My=4,0=1

mean(fin) | sd(finn) | mean(fiz,) | sd(fiz,) | mean(ing) | sd(i,) | mean(M,) | sd(M,)
n = 100 0.176 0.089 —0.245 0.077 1.978 0.191 2.125 0.214
n = 200 0.492 0.068 —0.548 0.067 1.806 0.129 2.347 0.178
n = 400 0.646 0.065 —0.688 0.062 1.613 0.124 2.900 0.127
n = 800 0.762 0.064 —0.770 0.058 1.404 0.085 3.338 0.092
n = 1600 0.811 0.058 —0.832 0.049 1.266 0.075 3.621 0.067
n = 3200 0.876 0.039 —0.944 0.043 1.038 0.049 3.920 0.013

REMARK 3.13. Notice that the reported values for the standard deviations of the
estimators are influenced by the fact that, in order to reduce the computer time, we
restricted our search in the minimization procedure to derive the value of the thresholds
estimators by using a grid with step 0.1. As mentioned in Remark 3.12, these standard
deviations should not tend to zero, a higher number of observation is required to check

the behavior of these quantities in tables 3.5 and 3.7.
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To implement the simulation study for the decreasing discretization step and increas-
ing observation interval, we built the initial trajectory as before. We apply the procedure
for each k = 4,...,7 with A, = 2%, the observation intervals [0,2*] and the number of

observations 4¥. We get the results presented in table 3.8. As already happens for the

TABLE 3.8. Estimates for 100 replicates from OU process with decreasing Ay =
2% increasing observation interval [0, 2*], number of observations nj = 4* and

pr=1=—pg,mop=1 My=4,0=1

mean(fiyn) | sd(fivn) | mean(fizn) | sd(fiz.n) | mean(imy,) | sd(fy,) | mean(M,) | sd(M,)
k=4 0.941 0.147 —0.915 0.191 1.118 0.078 3.742 0.091
k=5 0.954 0.118 —0.934 0.101 1.098 0.056 3.830 0.058
k=6| 0.963 0.094 —0.942 0.079 1.056 0.039 3.890 0.043
k=7| 0984 0.062 ~0.971 0.044 1.001 0.009 3.990 0.010

Geometric Brownian motion, the procedure seems to work well to get the threshold esti-

mators, but the convergence for the drift parameters seems to be slower.

3.3.3. Real data. Now we will apply the procedure to real data. We do not perform
any kind of adjustment test and so we compute the threshold estimators of the considered
data supposing the model is of any of the three kinds considered before. The data is the
daily prices of three different funds, two of them mainly consists of stocks while the other

mainly of bonds.

ExAMPLE 3.14. The first fund to be considered is the PF-European Sustainable
Equities-R fund from the Pictet Funds company. The data we consider is from the year
2004. We only consider the data from the first ten months because as we can see in
the figure 3.5, the last two months do not follow the same dynamics. Supposing that
the threshold model is from, Brownian motion with drift (BMD), geometric Brownian
motion (GBM) or Ornstein-Uhlenbeck (OU), respectively, the estimating procedure is
implemented. We compute LS, for the values of (m, M) € [114,118] x [118,124] in a grid
with step .1.

The results can be observed in table 3.9 where the value of LS,, could be of interest
just to have a rough idea of what model should have a better adjustment. The threshold
estimates are the same, and this make us suspect that it is enough to use a reasonable

adjusted model to estimate the thresholds.
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FIGURE 3.5. 2004 daily prices from European Sustainable Equities-R fund from

Pictet Funds

TABLE 3.9. Threshold estimates from PF-European Sustainable Equities-R

i | fion | Wn | M, | LS,
BMD | 0.203 | —0.365 | 116.500 | 122.800 | 148.337
GBM | 0.002 | —0.003 | 116.500 | 122.800 | 148.453
OU ]0.002 | —0.003 | 116.500 | 122.800 | 148.450

ExaMPLE 3.15. The second fund to be considered is the Parvest Europe Dynamic

Growth fund from the BNP Paribas company. The data is from the year 2004. Once
15000
14750
14500
14250¢
14000

13750¢

50 100

15%f 200 250

FIGURE 3.6. 2004 daily prices from Parvest Europe Dynamic Growth fund from
the BNP Paribas

again we only consider the data from the first ten months and we will consider the three
models under study. We compute LS,, for the values of (m, M) € [134,139] x [140, 145]
in a grid with step .1, for this example, we get the values that appear in table 3.10.
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TABLE 3.10. Threshold estimates from Parvest Europe Dynamic Growth

fin | Fon | | M, | LS,
BMD | 0.314 | —0.296 | 135.300 | 143.400 | 197.854
GBM | 0.002 | —0.002 | 135.300 | 143.400 | 197.881
OU 10.002 | —0.002 | 135.300 | 143.400 | 197.878
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Once more the threshold estimates are the same for all models and the LSE values

are very similar.

EXAMPLE 3.16. The last fund to be considered is the Converging Europe Bond fund

from the Schroder company. The data we have considered is from the year 2005. This time

1400
1395+
1390+
1385}
1380+
13754
1370

50 7100 150 200 250
FicUrRE 3.7. 2005 daily prices from Converging Europe Bond fund from the

Schroder company

we consider the data from the entire year as it is presented and we will consider the three
models under study. We compute LS, for the values of (m, M) € [1364, 1380] x [1386, 1401]
in a grid with step .5.

The threshold estimates are the same for all models and once again the LSE values

are similar as we can see in table 3.11.

TABLE 3.11. Threshold estimates from Converging Europe Bond

fin | Tom | M | M, | LS,
BMD | 0.3153 | —1.250 | 13.710 | 13.980 | 916.823
GBM | 0.0002 | —0.001 | 13.710 | 13.980 | 916.781
OU {0.0002 | —0.001 | 13.710 | 13.980 | 916.781







Conclusion and future research

In conclusion, in this thesis we have developed and implemented two estimating pro-
cedures for the problem of diffusion processes threshold estimation. The first procedure,
MCEM, is one adaptation of the Expectation-Maximization algorithm to our problem.
The second procedure, least squares estimation, has been applied to several threshold
diffusions but results about the consistency have only been proved for the threshold dif-
ference M — m. During this thesis we also tried other ideas like building tests to detect
the change in regime or using other approaches to prove the consistency of the estimators.
For future research we point out some topics. Regarding the least squares estimators, is
desirable to prove asymptotic consistency and to study the asymptotic distribution of the
estimators. Another possibility is to consider, not only a change in the drift parameter
from one regime to the other, but a complete change of process, that is, in one regime the
process is driven by one diffusion and in the other regime we consider another diffusion.
Like in the time series threshold models (see chapter 1), other estimating procedures can
be built using maximum likelihood theory, the Bayesian theory, generalized method of
moments or Wavelets and it can also be used sub-sampling or sequential estimation. An-
other question mentioned in the time series threshold models is the problem of testing
for linearity, that is, the problem of testing the threshold model against the linear model.
For our model this question is in open, and for future research it could be of interest to

build a test for testing a threshold diffusion model against simple diffusion model.
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Resumo em Portugués

O modelo auto-regressivo com limiares (threshold-TAR) estd bem documentado e
estudado no caso de séries temporais. Nao sendo este o caso quando se consideram
processos continuos e em particular difusoes, propomo-nos estudar algumas difusoes, em
que estas sofrem uma mudanca de um regime com tendéncia positiva para um regime
com tendéncia negativa quando o processo atinge um limiar superior ”M” e sofrem uma
mudanca de um regime com tendéncia negativa para um regime com tendéncia positiva
quando o processo atinge um limiar inferior "m”. Nesta tese propomo-nos a implementar
procedimentos de estimacao com vista a obter estimadores dos limiares para modelos com
limiares definidos a partir de equagoes diferenciais estocéasticas. O primeiro procedimento
a ser apresentado baseia-se na adequagao do algoritmo EM (expectation-maximization ou
esperanga e maximizagao) a estimacao de limiares no modelo com limiares construido a
partir do processo Browniano com tendéncia. O segundo procedimento, repete uma das
idéias fundamentais na estimagao de limiares no contexto de séries temporais, estimacao
de minimos quadrados, ou seja o procedimento que iremos adoptar sera o de estimar os
limiares pelos valores que minimizam a soma do quadrado dos erros. Iremos implementar
este procedimento nao sé para modelos com limiares baseados no processo Browniano
com tendéncia mas também para modelos genéricos entre os quais se destacam os que
sao baseados nos processos de Ornstein-Uhlenbeck e Browniano geométrico. Ambos os
procedimentos sao sujeitos a uma implementagao pratica aplicada a dados simulados,
sendo ainda o procedimento de estimacao por minimos quadrados aplicado a dados reais
respeitantes a cotagoes didrias de um conjunto de fundos financeiros internacionais. O
primeiro fundo é o fundo PF-European Sustainable Equities-R da Pictet Funds e o segundo
o Parvest Europe Dynamic Growth fund do BNP Paribas. Os dados para ambos os fundos
sao os pregos didrios do ano 2004. O ultimo fundo a ser considerado é o fundo Converging

Europe Bond da Schroder e os dados sao os precos diarios do ano 2005.
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RP-1. Resumo do Capitulo 1

