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Abstract

This dissertation shows how the pricing of financial products varies when investors have
transaction restrictions and in the context of the CAPM, i.e., when investors’ portfolios
are subject to restrictions. The study is restricted to the case in which investors have
mean-variance preferences, since in this case it is possible to deduce closed formulas for
pricing. For example, transaction restrictions prevent agents from investing in certain
assets or, for instance, only being able to invest in a certain asset if they also invest in other
specific ones. By building a model in which there are portfolios of bonds and equities,
it is possible to calculate the price of these financial products using the CAPM, and by
adapting the agents’ budget restrictions we can calculate the same prices when the agents
have transaction restrictions and the risk premiums associated with these prices are also
calculated.

Keywords: Trading Restrictions, CAPM, Pricing, Risk Premium

v



Resumo

Nesta dissertação mostra-se de que forma varia o apreçamento de produtos financeiros
quando os investidores tem restrições à transação e no contexto do CAPM, ou seja quando
as carteiras dos investidores estão sujeitas a restrições. O estudo é restrito ao caso em
que os investidores têm preferências do tipo média-variância, uma vez que neste caso
é possível deduzir fórmulas fechadas para o apreçamento. As restrições à transação
impedem, por exemplo, os agentes de investir em alguns ativos ou de, por exemplo, só
poder investir num certo ativo se investir também noutros ativos específicos. Construindo
um modelo em que existem portefolios referentes a bonds e equities é possível calcular
através do CAPM o preço destes produtos financeiros, e adaptando a restrição orçamental
dos agentes podemos calcular os mesmos preços quando os agentes têm restrições às
transações. Associado a estes preços calculam-se ainda os prémios de risco associados a
cada um destes.

Palavras-chave: Restrições às Transações, CAPM, Apreçamento, Prémio de Risco
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Introduction

Real world economic activity is an ongoing process that cannot be predicted. A realistic
equilibrium model must be able to describe the transactions happening in the markets.
The theory of general equilibrium allows us to explain the relationship between demand
and supply and how these determine price. In the equilibrium economy, we consider a
vector of prices, initial allocations for each agent, and equal supply and demand for each
good in a competitive market.

A very important result in the study of an economy is the existence of equilibrium,
because it gives us a framework that allows us to understand how markets work and how
the decisions of agents influence prices, quantities of goods, services and the equilibrium of
the economy. The theory of the existence of equilibrium is often studied and demonstrated
in various contexts. There are various theorems that help proving the existence of
equilibrium, for example whether the market is complete or incomplete, and whether
or not the market is competitive. However, it is important to note that the existence
of equilibrium is not always guaranteed, as there are specific conditions that must be
respected. In addition to these factors, prove the existence of equilibrium does not imply
that this equilibrium is unique. There are cases in which there can be several equilibrium
in an economy, with different prices and different quantities of goods. (You can see more
about the existence of equilibrium at Geanakoplos and Polemarchakis, 1986, Geanakoplos,
1990 and Araújo and Villalba, 2016). In the case of this dissertation, proving the existence
of equilibrium is not the focus. Nevertheless, it is important to note that equilibrium also
exists when there are restrictions on transactions. More on this topic can be found at
Polemarchakis and Siconolfi, 1997, Aouani and Cornet, 2009 and Cornet and Gopalan,
2010.

The aim of this dissertation is to study the pricing of financial assets when consumers
have trading restrictions. In order to, more accurately, capture the dynamics of contem-
porary financial markets, certain authors have embarked on the examination of trading
constraints within the context of general equilibrium. The objective is to create a framework
that can effectively simulate the individualized and limited access that market participants
experience. There are two primary approaches for modeling trading constraints: one
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CHAPTER 1. INTRODUCTION

involves treating these constraints as externally imposed, while the other posits that con-
straints can naturally arise within the system, potentially influenced by pricing dynamics
or the acquisition of commodities. (You can see more about restrictions to transactions
in Cea-Echenique and Torres-Martínez, 2016 and Faias and Torres-Martínez, 2017). Re-
strictions on consumers can take different forms and restrict consumers in different ways.
These restrictions are divided into exogenous and endogenous. In the specific case we are
studying, the restrictions are exogenous (You can read more about exogenous constraints
in Balasko et al., 1990), since they do not depend on the direct decisions of the agents but
are related to the market itself, in other words, they are external factors to consumers. It
should be noted that both situations are very important in the economic context as they
influence choices and financial results. Therefore, it is also important to understand how
endogenous restrictions are influenced, for which you can find more information on this
type of restriction at Sabarwal, 2003, Carosi et al., 2009, Seghir and Torres-Marínez, 2011,
Hoelle et al., 2012, Gori et al., 2014 and Cea-Echenique and Torres-Martínez, 2018.

To reach the value of the price associated with income streams when there are restric-
tions on the transaction, we must first explain in detail what a standard economy. To do
this, we first need to describe an economy, using some of the basic concepts normally
associated with economics: time and uncertainty, commodities, consumers and their
initial endowments. We also need to describe how prices and payoffs are presented. After
this, we are now able to understand how we can arrive at the formula for the equilibrium
valuation of an income stream that belongs to the space generated by the assets in an
economy. Subsequently, we can conclude that the ideal security is given by the market
portfolio, in other words, it is given by a linear combination between a risk-free security
and the aggregate endowment of an economy. Once all these concepts have been pre-
sented, we can then go on to present the model that serves as the basis for pricing financial
products and how it differs from the classic CAPM. Finally, we can move on to the maths
required to price financial products where investors have restrictions on transactions and
the returns associated with each of these prices.

This dissertation is organised as follows. Chapter 2 describes an economy with financial
markets, the first sub-chapter describes the economy, the second sub-chapter explains
the absence of arbitrage and state prices and the third sub-chapter helps to interpret
state prices. Chapter 3 describes the valuation of income streams, the first sub-chapter
briefly explains some concepts relating to probabilities, the second sub-chapter presents
individual security pricing and the third sub-chapter specifically explains the ideal security
of each agent 𝑖. Chapter 4 explains how the ideal security works in the equilibrium context
of the Capital Asset Pricing Model. Chapter 5 presents the study model and some of the
main results. Chapter 6 talks about the pricing of financial products where consumers
have restrictions on transactions. The first sub-chapter introduces the pricing part and the
second chapter calculates the return associated with the prices. Chapter 7 presents the
conclusions of the work and possible future work related to this topic.

2



2

A standard economy with financial
markets

The main objective of this dissertation is to arrive at the price of a financial product
when there are restrictions on transactions. To get to this point, we must first explain in
detail what a standard economy is like. To do this, we first describe an economy, using
some of the basic concepts normally associated with economics: time and uncertainty,
commodities, consumers and their initial endowments. We also describe how prices and
payoffs are presented. In order to better understand basic economics and how we can
arrive at the associated equilibrium prices, some examples are presented throughout this
chapter.

In an economy the possibility of getting something without giving something in return
should not exist. That’s why it’s important to study arbitrage and its absence. We must
realise that for an economy to fully function, there must be no opportunities for arbitrage.
To support this idea, we present the fundamental theorem of asset pricing, which is a very
important theorem in economics. As before, we are now presented with explicit examples
that allow us to understand whether there is arbitrage in an economy.

In order to proceed, we must first understand what state prices are and how their
interpretation can influence what we think about an economy and how the consumer
behaves, i.e. what they are willing to give to achieve their objectives. From what is
presented in this chapter we can see that state prices are the marginal rate of substitution
between consumption at date 0 and consumption in the state of nature 𝑠 = 1, . . . , 𝑆 at date
1.

(This chapter is based on Magill and Quinzii, 1996 where more detailed information
on the valuation of income streams can also be found).

2.1 The Economy and Equilibrium

In order to understand the concepts of a standard economy, we now explain how it is
described and what notations we use for each concept involved in an economy. The entire

3



CHAPTER 2. A STANDARD ECONOMY WITH FINANCIAL MARKETS

introduction to this topic will be useful in understanding the following chapters, so a
detailed description is given in this sub-chapter.

We consider a pure exchange economy with two dates, 𝑡 = 0, 1 and uncertainty at date
1 that is described by 𝑆 (𝑠 = 1, . . . , 𝑆) states of nature. There is one commodity at date
0 and at each state of nature of date 1. The consumption set is R𝑆+1

+ and we denote by
𝑥 = (𝑥0 , 𝑥1 , . . . , 𝑥𝑆) ∈ R𝑆+1

+ a consumption bundle.
There are 𝐼 (𝑖 = 1, . . . , 𝐼) consumers in the economy. Eachconsumer 𝑖 is characterizedby

a preference relation on R𝑆+1
+ represented by the utility function 𝑢 𝑖 , which is continuously

differentiable, and an endowment vector 𝜔𝑖 ∈ R𝑆+1
+ with 𝜔𝑖 = (𝜔𝑖

0 , 𝜔
𝑖
1 , . . . , 𝜔

𝑖
𝑆
) where 𝜔𝑖

0
denotes the initial endowment in 𝑡 = 0 and 𝜔𝑖

𝑠 denotes the initial endowment in 𝑡 = 1 for
the state 𝑠 = 1, . . . , 𝑆.

So, we have defined the most basic concepts of an economy: time, uncertainty, com-
modities, the agents present in the economy and the initial endowments associated with
them. We can then go on to show how a financial structure can be described.

Financial Structure

A clearly defined financial structure is essential if the economy is to be stable. For this
to happen, the economy must be defined as a whole, and all its details must be detailed,
including, above all, all the details of the financial contracts that are permitted in the
economy.

A contingency contract can be used to model an insurance contract, if its contingencies
are specific. These dangers are typically physical risks that are beyond a person’s control.
Assuming that this sort of financial contract is the only one that can be signed and that it
covers every possible economic contingency, the next step is to expand the definition of
financial contracts to include this kind of arrangement.

Being in possession of a financial contract 𝑗 , (𝑗 = 1, . . . , 𝐽) that guarantees the delivery
of𝑉 𝑠, 𝑗 units of a single good or income at state 𝑠, (𝑠 = 1, . . . , 𝑆). Its cost 𝑞 𝑗 , which was paid
at date 0, is expressed in the currency in use at that time. In this case, since we have only one
good we assume that 𝑝 = 1. We now go into more detail about the previously clearly stated
conditions that apply to all buyers and sellers. Now concentrating on financial contracts,
including bonds, corporate actions, futures contracts, options, and insurance, which can
be traded through financial intermediaries like banks, savings and loan institutions, and
insurance firms or sold on major financial markets.

In the analyses that follow standard assumptions, the markets in which financial
contracts are traded are competitive, so that agents think they can buy and sell all the
contracts they want without having any change in prices. Each contract can be bought or
sold in split quantities and for these types of purchases and sales there are no transaction
costs. We can consider that the penalties for not fulfilling a contract are very high and
having this in account we can conclude that agents should have no interest in reneging
on contracts.

4



2.1. THE ECONOMY AND EQUILIBRIUM

The exogenously given date 1 payment of 𝐽 securities can be represented by matrix
𝑆 × 𝐽:

𝑉 =


𝑉1,1 · · · 𝑉1,𝐽
...

. . .
...

𝑉𝑆,1 · · · 𝑉𝑆,𝐽

 .
In an exchange economy that consists of 𝐼 agents with the following characteristics:

(𝑢 𝑖 , 𝜔) = (𝑢1 , . . . , 𝑢𝐼 , 𝜔1 , . . . , 𝜔𝐼), trading J bonds with payments at repayment date 1,
given by matrix 𝑉 , is denoted by:

ℰ = (𝑉, (𝑢 𝑖 , 𝜔𝑖), 𝑖 = 1, . . . , 𝐼).

Note that with S contingent contracts the matrix 𝑉 is of dimension 𝑆 × 𝑆.
Let 𝑞 = (𝑞1 , . . . , 𝑞𝐽) denote the vector of security prices. A portfolio of assets is a vector

𝑧 = (𝑧1 , . . . , 𝑧𝐽) ∈ 𝑅𝐽 where 𝑧 𝑗 , 𝑗 = 1, . . . , 𝐽 indicates the units of security 𝑗 that an agent
buys (𝑧 𝑗 > 0) or sells (𝑧 𝑗 < 0). The budget set for an agent 𝑖 is given by:

𝐵𝑖(𝑞, 𝜔𝑖 , 𝑉) =
{
(𝑥, 𝑧) ∈ R𝑆+1

+ × R𝐽 :
𝑥0 = 𝜔0 − 𝑞· 𝑧
𝑥𝑠 = 𝜔𝑖

𝑠 +𝑉𝑠 · 𝑧, 𝑠 = 1, . . . , 𝑆

}
(2.1)

Assuming 𝑊 denotes the combination between date 0 and date 1 of the matrix of
security payoffs:

𝑊 =𝑊(𝑞, 𝑉) =
[
−𝑞
𝑉

]
=


−𝑞1 · · · −𝑞𝐽
𝑉1,1 · · · 𝑉1,𝐽
...

. . .
...

𝑉𝑆,1 · · · 𝑉𝑆,𝐽


Then the budget set can be written based on the matrix W:

𝐵𝑖
(
𝜔𝑖 ,𝑊

)
=

{
(𝑥, 𝑧) ∈ R𝑆+1

+ × R𝐽 : 𝑥 − 𝜔𝑖 =𝑊𝑧
}

(2.2)

𝐵𝑖(𝑞, 𝜔𝑖 , 𝑉) denotes the budget set in the financial market for agent 𝑖. Each agent
chooses the consumption bundle 𝑥 and the portfolio 𝑧, so that agent 𝑖 chooses the pair
(𝑥, 𝑧). Thus, when agent 𝑖 chooses a portfolio 𝑧, it is said that 𝑧 finances 𝑥.

Given a price vector for securities, 𝑞 = (𝑞1 , . . . , 𝑞𝐽), each individual chooses a consump-
tion bundle 𝑥 and a portfolio 𝑧 in his budget set, (𝑥, 𝑧) ∈ 𝐵𝑖(𝑞, 𝜔𝑖 , 𝑉), that maximize the
utility function 𝑢 𝑖(𝑥), that is, each individual solves the problem:

max
(𝑥,𝑧)∈R𝑆+1

+ ×R𝐽
𝑢 𝑖(𝑥), subject to (𝑥, 𝑧) ∈ 𝐵𝑖(𝑞, 𝜔𝑖 , 𝑉).

If (𝑥 𝑖 , 𝑧 𝑖) is the solution of the problem of individual 𝑖 then we can say that 𝑧 𝑖 is a
portfolio that funds 𝑥 𝑖 and we can write as follows:

5



CHAPTER 2. A STANDARD ECONOMY WITH FINANCIAL MARKETS

(
𝑥 𝑖 , 𝑧 𝑖

)
∈ arg max

{
𝑢 𝑖 (𝑥) : (𝑥, 𝑧) ∈ 𝐵𝑖

(
𝑞, 𝜔𝑖 , 𝑉

)}
Definition 2.1.1 (Financial Market Equilibrium). A financial market equilibrium for the econ-
omy ℰ is a price vector, an allocation of commodities and a portfolio allocation, (𝑞̄ , (𝑥̄ 𝑖 , 𝑧̄ 𝑖)𝐼

𝑖=1) ∈
R
𝐽
+ × R(𝑆+1)𝐼

+ × R𝐽𝐼 , such that:

1.
(
𝑥̄ 𝑖 ; 𝑧̄ 𝑖

)
∈ arg max

{
𝑢 𝑖 (𝑥) | (𝑥, 𝑧) ∈ 𝐵𝑖

(
𝑞̄ , 𝜔𝑖 , 𝑉

)}
, 𝑖 = 1, . . . , 𝐼;

2.
𝐼∑
𝑖=1

𝑧̄ 𝑖 = 0.

Note that the equation
𝐼∑
𝑖=1

𝑧̄ 𝑖 = 0 implies that the allocation of commodities is feasible,

that is,

𝐼∑
𝑖=1

(
𝑥̄ 𝑖 − 𝜔𝑖

)
= 0 (2.3)

In order to apply the concepts and definitions presented in practice, here is an example
that allows us to realise that there is in fact equilibrium in the economy and how we can
arrive at the equilibrium prices of goods and the equilibrium consumption of each agent,
present in the equilibrium of the economy.

Example 2.1.1. Consider an economy with two dates, 𝑡 = 0 and 𝑡 = 1, two states of nature at
𝑡 = 1, one good and two consumers. Given that the consumers are characterized by the following
utility functions continuously differentiable:

𝑢1 (𝑥0 , 𝑥1 , 𝑥2) = ln (𝑥0) +
1
2

(
1
2 ln(𝑥1) +

1
2 ln(𝑥2)

)
𝑢2 (𝑥0 , 𝑥1 , 𝑥2) = ln (𝑥0) +

1
3

(
1
2 ln(𝑥1) +

1
2 ln(𝑥2)

)
and with the following initial endowments: 𝜔1 =

( 19
8 , 1, 3

)
and 𝜔2 =

( 21
8 , 5, 3

)
.

In this case the financial structure is described by the matrix𝑉 =

[
1
0

]
and the assets are paid

in units of good.
To reach the equilibrium of this economy let us first focus on the maximization problem of the

agent 1:
𝑚𝑎𝑥 𝑙𝑛(𝑥0) + 1

2
( 1

2 ln(𝑥1)) + 1
2 ln(𝑥2)

)
s.a


𝑥0 = 19

8 − 𝑞𝑧
𝑥1 = 1 + 𝑧
𝑥2 = 3 + 0 × 𝑧

⇔


𝑥0 = 19

8 − 𝑞𝑧
𝑥1 = 1 + 𝑧
𝑥2 = 3

From this we can conclude that 𝑧1 = 19
40𝑞 − 4

5 .
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2.2. ABSENCE OF ARBITRAGE AND STATE PRICES

We now turn our focus on the maximization problem of agent 2:
𝑚𝑎𝑥 𝑙𝑛(𝑥0) + 1

6 ln(𝑥1) + 1
6 ln(𝑥2)

s.a


𝑥0 = 21

8 − 𝑞𝑧
𝑥1 = 5 + 𝑧
𝑥2 = 3 + 0 × 𝑧

⇔


𝑥0 = 21

8 − 𝑞𝑧
𝑥1 = 5 + 𝑧
𝑥1 = 3

From this we can conclude that 𝑧2 = 21
56𝑞 − 30

7
Then:
𝑧1 + 𝑧2 = 0 ⇔ 𝑞 = 0, 17

Thus we have the following solutions to the problem:
(𝑝̄ , 𝑞̄) = (1, 1, 1, 0.17)
(𝑥̄1

0 , 𝑥̄
1
1 , 𝑥̄

1
2 , 𝑧

1) = (2.035, 3, 3, 2)
(𝑥̄2

0 , 𝑥̄
2
1 , 𝑥̄

2
2 , 𝑧

2) = (2.965, 3, 3,−2)

The calculations needed to solve this exemple can be found in the Appendix.

2.2 Absence of Arbitrage and State Prices

Thinking about a real economic case, it’s quite easy to realise that there are no free goods,
i.e. you can’t get anything if you don’t actually give something in return. In other words,
arbitrage exists when investors take advantage, for example, of price differences between
similar assets to make a profit without any risk. The absence of arbitrage is when these
profit opportunities do not exist. There are various consequences for the economy if there
is arbitrage, including market inefficiency, which makes asset prices unfair.

In other words, in an environment where investment opportunities have constant
returns to scale, we can say that there are no arbitrage opportunities if there is no
investment strategy that causes the agent 𝑖 to have a positive return in at least one of
the states and non-negative returns in all the other states. Since there are constant
returns to scale on investments in competitive financial markets, an investment strategy
with an arbitrage opportunity can create a very high return in some state without the
corresponding sacrifice in any state. Since financial markets are characterised by the
matrix𝑊(𝑞, 𝑉), this leads us to the following definition:

Definition 2.2.1. Given (q,V) then there are no arbitrage opportunities in financial markets if
there is no portfolio generating a semi-positive income stream, i.e. there is no 𝑧 ∈ R𝐽 such that
𝜔𝑧 > 0.

Definition 2.2.2. q is a vector of arbitrage-free security prices, relative to V, if given (𝑞, 𝑉) there
are no arbitrage opportunities in the financial market.

7



CHAPTER 2. A STANDARD ECONOMY WITH FINANCIAL MARKETS

As seen earlier the financial model can be interpreted in two ways: as a single-good
version of the general model or as an income model. The interpretation of the first option
can be useful to explore the formal structure of the financial model and its relationship.
But when the intent is to understand what the economic role of financial markets is, it is
better to use the second interpretation, seeing the financial model as an income model.

In financial markets agents are allowed to redistribute their income across S+1 states.
Thus, agent 𝑖 by purchasing the portfolio of securities:

𝑧 𝑖 = (𝑧 𝑖1 , . . . , 𝑧
𝑖
𝐽) ∈ R

𝐽

which leads us to an income transfer vector between the states:

𝜏𝑖 ∈ R𝑆+1 , 𝜏𝑖 =𝑊𝑧 𝑖

The set of all income transfers that are possible can be obtained in this way and the
subspace generated by the columns J and matrix W that is denoted by ⟨𝑊⟩, thus the
generated subspace, which summarizes the opportunities offered by financial markets,
can be given by:

⟨𝑊⟩ =
{
𝜏 ∈ R𝑆+1 | 𝜏 =𝑊𝑧, 𝑧 ∈ R𝐽

}
The following example serves to explain how the space generated by a matrix is

obtained, since the concept of space generated by a matrix is essential to understanding
the next chapters.

Example 2.2.1. Considering the matrix A:

𝐴 =


1 1
2 0
3 1


In this matrix A we have two assets and three states of nature, the space generated by it is as

follows:

⟨𝐴⟩ = {𝛼(1, 2, 3) + 𝛽(1, 0, 1), 𝛼, 𝛽 ∈ R}

Thus, the absence of arbitrage in financial markets can be expressed as a geometric
property of the market subspace, having only one point in common with the non-negative
octant, zero. Thus the absence of arbitrage can be written as follows:

⟨𝑊⟩ ∩ R𝑆+1
+ = {0}

The requirement that the subspace generated by the market has no point in common
with the semi-positive octant is easily interpreted as the implication that there exists a
strictly positive vector of state prices that is at right angles to the market.

8



2.2. ABSENCE OF ARBITRAGE AND STATE PRICES

Considering the simplest case, where there is one state of nature and only one asset,
then the matrix W representing this asset is as follows:

𝑊 =

[
−𝑞1

1

]

and ⟨𝑊⟩ is the line through the origin and intersects with the point (−𝑞1 , 1). In order for
the no-arbitrage condition to be satisfied then price 𝑞1 must be positive, that is, if there is
a unit of payment at date t=1, then there must be some cost to agent 𝑖 at date t=0. If the
no-arbitrage condition is satisfied, we are then faced with a vector 𝜋̄ = (𝜋̄0 , 𝜋̄1) ∈ R2

++, a
vector that makes a right angle with the vector W (in this case with a single column), and
so we can write that:

𝜋̄𝑊 = 0 (2.4)

If we normalize 𝑝 and write it as 𝑝 = (1, 𝑝1), then we can take from the equation above
that 𝑞1 = 𝑝1. From the equation above we can also derive that 𝑞1 is the present value of 𝑝1

at date 0 of one unit of income at date 1.
If the agents’ preferences are strongly monotone, then the equation ⟨𝑊⟩ ∩ R𝑆+1

+ = {0}
must guarantee that if each agent 𝑖 wants to have a solution then its maximum problem
must be as follows:

max
{
𝑢 𝑖

(
𝑥 𝑖

)
| 𝑥 𝑖 ∈ B

(
𝑞̄ , 𝜔𝑖 , 𝑉

)}
.

Theorem 2.2.1 (Fundamental theorem of asset pricing). There are no arbitrage opportunities
in the financial market if and only if there exists a positive state price vector 𝜋̄ ∈ R𝑆+1

++ such that
𝜋̄𝑊(𝑞̄ , 𝑉) = 0.

This is the fundamental theorem concerning the prices of financial securities, through
this theorem we see that the absence of arbitrage opportunities is equivalent to the existence
of a state price vector 𝜋̄ ∈ R𝑆+1

++ . For each security j, the state price vector 𝜋̄ defines the
investment profit, which consists of buying one unit of security j, for price 𝑞1 at date 𝑡 = 0
and making yield 𝑉𝑠, 𝑗 at date 𝑡 = 1. Considering the matrix 𝑊 already defined above,
then the equality

𝜋̄𝑊𝑗 = 0 (2.5)

implies that there is zero profit on one unit of investment in each security 𝑗 = 1, . . . , 𝐽.
Thus, the theorem states that non-arbitrage is equivalent to the existence of a positive
vector of state prices over which the investment in each security has no profit.

In order to better understand the concept of state prices and how we can see whether
or not there is arbitrage in an order, here’s an example.

9



CHAPTER 2. A STANDARD ECONOMY WITH FINANCIAL MARKETS

Example 2.2.2. Considering the return matrix 𝑉 =


2 1 1
1 1 0
0 1 −1

 and the price vector 𝑞 =


1
2

0.5

 . We can show that there is no arbitrage by using 𝜋̄𝑊 = 0, defined earlier, from which we

then proceed to have:

[
1 𝜋̄1 𝜋̄2 𝜋̄3

]
×


−2 −1 −0.5
2 1 1
1 1 0
0 1 −1


=

[
0 0 0

]


−2 + 2𝜋̄1 + 𝜋̄2 = 0
−1 + 𝜋̄1 + 𝜋̄2 + 𝜋̄3 = 0
−0.5 + 𝜋̄1 − 𝜋̄3 = 0

⇔


𝜋̄2 = 2 − 2𝜋̄1

−1 + 𝜋̄1 + 2 − 2𝜋̄1 − 𝜋̄1 + 0.5 = 0
𝜋̄3 = 𝜋̄1 − 0.5

⇔


𝜋̄2 = 0.5
𝜋̄1 = 0.75
𝜋̄3 = 0.25

This market does not allow arbitrage since the solution of the system is strictly positive,
(𝜋̄1 , 𝜋̄2 , 𝜋̄3) = (0.75, 0.5, 0.25), therefore this is the state price vector for this financial struc-
ture.

The null profit condition can be written as:

𝜋0 𝑞̄ = 𝜋1𝑉

or with 𝜋̄ = (𝜋̄0 , 𝜋̄1) normalized so that 𝜋̄0 = 1, as

𝑞̄ = 𝜋̄1𝑉 ⇐⇒ 𝑞̄ 𝑗 = 𝜋̄1𝑉1, 𝑗 + . . . + 𝜋̄𝑠𝑉𝑠, 𝑗 , 𝑗 = 1, . . . , 𝐽

Thus 𝜋̄𝑠 represents the present value, at date 0, of a unit of income in state 𝑠, for every
𝑠 = 1, . . . , 𝑆. From the previous equation we can derive that the security price 𝑞 𝑗 is the
present value of its future income stream 𝑉𝑠, 𝑗 . We can also use the previous formula to
obtain a price formula for any type of flows, which can be obtained by creating a portfolio
of securities J. The choice of this portfolio gives at date 1 the following returns:

𝑦 =

𝐽∑
𝑗=1

𝑉𝑗𝑧 𝑗 (2.6)

where 𝑉𝑗 =
(
𝑉1, 𝑗 , . . . , 𝑉𝑠, 𝑗

)
is the 𝑗𝑡ℎ column of payoffs of matrix 𝑉 , already defined

earlier. The set of all portfolios 𝑧 ∈ R𝐽 generate a subspace R𝑠 consisting of the columns V
which can be represented by:

⟨𝑉⟩ =
𝑦 ∈ R𝑠 | 𝑦 =

𝐽∑
𝑗=1

𝑉𝑗𝑧 𝑗 , 𝑧 ∈ R𝐽


=
{
𝑦 ∈ R𝑠 | 𝑦 = 𝑉𝑧, 𝑧 ∈ R𝐽

}
10



2.2. ABSENCE OF ARBITRAGE AND STATE PRICES

Let’s now look at the price formula for an income stream and how it can be obtained
in an economy.

Definition 2.2.3. Assuming 𝑞 = (𝑞1 , . . . , 𝑞𝐽) a vector of prices for J bonds, then the cost 𝑐𝑞(𝑦) of
a yield y is defined by:

𝑐𝑞(𝑦) = 𝑞 · 𝑧, 𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡𝑦 = 𝑉𝑧 (2.7)

There are two ways to calculate the price of an income stream, as seen above. To prove
this, follow the examples below.

Example 2.2.3. Considering the matrix 𝑉 =


3 4 2
0 2 1
0 1 1

 , the price vector 𝑞 = (1.2, 1.8, 1.2)

and a new income stream
[

2 10 4
]⊥

we start by determining the price of this income stream
through the replication portfolio (Definition 2.2.3.):


3 4 2
0 2 1
0 1 1



𝑧1

𝑧2

𝑧3

 =


2
10
4




3𝑧1 + 4𝑧2 + 2𝑧3 = 2
2𝑧1 + 𝑧3 = 10
𝑧3 = 4

⇔


𝑧1 = −6
𝑧2 = 3
𝑧3 = 4

Then the replica portfolio is given by: (𝑧1 , 𝑧2 , 𝑧3) = (−6, 3, 4) and the price is: 1, 2 × (−6) +
1, 8 × 3 + 1, 2 × 4 = 3.

Turning now to calculating the price of the income stream through state prices we start by
calculating the state prices:


1, 2 = 3𝜋1

1, 8 = 4𝜋1 + 2𝜋2

1, 2 = 2𝜋1 + 𝜋2 + 𝜋3

⇔


𝜋1 = 0, 4
𝜋2 = 0, 1
𝜋3 = 0, 3

So the income stream prices are given by: 0, 4 × 2 + 0, 1 × 10 + 0, 3 × 4 = 3
Thus concluding that the price of an income stream can be obtained in two different ways and

that both give the same result.

Example 2.2.4. Considering the matrix 𝑉 =


0 1
2 2
0 3

 , the price vector 𝑞 = (1, 2) and two new

income streams 𝑧1 =

[
1 4 3

]⊥
and

[
2 5 3

]⊥
we start by determining the price of income

11
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𝑚1 through the replication portfolio (Definition 6.4):
0 1
2 2
0 3


[
𝑧1

𝑧2

]
=


1
4
3

 ⇔


𝑧2 = 1
2𝑧1 + 2𝑧2 = 4
3𝑧2 = 3

⇔
{
𝑧2 = 1
𝑧1 = 1

Then the replica portfolio exist and is given by: (𝑧1 , 𝑧2) = (1, 1), then the price is: 1×1+1×2 = 3.
Let us now determine the price of the income 𝑦2 through the replica portfolio:

0 1
2 2
0 3


[
𝑧1

𝑧2

]
=


2
5
3

 ⇔


𝑧2 = 1
2𝑧1 + 2𝑧2 = 5
3𝑧2 = 3

This system is not possible, which means that there is no replica portfolio to buy today that will
allow us to get the income stream return 𝑧2 "tomorrow". This is because the market is incomplete,
that is, there are more states of nature than there are assets.

Turning now to calculating the price of the 𝑧1 and 𝑧2 income stream through state prices we
start by calculating the state prices:{

1 = 2𝜋2

2 = 𝜋1 + 2𝜋2 + 3𝜋3
⇔

{
𝜋2 = 1

2
𝜋1 = 1 − 3𝜋3

Then:
𝑞1 = (1 − 3𝜋3) × 1 + 1

2 × 4 + 3 × 𝜋3 = 1 − 3𝜋3 + 2 + 3𝜋3 = 3
𝑞2 = (1 − 3𝜋3) × 2 + 1

2 × 5 + 3 × 𝜋3 = 2 − 6𝜋3 + 5
2 + 3𝜋3 = 9

2 − 3𝜋3

Income stream 𝑧1 is redundant as it has a replica portfolio and in turn is single priced. The 𝑧2

income stream is non-redundant since it has no replica portfolio.
In the case of 𝑧2, there are two ways to arrive at prices for this income stream, either through

state prices, as shown, or through sub-replication and super-replication portfolios. Since we know
that 1 − 3𝜋3 > 0 then 𝜋3 < 1

3 ⇔ 0 < 𝜋3 < 1
3 ⇔ −1 < −3𝜋3 < 0 ⇔ 7

2 < 𝑞2 < 9
2 . So the

non-arbitrage price for 𝑧2 is undetermined, and is given by any value in the interval
] 7

2 ,
9
2
[
.