Nas ultimas décadas temos assistido a grandes desenvolvimentos na area da inferéncia
estatistica quer no campo das séries temporais quer no campo das difusdes. No contexto
das séries temporais as condicoes de linearidade e de estacionaridade tém sido abandon-
adas e o estudo de modelos nao lineares tem aumentado. Uma classe de mo-delos nao
lineares, chamados de modelos autoregressivos com limiares (TAR-Threshold autoregres-
sive) estd amplamente estudado em [Tong, 1990], nestes modelos um processo é dividido
em m regimes sendo cada regime um processo autoregressivo. Este tipo de modelo pode

ser representado pela seguinte equagao:

m
(RP-1) Y=Y (aio+ainYia 4 +aipYip+ei) <z yor)-
i=1
Os limiares sao numeros reais —00 = 79 < 11 < ... < Tt < Ty = +00 € 241 =

Z(Y1,...,Y; 1) é a varidvel limiar que especifica a mudanga de regime. Neste capitulo é
feito um apanhado dos diferentes métodos de estimagao e de outras questoes relevantes
no estudo de modelos com limiares no contexto das séries temporais. Como ja referimos
0 nosso objectivo passa por generalizar a nogao de processos com limiares a processos
continuos. Uma difusao que experimenta uma mudanca de regime quando ultrapassa um
limiar superior (M) ou um limiar inferior (m) pode ser considerada como um modelo
genérico do processo estocastico. Considerando-se dois limiares m e M e supondo-se que
se inicia com a difusdo de tendéncia positiva (definida por um parametro de tendéncia
1) 0 processo continuard neste regime até ao instante em que atinge o limiar superior M
ocorrendo entdo uma mudanga de regime (que corresponde a alteracao do parametro de
tendéncia para fip) mantendo-se o processo neste segundo regime até ao instante em que
atinge o limiar inferior m, voltando o processo ao regime inicial. Este modelo pode ser

representado pela seguinte equacao:
(RP-2) dXt = a(pu(t), Xy)dt + b(o, X;)dBy,

com

pu(t) = Z [lul]I[TZIwTQIH»l[(t) + luQ]I[T2k+177'2k+2[(t>] )

k>0

onde 0 = 79 < 7 < ... < 7; <...sa0 os instantes de contacto dos limiares, isto é,

Top+1 = Inf{t > mop; Xy = M} € Topro = inf{t > mop11; Xy = m} para k >0 e 79 = 0.
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RP-2. Resumo do Capitulo 2

Este capitulo comeca por uma primeira seccao dedicada ao estudo dos instantes de
contacto (hitting times) para algumas difusées, nomeadamente para o processo Brown-
iano com tendéncia e para o processo Browniano geométrico. Prossegue com uma se-
gunda secgao dedicada a implementacao do algoritmo MCEM (Monte-Carlo Expectation-
Maximization) ao modelo de limiares construido com base no processo Browniano com
tendeéncia e termina com uma seccao dedicada a simulagao do modelo e implementacgao

do algoritmo com vista a estimacao dos parametros do modelo.

RP-2.1. Distribuicao dos instantes de contacto. Nesta seccao apresentaremos
resultados sobre a distribuicao dos instantes de contacto para alguns processos.

Dado um processo estocastico X com trajectorias continuas e adaptado a uma filtragao
(Ft)i>0, considerando um subconjunto I' € B(R) do espago de estados do processo, o

instante de contacto (em I') é definido por,
Tr(w) = inf{t > 0; X;(w) € T'}.

No que se segue os instantes de contacto de interesse serao os instante de contacto com
limiares predefinidos.
RP-2.1.1. Processo Browniano com tendéncia p e coeficiente de difusao o. Consider-

emos o processo Browniano com tendéncia p e coeficiente de difusao o,
B = ut + 0B,
com B; processo Browniano standard. Comecgando com
Ty =inf{t: B" =b}, By’ =a,

obtemos a densidade

b—a| a2 L0
Ey—— A 204t .
\V2mo2t3 7

RP-2.1.2. Processo Browniano geométrico. Se considerarmos o processo Browniano

fTb*f;f (t) =

geométrico, um processo positivo satisfazendo a equacao diferencial estocastica,
dXt = /.LXtdt + O'XtdBt, XO = a.
Sabe-se que a solucao desta equagao é dada por,

Xt —a e(u—é)t-ﬁ-aBt

)
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pelo que podemos escrever

com

g(z) =ae*, g '(r)=In <§> )

Pelo que estamos perante uma transformacao do processo Browniano com tendéncia,

obtendo-se a densidade para o primeiro instante de contacto,

2 2
- In(b)—In(a)—( p— % |t
s ) = 100 @] (0o ®))

vV 2mo2t3

RP-2.2. Algoritmo MCEM. Nesta seccao iremos implementar um procedimento
de estimacao dos parametros do modelo com limiares baseado no algoritmo MCEM
(Monte-Carlo Expectation-Maximization) que nos permite fazer estimagao de parametros
em modelos com dados imncompletos como sera o nosso caso pois os instantes de contacto
nao sao conhecidos. Consideraremos o processo Browniano com tendéncia e dados dois
limiares m e M iremos supor que a mudanca ocorre apenas no coeficiente de tendéncia.

Considere-se o seguinte modelo:
dXt = p(t)dt + 0dBy, Xo = x0 € [m, M|,

com
N(t) = Z |:ILL1]I[7'2k77'2k+l[(t) + /’LZ]I[TQk+1772k+2[(t)] y o M1 > 07 M2 < 0
k>0
onde 0 =7y <711 <...<7T <...sa0 os instantes de contacto. Isto é, dados dois limiares
m e M, 71 é o tempo necessario para o processo com tendéncia positiva p; ir de xy até
M, 15 — 7 é o tempo necessario para o processo com tendéncia negativa ps ir de M até
m, genericamente, 7; — 7;_1 € 0 tempo necessario para o processo ir de um limiar até ao
outro. Supomos que ¢ é conhecido e queremos estimar 6 = (uy, po, m, M) observando-se
Xo, X1, ..., X,, em intervalos equidistantes 0 = tg,ty,...,t, no intervalo [0, 7], com A =
tj—tj_1et; =jAparaj=1,..,n. Usamos o processo Browniano com tendéncia /; para
gerar o primeiro regime e o processo Browniano com tendéncia py para gerar o segundo
regime, no entanto o processo resultante nao é um processo Browniano com tendéncia.
Apesar das densidades de transicao nao serem conhecidas para este processo com limiares

iremos implementar o algoritmo EM utilizando o que nos parece uma aproximacao natural,

ou seja, as densidades de transicao do processo Browniano com tendéncia. Entao p; e po,
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as densidades de transicao nos regimes 1 e 2 consideradas, serao respectivamente,

A : = 1 (xz‘—f—l 7 [LlA)Q
pl( ,xi,xi_ﬂ’ul) = ?exp _ 5

AN T, Tias = 1 (xi+1 — T — /1/2A)2
p2( y iy Lid1, #2) T2 exp | — 52 )

Os instantes de contacto 7y, ..., 7, ndo sao observados e o seu nimero no intervalo [0, 7]
é dado por uma variavel aleatéria K. As densidades para a diferenca entre instantes de

contacto consecutivos sao conhecidas e dadas por:

M— M_ _ 2
fr (715 1, M) = T e (_( To — H1T1) ) |

2o 201
para i = 2,4,6, ...,
M—-—m (m_M_lI/2(TrL'_TZ'1))2>
(T —Ti1;0) = exp | — ,
sz Tz—l( 1 ) \/271'0'2(7'2- — Tiil)g p ( 202(Ti _ 7-1'71)

eparat=3,5,7,...,

fro—r_ (7 — 1i-1;0) = M—m E exp (_ (M —m — (15 — Til))2> ‘

V2mo2(Ti — Ty 20%(1; — Ti—1)

Para este modelo teremos de considerar a funcao de verosimilhanca completa ou total,
ou seja, a funcao de verosimilhanga para a totalidade dos dados (os conhecidos e os

desconhecidos),

+oo
= g Le(@1, ooy @y Ty ooy Ty O) iy (W)
Condicionando aos instantes de contacto o processo X; é markoviano e teremos
Lc(.’lfl, ey Ly T1y eeey Thes 9) = le,...,Xn,Tl,...,Tk(xly ey Ly Ty eeey Thes 0)

= le,..A,,Xn|T1,.‘.,Tk(xla ey l‘n|7'1, ceey Tk)le,...,Tk(Tl, cony Thes 9)

Ji—t J2—1
=[] »(A 2o zic)pr (11 =ty 20, M)pa(tyyn — 71, Mg 1) [ po(D 2, i)
=0 i=j1+1

X pa(Ta = tjy, Ty, M)P1(tjpr1 — T2, M, Tjyi1) * Plimod(b+1,2)) (Th — s Tjy» %)
n—1

X Pli+mod(k,2)] (tijrl — Tk, %, ﬂfjkﬂ) H p[1+mod(k,2)](Ai> i, $i+1)
1=j+1

M — 2o —
x—exp(—( -To2 1) )”
2ro?T] 20°T, \/27'('02 (1 — Ti21)?

k—1)/2 k/2
o : 1—[)/ }exp <_ (M —m — pi (121 — 7'22‘))2) [11[} exp <_ (m — M — pa (2 — T2i_1)>2) :