This example illustrates that when the market is complete the price of the income
stream is unique, but when the market is incomplete the price of the income stream is
unique if the income stream is generated by a portfolio of the assets, i.e., it has a replica
portfolio, otherwise, the price is not unique. It should be noted that in these two examples,
a different notation was used for the income stream, each one being considered as 𝑧.

2.3 Interpretation and Computation of the State Prices

State prices are a very important concept to consider and understand about an economy.
As we’ll see throughout this sub-chapter, state prices are nothing more than the price an
investor would be willing to pay or receive to switch between different future states of

12
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well-being or wealth. State prices also reflect consumers’ preferences regarding risk and
uncertainty. In order to arrive at this interpretation, we must first define the first-order
conditions to be considered in order to solve the maximization problem for each agent 𝑖.

The maximization problem for an agent 𝑖 is given by:

max
(𝑥 𝑖 ,𝑧 𝑖)∈R𝑆+1

+ ×R𝐽

{
𝑢 𝑖

(
𝑥 𝑖

)
| 𝑥 𝑖0 − 𝜔𝑖

0 = −𝑞̄𝑧 𝑖

𝑥 𝑖𝑠 − 𝜔𝑖
𝑠 = 𝑉𝑠𝑧

𝑖 , 𝑠 = 1, . . . , 𝑆

}
(2.8)

Considering that the utility function 𝑢 𝑖 is continuously differentiable, we can then
move on to the next step.

Denoting the Lagrange multipliers by 𝜆𝑖 =
(
𝜆𝑖0 ,𝜆

𝑖
1 , . . . ,𝜆

𝑖
𝑠

)
(only in this chapter are the

Lagrange multipliers represented by 𝜆) we can form the Lagrangian function as follows:

𝐿𝑖
(
𝑥 𝑖 , 𝑧 𝑖 ,𝜆𝑖

)
= 𝑢 𝑖

(
𝑥 𝑖

)
− 𝜆𝑖0

(
𝑥 𝑖0 − 𝜔𝑖

0 + 𝑞𝑧
𝑖
)
−

𝑆∑
𝑠=1

𝜆𝑖𝑠

(
𝑥 𝑖𝑠 − 𝜔𝑖

𝑠 −𝑉𝑠𝑧 𝑖
)

(2.9)

The necessary and sufficient first-order conditions for
(
𝑥̄ 𝑖 , 𝑧̄ 𝑖

)
to be the solution of the

utility maximization problem of agent 𝑖 , is that there exists 𝜆̄ ∈ R𝑆+1
++ such that:

∇𝐿𝑖
(
𝑥̄ 𝑖 , 𝑧̄ 𝑖 , 𝜆̄𝑖

)
= 0 (2.10)

which is equivalent to saying that

∇𝑢 𝑖
(
𝑥̄ 𝑖

)
= 𝜆̄𝑖 (2.11)

−𝜆̄𝑖0 𝑞̄ +
𝑆∑
𝑠=1

𝜆̄𝑖𝑠𝑉𝑠 = 0 (2.12)

𝑥̄ 𝑖0 − 𝜔𝑖
0 = −𝑞̄ 𝑧̄ 𝑖 , 𝑥̄ 𝑖𝑠 − 𝜔𝑖

𝑠 = 𝑉𝑠 𝑧̄
𝑖 , 𝑠 = 1, . . . , 𝑆 (2.13)

Assuming that the accounts of each state are kept in units of goods, we can conclude
from the equation ∇𝑢 𝑖

(
𝑥̄ 𝑖

)
= 𝜆̄𝑖 that the vector of marginal utilities of income is equal

to the vector of marginal utilities of the good. If we divide this same equation by the
marginal utility of the good at date 0 we get:

𝜋̄𝑖 = 𝜋𝑖
(
𝑥̄ 𝑖

)
with 𝜋̄𝑖 =

(
1
𝜆̄𝑖0

)
𝜆̄𝑖 (2.14)

which tells us that the normalized vector of multipliers is equal to the vector of the
current value, and so we can now write the equation as follows:

𝑞̄ 𝑗 =

𝑆∑
𝑠=1

𝜋̄𝑖𝑠𝑉𝑠, 𝑗 , 𝑗 = 1, . . . , 𝐽 (2.15)
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Analyzing the three equivalences that we can draw from the maximization problem
of agent 𝑖, we know that these accounts allow us to interpret the state prices. Developing
the second equation we now have the following:

𝑞 𝑗 =
𝜆1
𝜆0
𝑉1, 𝑗 + · · · + 𝜆𝑠

𝜆0
𝑉𝑠, 𝑗 + · · · + 𝜆𝑆

𝜆0
𝑉𝑆,𝑗 , 𝑗 = 1, · · · , 𝐽 (2.16)

From the first equation, we have that:

𝜆𝑠 =
𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥𝑠

, 𝑠 = 0, 1, . . . , 𝑆 (2.17)

Then:

𝑞 𝑗 =

𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥1

𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥0

𝑉1, 𝑗 + · · · +
𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥𝑠

𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥0

𝑉𝑠, 𝑗 + · · · +
𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥𝑆

𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥0

𝑉𝑆,𝑗 , 𝑗 = 1, · · · , 𝐽 (2.18)

If we take into account non-arbitrage pricing, referred to earlier in this chapter, we
know that:

𝑞 𝑗 = 𝜋1𝑉1, 𝑗 + · · · + 𝜋𝑠𝑉𝑠, 𝑗 + · · · + 𝜋𝑆𝑉𝑆,𝑗 , 𝑗 = 1, · · · , 𝐽 (2.19)

where (𝜋𝑠) represents the vector of state prices, so one can conclude that:

𝜋𝑠 =

𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥𝑠

𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥0

, 𝑠 = 1, . . . , 𝑆. (2.20)

Which is the marginal rate of substitution between consumption at date 0 and con-
sumption in the state of nature 𝑠 = 1, . . . , 𝑆 at date 1.

As we said before, state prices are the prices that an investor is willing to pay or receive
to exchange wealth between the present and different states of nature in the future. As we
have seen, by computing state prices we conclude that what an investor is willing to pay
or receive in this case is simply the marginal rate of substitution between consumption at
date 0 and the state of nature 𝑠 = 1, . . . , 𝑆 at date 1. This marginal rate of substitution is
represented by the amount of one good that the individual is willing to sacrifice in order
to obtain an additional unit of the good in the future in a given state of nature.
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3

Valuation of Income Streams

Our goal is to price assets under the CAPM context. One of the main assumptions of the
CAPM model is that preferences only depend on the expected value and variance of the
returns of income streams and then, we need to fix a probability measure to describe our
uncertainty structure.

In this Chapter, we introduce the probability measure over the set of states of nature.
Then we will derive a formula for the equilibrium valuation of an income stream that
belongs to the subspace generated by the assets in the economy.

To obtain the formula we first compute the individual valuation of an income stream
belonging to ⟨𝑉⟩. Then we compute the ideal security of an agent 𝑖 and finally, we obtain
the equilibrium valuation of an income stream in ⟨𝑉⟩ as a function of the ideal security,
which is the same for every agent in equilibrium, and the risk-free rate. More precisely,
we obtain that the equilibrium value of an income stream in ⟨𝑉⟩ is the expected value of
the income stream times the value of the risk-less asset plus the covariance between the
ideal security and the income stream.

The next chapter will be closely related to this one, where we’ll show that under the
CAPM assumptions, the ideal security is the market portfolio, that is, a linear combination
between the risk-less security and the aggregate endowment of the economy.

(This chapter is based on Magill and Quinzii, 1996 where more detailed information
on the valuation of income streams can also be found).

3.1 Introduction to Probability Concepts

In order to give a brief introduction about probability concepts that are fundamental
to understanding the following sub-chapters, we begin by considering a market with
𝑠 = (1, . . . , 𝑆) states of nature, 𝑦 = (𝑦1 , . . . , 𝑦𝑠 , . . . , 𝑦𝑆) income streams (the notation 𝑦 asso-
ciated with income streams is used only in this sub-chapter) and 𝜌 = (𝜌1 , . . . , 𝜌𝑠 , . . . , 𝜌𝑆),
which represents the probability of occurrence of each state of nature.

We then know that the expected value of Y is given by:

15



CHAPTER 3. VALUATION OF INCOME STREAMS

𝐸[𝑌] = 𝜌1𝑦1 + · · · + 𝜌𝑠𝑦𝑠 + · · · + 𝜌𝑆𝑦𝑆 =

𝑆∑
𝑠=1

𝜌𝑠𝑦𝑠 (3.1)

and the variance of Y is given by:

𝑉𝑎𝑟[𝑌] = 𝐸[𝑌−𝐸[𝑌]]2 = 𝐸[𝑌2]−𝐸[𝑌]2 = 𝜌1(𝑦1−𝐸[𝑌])2+· · ·+𝜌𝑠(𝑦𝑠−𝐸[𝑌])2+· · ·+𝜌𝑆(𝑦𝑆−𝐸[𝑌])2

(3.2)
Thus, the covariance between Y and a random variable Z is given by:

𝑐𝑜𝑣(𝑌, 𝑍) = 𝐸[[𝑌 − 𝐸[𝑌]][𝑍 − 𝐸[𝑍]]] = 𝐸[𝑌𝑍] − 𝐸[𝑌]𝐸[𝑍] (3.3)

The expected value given by the product of Y by Z is:

𝐸[𝑌𝑍] = 𝜌1𝑦1𝑧1 + · · · + 𝜌𝑠𝑦𝑠𝑧𝑠 + · · · + 𝜌𝑆𝑦𝑆𝑧𝑆 (3.4)

Let us consider two inner products,

𝑌 · 𝑍 = 𝑦1𝑧1 + · · · + 𝑦𝑠𝑧𝑠 + · · · + 𝑦𝑆𝑧𝑆 = J𝑌, 𝑍K (3.5)

And:

J𝑌, 𝑍K𝜌 = 𝜌1𝑦1𝑧1 + · · · + 𝜌𝑠𝑦𝑠𝑧𝑠 + · · · + 𝜌𝑆𝑦𝑆𝑧𝑆 = 𝐸[𝑌𝑍] = 𝐸[𝑌]𝐸[𝑍] + 𝑐𝑜𝑣(𝑌, 𝑍) (3.6)

Having presented the basic concepts of probability, understanding these terms is
fundamental to being able to move on to the following sub-chapters and understand
everything. The main idea, wich is fundamental to understand this introduction of
concepts is in relation to the 𝜌, which represents the probability of occurrence in each
state of nature, the inner product associated with two assets when considering this new
probability.

3.2 Individual Security Pricing

Individual security pricing is an essential component in the study of an economy. It
allows investors to assess the risk and return associated with a specific asset, which is
very important when making investment decisions. The CAPM model is the most widely
used in these cases and relates the expected return of an asset to its associated risk and
risk-free return. This model is fundamental for pricing assets in efficient markets.

The value that an individual 𝑖 assigns to an income stream 𝑚1 = (𝑚1 , . . . , 𝑚𝑆) ∈ R𝑆

is the amount 𝑚0 that he can give up of the good at date 0 maintaining the same level of
utility. Let us denote the consumption at date 1 by, 𝑥1 = (𝑥1 , . . . , 𝑥𝑆). Therefore we are
imposing that 𝑢 𝑖(𝑥0 , 𝑥1) = 𝑢 𝑖(𝑥0−𝑚0 , 𝑥1+𝑚1).When the utility function 𝑢 𝑖 is continuously
differentiable, 𝑚0 may be obtained by solving the linear equation,

𝑑𝑢 𝑖𝑥(−𝑚0 , 𝑚1) = 0. (3.7)
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3.3. IDEAL SECURITY OF AGENT I

𝑑𝑢 𝑖𝑥(−𝑚0 , 𝑚1) = −𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥0

(𝑥)𝑚0 + JΔ1𝑢
𝑖(𝑥), 𝑚1K = 0 (3.8)

where
Δ1𝑢

𝑖(𝑥) =
(
𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥1

(𝑥), . . . , 𝜕𝑢
𝑖(𝑥 𝑖)
𝜕𝑥𝑆

(𝑥)
)
. (3.9)

Thus, 𝑚0 = 𝑐 𝑖(𝑚1; 𝑥) = J𝜋𝑖1(𝑥), 𝑚1K where 𝜋𝑖1(𝑥) =
(
1/ 𝜕𝑢 𝑖(𝑥 𝑖)

𝜕𝑥0
(𝑥)

)
Δ1𝑢

𝑖(𝑥).
If the income stream belongs to the subspace ⟨𝑉⟩, that is, if the income stream has a

replica portfolio, then,

𝑑𝑢 𝑖𝑥(−𝑚0 , 𝑚1) = −𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥0

(𝑥)𝑚0 + JΔ𝑉𝑢 𝑖(𝑥), 𝑚1K = 0 (3.10)

where Δ𝑉𝑢
𝑖(𝑥) is the orthogonal projection of the date 1 gradient Δ1𝑢

𝑖(𝑥) onto ⟨𝑉⟩.
We can now write that 𝑚0 = 𝑐 𝑖(𝑚1; 𝑥) = J𝜋𝑖

𝑉
(𝑥), 𝑚1K where

𝜋𝑖𝑉 (𝑥) =
(
1/𝜕𝑢

𝑖(𝑥 𝑖)
𝜕𝑥0

(𝑥)
)
Δ𝑉𝑢

𝑖(𝑥), ∀𝑚1 ∈ ⟨𝑉⟩. (3.11)

In order to make appear means, variances and covariances in the cost of an income
stream, 𝑐 𝑖(𝑚1; 𝑥), we are going to use the probability inner product J, K𝜌 instead of the
standard inner product J, K on R𝑆+1.

Let
Δ
𝜌
1𝑢

𝑖(𝑥) =
(

1
𝜌
𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥1

(𝑥), . . . , 1
𝜌
𝜕𝑢 𝑖(𝑥 𝑖)
𝜕𝑥𝑆

(𝑥)
)
, (3.12)

Δ
𝜌
𝑉
𝑢 𝑖(𝑥)be the𝜌-ortogonalprojection ofΔ𝜌

1𝑢
𝑖(𝑥)onto ⟨𝑉⟩ and𝜋

𝜌,𝑖
𝑉

=

(
1/ 𝜕𝑢 𝑖(𝑥 𝑖)

𝜕𝑥0
(𝑥)

)
Δ
𝜌
𝑉
𝑢 𝑖(𝑥).

Then,

𝑚0 = 𝑐 𝑖(𝑚1; 𝑥) = J𝜋𝜌,𝑖
𝑉
, 𝑚1K𝜌 = 𝐸(𝜋𝜌,𝑖

𝑉
)𝐸(𝑚1) + 𝑐𝑜𝑣(𝜋𝜌,𝑖

𝑉
, 𝑚1), ∀𝑚1 ∈ ⟨𝑉⟩. (3.13)

𝜋
𝜌,𝑖
𝑉

is the 𝜌-orthogonal projection of 𝜋𝜌,𝑖
1 onto ⟨𝑉⟩, 𝜋𝜌,𝑖

𝑉
is unique and lies in ⟨𝑉⟩, then

can be interpreted as the pricing security of individual 𝑖 at 𝑥.
This sub-chapter provides us with knowledge about individual security pricing, i.e.

after defining a function 𝑢 𝑖 by imposition and differentiating it, we arrive at a value of 𝑚0

and from which, consequently, we can arrive at a state price 𝜋𝑖
𝑉
(𝑥) and from which we

can derive, by making an orthogonal 𝜌 projection, a value of 𝜋𝜌,𝑖
𝑉
(𝑥). Since 𝑚0 is the cost

of an income stream we can then conclude from what it is given, which will be important
knowledge in understanding the next sub-chapter.