202(7'2z‘+1 —T2z') 202(T2i _TQi—l)
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Onde para todoo i =1,....k, j; € {1,...,n— 1} é, tal que, 7; €]t;,, tjej1 <jo<--- <
Jk. Com * =m x mod(k + 1,2) + M x mod(k,2) e mod(a,b) é o resto da divisao inteira
de a por b. Definimos também a funcao logaritmo de verosimilhanga completa de forma
similar por,
log( LK Zlog (T1s o T, Ty T 0) ) =iy (W)
com
log(Le(x1, .oy Tpy T1y ooy T3 0)) =

- ”Z_l 912_1 (Tip1 — i — 1 A)? I ]22_1 (Tig1 — i — po\)? 4.
— 20‘2A ZO'QA

J1yeJe=1 =0 i=j1+1

-1 [(k+1)/2]
\ (xi-i-l — & — ,u[1+mod(k,2)]A)2 (M — Ljy — H1 (T2i—1 - tj2i71))2
+ > + 2

2 2 . _ .
1=jr—1 20%A i=1 20 (7—22—1 tJQi—l)

+

[(k+1)/2] [k/2]
N Z (Zjgr1+1 — M — pio(tjy,_ 41 — T2im1))? Z (m — xj,, — pa(T2i — tjy,))?
20
=1

2(tj27l71+1 - 7—22'71) i=1 202 (TQZ - t]Ql)

/2] , K
(@01 — m — (1 — 72i)) M —
: : X I 4. )+ 1 _—
+ ; 202(tjy 11 — T2i) g [t”’t“ﬂ[(T) o8 2ro?T]
. (M—.To— 17'1 —|—Zlog M m
20°m V2o (1 — Tio1)?
S 2 A (m — M — pip(T2; — 7'21'71))2

M m — M1(7'2z+1 - Tzz)) _ Z
202(Taip1 — Tai)

202(T9; — Tai—1) ’

=1 =1

excepto por um termo que nao envolve 6.
RP-2.2.1. Fase E. Neste algoritmo, precisamos na p-ésima iteracao do passo E, de
calcular a esperanca matematica da funcao logaritmo de verosimilhanca completa condi-

cionada aos dados e aos valores correntes de 6, = ({41, flop, My, Mp), isto é,
Q(0,0,) = Ky, [log (LY) [ X1 = z1, ..., Xy = x|

De seguida aproxima-se este valor esperado usando Monte Carlo. Concretamente,
simulamos réplicas 7, ...,T,lﬂ de Ti,...,Tx e ponderamos essas réplicas. Repare-se que

: Apria Al !
para cada [ € {1,..., L} extraimos a sequéncia 7y, ..., T, de

le,...,Tkl (715 e T3 Op) = S (705 101,y M) frrp -y (T2 — T35 ep)kal—Tkl,l(Tkl — Thy—150p)

de forma sequencial. Isto é, extraimos s} de fr, fazendo 71 = s| depois extraimos s} de

fr,—7, fazendo 74 = 7l + s} e continua-se enquanto estivermos no intervalo [0,7]. Desta
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forma nao sé construimos uma sequéncia de instantes de contacto mas também obtemos
uma observacao do nimero de instantes de contacto K. Finalmente poderemos aproximar

a esperanca condicional da funcao logaritmo de verosimilhanca completa por,

(RP-3) Eo, [log (L) | X1, ..., X,] g (LB (X1, .., Xy s oy 7hy)) X W,

IIMh

onde o peso w' é tal que,

wl 08 fX1,~~~7Xn\T1,~-,Tkl (%1, ceey Iy Tll7 L) Tllcl)le,m,Tkl (Tll7 E3) Tllcl)'

RP-2.2.2. Fase M. Nesta fase queremos maximizar Q(#, 6,) com respeito a 6, ou seja,

queremos obter o valor de # que maximiza,

QL(6,6,) Zlog (LB (X1, oo, X 1y 7h)) X W

=1

Derivando @1 (f,6,) em ordem a 6§ e resolvendo a equacao,

0QL(9,0p)
o

8@ (9791))

dQu(0,6) _ o | "o | _

do w
m
oQL

L oM . L .

o O O O

Para p4,

0Q(0,0,) _ li 0log (L’gl(xl,...,xn,T{,...,T,il;Q))wl
a,ul L 8[1,1

1=1
Igualando a zero e resolvendo obtem-se,

(RP-4) [ (i [auwl}> — i [brw'] =0,

=1
com
(k1 —=1)/2]
ai;=A ]‘i + Z (jéi-i-l - jéi 1)+ (n— j/lﬂ — D)mod(k; +1,2) | + 27{
i=1

—1)/2 (k1 /2]
Z 721+1 Th;) + Tk mod(k; +1,2) + Z 41—t 1) — mod(ky, 2),
i 1
i=1 =1

biy = xymod(k; +1,2) — 2z + M (2[(ki + 1) /2]) — m(k; — 1)

Para ps obtemos,

(RP-5) Lo (i [auwl}> — i [bow'] =0,
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com
(/2] [ki/2]
az; = A Z (dai = Joim1 — 1) + (n = jilq Lymod(k;,2) | 42 Z (T3 — Tai—1)
i=1
[(ki=1)/2]

_ T,ilmod(k;l, )+t + Z tit 1~ b, 1) — tjlzwmod(kzl +1,2),

boy = xymod(ky, 2) + m(2[k;/2]) — Mk;.

Para m temos a equagao,

@w )

RP 6 +m (Z l + 2W ) VTlnp + Ml(kl — 1) — M2(2[kl/2]))wli|>

=1
+ < |: —ul(kl—l)—i‘ﬂg( [/{Zl/2]))—02(kl—1)+M2Wl)wl:|> = 0.
=1
Com
[k1/2]
A
Uy, =
: ; (730 — £t )t 11 — )
v [ki/é] ggl(tﬂ +1 T2z) +a +1(T£i - tjéi)
im1 (75 — %)(tjéﬁl —73;)
Ky 1
W=y ———.
2T
Fazendo o mesmo com respeito a M, obtemos,
(RP-7)
1 L
l 1 l l l
MS (lzzl: |:(_UMP - W' - T_{> w}) +M2 (; [((1’0 +m)UMP +VMp
29 +m N\
20+ 1)/2]) = ok + S 4 ( + 2m) ) w
1
. . 9 x% + 2mxg
+ M Z —xgmUMp — (xo + m)(VMP + M1(2[(k’l + 1)/2]) — ,ugk’l) +o kl — T
=1 1
L
—(m® + 2zom)W') w']) + (Z [(xom(vj\l@ + i (2[(k + 1)/2]) — poky
=1

+20 +mW6—amH4m—m%0 }):Q

7'1
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com,

[(ki+1)/2] A
Usy, = :
! ; (Toim1 — tjgi_l)(tjgi_lﬂ ~Thi1)
l [(ki+1)/2] xjéifl(tjéifl'i_l — TQZ,L-_I) + xjéi71+1(72li_1 — t]é1,1>
VMP - Z (Tl — 1t )(tl — 7l ) :
i=1 2i—1 Jog_ 1/ \"Jg; 1 +1 2i—1

Bastando, finalmente, resolver as equagoes para se obter 6, e recomecar a (p+ 1)-ésima

iteracao do algoritmo.

RP-2.3. Simulagao. Iremos agora proceder a implementacao do algoritmo usando
dados si-mulados. Comegamos por simular 170 observacoes do modelo de limiares com
A = .1. O processo é dividido em dois regimes, o primeiro sera Browniano com tendéncia
11 = 1 e o segundo Browniano com tendéncia ps = —1, para ambos os regimes teremos
o = .4. A mudanca de regime ocorre quando o processo atinge o limiar superior M = 3
se 0 processo estd no regime 1, ou quando atinge o limiar inferior m = —3 se o processo
estd no regime 2. Na p-ésima iteracao do algoritmo, calculamos L = 500 repeticoes
de sequéncias de instantes de contacto de forma a aproximar o valor esperado (RP-3)
por Monte Carlo. Para construir a sequéncia de instantes de contacto usamos métodos

numéricos para calcular a raiz 7 da equacao,

"M, —m, _0p=ip=ingyn?

- — 207t dt =u
0o V2mo?t3

com u nimero pseudo aleatério gerado a partir do gerador de UJ0, 1] do programa. Em
alternativa também é possivel utilizar o método de aceitacao-rejeicao para construir a
sequéncia de instantes de contacto. Apds as 500 repeticoes estarem terminadas podemos
calcular os (p + 1)-ésimos estimadores [iy p41, Mypi1 € ]\//Tpﬂ a partir das equagoes (RP-4),
(RP-5), (RP-6) e (RP-7). 100 iteragoes do algoritmo foram consideradas e as sequéncias

de estimadores obtidas sao representadas nas proximas figuras.
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Figura 1. Valores estimados de p; a partir de 100 iteracoes de MCEM
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Figura 2. Valores estimados de m a partir de 100 iteracoes de MCEM
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Figura 3. Valores estimados de M a partir de 100 iteragoes de MCEM
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O valores finais dos estimadores, apds 100 iteracoes do algoritmo, sdo fiy 101 = 1.05 =
—H2.101, M1 = —2.85, and ]\//7101 = 2.9. Tendo-se obtido sub-estimacao dos limiares
e sobre-estimacao do parametro de tendéncia. A explicagdo pode passar pelo facto de
nos dados considerados o estimador real (podemos estimar directamente o parametro,
uma vez que sabemos exactamente onde houve a mudanga de regime) do parametro de
tendéncia ser de g = 1.2 > 1 = py;. Mais a frente iremos comparar estes resultados
com os obtidos por outro procedimento de estimacao. A simulacao da trajectoria e a
implementagao do algoritmo foram produzidas no programa Mathematica 4.1 e a lista
de instrucgoes aparece no anexo 2. Repetindo o procedimento para 100 trajectérias nas
mesmas condigoes obtiveram-se os seguintes resultados:

Tabela 1. Média e desvio padrao para os estimadores da tendéncia e dos limiares para 100 repetigoes

do algoritmo MCEM

o~

M n M
média | 1.020 | —2.940 | 2.950
dp. |0.118| 0.186 | 0.174

Este método necessita de muita computacao tornando-se impraticavel um grande

nimero de repeticoes.