3.3 Ideal Security of Agent i

Starting in this sub-chapter by calculating the optimal security of each agent in ⟨𝑉⟩, and
associating this with the subject studied previously, we will now obtain the equilibrium
valuation of an income stream in ⟨𝑉⟩, as a function of the optimal security, which, as
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CHAPTER 3. VALUATION OF INCOME STREAMS

we can conclude later, is the same for all agents in equilibrium, and of the risk-free rate.
Specifically, we will obtain that the equilibrium value of an income stream in ⟨𝑉⟩ is
the expected value of the income stream times the value of the risk-free asset plus the
covariance between the optimal security and the income stream.

This security has a very important meaning for agent i. We start by considering that
the agent is allowed to change its consumption stream, ℎ:

𝑥 𝑖 → 𝑥 𝑖 + ℎ

subject to the condition that the increment ℎ = (ℎ0 , ℎ1) satisfies:

ℎ1 ∈ ⟨𝑉⟩ |ℎ0 |2 + ||ℎ1 | |2𝜌 = 𝑘2

Since 𝑘 is a small value we can then assume that 𝑢 𝑖(𝑥 𝑖 + ℎ) ≃ 𝑢 𝑖(𝑥 𝑖) + 𝑑𝑢 𝑖
𝑥 𝑖
(ℎ) and so

the objective of agent 𝑖 is to maximize the following differential:

𝑑𝑢 𝑖
𝑥 𝑖
(ℎ)) = J▽𝑢 𝑖(𝑥 𝑖), ℎK = | |▽𝑢 𝑖(𝑥 𝑖)| | | |ℎ | | cos �(▽𝑢 𝑖(𝑥 𝑖), ℎ)

Since we know that | |ℎ | | = 𝑘 and | |▽𝑢 𝑖(𝑥 𝑖)| | does not depend on ℎ, then the maximiza-
tion of the differential is such that ℎ∗ is collinear with ▽𝑢 𝑖(𝑥 𝑖) and hence it follows that ℎ∗

is given by:
ℎ∗ = (ℎ∗0 , ℎ∗1) = 𝛼(▽𝑢 𝑖(𝑥 𝑖)) = 𝛼(𝜆𝑖0(𝑥

𝑖),▽𝜌
𝑉
𝑢 𝑖(𝑥 𝑖)) (3.14)

Definition 3.3.1. The security 𝛾𝑖(𝑥 𝑖) = ℎ∗1
ℎ∗0

, where (ℎ∗0 , ℎ∗1) is the income stream that maximizes
the change in utility 𝑑𝑢 𝑖

𝑥 𝑖
(ℎ) subject to ℎ1 ∈ ⟨𝑉⟩ and |ℎ0 |2 + ||ℎ1 | |2𝜌 = 𝑘2, for a non-zero value of

k, is called the ideal security of agent 𝑖 at 𝑥 𝑖 ∈ R𝑆+1
++ .

The following proposition relates the pricing security of an agent, defined above, to
the ideal security concept of each agent 𝑖.

Proposition 3.3.1 (Equality of Pricing and Ideal Security). For any 𝑥 𝑖 ∈ R𝑆+1
++ , the pricing

security and the ideal security of agent 𝑖 coincide:

𝛾𝑖(𝑥 𝑖) = 𝜋
𝜌,𝑖
𝑉
(𝑥 𝑖) (3.15)

Since 𝛾𝑖 = ℎ∗1
ℎ∗0

=
▽
𝜌
𝑉
𝑢 𝑖(𝑥 𝑖)

𝜕𝑢𝑖 (𝑥𝑖 )
𝜕𝑥0

(𝑥 𝑖)
= 𝜋

𝜌,𝑖
𝑉
(𝑥 𝑖).

Equilibrium Valuation
Let ((𝑥, 𝑧), 𝑞) be the equilibrium of the financial economy. In the equilibrium the basic

bonds J, whose redemption date 1 are the columns J, [𝑉1 , . . . , 𝑉𝐽] of matrix V, are traded
in the market at prices 𝑞 = (𝑞1 , . . . , 𝑞𝐽). Any income stream in the generated space ⟨𝑉⟩
can be obtained through a portfolio of these securities J. The market value of an income
stream 𝑦 ∈ ⟨𝑉⟩ (here we denote an income stream as 𝑦), denoted by 𝑐𝑞(𝑦) is the cost of the
portfolio z that generates income stream y:

𝑐𝑞(𝑦) = 𝑞 · 𝑧 (3.16)
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3.3. IDEAL SECURITY OF AGENT I

The function 𝑐𝑞 : ⟨𝑉⟩ → R is called the market equilibrium validation function since
agents trade J securities in the common price vector, and thus each agent’s personal
validation for each income stream in the market subspace will coincide with the market
equilibrium validation of the income stream. Thus, from the first order equilibrium
conditions (sub-chapter 2.3) we have that for each agent 𝑖 = 1, . . . , 𝐼:

𝑐𝑞(𝑦) = 𝑞 · 𝑧 =
𝑠∑
𝑠=1

𝜋̄𝑖𝑠𝑉𝑠, 𝑗 · 𝑧 = J𝜋𝑖1(𝑥
𝑖), 𝑦K𝜌 = 𝑐 𝑖(𝑦, 𝑥 𝑖) (3.17)

The equilibrium value of an income stream 1 = (1, . . . , 1) without risk that defines the
interest rate equilibrium r:

𝑐𝑞(1) =
1

1 + 𝑟 = 𝛾 · 1 (3.18)

Theorem 3.3.1. Let ℰ = (𝑉, (𝑢 𝑖 , 𝜔𝑖), 𝑖 = 1, . . . , 𝐼) be the economy, if ((𝑥, 𝑧), 𝑞) is the financial
market equilibrium, then the optimal security of all agents in their consumption equilibrium
coincides:

𝛾1(𝑥1) = · · · = 𝛾𝐼(𝑥𝐼) = 𝛾 (3.19)

and the common vector 𝛾 is called the ideal security at the equilibrium. The market value at the
equilibrium of any income stream y in the subspace ⟨𝑉⟩ is given by:

𝑐𝑞(𝑦) =
𝐸[𝑦]
1 + 𝑟 + 𝑐𝑜𝑣(𝛾, 𝑦) (3.20)

where 𝑟 is the equilibrium interest rate and considering that 𝛾 · 𝑦 = 𝐸[𝑦]𝐸[𝛾] + 𝑐𝑜𝑣(𝛾, 𝑦).

Proof:
Knowing that

𝑐𝑞(𝑦) = 𝑐 𝑖(𝑦, 𝑥 𝑖) = J𝜋𝜌,𝑖
𝑉
, 𝑦K𝜌 (3.21)

and that through the Proposition 3.3.1.:

𝜋
𝜌,𝑖
𝑉

= 𝛾𝑖(𝑥 𝑖) (3.22)

then we have that:
J𝜋𝜌,𝑖

𝑉
, 𝑦K𝜌 = J𝛾𝑖(𝑥 𝑖), 𝑦K𝜌 (3.23)

which implies that:
𝑐𝑞(𝑦) = J𝛾𝑖(𝑥 𝑖), 𝑦K𝜌 (3.24)

from which it emerges that:

𝑐𝑞(𝑦) = 𝐸[𝛾𝑖(𝑥 𝑖)]𝐸[𝑦] + 𝑐𝑜𝑣(𝛾, 𝑦) (3.25)

we have that:
𝐸[𝛾] = J𝛾, 1K𝜌 = 𝑐 𝑖(1, 𝑥 𝑖) = 1

1 + 𝑟 (3.26)

and so:
𝑐𝑞(𝑦) =

𝐸[𝑦]
1 + 𝑟 + 𝑐𝑜𝑣(𝛾, 𝑦) (3.27)
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CHAPTER 3. VALUATION OF INCOME STREAMS

as we wanted to prove.
The result of Theorem 3.3.1 is very important because it tells us that the optimal security

of all agents, in equilibrium, coincides. Since this is the same for everyone in equilibrium,
it can then be called optimal security in equilibrium. At equilibrium the pricing security
is the same for every agent then the ideal security should be the same. This theorem has
a result that will be useful later on, so it’s important to understand it.
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4

Capital Asset Pricing Model

In this chapter, contrary to what was presented in the previous chapter, we show that
under the CAPM assumptions, also presented in this chapter, the ideal security is the
market portfolio, i.e. it is given by a linear combination between the risk-free asset and
the aggregate endowment of the economy. In addition, in this chapter we will also find
what the market price of an income stream is.

In the following chapters, the aim is to calculate the return (or risk premium) of
financial products, so it is important to present the formula for the CAPM model.

(This chapter is based on Magill and Quinzii, 1996 where more detailed information
on the valuation of income streams can also be found).

The Capital Asset Pricing Model is like a model of an equity economy with risk-tolerant
utility functions, as studied earlier. The similarity between these two models translates into
investors’ attitudes toward risk, and this is modeled by the assumption of mean-variance
preferences. Investors with medium variance preferences do not care about the exact
profile of a random consumption stream at date 1. The income stream is evaluated only by
the properties of the averages summarized in their mean and variance. This assumption
seems acceptable if we consider a typical consumer, for whom the case of no consumption
in some states of nature would be a matter of concern. This insinuates that the model
must be interpreted as one in which agents are institutional investors, and their earnings,
as opposed to their consumption, are qualifiable.

The price formula obtained in the previous Chapter implies that the value of the
covariance of a security is a linear decreasing function with respect to the covariance of
the income stream with aggregate. Thus, we now have a more precise result since in
the previous Chapter the value of the covariance could only be determined through the
income streams, which are positive or negative depending on aggregate output.

When it comes to finance it follows the practice of allowing utility functions to be
defined over the entire R𝑆+1, the utility of negative values is reflected in the disutility
assigned to losses because in the CAPM investors rate their gains.
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CHAPTER 4. CAPITAL ASSET PRICING MODEL

4.1 Ideal Security in Equilibrium

As already mentioned, this point shows that the ideal security is the same as the market
portfolio. It is important to make a clear distinction between what is covered in this
chapter and what was covered in the previous chapter. To do this, let’s remember that in
the previous chapter the aim was to explain that ideal security was the term given to the
optimal security of all agents, and that it was the same for everyone. In this case, we’re
going to detail the optimal security, which can be given by the combination of the risk-free
asset and the aggregate endowment of the economy.

To do this, we’ll start by defining a mean-variance utility function, which will help us
understand the proof of the theorem later on.

Definition 4.1.1. 𝑢 : R𝑆+1 → R is called a mean-variance utility function if for any 𝑥 =

(𝑥0 , 𝑥1), 𝑥′ = (𝑥′0 , 𝑥′1) ∈ R × R𝑆 satisfies the following inequality:

(𝑥0 , 𝐸[𝑥1],−𝑣𝑎𝑟(𝑥1)) > (𝑥′0 , 𝐸[𝑥′1],−𝑣𝑎𝑟(𝑥′1)) (4.1)

then 𝑢(𝑥) > 𝑢(𝑥′). Which means that 𝑥 is preferred to 𝑥′ if any of the following conditions are
satisfied:

(𝑥0 , 𝐸[𝑥1]) = (𝑥′0 , 𝐸[𝑥′1]) and 𝑣𝑎𝑟(𝑥1) < 𝑣𝑎𝑟(𝑥′1)

(𝑥0 , 𝐸[𝑥1]) > (𝑥′0 , 𝐸[𝑥′1]) and 𝑣𝑎𝑟(𝑥1) = 𝑣𝑎𝑟(𝑥′1)

Defining which assumptions need to be considered when studying the CAPM model
is very important if we are then to be able to study whether there is equilibrium in the
economy. Although the focus of this dissertation is not on proving equilibrium, in order
to come to plausible and acceptable results, the economy must be in equilibrium.

Definition 4.1.2. An economy ℰ = (𝑉, (𝑢 𝑖 , 𝜔𝑖)) satisfies the assumptions of the Capital Asset
Pricing Model (CAPM) if:

(i) There are probabilities in the states of nature
(ii) There is a risk-less security: 1 ∈ ⟨𝑉⟩
(iii) 𝜔𝑖

1 ∈ ⟨𝑉⟩, 𝑖 = 1, . . . , 𝐼
(iv) 𝑢 𝑖 : R𝑆+1 → R is mean-variance, 𝑖 = 1, . . . , 𝐼.

Having defined the assumptions of the model, we are now able to present and un-
derstand the following theorem, which is quite important, since it tells us how the ideal
security in equilibrium is given and what the market price in equilibrium is for an income
stream that is in the space ⟨𝑉⟩. The proof of this theorem is also presented, which allows
you to better understand the whole theorem.

Theorem 4.1.1 (CAPM Equilibrium). If (x,z,q) is a financial market equilibrium of an economy
ℰ = (𝑢, 𝜔, 𝑉) satisfying the CAPM assumptions with 𝑣𝑎𝑟(𝜔1) > 0, then:
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4.1. IDEAL SECURITY IN EQUILIBRIUM

(i) there exist strictly positive constants c’ and c, such that the ideal security, 𝛾̄ is given by:

𝛾̄ = 𝑐′1 − 𝑐𝜔1 (4.2)

(ii) the equilibrium market value of any income stream y in the marketed subspace ⟨𝑉⟩ is given
by:

𝑐 𝑞̄(𝑦) =
𝐸[𝑌]
1 + 𝑟 + 𝑐 𝑐𝑜𝑣(𝜔1 , 𝑦) (4.3)

Proof:
Since 𝜔1 ∈ ⟨𝑉⟩, the budget constraints of an agent 𝑖 can be written as follows:

{
𝑥 𝑖0 − 𝜔𝑖

0 = −𝑞̄𝑧 𝑖

𝑥 𝑖1 − 𝜔𝑖
1 = 𝑉𝑧 𝑖 , 𝑧 𝑖 ∈ R𝐽

⇐⇒
{
𝑥 𝑖0 − 𝜔𝑖

0 = 𝑐 𝑞̄
(
𝜔𝑖

1
)
− 𝑐 𝑞̄

(
𝑥 𝑖1

)
𝑥 𝑖1 ∈ ⟨𝑉⟩

(4.4)

Let 𝛾̄ be the security in ⟨𝑉⟩ such that:

𝑐 𝑞̄(𝑦) = J𝛾̄, 𝑦K𝜌 =
𝐸[𝑦]
1 + 𝑟 + 𝑐𝑜𝑣(𝛾̄, 𝑦), ∀𝑦 ∈ ⟨𝑉⟩ (4.5)

since 𝐸[𝛾̄] = 𝑐 𝑞̄(1) = 1
1+𝑟 . For each agent 𝑖 = 1, . . . , 𝐼, let us take 𝑥̂ 𝑖1 as the 𝜌-projection of

𝑥̄ 𝑖1 in the subspace ⟨1, 𝛾̄𝑖1⟩.
Considering that 𝑥̂ 𝑖1 ∈ ⟨1, 𝛾̄⟩ and 𝑥̄ 𝑖1 − 𝑥̂ 𝑖1 ∈ ⟨1, 𝛾̄⟩⊥ we can then write the following

orthogonal relations:

r
𝛾̄, 𝑥̄ 𝑖1 − 𝑥̂ 𝑖1

z

𝜌
= 0 ⇐⇒ 𝑐 𝑞̄

(
𝑥̄ 𝑖1

)
= 𝑐 𝑞̄

(
𝑥̂ 𝑖1

)
(4.6)

r
1, 𝑥̄ 𝑖1 − 𝑥̂ 𝑖1

z

𝜌
= 0 ⇐⇒ 𝐸

(
𝑥̄ 𝑖1

)
= 𝐸

(
𝑥̂ 𝑖1

)
(4.7)

q
𝑥̂ 𝑖1 , 𝑥̄

𝑖
1 − 𝑥̂ 𝑖1

y
𝜌 = 0 and

q
1, 𝑥̄ 𝑖1 − 𝑥̂ 𝑖1

y
𝜌 = 0 ⇐⇒ 𝐸

[
𝑥̄ 𝑖1

]
= 𝐸

[
𝑥̂ 𝑖1

]
⇒ cov

(
𝑥̂ 𝑖1 , 𝑥̄

𝑖
1 − 𝑥̂ 𝑖1

)
= 0, which

implies that:
𝑣𝑎𝑟(𝑥̄ 𝑖1) = 𝑣𝑎𝑟(𝑥̂ 𝑖1) + 𝑣𝑎𝑟(𝑥̄ 𝑖1 − 𝑥̂ 𝑖1) (4.8)

so that 𝑣𝑎𝑟(𝑥̄ 𝑖1) > 𝑣𝑎𝑟(𝑥̂ 𝑖1) if 𝑣𝑎𝑟(𝑥̄ 𝑖1 − 𝑥̂ 𝑖1) > 0. Since:



𝑥̄ 𝑖1 − 𝑥̂ 𝑖1

𝜌 =

((
𝐸

[
𝑥̄ 𝑖1 − 𝑥̂ 𝑖1

] )2
+ var

(
𝑥̄ 𝑖1 − 𝑥̂ 𝑖1

)) 1
2

(4.9)

Given that 𝐸[𝑥̄ 𝑖1] = 𝐸[𝑥̂ 𝑖1], it implies that 𝑥̄ 𝑖1 − 𝑥̂ 𝑖1 = 0 if and only if 𝑣𝑎𝑟(𝑥̄ 𝑖1 − 𝑥̂ 𝑖1) = 0.
Since both 𝑥̄ 𝑖1 and 𝜔𝑖

1 are elements of ⟨𝑉⟩, and the costs of 𝑥̄ 𝑖1 are equal to the costs of 𝑥̂ 𝑖1, it
follows that 𝑥̂ 𝑖 = (𝑥̄ 𝑖0 , 𝑥̂

𝑖
1) satisfies the budget constraints of all agents.

As the utility function 𝑢𝑖 is mean-variance, if 𝑥̄ 𝑖1 ≠ 𝑥̂ 𝑖1, then 𝑢(𝑥̄ 𝑖) < 𝑢(𝑥̂ 𝑖) since
𝐸[𝑥̄ 𝑖1] = 𝐸[𝑥̂ 𝑖1] and 𝑣𝑎𝑟(𝑥̄ 𝑖1) > 𝑣𝑎𝑟(𝑥̂ 𝑖1), which contradicts the optimally of 𝑥̄ 𝑖1. Therefore, we
conclude that 𝑥̄ 𝑖1 = 𝑥̂ 𝑖1, and both are elements of ⟨1, 𝛾̄⟩ for 𝑖 = 1, . . . , 𝐼 , which implies that∑𝐼
𝑖=1 𝑥̄

𝑖
1 = 𝜔1 ∈ ⟨1, 𝛾̄⟩.
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CHAPTER 4. CAPITAL ASSET PRICING MODEL

Since 𝑣𝑎𝑟(𝜔1) > 0, 𝜔1 is not proportional to 1. Consequently, ⟨1, 𝛾̄⟩ has a dimension
of 2, and thus, ⟨1, 𝛾̄⟩ = ⟨1, 𝜔1⟩.

Thus, saying that 𝛾̄ ∈ ⟨1, 𝜔1⟩ implies the existence of constants 𝑐′ and 𝑐 such that
𝛾̄ = 𝑐′1 − 𝑐𝜔1. To establish the positivity of these constants, we begin by examining the
cost formula previously explored, now adjusted to incorporate the newly derived insights:

𝑐 𝑞̄

(
𝐼∑
𝑖=1

𝑥̄ 𝑖1

)
=

𝐸
(∑𝐼

𝑖=1 𝑥̄
𝑖
1

)
1 + 𝑟 + cov

(
𝛾̄,

𝐼∑
𝑖=1

𝑥̄ 𝑖1

)

=

𝐸
(∑𝐼

𝑖=1 𝑥̄
𝑖
1

)
1 + 𝑟 − 𝑐 var (𝜔1)

(4.10)

Since
∑𝐼
𝑖=1 𝑥̄

𝑖
1 = 𝜔1 and cov (𝛾̄, 𝜔1) = −𝑐 var (𝜔1). Since 𝑣𝑎𝑟(𝜔1) > 0, if 𝑐 > 0, then

must be some agent for whom 𝑣𝑎𝑟(𝑥̄ 𝑖1) > 0 and 𝑐 𝑞̄ ⩾
𝐸[𝑥 𝑖1]
1+𝑟 . If this were true, then the

consumption stream defined at the beginning of this proof 𝑥̄ 𝑖 = (𝑥̄ 𝑖0 , 𝐸[𝑥̄
𝑖
1]1), since it

is less costly than 𝑥 𝑖 belonging to ¯⟨𝑉⟩, contradicting the optimally of 𝑥 𝑖 . Thus 𝑐 > 0.
Mean-variances preference implies that if an agent’s maximization problem has a solution
then 𝑐 𝑞̄(1) > 0 must be satisfied, since 𝑐 𝑞̄ = 𝐸[𝛾̄] = 𝑐′ − 𝑐𝐸[𝜔1] > 0, and 𝐸[𝜔1] ⩾ 0 which
makes 𝑐′ > 0 and so (i) is satisfied.

Proposition 4.1.1 (CAPM Formula for Equilibrium Risk Premium). Under the assumptions
of Theorem 4.1.1., the equilibrium risk premium on a security y in the marketed subspace ⟨𝑉⟩ is
given by

𝐸
(
𝑅𝑦

)
− 𝑅̄ =

cov
(
𝑅𝑚 , 𝑅𝑦

)
var (𝑅𝑚)

(
𝐸 (𝑅𝑚) − 𝑅̄

)
(4.11)

(See the proof in Magill and Quinzii, 1996)

Using the price formula presented in Theorem 4.1.1, it is possible to arrive at the return
formula presented in Proposition 4.1.1. As we will see later, the formula given by Theorem
4.1.1. is very important and it was considered necessary to introduce it in this Chapter as
it is the return or risk premium associated with a security y in the CAPM model.

4.2 Summary of The Ideal Security in CAPM

There are several important points to retain from the previous sub-chapter. Firstly, the
CAPM model, which is like the basic economics model presented earlier. The two are
similar when they refer to investors’ attitudes towards risk, which is represented by
the assumption that preferences have mean-variance characteristics. Secondly, we must
obviously refer to the ideal security and the fact that it is equal to the market portfolio, i.e.
it is given by the linear combination of the risk-free asset and the aggregate endowment
of an economy.

24



4.2. SUMMARY OF THE IDEAL SECURITY IN CAPM

We can then see that the optimal security presented in the Theorem 4.1.1. takes us
a step further than what was presented in the previous chapter. Since in the previous
chapter we were able to equate individual security pricing with the optimal security of
each agent 𝑖 and then conclude through Theorem 3.3.1. that optimal security is the same
for all agents in equilibrium, this leads us to conclude that it is the same as optimal
security in equilibrium. On the other hand, in this chapter, through Theorem 4.1.1., the
optimal security is equalled to the market portfolio, i.e. it can be represented by a linear
combination, as mentioned above. The ideal security and the price associated with an
income stream 𝑦 in the space generated by ⟨𝑉⟩ are important in later chapters, so it’s
important to make the whole subject clear.

Associated with a price we can always get a return. In this case, associated with the
price of the income stream 𝑦 presented in Theorem 4.1.1, we can obtain a return and
through a few calculations we can easily arrive at the formula presented in Proposition
4.1.1. (You can see more in Magill and Quinzii, 1996).

A relevant interpretation to make, related to the result of Proposition 4.1.1., is that
the risk premium of a given individual security is the increase in expected return that
goes beyond the risk-free return obtained by being exposed to the risk of investing in
this security instead of investing risk-free in another safer security. The capital premium
associated with the economy-wide portfolio 𝑞𝑚 is the reward that is given in addition to
the return achieved by risk-free assets. The result of Proposition 4.1.1 is well known for
evaluating risk premiums in an equilibrium CAPM model.
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5

The Finance Model with Trading
Constraints

In this chapter we are going to explain in detail the model with constraints to be studied,
which we will use in the next chapter to price financial products, adding trading restrictions.
This model has similarities when compared to the CAPM model.

In order to present the model, we begin by presenting the basic concepts, such as time
and uncertainty, since it is important to describe how time and uncertainty occur at any
given moment. In this case, we present a simpler model where there are only two periods
of uncertainty and, like the CAPM, there are finite states of nature in the second period.
Commodities and equities are all goods that are traded on the market. Consumers are an
essential part of the economy, and they are defined by their preferences.

In the case of this model, there are restrictions on transactions, which is the main
difference between this model and the CAPM. Trading restrictions basically mean that
there is limited access to all consumers in the market since consumers are restricted in
their access to certain assets.

To understand all these concepts, the following sub-chapters show us in detail the
model we need to study in order to be able to do the pricing in the next chapter. (This
model is based on the model presented in Eichberger et al., 2014).

5.1 Time and Uncertainty

In this model there are two dates 𝑡 ∈ 0, 1. At 𝑡 = 0 there is no uncertainty since there is only
the state of nature 𝑠 = 0. At 𝑡 = 1 there is uncertainty since there are 𝑠 = {1, . . . , 𝑠 , . . . , 𝑆}
states of nature.

5.2 Commodities

There is only one commodity being traded on each of the dates in this model. We assume
that there can be negative consumption imposing bankruptcy penalties.
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5.3. EQUITIES

5.3 Equities

In order to achieve the optimal consumption of consumers by adapting to their preferences
agents can trade equities. At 𝑡 = 0 there are 𝑗 = 1, . . . , 𝐽 , equities to be traded that at date
𝑡 = 1 pay dividends, 𝑦 𝑗 = (𝑌1, 𝑗 , . . . , 𝑌𝑆,𝑗) ∈ R𝑆+. The matrix𝑆×𝐽 of all payoffs 𝑦 of the equities
is denoted by𝑌. The price of these equities at date 𝑡 = 0 is denoted by 𝑞 = (𝑞1 , . . . , 𝑞𝐽) ∈ R𝐽+.
All payments for equities are made in units of the commodity concerned by the transaction.
Equities cannot be sold in the short term. Let (𝑧𝑏 , 𝑧𝑒) = (𝑧𝑏 , 𝑧1 , . . . , 𝑧 𝑗 , . . . , 𝑧𝐽) denote a
portfolio of assets, being 𝑧𝑏 the units of the bond and 𝑧𝑒 the equities portfolio.

5.4 Consumers

There are I agents or consumers. Each agent is characterized by the consumption set
R1+𝑆
+ , a utility function 𝑢 𝑖 : R1+𝑆

+ → R that is continuous, continuously differentiable,
strictly increasing and concave and by an initial endowment of the commodity in each
state of nature. We denote by 𝜔0 the endowment at date 𝑡 = 0 and by 𝜔1 = (𝜔𝑖

1 , . . . , 𝜔
𝑖
𝑆
)

endowment vector at date 𝑡 = 1. The initial endowment related to equities is denoted by
𝛿𝑖
𝑗
∈ R.
We denote by 𝑥 𝑖 = (𝑥 𝑖0 , 𝑥

𝑖
1) ∈ R1+𝑆

+ the consumption bundle of each agent 𝑖 , 𝑖 = 1, . . . , 𝐼.
To make the model more useful from an economic point of view, we add sufficient

structure to the model to be able to study equilibrium prices and their changes. Thus,
instead of general preferences, we assume that preferences are defined by a model with a
linear quadratic utility function continuously differentiable:

𝑢 𝑖
(
𝑥 𝑖

)
= 𝛼𝑖0𝑥

𝑖
0 −

1
2

𝑆∑
𝑠=1

𝜌𝑠
(
𝛼𝑖1 − 𝑥

𝑖
𝑠

)2
, 𝑖 = 1, . . . , 𝐼 (5.1)

(See more about this utility function in Eichberger et al., 2014).
Defining as 𝛼0 =

∑𝐼
𝑖=1 𝛼

𝑖
0 , 𝛼1 =

∑𝐼
𝑖=1 𝛼

𝑖
1 the aggregate preference parameters and by

𝜔1 =
∑𝐼
𝑖=1 𝜔

𝑖
1 , 𝛿 =

∑𝐼
𝑖=1 𝛿

𝑖 and 𝐾 = |𝐼 |𝜅 the aggregate endowments of goods, stocks and
maximum loans.

5.5 Trading Constraints

In this model, trading restrictions will be introduced, agents are no longer allowed to
trade all equities or bonds. Trading restrictions are a widely accepted practice in the realm
of securities trading. Particularly in the case of derivative trading, investors are mandated
to maintain margin accounts, which essentially serve as a performance guarantee. These
transactions restrictions are determined by regulatory authorities, clearinghouses, and
intermediaries. The specifics of these margin requirements may be encapsulated by the
term (CON), and the precise format can vary depending on the margin requirement under
consideration.
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CHAPTER 5. THE FINANCE MODEL WITH TRADING CONSTRAINTS

The trading restrictions we will study are the following (inspired by restrictions on
transactions presented in Elsinger and Summer, 2001 and Gori et al., 2013):

(i) zb ⩾ −𝛼𝜎(q): How much we can borrow on the bond is limited, i.e. in this case, we
assume that each agent has only partial access, in a personalizes manner to asset markets.
We suppose that each agent cannot sell, that is, cannot borrow, more than a fixes quantity,
depending on asset prices. More precisely the maximum amount we can sell at prices 𝑞
of the bond, is given by a function that depends on the prices of equities multiplied by a
constant 𝛼.

(ii) qbzb ⩾ −𝜈qe · (ze + 𝛿i
e): How much we can borrow on the bond is limited, i.e. in

this case, there is a requirement to maintain an income margin, the maximum amount we
can borrow on the bond depends on the investment on equities and their price multiplied
by a constant 𝜈.

5.6 Assumptions

Let 𝑢 = (𝑢1 , . . . , 𝑢𝐼), 𝜔 = (𝜔1 , . . . , 𝜔𝐼), and 𝛿 = (𝛿1 , . . . , 𝛿𝐼) be the individual utility, the
initial endowments of the good and of equities, respectively, and denote by 𝑉 = [1𝑌] the
matrix that gives us the payoffs of bond and equities. Let 𝑍 𝑖 = R×(R𝐽+− {𝛿𝑖}), 𝑖 = 1, . . . , 𝐼,
the set where the portfolios are chosen. We denote by ℰ = (𝑢, 𝜔, 𝛿, 𝑉) the economy. In
this economy we have the following assumptions:

(𝐴.1) (consumption sets) 𝑋 𝑖 is a closed, convex and nonempty subset of R𝑆+1.

(𝐴.2) (preferences) 𝑢 𝑖 : 𝑋 𝑖 → R is continuous, continuously differentiable, strictly
increasing, and strictly concave.

(𝐴.3) (endowments) 𝜔𝑖 =
(
𝜔𝑖

0 , 𝜔
𝑖
1
)
∈ 𝑋 𝑖 ∩ R𝑆+1

++ and 𝛿𝑖 ∈ R𝐽++.

(𝐴.4) (asset returns) the matrix 𝑉 = [1𝑌] has full column rank.