RP-3. Resumo do Capitulo 3

Neste capitulo iremos introduzir um procedimento de estimagcao dos limiares baseado
no método de estimagao de minimos quadrados e demonstrar resultados parciais de con-

sisténcia dos estimadores dai resultantes. O modelo em anélise pode ser representado

por,
(RP-8) dXt = p(t)dt + odB;, Xo = o,
onde
:u(t) = Z |:/J“O]I[7'2k772k+1[(t) - “UH[T%H,T%H[“)} ;Mo >0
k>0
e0=17 <7 <...<T7; <...sa0 os instantes de contacto do processo com os limiares.

O nosso objectivo é provar a consisténcia dos estimadores quando temos um conjunto
discreto de observacoes do processo e o regime ao qual cada uma pertence é desconhecido.
Comecaremos com uma primeira seccao onde teremos uma prova parcial da consisténcia
sob as hipodteses de diminuicao do intervalo de discretizacao A e conhecimento do regime

ao qual cada observacao pertence. Na segunda seccao abandonaremos a restricao de
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se conhecer o regime ao qual cada observacao pertence e introduziremos no procedi-
mento de estimacao uma forma pratica de classificar as observagoes em regimes. Estudos
através de simulacoes serao realizadas. Na terceira seccao iremos alargar o procedimento
de estimacao a outros modelos como os construidos a partir dos processos Browniano
geométrico e Ornstein-Uhlenbeck. Finalmente aplicaremos o procedimento a dados reais

provenientes de fundos internacionais.

RP-3.1. Conjunto discreto de observagoes do processo BMD com limiares e
com regimes conhecidos. Considerem-se as observagoes X1, ..., X,, do processo Brow-
niano com limiares no intervalo [0,¢,] e introduzam-se as varidveis aleatérias Ry, ..., R,
onde R; = 1 se X, pertence ao regime 1, enquanto R; = 2 se X; pertence ao regime 2. Seja
K; o ntmero de mudancas de valor na sequéncia Ry,... R;, iremos assumir nesta seccao
que sao observados os valores de R;.

Podemos definir o estimador jz;(m, M) de pp de uma forma natural, como:

(M —m).

=)

(RP-9) pii(m, M) =

~

(2

Temos os seguintes resultados.

LEMA RP-3.1. Com K; o verdadeiro nimero de mudancas de regime no intervalo

0,;], temos:

. Ki o
im —=——— q.c
i—+oo {; MO — my
PRrooOF. Ver capitulo 3, lema 3.1. 0

Temos um resultado similar para It(—
£
Note-se que uma mudanga de regime nao ¢é detectada, quando se calcula K;, se ocorrer

uma das situacoes seguintes:

(1) temos na sequéncia ..., X; € Ry, Xj41 € Ry, ... mas temos 2p, para algum p > 1,
mudancas de regime no intervalo |¢;,t;11],
(2) temos na sequéncia ..., X; € Ry, Xj41 € Rs,... mas temos 2p + 1, para algum

p > 1, mudangas de regime no intervalo |t;, ;1]

Em ambos os casos tem de ocorrer mais do que uma mudanga de regime no intervalo

Jtj, tizal.

LEMA RP-3.2. Sendo K; o nimero de mudancas de valor na sequéncia Ry,...R;.

K,—K;
ti

Temos que lim; =0 q.c.
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PrROOF. Ver capitulo 3, lema 3.2. U

Temos também.

LEMA RP-3.3. Definindo fi; = f1;(mg, M) como na equagao (RP-9), quando mg e M,
sao os verdadeiros valores dos limiares, teremos:

lim fi; = po, q.c.

i——400

PRroOF. Ver capitulo 3, lema 3.3. 0

Num cenério ideal definiriamos a soma dos quadrados do erros (condicional) como,

n—1

LSE z+1 Uva [Xi+1|Xi7"'aX1])27

=1
mas a esperanc¢a matematica nao é conhecida pelo que teremos de considerar uma aprox-

imacao e introduzir uma funcao soma do quadrados dos erros auxiliar:

(RP-10)

n—1 n—1

LSn (ma M>:Z(Xz+1_Xz_/:Lz (TTL, M)A>21Ri=Ri+1=1+Z(Xi+l_Xi+/:Li(ma M)A)21R¢=Ri+1=27

i=1 =1

onde, como anteriormente,

(RP-11) fii(m, M) = t—"(M —m).

i

Para justificar esta aproximagao prova-se o seguinte lema.

LEMmA RP-3.4. Temos:

Epig.mo Mo [ Xiv1 — Xil Xy Ri]lR,=R,,,=1 = f10AlRr,=p,,=1 + A(mo, Mo, A),

i+1

onde
\/— Mo — mQ—uQA) 1/2
2
E[A(mqg, My, A)] < 219 X
[ ( 0 0 )] Ho \/_W(MO_mO_,UOA)
PRroOF. Ver capitulo 3, lema 3.4. 0

Da fungao estimadora (RP-10) podemos estimar a diferenga M — m.

LEMA RP-3.5. O valor da diferenca M —m que minimiza a fun¢ao estimadora (RP-10)
é dado por:
Z:’L:_ll It(_ii(XiJrl - Xi)]‘Ri:R7,+1 1= 2?2—11 %(XiJrl - Xi>1Ri:Ri+1=2
1 K2
A ZTLZ 1 t2 1RZ_RZ+1

(RP-12) M —m =
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PrROOF. Ver capitulo 3, lema 3.5. 0

Podemos agora escrever a prova da consisténcia para o estimador da diferenga My—my.

TEOREMA RP-3.6. O estimador M — m que minimiza a fungao LS, (m, M) é consis-

tente.

PROOF. Ver capitulo 3, teorema 3.6. 0

RP-3.2. Conjunto discreto de observagoes do processo BMD com limiares e

com regimes desconhecidos. Nesta sec¢ao o nosso objectivo é implementar uma forma

pratica de estimacao dos estimadores para cada um dos limiares quando nao se conhece o

regime ao qual cada observagao pertence. O primeiro passo serd por isso o de classificar as

observagoes em regimes de modo a se construir a funcao da soma do quadrados dos erros

como na seccao anterior. O procedimento de estimagao serd implementado da seguinte

forma.

(1)

Para limiares fixos m e M, classificaremos as observagoes em regimes, }A%l(m, M)
e ﬁg (m, M) correspondentes aos regimes com tendéncia positiva e com tendéncia
ne-gativa, respectivamente. A classificacao em regimes é feita da seguinte forma:
fixando (m, M), as observacoes vao sendo classificadas no regime 1 até encon-
trarmos a primeira observagao que é maior ou igual a M, sendo essa observagao
classificada no regime 1 e simultaneamente no regime 2, todas as observacoes dai
em diante serao classificadas no regime 2 até encontrarmos uma observagao que
seja menor ou igual a m sendo essa observagao classificada, ainda, no regime 2
mas simultaneamente no regime 1, o processo de classificacao continua até todas
as observacoes estarem classificadas. Também se obtém um valor IA(n, 0 numero
estimado de mudancas de regime.

De seguida, e com base nesta classificacao calcula-se o valor i, o estimador condi-
cional de pp de uma forma similar ao que ja foi feito na secgao anterior mas
considerando agora toda a informacao, isto é, o nimero estimado de mudancas
de regime em [0, t,] e ndo apenas no intervalo [0,?;]. Define-se a fungao da soma
do quadrados dos erros de uma forma andloga mas com as funcoes indicatrizes a

dependerem apenas do regime da ultima observacao em vez de dependerem dos
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regimes de duas observagoes consecutivas.

(RP-13)

—_

n— n—1
LS, (m, M) =Y (Xi1 — X = fin(m, M)A 1 +)  (Xio1 — Xi + fin(m, M)A)* 15,
1 =1

1

—

(3) Finalmente escolhem-se para estimadores dos limiares os valores (m, M) que min-
imizam LS,,(m, M), ou seja,
(M, My,) = argming,,, v LSy, (m, M),
e estima-se o coeficiente de tendéncia por
//In = ,an(fﬁna Mn)

OBSERVAGAO RP-3.7. Repare-se que fungao soma do quadrados dos erros (RP-13)
depende da diferenca M — m através de [i,, como anteriormente, mas também depende
de M e m por intermédio da sequéncia ﬁl, e ﬁn Devido a esta dependéncia podemos
estimar os limiares m e M separadamente pois a diferentes pares (m, M) correspondem

~

diferentes sequéncias ﬁl, ..., R, e consequentemente diferentes valores de LS,,(m, M).