5.7 Budget Set

Since there is only one commodity in the first period and in each state of nature of second pe-
riod, and assets payoffs are given in units of the commodity, we set (𝑝0 , 𝑝1 , . . . , 𝑝𝑠 , . . . , 𝑝𝑆) =
(1, 1, . . . , 1, . . . , 1). We can then define the budget set as follows:

𝐵𝑖(𝑞) =
{ (

𝑥 𝑖0 , 𝑥
𝑖
1 , 𝑧

𝑖
𝑏
, 𝑧 𝑖𝑒

)
∈ R1+𝑆 × 𝑍 𝑖 𝑥 𝑖0 − 𝜔𝑖

0 ≤ −𝑞𝑏𝑧 𝑖𝑏 − 𝑞𝑒 · 𝑧
𝑖
𝑒

𝑥 𝑖1 − 𝜔𝑖
1 − 𝑌𝛿𝑖 ≤ 1𝑧 𝑖

𝑏
+ 𝑌𝑧 𝑖𝑒

}
(5.2)
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5.7. BUDGET SET

Definition 5.7.1 (Equilibrium). The equilibrium of an economy ℰ = (𝑢, 𝜔, 𝛿, 𝑉) is a collection
of consumption plans, portfolio choices, equity and bond prices (𝑥̄ , 𝑧̄𝑏 , 𝑧̄𝑒 , 𝑞̄) ∈ R(1+𝑆)𝐼 ×𝑍𝐽𝐼 ×R𝐽+1

+
such that for all agents 𝑖 = 1, . . . , 𝐼:

(i) 𝑥̄ 𝑖 ∈ arg max
{
𝑢 𝑖

(
𝑥 𝑖

)
| (𝑥 𝑖 , 𝑍𝐼) ∈ B𝑖 (𝑞̄)

}
, (optimal behavior)

(ii)
∑𝐼
𝑖=1 𝑧̄

𝑖
𝑏
= 0 and

∑𝐼
𝑖=1 𝑧̄

𝑖
𝑒 = 0, (asset market clearing)

(iii)
∑𝐼
𝑖=1 𝑥̄

𝑖 =
∑𝐼
𝑖=1 𝜔

𝑖 + 𝑌𝛿𝑖 , (commodity market clearing)

Theorem 5.7.1 (Existence of equilibrium). Under the assumptions of 𝐴.1 − 𝐴.4 there exists an
equilibrium for the economy ℰ = (𝑢, 𝜔, 𝛿, 𝑉).

In the specific case of this economy presented without restrictions, we can see the proof of
this theorem in Geanakoplos and Polemarchakis, 1986 and Geanakoplos, 1990. On the other
hand, we can see evidence of equilibrium when there are limits on access to credit, i.e. trading
restrictions in Carosi et al., 2009, Cea-Echenique and Torres-Martínez, 2016, Cea-Echenique
and Torres-Martínez, 2018, Cornet and Gopalan, 2010 and Faias and Torres-Martínez, 2017.

We are now at the point where we have explained in detail the model to be studied in
the next chapter. As we have already seen, this model is very similar to the classic CAPM
model. This model differs from the CAPM and the standard economics, presented earlier
because in that it contains trading restrictions, i.e., consumers have limited access to the
financial products on the market.
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6

Pricing of financial products where
investors have restrictions on

transactions

In this chapter, the main objective is to explain at the prices associated with the model
described in the previous Chapter, considering account the two trading restrictions that
have been presented and understanding how prices may vary when these restrictions are
added to the model.

In previous chapters we concluded what the price of a financial product associated
with the classic CAPM should be. In this case, where we add trading restrictions, the
aim is to understand how the equilibrium price of an income stream varies when we add
restrictions to consumer transactions in the model. Therefore, we present two propositions
and their respective interpretations, which lead us to conclude that the equilibrium price
varies when restrictions are present.

When we know the price of a financial product, we can then find out the return
associated with this financial product, considering its price. As with the price, the return
of a financial product also varies when restrictions are added to transactions. The return
associated with a financial product when there are restrictions is very similar to the return
of the same product when calculated taking into account the classic CAPM, although in
the case where there are restrictions there is one more term to be considered in the return
equation.

To interpret the variation of these prices we can use the envelope theorem (This can be
seen in more detail in Simon and Blume, 1985), which helps us to interpret how trading
restrictions influence each consumer’s utility function. This interpretation is done through
the Lagrange multipliers used to calculate the price associated with the income stream.

In the next sub-chapter, we will review the envelope theorem, which allows us to
interpret the Lagrange multipliers associated to the trading restrictions. These Lagrange
multipliers will appear in the cost and return of an income stream when the restrictions
are biding.

In order to explain in depth what has been said above, let’s move on to the following
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6.1. ENVELOPE THEOREM

sub-chapters, where we can see the prices and yields associated with an income stream.
(All the calculations and conclusions presented in sub-chapters 6.2 and 6.3 were based on
the article Almeida et al., 2018).

6.1 Envelope Theorem

Consider the following optimization problem with two variables and a restriction, where
𝑓 and ℎ are continuously differentiable functions defined on R2:{

max(𝑥,𝑦) 𝑓 (𝑥, 𝑦)
subject to ℎ(𝑥, 𝑦) = 𝑎

(6.1)

Considering 𝑎 as a parameter that changes depending on the problem at hand. For
any fixed value 𝑎, denoted by (𝑥∗(𝑎), 𝑦∗(𝑎)) the solution of problem (6.1) and let 𝜇(𝑎) be the
solution to the Lagrange multiplier corresponding to this solution. Thus 𝜇(𝑎) measures
the rate of change of the optimal value of 𝑓 with respect to the parameter 𝑎, i.e. the effect
of a unit increase in 𝑎 on 𝑓 (𝑥∗(𝑎), 𝑦∗(𝑎)).

Theorem 6.1.1 (Envelope Theorem). Let f and h be two continuous differentiable functions of
two variables. For each fixed value 𝑎, let (𝑥∗(𝑎), 𝑦∗(𝑎)) be the solution of problem (6.1) and with
the corresponding Lagrange multiplier 𝜇∗(𝑎). Suppose that 𝑥∗, 𝑦∗ and 𝜇 are functions of 𝑎. Then:

𝜇(𝑎) = 𝑑𝑓

𝑑𝑎
(𝑥∗(𝑎), 𝑦∗(𝑎))

The proof of Theorem 6.1.1 is in the Appendix.
The Lagrange multiplier associated with the restriction represents the change in the

optimal value of the function resulting from a small increase in the parameter 𝑎. Or, in
other words, the Lagrange multiplier represents the rate of change of 𝑓 (𝑥∗(𝑎), 𝑦∗(𝑎)) with
respect to 𝑎. The Lagrange multiplier can also be interpreted as the shadow price related
to parameter 𝑎, that is, it indicates how much the consumer is willing to pay for an increase
in the parameter 𝑎.

In general, the restrictions can be more complex than the one presented in the problem
(6.1), as it is the case of the trading restrictions that we have stated in sub-chapter 5.5.
The envelope theorem also holds to problems where the restrictions are more general
functions of a parameter, ℎ(𝑥; 𝑎).

Theorem 6.1.2. Let 𝑓 : R𝑛 → R and 𝑔 : R𝑛 × R→ R be continuously differentiable functions.
Let 𝑥∗(𝑎) denote the solution of the problem of maximizing 𝑓 (𝑥) on the constraint set ℎ(𝑥; 𝑎) = 0,
for any fixed choice of the parameter 𝑎. Suppose that 𝑥∗(𝑎) and the Lagrange multiplier 𝜇(𝑎) are a
continuously differentiable functions of 𝑎. Then,

𝑑𝑓

𝑑𝑎
(𝑥∗(𝑎); 𝑎) = 𝜕𝐿

𝜕𝑎
(𝑥∗(𝑎), 𝜇(𝑎); 𝑎)

where 𝐿 is the Lagrangian function for this problem.
See the Proof in Simon and Blume, 1985
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We are going to use this last theorem in the sub-chapters 6.2 and 6.3 to betterunderstand
the formulas that will be deduced for the cost or return of an income stream.

6.2 Equilibrium Pricing of an Income Stream

It is necessary, for this chapter, to make a connection between what is being done here
and the previous chapters that in some way serve as the basis for the realization of this
chapter. We can start by noticing that the following proposition refers to, as previously
defined, ideal security, but now this 𝛾 stands for the equilibrium marginal evaluation of
income streams that can be generated with the financial structure given for this economy.

The following proposition gives us a formula for calculating the price of an income
stream 𝑚 generated by a viable portfolio 𝑧𝑚 for a given agent 𝑖 with the respective
restrictions on transactions.

Proposition 6.2.1. If (𝑥̄ , 𝑧̄ , 𝑞̄) is an equilibrium of the economy ℰ under the restrictions , 𝑧̄ 𝑖
𝑏
≥

−𝛼𝜎(𝑞̄), 𝑖 = 1, . . . , 𝐼, then:

• 𝛾̄ = (𝛾̄0 , 𝛾̄1) satisfies the following condition: 𝛾̄ = (𝛼0 , 1𝛼1 − 𝜔̃1)

• If 𝑐(𝑚) is the equilibrium price of an income stream m generated by a linear combination
of the existing J + 1 assets, with 𝑧𝑚 = (𝑧𝑚

𝑏
, 𝑧𝑚𝑒 ) being the respective portfolio, then 𝑐(𝑚)

satisfies the following condition:

𝑐(𝑚) = 𝐸
[
𝛾1

𝛼0

]
𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔1) +

𝜇𝑧𝑚
𝑏

𝛼0
(6.2)

where 𝜔̃1 =
∑𝐼
𝑖=1 𝜔

𝑖
1 + 𝑌𝛿𝑖 , 𝜇 =

∑𝐼
𝑖=1 𝜇

𝑖 and 𝜇𝑖 , 𝑖 = 1, . . . , 𝐼 are the equilibrium Lagrange
multipliers associated to the restriction.

Proof:
We have the following constraints:

𝑥 𝑖0 − 𝜔𝑖
0 ≤ −𝑞𝑏𝑧𝑏 − 𝑞𝑒 · 𝑧𝑒

𝑥 𝑖1 − 𝜔𝑖
1 − 𝑌𝛿 ≤ 1𝑧 𝑖

𝑏
+ 𝑌𝑧𝑒

𝑧𝑏 ≥ −𝛼𝜎(𝑞)

Consider the following notation, 𝑥 𝑖 = (𝑥 𝑖0 , 𝑥
𝑖
1 , . . . , 𝑥

𝑖
𝑠 , . . . , 𝑥

𝑖
𝑆
) and 𝑧 𝑖 = (𝑧 𝑖

𝑏
, 𝑧 𝑖𝑒) =

(𝑧 𝑖
𝑏
, 𝑧 𝑖1 , . . . , 𝑧

𝑖
𝑗
, . . . , 𝑧 𝑖

𝐽
). The vector 𝜋𝑖 = (𝜋𝑖0 ,𝜋

𝑖
1 , . . . ,𝜋

𝑖
𝑠 , . . . ,𝜋

𝑖
𝑆
) denotes the Lagrange mul-

tipliers associated to the budget constraints and 𝜇𝑖 the Lagrange multiplier associated to
the trading restriction.

We saw in sub-chapter 2.3 how we should apply the Lagrangian function and how it
should be constructed. So, the Lagrangian function associated to the consumer problem
is given by, 𝐿𝑖(𝑥 𝑖 , 𝑧 𝑖 ,𝜋𝑖 , 𝜇𝑖) = 𝑢 𝑖(𝑥 𝑖) − 𝜋𝑖0(𝑥

𝑖
0 − 𝜔𝑖

0 + 𝑞𝑏𝑧
𝑖
𝑏
+ 𝑞𝑒 · 𝑧 𝑖𝑒) −

∑𝑆
𝑠=1 𝜋

𝑖
𝑠(𝑥 𝑖𝑠 − 𝜔𝑖

𝑠 −∑𝐽

𝑗=1𝑌𝑠, 𝑗𝛿
𝑖
𝑗
− 𝑧 𝑖

𝑏
−∑𝐽

𝑗=1𝑌
𝑖
𝑠 , 𝑗
𝑧 𝑖
𝑗
) + 𝜇(𝑧𝑏 + 𝛼𝜎(𝑞)).
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Since 𝑥̄ 𝑖 and 𝑧̄ 𝑖 are the optimal choice of consumer 𝑖, the following conditions have to
be satisfied:

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑥0

= 0 ⇔ 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

= 𝜋𝑖0 (6.3)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑥𝑠

= 0 ⇔ 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

= 𝜋𝑖𝑠 , 𝑠 = 1, . . . , 𝑆 (6.4)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑧𝑏

= 0 ⇔ −𝜋𝑖0 𝑞̄𝑏 +
𝑆∑
𝑠=1

𝜋𝑖𝑠 + 𝜇𝑖 = 0 (6.5)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑧 𝑗

= 0 ⇔ −𝜋𝑖0 𝑞̄ 𝑗 +
𝑆∑
𝑠=1

𝜋𝑖𝑠𝑌𝑠, 𝑗 = 0, 𝑗 = 1, . . . , 𝐽 (6.6)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝜋0

= 0 ⇔ 𝑥̄ 𝑖0 − 𝜔𝑖
0 + 𝑞̄𝑏 𝑧̄

𝑖
𝑏
+ 𝑞̄𝑒 · 𝑧̄ 𝑖𝑒 = 0 (6.7)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝜋𝑠

= 0 ⇔ 𝑥̄ 𝑖𝑠 − 𝜔𝑖
𝑠 −

𝐽∑
𝑗=1

𝑌𝑠, 𝑗𝛿
𝑖
𝑗 − 𝑧̄

𝑖
𝑏
−

𝐽∑
𝑗=1

𝑌𝑠, 𝑗 𝑧̄
𝑖
𝑗 = 0, 𝑠 = 1, . . . , 𝑆 (6.8)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝜇

= 0 ⇔ 𝑧̄ 𝑖
𝑏
+ 𝛼𝜎(𝑞̄) = 0 (6.9)

Using (6.3) and (6.4) to replace into the equations (6.5) and (6.6) we then have:

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑧𝑏

= 0 ⇔ −𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

𝑞̄𝑏 +
𝑆∑
𝑠=1

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

= −𝜇𝑖 (6.10)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑧 𝑗

= 0 ⇔ −𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

𝑞̄ 𝑗 +
𝑆∑
𝑠=1

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

𝑌𝑠, 𝑗 = 0, 𝑗 = 1, . . . , 𝐽 (6.11)

Let

𝑌 =



𝑌1,1 · · · 𝑌1, 𝑗 · · · 𝑌1,𝐽
...

...
...

...
...

𝑌𝑠,1 · · · 𝑌𝑠, 𝑗 · · · 𝑌𝑠,𝐽
...

...
...

...
...

𝑌𝑆,1 · · · 𝑌𝑆,𝑗 · · · 𝑌𝑆,𝐽


Taking 𝑇𝑏 and 𝑇𝑒 as:

𝑇𝑏 =

[
−𝑞̄𝑏
1

]
and 𝑇𝑒 =

[
−𝑞̄𝑒
𝑌

]
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Then from (6.10) and (6.11), respectively, we can conclude that:

⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝑇𝑏⟩ = −𝜇𝑖

⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝑇𝑒⟩ = (0, . . . , 0)

These are the inner product between the gradient of the utility function and the 𝑇𝑏
vector and the inner product between the gradient of the utility function and the𝑇𝑒 vectors,
respectively.

Let 𝜏 = 𝑇𝑧 =

[
−𝑞̄𝑏 −𝑞̄𝑒
1 𝑌

] [
𝑧𝑚
𝑏

𝑧𝑚𝑒

]
Making ⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝜏⟩ we then have:

⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝜏⟩ =
[
𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥1

· · · 𝜕𝑢
𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

] [
−𝑞̄𝑏 −𝑞̄𝑒
1 𝑌

] [
𝑧𝑚
𝑏

𝑧𝑚𝑒

]
=

=

[
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑏 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
+ · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑠
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑒 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
𝑌1 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑆
𝑌𝑆

] [
𝑧𝑚
𝑏

𝑧𝑚𝑒

]
=

=

(
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑏 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
+ · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑠

)
𝑧𝑚
𝑏
+
(
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄1 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
𝑌1,1 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑆
𝑌𝑆,1

)
𝑧𝑚1 +· · ·+(

− 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

𝑞̄ 𝑗 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥1

𝑌1, 𝑗 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑆

𝑌𝑆,𝑗

)
𝑧𝑚
𝑗
+· · ·+

(
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝐽 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
𝑌1,𝐽 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑆
𝑌𝑆,𝐽

)
𝑧𝑚
𝐽
=

−𝜇𝑖𝑧𝑚
𝑏

Given that▽𝑢 𝑖(𝑥̄ 𝑖) =
(
𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

,
(

1
𝜌𝑠

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

)𝑆
𝑠=1

)
andthat𝑢 𝑖

(
𝑥̄ 𝑖

)
= 𝛼𝑖0 𝑥̄

𝑖
0−

1
2
∑𝑆
𝑠=1 𝜌𝑠

(
𝛼𝑖1 − 𝑥̄ 𝑖𝑠

)2
, 𝑖 =

1, . . . , 𝐼, then we have that:

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

= 𝛼𝑖0 and 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

= 𝜌𝑠(𝛼𝑖1 − 𝑥̄
𝑖
𝑠), 𝑠 = 1, . . . , 𝑆.

That is,
▽𝑢 𝑖(𝑥̄ 𝑖) = (𝛼𝑖0 , 𝛼

𝑖
1 − 𝑥̄

𝑖
1 , · · · , 𝛼

𝑖
1 − 𝑥̄

𝑖
𝑆).

If we add in all the agents we get:(∑𝐼
𝑖=1 𝛼

𝑖
0 ,

∑𝐼
𝑖=1 𝛼

𝑖
1 − 𝑥̄

𝑖
1 , . . . ,

∑𝐼
𝑖=1 𝛼

𝑖
1 − 𝑥̄

𝑖
𝑆

)
=

(
𝛼0 , 𝛼1 −

∑𝐼
𝑖=1 𝑥̄

𝑖
1 , . . . , 𝛼1 −

∑𝐼
𝑖=1 𝑥̄

𝑖
𝑆

)
= (𝛼0 , 𝛼11 − (𝜔1 + 𝑌𝛿)).

Finally, we have:
⟨∑𝐼

𝑖=1 ▽𝑢
𝑖(𝑥̄ 𝑖), 𝜏⟩ = −∑𝐼

𝑖=1 𝜇
𝑖𝑧𝑚
𝑏

⇔ ⟨(𝛼0 , 𝛼11 − 𝜔1 − 𝑌𝛿), (−𝑐(𝑚), 𝑚)⟩ =
∑𝐼
𝑖=1 𝜇

𝑖𝑧𝑚
𝑏

⇔
−𝑐(𝑚)𝛼0 + ⟨(𝛼11 − 𝜔1 − 𝑌𝛿), 𝑚⟩ = −∑𝐼

𝑖=1 𝜇
𝑖𝑧𝑚
𝑏
⇔

⇔ −𝑐(𝑚)𝛼0 = −∑𝐼
𝑖=1 𝜇

𝑖𝑧𝑚
𝑏
− ⟨(𝛼11 − 𝜔1 − 𝑌𝛿), 𝑚⟩ ⇔

⇔ 𝑐(𝑚) = ⟨ 𝛾1
𝛼0
, 𝑚⟩ + 𝜇𝑧𝑚

𝛼0
= 𝐸

[
𝛾1

𝛼0

]
𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔̃1) +

𝜇𝑧𝑚
𝑏

𝛼0
.
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The equation 6.2. defines the equilibrium price of an income stream generated by the 1+𝐽
assets in the economy ℰ. In the case of this pricing formula, if we have 𝜇𝑖 = 0, 𝑖 = 1, . . . , 𝐼,
i.e. the restriction is not biding for any consumer, and/or 𝑧𝑚

𝑏
= 0, i.e. the income stream

𝑚 is generated by a portfolio in which the bond is not traded, then the pricing formula
would coincide with the classic CAPM formula, already presented above.

If an income stream 𝑚 is generated by a portfolio where the bond is traded and for
at least one consumer the restriction is binding, that is, 𝜇𝑖 > 0 for some 𝑖, then the term
that differentiates equation 6.2 of the classic CAPM formula, 𝜇𝑧𝑚

𝑏

𝛼0
is different from zero. If

the bond is being used to make a credit, i.e. 𝑧𝑚
𝑏

< 0, then the cost of the income stream
is lower than in the classic CAPM. If the bond is being used for investment, i.e. 𝑧𝑚

𝑏
> 0,

then the income stream cost is higher than in the seminal case. Therefore, the disutility
of at least one consumer for being constrained (he cannot trade the portfolio that would
be optimal if it were not subject to restrictions) has an impact on the price of any income
stream generated by the financial market, if this income stream involves the trading of the
bond.

Let us apply the envelope theorem with the aim of interpreting the Lagrange multiplier.
The Lagrangian function for the consumer problem with the restriction (𝑖), is given by,
𝐿𝑖(𝑥 𝑖 , 𝑧 𝑖 ,𝜋𝑖 , 𝜇𝑖) = 𝑢 𝑖(𝑥 𝑖) −𝜋𝑖0(𝑥

𝑖
0 −𝜔𝑖

0 + 𝑞𝑏𝑧
𝑖
𝑏
+ 𝑞𝑒 · 𝑧 𝑖𝑒) −

∑𝑆
𝑠=1 𝜋𝑠(𝑥 𝑖𝑠 −𝜔𝑖

𝑠 −
∑𝐽

𝑗=1𝑌𝑠, 𝑗𝛿
𝑖
𝑗
− 𝑧 𝑖

𝑏
−∑𝐽

𝑗=1𝑌𝑠, 𝑗𝑧
𝑖
𝑗
) + 𝜇𝑖(𝑧 𝑖

𝑏
+ 𝛼𝜎(𝑞)). If the restriction is biding, from the envelope theorem we

obtain,
𝜕𝑢 𝑖

𝑑𝛼
(𝑥 𝑖 ; 𝛼) = 𝜕𝐿𝑖

𝑑𝛼
(𝑥 𝑖 , 𝑧 𝑖 ,𝜋𝑖 , 𝜇𝑖 ; 𝛼) = 𝜇𝑖𝜎(𝑞).

Then, we can interpret the Lagrange multiplier 𝜇𝑖 , 𝑖 = 1, .., 𝐼 , as the ratio between the
shadow price for consumer 𝑖 , associated to the parameter 𝛼 and the function 𝜎 evaluated
at the assets equilibrium prices. Thus, the additional term in the pricing formula depends
on the shadow price of the parameter 𝛼.

Proposition 6.2.2. If (𝑥̄ , 𝑧̄ , 𝑞̄) is an equilibrium of the economy ℰ under the restrictions , 𝑞̄𝑏 𝑧̄𝑏 ⩾
−𝜈 𝑞̄𝑒 · (𝑧̄𝑒 + 𝛿𝑖𝑒), 𝑖 = 1, . . . , 𝐼, then:

• 𝛾̄ = (𝛾̄0 , 𝛾̄1) satisfies the following condition: 𝛾̄ = (𝛼0 , 1𝛼1 − 𝜔̃1)

• If 𝑐(𝑚) is the equilibrium price of an income stream m generated by a linear combination
of the existing J + 1 assets, with 𝑧𝑚 = (𝑧𝑚

𝑏
, 𝑧𝑚𝑒 ) being the respective portfolio, then 𝑐(𝑚)

satisfies the following condition:

𝑐(𝑚) = 𝐸
[
𝛾1

𝛼0

]
𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝜔1 , 𝑚) +

𝜇̄(𝑞̄𝑏𝑧𝑚𝑏 + 𝜈 𝑞̄𝑒 · 𝑧𝑚𝑒 )
𝛼0

. (6.12)

where 𝜔̃1 =
∑𝐼
𝑖=1 𝜔

𝑖
1 + 𝑌𝛿𝑖 , 𝜇 =

∑𝐼
𝑖=1 𝜇

𝑖 and 𝜇𝑖 , 𝑖 = 1, . . . , 𝐼 are the equilibrium Lagrange
multipliers associated to the restriction.

The Proof of the Proposition 6.2.2. can be found in the Appendix.
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The first part of this pricing formula is the same as that we have obtained in Proposition
6.2.1 and is equivalent to the formula of the classical CAPM model. However, the cost of
an income stream with the trading restriction (𝑖𝑖) has also an additional term. This term
involves not only the Lagrange multipliers associated with the restriction and the replica
portfolio of the income stream, as it is in the case of restriction (𝑖), but also the prices of
the underlying assets of the economy. Actually, the term 𝑞̄𝑏𝑧

𝑚
𝑏
+ 𝜈 𝑞̄𝑒 · 𝑧𝑚𝑒 seems like the

value of the income stream but with the prices of the equities being modified through the
parameter of the restriction. If for at least one consumer the restriction is biding, that is,
𝜇𝑖 > 0 for some 𝑖, and the income stream is such that the portfolio replica satisfies 𝑧𝑚

𝑏
> 0

and 𝑧𝑚𝑒 > 0 then the income stream cost is higher than in the classical CAPM. The opposite
holds when the portfolio replica satisfies 𝑞̄𝑏𝑧𝑚𝑏 + 𝜈 𝑞̄𝑒 · 𝑧𝑚𝑒 < 0. In particular, if the bond
and the stocks are being traded to make credit, the cost of the income stream is smaller
when in the case without restrictions. Regarding the parameter 𝜈, we can conclude that if
𝜈 increases and the restriction still biding for some consumer, then the additional term is
higher. This is related with the great demand for credit.

This leads us to conclude that the price rises when agents have limited access to assets
in these two specific cases.

Applying the envelope theorem to the Lagrangian function for the consumer problem
with the restriction (𝑖𝑖), 𝐿𝑖(𝑥 𝑖 , 𝑧 𝑖 ,𝜋𝑖 , 𝜇𝑖) = 𝑢 𝑖(𝑥 𝑖)−𝜋𝑖0(𝑥

𝑖
0−𝜔𝑖

0+ 𝑞𝑏𝑧
𝑖
𝑏
+ 𝑞𝑒 · 𝑧 𝑖𝑒)−

∑𝑆
𝑠=1 𝜋

𝑖
𝑠(𝑥 𝑖𝑠 −

𝜔𝑖
𝑠 −

∑𝐽

𝑗=1𝑌
𝑖
𝑠 , 𝑗
𝛿𝑖
𝑗
− 𝑧 𝑖

𝑏
−∑𝐽

𝑗=1𝑌
𝑖
𝑠 , 𝑗
𝑧 𝑖
𝑗
) + 𝜇𝑖(𝑞𝑏𝑧 𝑖𝑏 + 𝜈𝑞𝑒 · (𝑧 𝑖𝑒 + 𝛿𝑖𝑒)), we obtain,

𝑑𝑢

𝑑𝜈
(𝑥 𝑖 ; 𝜈) = 𝜕𝐿

𝜕𝜈
(𝑥 𝑖 , 𝑧 𝑖 ,𝜋𝑖 , 𝜇𝑖 ; 𝜈) = 𝜇𝑖𝑞𝑒 · (𝑧 𝑖𝑒 + 𝛿𝑖𝑒).

The shadow price for an increase in the parameter 𝜈 is given by the product between
the Lagrange multiplier associated to the restriction and the value invested in the equities.
The higher the value invested in the equities the higher the shadow price associated with
the parameter 𝜈.

Notice that the Lagrange multiplier 𝜇𝑖 is the ratio between the shadow price associated
to the parameter 𝜈 and the value of the portfolio of equities, that is, it represents how much
is the consumer willing to pay, per unit of the value invested in equities, to weaken the
short sales restriction of the bond. The value that investors are willing to pay to weaken
the short sell restriction on the bond is reflected in the price of an income stream. The
higher the value, the higher the cost of an income stream.

6.3 Equilibrium Risk Premium of an Income Stream

In this sub-chapter the goal is to know the return (or risk premium) associated with the
prices we attained in the previous sub-chapter. To understand more about the return or
risk premium, this topic was already covered in Chapter 4.

We define the return per unit of income invested associated with portfolio 𝑧𝑚 as
𝑅𝑚 = 𝑚

𝑐(𝑚) , if the price of an income stream 𝑚 is positive (𝑐(𝑚) > 0) and we define the
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return of the market portfolio 𝑧𝜔̃1 as 𝑅𝜔̃1 = 𝜔̃1/𝑐 𝑞̄ (𝜔̃1) when 𝑐 𝑞̄ (𝜔̃1) > 0. The excess return
of portfolio 𝑧𝑚 is the random variable ℛ : 𝑆 → R defined by ℛ𝑚 = 𝑅 − 𝑅̄, where 𝑅̄ = 1 + 𝑟
and 𝑟 is the risk-free rate. The expected value of ℛ𝑚 , defined by 𝐸 (ℛ𝑚) = 𝐸 (𝑅𝑚) − 𝑅̄,
is called the risk-premium of portfolio 𝑧𝑚 . Similarly, we define the risk-premium of the
market portfolio as 𝐸 (ℛ𝜔̃1) = 𝐸 (𝑅𝜔̃1) − 𝑅̄.

Proposition 6.3.1. If (𝑥̄ , 𝑧̄ , 𝑞̄) is an equilibrium of the economy ℰ under the restrictions 𝑧̄ 𝑖
𝑏
≥

−𝛼𝜎(𝑞̄), 𝑖 = 1, . . . , 𝐼 , then the equilibrium risk premium of a portfolio 𝑧𝑚 associated to the income
stream 𝑚 generated by the asset returns matrix [1 𝑌 ] is:

𝐸[ℛ𝑚] = 𝛽𝑚,𝜔̃1𝐸[ℛ𝜔̃1] + 𝑓 (𝜇)𝑔(𝛽𝑚,𝜔̃1)

where:

𝛽𝑚,𝜔̃1 =
𝑐𝑜𝑣(𝑅𝑚 , 𝑅𝜔̃1)
𝑣𝑎𝑟(𝑅𝜔̃1)

is the beta coefficient associated with the income stream 𝑚.

𝑓 (𝜇) =
𝜇̄𝑧𝑚

𝑏
𝑅̄

𝛼0 − 𝜇̄𝑧𝑚
𝑏

and 𝑔(𝛽𝑚,𝜔̃1) =
(
1 − 1

𝑐(𝑚)

)
−

(
1 − 1

𝑐(𝜔̃1)

)
𝛽𝑚,𝜔̃1 is an increasing function of 𝛽𝑚,𝜔̃1 .

Proof:
Consider the price of an income stream 𝑚 settled in Proposition 6.2.1.,
𝑐(𝑚) = 𝐸

[
𝛾̄1
𝛼0

]
𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔̃1) +

𝜇̄𝑧𝑚
𝑏

𝛼0
= 𝐸

[
𝛾̄1
𝛼0

]
𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔̃1) + 𝐾

From where 𝐾 =
𝜇̄𝑧𝑚

𝑏

𝛼0
.