Pensamos que este procedimento devera permitir obter estimadores consistentes quando
A decresce para zero e simultaneamente o intervalo onde se observa o processo, [0,t,]
aumenta. Estamos agora em condig¢oes de implementar este procedimento através de sim-
ulagoes. A aplicacao do procedimento foi realizado sob diferentes condigoes desde valor
fixo para A e para o intervalo de observagoes [0, t], passando por A decrescente e intervalo
de observagoes fixo e terminando com A = A,, decrescente e intervalo de observagoes [0, t,,]
crescente. Dos diferentes cendrios apenas se apresenta aqui o ultimo estudado podendo

consultar-se o capitulo 3 para mais informacao.

ExXEMPLO RP-3.8. Consideramos o processo Browniano com tendéncia e com limiares,
e os valores g =1, mg = —2 e My =2, e 0 =.9. Os resultados da simulaca sao baseados
no seguinte. Cada trajectéria é inicialmente gerada com discretizacao § = 27 no intervalo
[0, 128] para o procedimento de estimagao consideraremos as observagoes com discretizagao
Ay = 2% para k = 4, ..., 7 correspondendo ao intervalo de observagoes [0, 2*] e a um ntimero
de observacoes 4. Calcula-se LS, para valores de (m, M) € [-2.5,1] x [1,2.5] usando
uma grelha com passo .1. Na figura 4 apresentamos uma trajectéria para k = 5 e na

tabela 2 sao apresentados os resultados obtidos.
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Figura 4. Trajectéria do processo BMD com limiares para A = 1/32, intervalo de observagoes [0, 32] e

‘LLOZLTTLO:—Q,MO:Q,O':.Q

Tabela 2. Estimativas para 100 repeticdes do processo BMD com limiares, Ap = 27% decrescente,

intervalo de observacoes [0,2*] crescente, nimero de observacoes ny, = 4F e pg = 1, mg = —2, My = 2,
c=.9
média(fi,) | dp(fin) | média(iy,) | dp(fn) | média(M,,) | dp(M,,)
k=4 0.981 0.216 —1.954 0.103 1.944 0.115
k=5 1.011 0.161 —1.956 0.075 1.955 0.080
k=26 1.010 0.107 —1.983 0.052 1.976 0.055
k=17 0.990 0.077 —1.986 0.015 1.984 0.016

Uma observacao final, seria interessante comparar de forma intensiva os estimadores
de minimos quadrados com os estimadores obtidos do algoritmo MCEM estudado no
capitulo 2. Numa primeira tentativa aplicou-se o procedimento de minimizagao da soma

dos quadrados dos erros estudado neste capitulo aos dados simulados no capitulo 2 e

obtiveram-se resultados similares com valores f,, = 1.04387, m,,

—2.995 ¢ M, = 2.845.

RP-3.3. Estimadores de minimos quadrados para difusoes. Iremos agora gen-
eralizar o procedimento de estimacgao dos limiares a outros processos que nao apenas o
construido do processo Browniano com tendéncia. Iremos apresentar as funcoes estimado-
ras para processos com limiares construidos a partir dos processos Ornstein-Uhlenbeck e
Browniano geométrico. Iremos aplicar o procedimento de estimacao a estes processos e
também a dados reais provenientes de um conjunto de fundos internacionais.

Pretende-se estudar o modelo geral com limiares:

(RP-14) dXt = a(p(t), X,)dt + b(o, X,)dB,
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com
:u<t) = Z [lulI[[TZszQkJrl[(t) + luQ]I[T2k+177'2k+2[(t>] , M1 €Oy, € Oy
k>0
onde 0 = 79 < 7 < ... < 7; < ...sa0 os instantes de contacto nos limiares . Os

conjuntos ©; e Oy sdo tais que, para u € O, X;(u) estd no regime 1 (regime crescente)
e para p € Oq, X;(11) estd no regime 2 (regime decrescente). Define-se a fungdo soma do

quadrado dos erros (condicional),

n—1
LSE,(m, M) =" (Xis1 — By [Xiaa | X, Ri))?,

=1
para O processo geral, mas como anteriormente teremos de usar funf)es auxiliares.

RP-3.3.1. Processo Browniano geométrico (GBM) com limiares. Partindo do processo

Browniano geométrico constréi-se o processo com limiares correspondente.
(RP—].5) dXt = ,u(t)Xtdt + O'XtdBt, XO = Xy,

onde
M<t> = Z |:ILLO]I[7—2]¢77—2IQ+1[(t) - /"LO]I[T2k+lvTQk+2[(t)] ) Ho > 02/2‘
k>0
Para este modelo em particular iremos utilizar a funcao estimadora auxiliar:

n—1 n—1
(RP-16) LS, (m,M) = Z(Xiﬂ—Xieﬂ”(m’M)A)QlﬁFl+Z(Xi+1—Xie_ﬂ"(m’M)A)QlﬁFg,
i=1 i=1

onde se usa a aproximagao
fi (0, M) A
E,moat [Xip1| Xi, Ry = Xpefn(m2)

ou

Epmoar [Xip1|Xi, Ri] = Xje fn(mADA

dependendo do regime, porque esta é a esperanca condicional do processo Browniano

geométrico sem limiares. Usando as mesmas idéias da sec¢ao anterior definiremos o esti-

mador,

o> K M
P-1 ) M)="—+"In(— ).
(RP-17) jntm M) =G+ 52 (20

onde 02 deve ser substituido por 2 se for desconhecido e onde K,, continua a ser o valor
estimado de mudangas de regime no intervalo [0, ¢,].

Uma vez mais a aplicacao do procedimento foi realizado sob diferentes condigdes mas
apenas se apresenta aqui o caso de A = A,, decrescente e intervalo de observagoes [0, ¢,,]

crescente. Podendo consultar-se o capitulo 3 para mais informacao.
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Consideramos o processo Browniano geométrico com limiares, e os valores 11 = 1, g =
—1, mg=5e My =15, e 0 = .6. Os resultados da simulacao sao baseados no seguinte.
Cada trajectéria é inicialmente gerada com discretizagao § = 277 no intervalo [0, 128] para
o procedimento de estimacao consideraremos as observacgoes com discretizacao Ay = 2%
para k = 4,...,7 correspondendo ao intervalo de observacoes [0,2*] e a um ntimero de
observagoes 4F. Calcula-se LS, para valores de (m, M) € [4,7] x [11,16] usando uma
grelha com passo .1. Na figura 5 apresentamos uma trajectoria para k = 5 e na tabela 3

sao apresentados os resultados obtidos.
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Figura 5. Trajectéria do processo GBM com limiares, A = 1/32, intervalo de observagoes [0, 32] e

p1r=1=—pz, mg =5, Mo =150 =.6

Como se verifica o procedimento parece funcionar bem.

Tabela 3. Estimativas para 100 repeticdes do processo GBM com limiares A, = 27% decrescente,

intervalo de observagoes [0, 2’“], numero de observagoes ny = 4k ¢ w1 =1=—ps,mg=>5My=150=.6
média(fiy ) | dp(fivn) | média(fin.y) | dp(fia.n) | média(my,) | dp(iy,) | média(M,) | dp(M,)
k=4 0.830 0.161 —0.949 0.295 5.412 0.296 14.364 0.499
k=5 0.920 0.136 —0.959 0.184 5.374 0.160 14.450 0.358
k=6 0.961 0.099 —0.974 0.126 5.236 0.137 14.522 0.276
k=17 0.984 0.059 —1.007 0.089 5.022 0.076 14.958 0.067

RP-3.3.2. Processo Ornstein-Uhlenbeck (OU) com limiares. Partindo do processo Ornstein-

Uhlenbeck constroéi-se o processo com limiares correspondente.

(RP-18)

dXt = p(t)X,dt + odB,,

Xo = o,
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onde

:U(t) = Z [NlH[TQkJQkH[(t) + MZH[TQk+1,T2k+2[(t)} ;o 1 >0,p00 <0

k>0
4 2
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Figura 6. Trajectéria do processo Ornstein-Uhlenbeck com limiares com A = 1/32; intervalo de

observagoes [0,32] e p1 = 1= —pa, mp=1, My =4,0 =1

Para este modelo em particular iremos utilizar a funcao estimadora auxiliar:

(RP-19)

n—1 n—1
LS, (m, M) = Z(XiJrl - Xieﬂl‘"(m’M)A)zlﬁizl + Z(Xz‘H - Xz'em’"(m’M)Aylﬁi:zv
i=1 1=1

7

porque a esperanca condicional para o processo Ornstein-Uhlenbeck sem limiares é a

mesma que a do processo Browniano geométrico e uma vez mais pensamos que para

valores pequenos de A esta deve ser uma boa aproximagao. Para este modelo definem-

se os estimadores de p; e po usando os estimadores usuais para o processo Ornstein-

Uhlenbeck mas considerando as observagoes em cada regime para estimar os parametros

Correspondentes.
n—1

(RP-20) fu(m, M) = X In (Z 1n( 1 2+1) Ry (m, M) 1)7
Z X 1leM) 1

€

(RP-21) g, M) = %ln <Z S 1 (XiXi1) L, nnn)= ) '

n—1 21 .
i=1 Xz 1Ri(m,M):2

onde a dependéncia de m e M advém da classificacio R;(m, M) =1 ou R;(m, M) = 2.
Consideramos o processo Ornstein-Uhlenbeck com limiares, e os valores p; = 1, g =

—1, my=1e My =4, e c = 1. Calcula-se LS,, para valores de (m, M) € [0.5,2.4] x
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[2.6,4.5] usando uma grelha com passo .1. Na tabela 4 sdo apresentados os resultados

obtidos.

Tabela 4. Estimativas para 100 repeticoes do processo OU com limiares A, = 27% decrescente, intervalo

de observagoes [0, 2¥], ntimero de observagoes ny, = 4% e 1 =1 = —pa, mo=1, My =4, 0 =1
média(fir.n) | dp(finn) | média(@ia.n) | dp(fiz.a) | média(iin) | dp(iin) | média(M,) | dp(My)
k=4 0.941 0.147 —0.915 0.191 1.118 0.078 3.742 0.091
k=5 0.954 0.118 —0.934 0.101 1.098 0.056 3.830 0.058
k=6 0.963 0.094 —0.942 0.079 1.056 0.039 3.890 0.043
k=7 0.984 0.062 —-0.971 0.044 1.001 0.009 3.990 0.010

Também neste caso o procedimento parece funcionar bem.

RP-3.3.3. Dados reais. Também se aplicou o procedimento de estimacao a um con-
junto de dados reais. Nao procedemos a nenhum tipo de teste de ajustamento dos modelos
e optamos por aplicar o procedimento aos trés modelos considerados anteriormente. Os
dados sao respeitantes a cotagoes diarias de trés fundos diferentes, dois dos quais fundos
predominantemente compostos por acgdes e um terceiro composto predominantemente

por obrigagoes.

ExXEMPLO RP-3.9. O primeiro fundo a ser considerado é o fundo PF-European Sus-
tainable Equities-R gerido pela empresa Pictet Funds. Os dados considerados sao respei-

tantes ao ano de 2004.
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12400+
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11800+

11600+

50 100 150 200 250

Figura 7. Dados de 2004 do fundo European Sustainable Equities-R da Pictet Funds

Apenas consideramos os dados dos primeiros 10 meses, porque como se pode ver na figura

7, nos dois ultimos meses de 2004 houve uma alteracao na dinamica do fundo. Supondo
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que o modelo com limiares subjacente a dinamica do fundo é Browniano com tendéncia
(BMD), Browniano geometrico (GBM) ou Ornstein-Uhlenbeck (OU), respectivamente.
Calculando-se LS, para valores de (m,M) € [114,118] x [118,124] numa grelha com

malha .1. Obtiveram-se os seguintes resultados:

Tabela 5. Estimativas dos parametros para o fundo European Sustainable Equities-R

Pin | H2n My, M, LS,
BMD | 0.203 | —0.365 | 116.500 | 122.800 | 148.337
GBM | 0.002 | —0.003 | 116.500 | 122.800 | 148.453
OU ]0.002 | —0.003 | 116.500 | 122.800 | 148.450

Os resultados obtidos nao diferem de um modelo para outro, o que nos leva a suspeitar que
mesmo que nao se considere o modelo mais correcto pode-se obter bons estimadores para
os limiares desde que se considere um modelo que possa ter um ajustamento aceitavel.
Os valores de LSFE, serao de interesse apenas para nos dar uma indicacao de qual modelo

melhor se ajusta aos dados.

ExEmMpPLO RP-3.10. O segundo fundo a ser considerado é o fundo Parvest Europe

Dynamic Growth da empresa BNP Paribas. Os dados considerados sao do ano de 2004.

15000+
14750¢
14500+
14250¢

14000¢

13750¢

100 200 250

50

15%f

Figura 8. Dados de 2004 do fundo Parvest Europe Dynamic Growth de BNP Paribas

Uma vez mais apenas consideramos os dados dos primeiros 10 meses de 2004, e calculou-se
LS,, para os valores de (m, M) € [134,139] x [140, 145] numa grelha de malha .1.

Obtiveram-se os resultados apresentados na préoxima tabela.
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Tabela 6. Estimativas dos parametros para o fundo Parvest Europe Dynamic Growth

—

Hin | Ho2n My, M, L5,
BMD |0.314 | —0.296 | 135.300 | 143.400 | 197.854
GBM | 0.002 | —0.002 | 135.300 | 143.400 | 197.881
OU |0.002 | —0.002 | 135.300 | 143.400 | 197.878

Uma vez mais os estimadores sao idénticos para todos os modelos.

ExEmMpPLO RP-3.11. O dltimo fundo a ser considerado é o fundo Converging Europe
Bond da empresa Schroder. Os dados considerados sao do ano de 2005. Desta vez
considerou-se os dados da totalidade do ano e calculou-se LS, para valores de (m, M) €

[1364, 1380] x [1386, 1401] numa grelha com malha .5.
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Figura 9. Dados de 2005 referentes ao fundo Converging Europe Bond da Schroder

Obteve-se:

Tabela 7. Estimativas dos parametros para o fundo Converging Europe Bond

—

H1n Ho.n M, M, LS,
BMD | 0.3153 | —1.250 | 13.710 | 13.980 | 916.823
GBM | 0.0002 | —0.001 | 13.710 | 13.980 | 916.781
OU |0.0002 | —0.001 | 13.710 | 13.980 | 916.781

Uma vez mais os estimadores dos limiares sao idénticos para todos os modelos.
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RP-4. Conclusao

Em conclusao, nesta tese desenvolvemos e implementamos dois procedimentos de es-
timacao distintos para o problema dos modelos com limiares do tipo difusao. O primeiro
procedimento MCEM ¢ apenas uma adaptacao do algoritmo Expectation Maximization e
o segundo baseia-se no procedimento de estimacgao baseado na minimizacao do quadrado
dos erros. Para investigacao futura podermos referir alguns temas como sejam: a demon-
stracao da consisténcia dos estimadores dos limiares individualmente, a generalizacao
do modelo a processos onde a mudanca de regime seja conseguida através de uma al-
teragao completa do processo, isto é, por exemplo num regime Browniano com tendéncia
e noutro Browniano geométrico. Outros procedimentos de estimacao podem ser con-
siderados, como teoria Bayesiana ou outros métodos estudados no contexto das séries
temporais. Ha ainda a questao da construcao de testes para testar o modelo de limiares
contra o modelo simples, e finalmente, tendo em conta os resultados obtidos pela anélise
de dados reais pode-se considerar o problema de usar o Browniano com tendéncia para
estimar os limiares de outros processos com limiares, mesmo que os diferentes regimes nao

sejam processos Brownianos com tendéncia.






Appendix 1: Math. 4.1 instructions to generate a threshold

trajectory

<< Statistics' Normal Distribution';

<< Statistics'Con fidencelntervals';

<< Statistics' DescriptiveStatistics';

RandomNormal[p_, o] := Random[N ormal Distribution|u, ol];
al=1;1=102=—1;62=1;m0 = 1; M0 = 4; nstmu = 9;

alf_,s_,x| =0 *x;b[0_, s, x]:=0;
1

. __ onstmu,
2nsimu’ =2

I

SeedRandom/[1]; 20 = 1.5; Xt = 20;t = 0;6 =

listalinicial = {};lista2 = {}; interruptor = 0;

While[t <= T, I flinterruptor == 0, {W hile[And[Xt < MO0,t <= T/,

{listalinicial = Insert[listalinicial, { N[t], Xt}, —1];

Xt = Xt +alol,t, Xt] % § + B1 % RandomNormal[0,V6];t = t + 6}];

interruptor = 1;lista2 = Insert[lista2, N[t|, —1]; Xt = MO0},

{While[And[ Xt > m0,t <= T, {listalinicial = Insert|listalinicial, { N[t], Xt}, —1];
Xt = Xt +ala2,t, Xt] % § + 32« RandomNormal[0,Vé]};t = t + 4];

interruptor = 0;lista2 = Insert[lista2, Nt], —1]; Xt = mO0}]];
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Appendix 2: Math. 4.1 instructions to compute the BMD
MCEM estimators

<< Statistics' Normal Distribution’; << Statistics' DescriptiveStatistics';
RandomNormal[p_, o] := Random[N ormal Distribution|u, o);
0=.1T=17al =1;01 = 4,02 = —-1;62 = 4;m0 = —3; M0 = 3; L = 500;
MaxStep = 100; 20 = 0; Xt = 20;t = 0;a[0_, s_,z_] := 0;b[0_, s_, x| := 0;
SeedRandom|0]; listal = {};lista2 = {};lista3 = {};interruptor = 0,

While[t <= T, I flinterruptor == 0,{While[And| Xt <= MO0,t <= T},

{listal = Insert[listal, Xt, —1];t =t + 6;

Xt = RandomNormal| Xt + a[al,t, Xt] % 8,b[51,t, Xt] % V8] }]; interruptor = 1;
lista2 = Insert[lista2, N[t] + .05, —1]; Xt = MO0},

{While[And| Xt >= m0,t <= T)|,{listal = Insert[listal, Xt, —1];t =t + 6;

Xt = RandomNormal[ Xt + a[a2,t, Xt] % 8,b[52,t, Xt] % V/8]}]; interruptor = 0;
lista2 = Insert[lista2, N[t| 4+ .05, —1]; Xt = mO}]]; List Plot|listal];

lista2 = Dropllista2, —1]; 0 = f1;c = Lengthl[listal];d = Length|lista2];

ql = Quantilellistal, .2]; ¢2 = Quantile[listal, .8];ml = ql; M1 = ¢2;

zxl = Last[listal]; xx2 = Extract|listal,c — 1];i = 0;

If[Mod[d,2] == 0, While[Notlxxz2 >= ql > zxl],i =i+ 1;

zrxl = Extract|listal, c — i]; xx2 = Extract|listal,c — i — 1],

While[Notlxx2 < q2 <= zxl],i =1+ 1;

zxl = Extract|listal, c — i]; xx2 = Extract|listal,c — i — 1]]];

pl=1/cxd+ (c—i—1/10+ .05)((2*xd —2) * (M1 —ml)+ 2 (M1 — x0)+
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(M1 — Last[listal]) x Mod[d, 2] + (Last[listal] — m1) x Mod[d + 1,2]);
Print[?00 = {", pn1,”,”,m1,”,”, M1,” }’]; Put Append[{0, unl1,m1, M1},” estimadores”|;

Forlp =1,p <= MaxStep, SeedRandom[p — 1]; For|[l = 1,1l <= L,u = Random|];

Y M1 — z0 [ (M1 — 20 — uls)?

z = w/.FindRoot —— X
/ : 0 V2mo?sd P

} 9s == u, {w, M1 — 20}];

2%x02%s

M1 — =20 M1 — 20 — plz)?
hit = z;w[l] = R exp ! 20 = plz) ;listab = {hit}; Whilelhit < ¢/10,
\V2mo2z3 2%02x%xs
Y M1 —ml M1 —ml — puls)?
u = Random||; z = w/.FindRoot| kL exp[—( ml - pls) O0s == u,
0o V2mois? 2025
M1 —ml M1 —ml — plz)?
{w, M1 —ml}]; hit = hit + z; w[l] = w[l] * WZS * exp[—( 2”;22 ) ;

listab = Insert[lista5, hit, —1]|; I f[Last[lista5] * 10 > ¢,

lista5 = Drop[listab, —1]]; d = Length[lista5]; k,,[l] = Integer Part[d/2];

lista2 = Table[Integer Part[10 x Extract|listab,1]]/10 + .05, {i, d}];

Print[l,” 7, lista2]; ky[l] = Integer Part[(d 4+ 1) /2] k[l] = k(1] + kx(l); fxioll] = 1;
Forlj = 1,7 <= IntegerPart[10 x Extract|lista2,1]] — 1,

Fxprll) = Fxprll) # 1/V2 5 15 0% % 6%

Exp[—1/2 % 0 % 6((Extract[listal, j + 1] — Extract[listal, j] — pl * §)%)]; 5 + +];

For[i =1,i <= kyll] — 1, For[j = Integer Part[10 x Extract|lista2,2 x i]] + 1,

Jj <= Integer Part[10 x Extract|[lista2,2 « i+ 1]] — 1,

Fxprll) = fxprll) # 1/V2 5 w5 0% % 6%

Exp[—1/2 % 0 % 0((Extract[listal, j + 1] — Extract[listal, j] — pl * 6)*)];j + +];4 + +];
Forli =1,i <= kyl[l], For[j = Integer Part[10 x Extract|lista2,2 i — 1]] + 1,

j <= Integer Part[10 x Extract[lista2,2 x i]] — 1,

Fxrll) = Fxpll] * 1/V2 5w % 0% 5 6

Exp[—1/2 % 0 * 6((Extract[listal, j + 1] — Extract[listal, j] + pl x 6)*)];j + +];3 + +];
If[Mod[k]l],2] == 0, For[j = Integer Part[10 % Last[lista2]] + 1,j <=c¢—1,

Ixirll] = fxrll] # 1/V2 % mx 02 % 5%

Exp[—1/2 x 0 % 6((Extract[listal, j + 1] — Extract(listal, j] — pl * 8)*)]; 5 + +],
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For[j = Integer Part[10 x Last[lista2]] + 1,j <=c¢ —1,
Fxirll] = fxiell] * 1/V2 % m % 0% % 5%
Exp[—1/2 % 0 * 6((Extract[listal, j + 1] — Extract|listal, j] + pl * 8)*)]; 5 + +]];

Forli = 1,i <= ky|l], jotaimpar = Extract|lista2,2 i — 1];

Fxirll] = fxprll] * 1/3/2 % 7 % 02 % (jotaimpar — Floor[10 * jotaimpar]/10)x
Exp[—1/2 % 0 * (jotaimpar — Floor[10  jotaimpar]10)
((M1 — Extract|listal, Integer Part[10 % jotaimparl]

— pl * (jotaimpar — Floor[10 * jotaimpar]/10))?)]x

% 1/4/2 % 7 % 02 (Ceiling[10 * jotaimpar] /10 — jotaimpar)x
Exp[—1/2 % 0 * (Ceiling[10 * jotaimpar] /10 — jotaimpar)
((Extract[listal, Integer Part[10 % jotaimpar] + 1] — M1

+ pl * (Ceiling[10 * jotaimpar] /10 — jotaimpar))*)];i + +];

Forli =1,i <= ky[l], jotapar = Extract[lista2, 2 x i];

Fxirlll = fxrll] % 1/4/2 % @ % 02 * (jotapar — Floor[10 * jotapar]/10)x
Exp[—1/2 % o® * (jotapar — Floor[10 * jotapar]10)
((ml — Extract|listal, Integer Part[10 x jotapar]]

+ pl * (jotapar — Floor[10 * jotapar]/10))?)]

% 1/4/2 % m % 02 (Ceiling[10 * jotapar]/10 — jotapar)x
Exp[—1/2 % 0 * (Ceiling[10 * jotapar] /10 — jotapar)
((Extract|listal, Integer Part[10 % jotapar] + 1] —m1
— 1 % (Ceiling[10 * jotapar]/10 — jotapar))?)];i + +];

Pesoll] = fxir[l] *xw(l]; al[l] = c¢* 6 + Last|[lista2];

km (1]
Unll] = Z 3/ ((Extractlista2,2 % i| — Floor[10 x Extract|lista2,2 *i]]/10)*
i=1
(Ceiling[10 x Extract|lista2,2 *i]]/10 — Extract[lista2,2 * i]));
km[l]
Vinll] = Z(Extract[listal, Integer Part[10 x Extract[lista2, 2  i]]]*
i=1

(Extract|lista2,2 = i] — Floor[10 x Extract|lista2,2 « i]] /10)
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+ Extract|listal, Integer Part[10 x Extract|lista2,2 * i]] — 1]x
(Ceiling[10 * Extract[lista2,2 x i]] /10 — Extract|lista2, 2 x i])) /((Extract[lista2, 2 ]
— Floor[10 x Extract[lista2,2 « i]] /10)*

(Ceiling[10 * Extract|lista2,2 *i]| /10 — Extract|lista2,2 * i]));

k(i)
Uumll] = Z d/((Extract[lista2,2 x i — 1] — Floor[10 * Extract|lista2,2 % i — 1]]/10)=

i=1
(Ceiling[10 * Extract|lista2,2 i — 1]]/10 — Extract|[lista2,2 i — 1]));

karll]
Vil = Z (Extract[listal, Integer Part[10 x Extract|lista2,2 % 1 — 1]]]*
i=1

(Extract|lista2,2 x i — 1] — Floor[10 x Extract[lista2,2 x i — 1]]/10)
+ Extract|listal, Integer Part[10 * Extract[lista2,2 i — 1]] — 1]x
(Ceiling[10 * Extract[lista2,2 i — 1]]/10

— Extract[lista2,2 i — 1]))/((Extract|lista2,2 x i — 1]

— Floor[10 x Extract|lista2,2 i — 1]]/10)x

(Ceiling[10 * Extract[lista2,2 i — 1]]/10 — Extract[lista2,2 i — 1]));

k[l]
=Y —11/(Extract[lista2,i + 1] — Extract[lista2,i]) + 1/(Extract|lista2, 1]);
i=2
T1[l] = (Extract|lista2,1));l + +]; 0p = Replace All[{p, m, M},

j| * Pesolj ((2xk[y x (M —m)

Mh

FindRoot[{

IIMh

J=1

+ 2% (M — 20) + (M — Last[listal]) * Mod[k:[j], 2]+

(Last[listal] — m) « Mod[k[j] + 1,2]) * Peso[j]) == 0,

(Z((Um[j]—l—W[j])*Peso >x<m+z j— 2% W[j]) « M
+ o (2% by [j] + k[j] — 1) = Viu[j]) x Peso[j])) x m
Z (2% kplj] + E[j] — 1))« M

— o x (k[j] — 1) + W[j] * M?) x Pesolj]) == 0,
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(Z((_UMU] — Wj] — 1/T1[j]) * Peso[j])) * M?
+ (Q_ (@0 + m) s Uni[j] + W (20 + 2 5m) + oox (2 kar[f] + kL))

+ Varlj] + 2 % 20 + m/T1[j]) * Pesolj])) » M?
+ (O (=20 s m o« Upg[5] — (20 + m) = (Vig[j] + g = (2% ka[5] + k[5]))

J=1

+ 0% % k[j] — 20® + 2 x m + 20/T1[j] — W[j] * (m* + 2 % 20 x m)) * Pesol[j])) * M
+ D (@0 mos (Vaglj) + g (2 ] + K[J]) + 20/ T[] + Wi] 5 m)

j=1

— 0% (m — (k[j] = 1) ¥ 20)) * Pesolj]) == 0},

{p, p1},{m, m1}, {M, M1}, MaxIterations— > 30][;

Print]?0”,p,” =" ,0p|; ul = Extract|0p,1]; ml = Extract[0p,2]; M1 = Extract|[fp, 3];

PutAppend[{p, ul,m1, M1},” estimadores”]; p + +];






Appendix 3: Math. 4.1 instructions to compute the BMD least

squares estimators

lista = ReadList]"C : \ DocumentsandSettings\ Pictet Europe Equitities.txt”];
listal = Tablel{i, Extract|lista,i)/100}, {i,1,210}];

0 = Extract[listal, 1]; Xt = z0;

ListPlot[listal, PlotJoined— > Truel;d = Lengthllistal]; listad = {};

For[l =114,1 <= 118, For[p = 118,p <= 124,m1 = [; M1 = p;

lista3 = {}; 511 = 0; S12 = 0; 521 = 0,522 = 0; R = 1;

Forli=1,i <d,[f[And|R == 1,

Extract|listal, {i,2}] < M1 <= Extract|listal, {i+ 1,2}]],

R = 2;lista3 = Insert[lista3, Extract(listal, {i + 1,1}], —1],

I f[And[R == 2, Extract|listal,{i,2}] > ml >= FEuxtract|listal, {i + 1,2}]], R = 1;
lista3 = Insert[lista3, Extract[listal, {i + 1, 1}], —=1]]]; i + +];

km m = Length[lista3]; Xr = Extract[Last[listal], 2|; lista3 = Insert|lista3, 1, 1];
lista3 = Insert[lista3,d — 2, —1]; For[i = 1,i <= kp, u,

For[j = Extract|lista3,i|, j < Extract|lista3,i+ 1],

S11 = S11 + Extract|listal, {j + 1,2}] — Extract|listal, {j,2}];

S12= S12+ 15 = j + 1]si = i + 2J; If[S12 > 0, fir[1] = S11/512, jir[1] = 0];
For[i =1,i <= ky,m, For[j = Extract|lista3,i+ 1], j < Extract|lista3,i+ 2],
S21 = 521 + Extract|listal,{j + 1,2}] — Extract[listal, {j,2}];

S22 = 522+ 15 = j+ 1]si = i + 2); [f[S22 > 0, ir[2] = S21/522, jir[2] = 0];

Gn=0;For[i =0,i <= ky, m, For[j = Extract[lista3,i + 1], j < Extract|lista3,i + 2],
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Gn = Gy + (Extract(listal, {j + 1,2}] — Extract|listal, {j, 2}] — fir[Mod[i, 2] + 1])*;
J=7j+1i++];

listad = Insert[lista4, {G,,m1, M1, jr[1], ir[2], kmar}, —1];

p=p+.1];1 =1+ 1];listad = Sort|listad];

Print[’LSE =7, Extract[lista4, {1, 1}]]; Print[’m0 =7, Extract|lista4, {1, 2}]];
Print[”M0 =7, Extract[lista4, {1, 3}]]; Print[’u, =", Extract|lista4,{1,4}]];

Print["us =", Extract|lista4,{1,5}]];



Appendix 4: Math. 4.1 instructions to compute the GBM least

squares estimators

lista = ReadList[”C : \ DocumentsandSettings\ Pictet Europe Equitities.tzt”];
listal = Tablel{i, Extract|lista,i]/100}, {i, 1,210}];

x0 = Extract[listal, 1]; Xt = z0; List Plot[listal, PlotJoined— > Truel;

d = Lengthl[listal];listad = {};

For[l =114,1 <= 118, For[p = 118,p <= 124, m1 = [; M1 = p; lista3 = {}; listab = {};
S11 =0; 512 = 0; §13 = 0; 521 = 0: §22 = 0: $23 = 0: R = 1;

Forli=1,i <d,[f[And|R == 1,

Extract|listal, {i,2}] < M1 <= Extract|listal, {i+ 1,2}]],

R = 2;lista3 = Insert[lista3, Extract[listal, {i + 1,1}], —1],

I f[And[R == 2, Extract[listal,{i,2}] > m1 >= Eaxtract[listal, {i + 1,2}]], R = 1;
lista3 = Insert(lista3, Extract|listal, {1 + 1, 1}], —1]]];7 + +];

km v = Length[lista3]; lista3 = Insert[lista3, 1, 1];

lista3 = Insert[lista3,d — 2, —1]; For[i = 1,1 <= ky, u,

Forlj = Extract|lista3,i|, j < Extract|lista3,i + 1],

S11 = S11 + Log|Extract|listal,{j + 1,2}]/ Extract|listal, {7, 2}]];

S12 = S12 + Log|Extract[listal, {j + 1,2}]/ Extract|listal, {3, 2}]]*;
S13=S13+1;5=j+1];i =i +2];

By[1] = S12/513 — 1 — S112/513 % (S13 — 1); an[1] = S11/S13 + Bx[1]/2;

For[i = 1,i <= kpu, For[j = Extract|lista3,i + 1], j < Extract|lista3,i + 2],

S21 = S21 + Log|Extract|listal, {j + 1,2}]/ Extract|listal, {7, 2}]];
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S22 = S22 + Log[Extract|listal, {j + 1,2}]/Extract[listal, {3, 2}]]*;

$23 =523+ 1;j =+ 1]:i=i+2];

By[2] = §22/523 — 1 — §212/523 * (523 — 1); an (2] = S21/523 + By[2]/2;
Gn=0;For[i =0,i <= kpyu,

For[j = Extract[lista3,i+ 1], j < Extract|lista3,i+ 2],

G, = G+ (Extract|listal, {j + 1,2} — Extract[listal, {j, 2}]* Explayx[Mod[i,2]+1]])?;
j=7+1i++];

listad = Insert[lista4, {G,,m1, M1, an|[1],an(2], kma}, —1);p = p + .1];

[ =1+ .1];listad = Sort[listad];

Print]” LSE =7, Extract|[lista4, {1, 1}]]; Print]"m0 = 7, Extract[lista4, {1, 2}]];
Print]” M0 =7 Extract[lista4, {1, 3}]]; Print[”ar[1] =7, Extract|lista4, {1, 4}]];

Print]”ar[2] =7, Extract[lista4, {1, 5}]];



Appendix 5: Math. 4.1 instructions to compute the OU least

squares estimators

lista = ReadList[”C : \ DocumentsandSettings\ Pictet Europe Equitities.tzt”];
listal = Tablel[{i, Extract|lista,i]/100}, {i, 1,210}]; 20 = Eztract|listal, 1]; Xt = z0;
ListPlot|listal, PlotJoined— > Truel;d = Length[listal]; listad = {};

For[l = 114,01 <= 118, Forlp = 118,p <= 124, m1 = [; M1 = p; lista3 = {}; lista5 = {};
S11=0;512=10;521=0;522=0; R = 1;

Forli=1,i <d,[f[And|R == 1,

Extract[listal, {i,2}] < M1 <= Extract|listal, {i+ 1,2}]],

R = 2;lista3 = Insert[lista3, Extract|listal,{i +1,1}], —1],

I f[And[R == 2, Extract[listal,{i,2}] > m1 >= Eaxtract[listal, {i + 1,2}]], R = 1;
lista3 = Insert[lista3, Extract|listal, {1 + 1,1}], =1]]]; ¢ + +];

km v = Length[lista3]; Xr = Extract[Last[listal], 2];

lista3 = Insert[lista3, 1,1]; lista3 = Insert[lista3,d — 2, —1];

Forli =1,i <= kyu, For[j = Extract|lista3,i|,j < Extract|lista3, i+ 1],

S11 = S11 + Extract|listal, {j,2}] * Extract[listal, {7 + 1, 2}];

S12 = S12 + Extract[listal, {j,2})%7 = j + 1];i =1 + 2];

If[S12 > 0,ar[l] = Log[S11/S12], ar[l] = 0]; For[i = 1,i <= Kk,

For[j = Extract[lista3,i+ 1], j < Extract[lista3,i + 2],

S21 = S21 + Extract[listal, {j,2}] * Extract[listal, {j + 1,2}];

S22 = S22 + Extract[listal, {j,2})% 7 = j + 1];i =i + 2];

If[S22 > 0,ar[2] = Log[S21/522], ar[2] = 0]; G,, = 0;
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96 APPENDIX 5: MATH. 4.1 INSTRUCTIONS TO COMPUTE THE OU LEAST SQUARES ESTIMATORS

For[i = 0,i <= kp, Forlj = Extract|lista3,i + 1], j < Extract|lista3,i + 2],

G, = G+ (Extract|listal, {j + 1,2} — Extract[listal, {j, 2}]* Explar[Mod[i, 2]+1]])?;
Jj=7J+1);i+ +];listad = Insert|listad, {G,,m1, M1, ar[l], ar[2], kma }, —1];
p=p+.1];1 =1+ 1};listad = Sort|listad];

Print[’LSE =7, Extract|[lista4, {1, 1}]]; Print[’m0 =7, Extract[lista4, {1, 2}]];
Print[”M0 =7, Extract[lista4, {1, 3}]]; Print[’ar[l] =7, Extract|[lista4, {1,4}]];

Print["ar[2] =7, Extract|[lista4, {1, 5}]];
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