Considering 𝑅̄ the interest rate for a risk-free asset we obtain:

1 = 𝐸

[
𝛾̄1

𝛼0

]
(1 + 𝑟) + 𝐾 ⇔ 𝐸

[
𝛾̄1

𝛼0

]
=

1 − 𝐾
1 + 𝑟

Substituting this expression into the initial price formula we then have:

𝑐(𝑚) = 1−𝐾
1+𝑟 𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔̃1) + 𝐾 ⇔

𝑐(𝑚)+ 1
𝛼0
𝑐𝑜𝑣(𝑚,𝜔̃1)−𝐾
1−𝐾
1+𝑟

= 𝐸[𝑚] ⇔

⇔ 𝐸[𝑚] = 1+𝑟
1−𝐾

[
𝑐(𝑚) + 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔̃1) − 𝐾

]
⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) =

1+𝑟
1−𝐾

[
1 + 1

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑚, 𝜔̃1) − 𝐾
𝑐(𝑚)

]
⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑟) = 1+𝑟

1−𝐾

[
1 + 1

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑚, 𝜔̃1) − 𝐾
𝑐(𝑚)

]
− 1+𝑟

1−𝐾 (1 − 𝐾) ⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑟) = 1+𝑟

1−𝐾

[
1 + 1

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑚, 𝜔̃1) − 𝐾
𝑐(𝑚) − (1 − 𝐾)

]
⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑟) = 1+𝑟

1−𝐾

[
𝐾 + 1

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑚, 𝜔̃1) − 𝐾
𝑐(𝑚)

]
⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑟) = 1

1−𝐾
1+𝑟

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑚, 𝜔̃1) + (1 + 𝑟) 𝐾
1−𝐾

(
1 − 1

𝑐(𝑚)

)
Rewriting this formula for the market portfolio then gives us:
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𝐸[𝜔̃1]
𝑐(𝜔̃1) − (1 + 𝑟) = 1

1−𝐾
1+𝑟

𝛼0𝑐(𝜔̃1)𝑣𝑎𝑟(𝜔̃1) + (1 + 𝑟) 𝐾
1−𝐾

(
1 − 1

𝑐(𝜔̃1)

)
⇔

⇔ 1
1−𝐾

1+𝑟
𝛼0

𝑣𝑎𝑟(𝜔̃1)
𝑐(𝜔̃1) =

𝐸[𝜔̃1]
𝑐(𝜔̃1) − (1 + 𝑟) − (1 + 𝑟) 𝐾

1−𝐾

(
1 − 1

𝑐(𝜔̃1)

)
⇔

⇔ 1
1−𝐾

1+𝑟
𝛼0

=
𝑐(𝜔̃1)
𝑣𝑎𝑟(𝜔̃1)

[
𝐸[𝜔̃1]
𝑐(𝜔̃1) − (1 + 𝑟) − (1 + 𝑟) 𝐾

1−𝐾

(
1 − 1

𝑐(𝜔̃1)

)]
And so we have:
𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑟) = 1

1−𝐾
1+𝑟
𝛼0

𝑐𝑜𝑣(𝑚,𝜔̃1)
𝑐(𝑚) + (1 + 𝑟) 𝐾

1−𝐾

(
1 − 1

𝑐(𝑚)

)
⇔

⇔ 𝐸[𝑚]
𝑐(𝑚)−(1+𝑟) =

𝑐𝑜𝑣(𝑚,𝜔̃1)
𝑐(𝑚)

𝑐(𝜔̃1)
𝑣𝑎𝑟(𝜔̃1)

[
𝐸[𝜔̃1]
𝑐(𝜔̃1) − (1 + 𝑟) − (1 + 𝑟) 𝐾

1−𝐾

(
1 − 1

𝑐(𝜔̃1)

)]
+(1+𝑟) 𝐾

1−𝐾

(
1 − 1

𝑐(𝑚)

)
⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑟) = 𝑐𝑜𝑣(𝑚,𝜔̃1)

𝑐(𝑚)
𝑐(𝜔̃1)
𝑣𝑎𝑟(𝜔̃1)

[
𝐸[𝜔̃1]
𝑐(𝜔̃1) − (1 + 𝑟)

]
+

+(1 + 𝑟) 𝐾
1−𝐾

[(
1 − 1

𝑐(𝑚)

)
−

(
1 − 1

𝑐(𝜔̃1)

)
𝑐𝑜𝑣(𝑚,𝜔̃1)
𝑐(𝑚)

𝑐(𝜔̃1)
𝑣𝑎𝑟(𝜔̃1)

]
We therefore have that:
𝐸[ℛ𝑚] =

𝑐𝑜𝑣(𝑅𝑚 ,𝑅𝜔̃1 )
𝑣𝑎𝑟(𝑅𝜔̃1)

𝐸[ℛ𝜔̃1] + 𝐾𝑅̄
1−𝐾

[(
1 − 1

𝑐(𝑚)

)
−

(
1 − 1

𝑐(𝜔̃1)

)
𝑐𝑜𝑣(𝑅𝑚 ,𝑅𝜔̃1 )
𝑣𝑎𝑟(𝑅𝜔̃1 )

]
From where we have to:
𝐸[ℛ𝑚] =

𝑐𝑜𝑣(𝑅𝑚 ,𝑅𝜔̃1 )
𝑣𝑎𝑟(𝑅𝜔̃1)

𝐸[ℛ𝜔̃1] +
𝜇̄𝑧𝑚

𝑏
𝑅̄

𝛼0−𝜇̄𝑧𝑚𝑏

[(
1 − 1

𝑐(𝑚)

)
−

(
1 − 1

𝑐(𝜔̃1)

)
𝑐𝑜𝑣(𝑅𝑚 ,𝑅𝜔̃1 )
𝑣𝑎𝑟(𝑅𝜔̃1 )

]
⇔

𝐸[ℛ𝑚] = 𝛽𝑚,𝜔̃1𝐸[ℛ𝜔̃1] + 𝑓 (𝜇)𝑔(𝛽𝑚,𝜔̃1) (6.13)

where 𝛽𝑚,𝜔̃1 =
𝑐𝑜𝑣(𝑅𝑚 ,𝑅𝜔̃1 )
𝑣𝑎𝑟(𝑅𝜔̃1)

, 𝑓 (𝜇) = 𝜇̄𝑧𝑚
𝑏
𝑅̄

𝛼0−𝜇̄𝑧𝑚𝑏
and 𝑔(𝛽𝑚,𝜔̃1) =

(
1 − 1

𝑐(𝑚)

)
−

(
1 − 1

𝑐(𝜔̃1)

)
𝛽𝑚,𝜔̃1 .

Taking equation (6.13) into account, we can see that the term 𝛽𝑚,𝜔̃1𝐸[ℛ𝜔̃1] is equal to the
term present in the classic CAPM. This risk premium term is the inner product between
two terms, the parameter 𝛽𝑚,𝜔̃1 and the expected risk premium 𝐸[ℛ𝜔̃1] that investors
demand from the market portfolio. The 𝛽𝑚,𝜔̃1 can be called the quantity of risk, which
measures the volatility, the systematic risk of a 𝑧𝑚 portfolio when compared to the market
as a whole. Thus, we can interpret 𝛽𝑚,𝜔̃1 as the sensitivity of the expected risk premium of
an income stream 𝑚 to the market income stream 𝜔̃1. When this term is less than 1 then it
refers to an income stream 𝑚 with a lower volatility than the market or to income streams
whose price movements are less related to the market. When the term is greater than 1
then generally the 𝑧𝑚 portfolio its volatility is more correlated with the market portfolio.

Considering this second term in equation (6.13) we can conclude that it is new and not
present in the classic CAPM formula. In this case, when the restrictions are not active for
all agents, i.e. 𝜇𝑖 = 0, then the additional term is zero and we recover the risk premium
of the classic CAPM, just as it does when the income stream m is being generated by a
portfolio where the bond is not being traded, i.e. 𝑧𝑚

𝑏
= 0. Conversely, when income stream

m is being generated by a portfolio where the bond is being traded and the restriction is
active for at least one consumer, then the restriction has an impact on the risk premium.

Corollary 6.3.1. When trading constraints are binding the influence of the systematic risk on the
risk premium is greater.

This corollary is the result of what can be concluded from Proposition 6.3.1, since
when there are trading restrictions the risk premium associated with an income stream
has an additional term that also depends on 𝛽𝑚,𝜔̃1 .
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6.3. EQUILIBRIUM RISK PREMIUM OF AN INCOME STREAM

Proposition 6.3.2. If (𝑥̄ , 𝑧̄ , 𝑞̄) is an equilibrium of the economy ℰ under the restrictions 𝑞̄𝑏 𝑧̄𝑏 ⩾
−𝛽 𝑞̄𝑒 · (𝑧̄𝑒 + 𝛿𝑖𝑒), 𝑖 = 1, . . . , 𝐼 , then the equilibrium risk premium of a portfolio 𝑧𝑚 associated to
the income stream 𝑚 generated by the asset returns matrix [1 𝑌 ] is:

𝐸[ℛ𝑚] = 𝛽𝑚,𝜔̃1𝐸[ℛ𝜔̃1] + 𝑓 (𝜇)𝑔(𝛽𝑚,𝜔̃1)

where:
𝛽𝑚,𝜔̃1 =

𝑐𝑜𝑣(𝑅𝑚 , 𝑅𝜔̃1)
𝑣𝑎𝑟(𝑅𝜔̃1)

is the beta coefficient associated with portfolio 𝑧𝑚 ,

𝑓 (𝜇) =
𝜇̄𝑅̄(𝑞𝑏𝑧𝑚𝑏 𝑅̄ + 𝜈𝑞𝑒 · 𝑧𝑚𝑒 )
𝛼0 − 𝜇̄(𝑞𝑏𝑧𝑚𝑏 + 𝜈𝑞𝑒 · 𝑧𝑚𝑒 )

and 𝑔(𝛽𝑚,𝜔̃1) =
(
1 − 1

𝑐(𝑚)

)
−

(
1 − 1

𝑐(𝜔̃1)

)
𝛽𝑚,𝜔̃1 is an increasing function of 𝛽𝑚,𝜔̃1 .

As in the previous case, when the restriction is active for at least one of the consumers,
then the restriction also has an impact on the risk premium.

In the same way that it was possible to relate the two propositions presented for pricing,
we can now relate the previous propositions, where we obtained the risk premium in
equilibrium. In these two propositions, we obtained a risk premium result that is similar to
the classic CAPM formula, although in this case we also have a new term that differentiates
the two formulas. So, generalizing from the two propositions presented, we can conclude
that the risk premium associated with models where there are restrictions on transactions
has a part that is identical to the classic CAPM, and a new term that comes from the
restrictions and includes the Lagrange multipliers associated with the restrictions. Thus,
we see that there is clearly a difference between the result of these propositions and the
risk premium result that we showed in Chapter 4.
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7

Concluding Remarks

The purpose of this dissertation was to show how the pricing of financial products varies
when investors have trading restrictions and in the context of the CAPM. When there
are trading restrictions, agents have limited access to market assets. In order to derive
closed price formulas, it was necessary to consider that investors have mean-variance
preferences. Therefore, we gradually explained all the concepts needed to understand the
main objective of this dissertation. In addition to the prices, it was also possible to calculate
the return associated with each price, which allowed us to extend our conclusions.

Presenting a standard economy in such detail was very important in order to under-
stand the chapters that follow, and to better understand this topic, we also presented
some examples. We also described the ideal security of an agent 𝑖 and its result of this
in equilibrium, in the CAPM model. Based on all the concepts that had already been
explained, it was easy to introduce the financial model where we introduced restrictions
and which we used to study pricing and the risk premium.

For this dissertation we considered a model based on the one presented by Eichberger
et al., 2014, with the introduction of restrictions on securities transactions in this instance.
With limited access to securities on the market, we tried to understand how this would
affect their price.

Throughout this dissertation we have been able to realise that the prices associated
with income streams do indeed vary when there are restrictions on transactions and
the same applies when it comes to the return associated with them. As we can see, the
formulae obtained are similar to the results of the classic CAPM model, which allows us
to compare the new prices associated with income streams when there are restrictions
with the prices when there are none.

In a future work, it would be very interesting to study other restrictions. It would be
interesting, for example, to study a model in which two restrictions were included, or
even to combine the two restrictions studied in this dissertation in a single model and see
how the price would change. It would also be interesting to see how the price changes,
not only in comparison to when there are no restrictions, but also in comparison to when
there are fewer restrictions.

40



We could also consider a case in which there are endogenous and exogenous restric-
tions in the same model, and to understand, based on models that consider exogenous
restrictions (in this dissertation) and models that consider endogenous restrictions (as in
Sabarwal, 2003, Carosi et al., 2009, Seghir and Torres-Marínez, 2011, Hoelle et al., 2012,
Gori et al., 2014 and Cea-Echenique and Torres-Martínez, 2018), how the price of financial
products varies.
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A

Appendix

This appendix contains calculations of Exercises or Proofs of Propositions presented
throughout this dissertation.

Exercise 2.1.1.
To reach the equilibrium of this economy let us first focus on the maximization problem

of the agent 1:
𝑚𝑎𝑥 𝑙𝑛(𝑥0) + 1

2 (1
2 ln(𝑥1)) + 1

2 ln(𝑥2))

s.a


𝑥0 = 19

8 − 𝑞𝑧
𝑥1 = 1 + 𝑧
𝑥2 = 3 + 0 × 𝑧

⇔


𝑥0 = 19

8 − 𝑞𝑧
𝑥1 = 1 + 𝑧
𝑥2 = 3

Then
𝑚𝑎𝑥 𝑙𝑛(19

8 − 𝑞𝑧) + 1
2 (1

2 ln(1 + 𝑧) + 1
2 ln(3))

𝛿
𝛿𝑧

= 0 ⇔ −𝑞
19
8 − 𝑞𝑧

+ 1
4 × 1

1 + 𝑧 = 0 ⇔ −𝑞
19
8 − 𝑞𝑧

+ 1
4 + 4𝑧 = 0 ⇔ −4𝑞 − 4𝑞𝑧 + 19

8 − 𝑞𝑧 =

0 ⇔ −5𝑞𝑧 = 4𝑞 − 19
8 ⇔ 𝑧1 =

19
40𝑞 − 4

5
We now turn our focus on the maximization problem of agent 2:
𝑚𝑎𝑥 𝑙𝑛(𝑥0) + 1

6 ln(𝑥1) + 1
6 ln(𝑥2)

s.a


𝑥0 = 21

8 − 𝑞𝑧
𝑥1 = 5 + 𝑧
𝑥2 = 3 + 0 × 𝑧

⇔


𝑥0 = 21

8 − 𝑞𝑧
𝑥1 = 5 + 𝑧
𝑥1 = 3

Then
𝑚𝑎𝑥 𝑙𝑛(21

8 − 𝑞𝑧) + 1
6 ln(5 + 𝑧) + 1

6 ln(3)

𝜕

𝜕𝑧
= 0 ⇔ −𝑞

21
8 − 𝑞𝑧

+ 1
6 × 1

5 + 𝑧 = 0 ⇔ −30𝑞 − 6𝑞𝑧 + 21
8 − 𝑞𝑧 = 0 ⇔ −7𝑞𝑧 = 30𝑞 − 21

8 ⇔

𝑧2 =
21
56𝑞 − 30

7
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𝑧1+𝑧2 = 0 ⇔ 19
40𝑞 −

4
5+

21
56𝑞 −

30
7 = 0 ⇔

1064𝑞 + 840𝑞
2240𝑞2 =

178
35 ⇔ 1064 + 840

178
35

= 2240𝑞 ⇔

𝑞 = 0, 17

Thus we have the following solutions to the problem:
(𝑝̄ , 𝑞̄) = (1, 1, 1, 0.17)
(𝑥̄1

0 , 𝑥̄
1
1 , 𝑥̄

1
2 , 𝑧

1) = (2.035, 3, 3, 2)
(𝑥̄2

0 , 𝑥̄
2
1 , 𝑥̄

2
2 , 𝑧

2) = (2.965, 3, 3,−2)

Proof of Theorem 6.1.1.
The Lagrangean function associated with the optimization problem (6.1) is as follows:

𝐿(𝑥, 𝑦, 𝜇, 𝑎) = 𝑓 (𝑥, 𝑦) − 𝜇(ℎ(𝑥, 𝑦) − 𝑎) (A.1)

with 𝑎 taken as parameter. Thus, the solution (𝑥∗(𝑎), 𝑦∗(𝑎)) satisfies the following
conditions:
𝜕𝐿(𝑥, 𝑦, 𝜇, 𝑎)

𝜕𝑥
(𝑥∗(𝑎), 𝑦∗(𝑎), 𝜇∗(𝑎); 𝑎) = 0 ⇔ 𝜕 𝑓

𝜕𝑥
(𝑥∗(𝑎), 𝑦∗(𝑎), 𝜇∗(𝑎))−𝜇∗(𝑎)𝜕ℎ

𝜕𝑥
(𝑥∗(𝑎), 𝑦∗(𝑎), 𝜇∗(𝑎)) = 0

𝜕𝐿(𝑥, 𝑦, 𝜇, 𝑎)
𝜕𝑦

(𝑥∗(𝑎), 𝑦∗(𝑎), 𝜇∗(𝑎); 𝑎) = 0 ⇔
𝜕 𝑓

𝜕𝑦
(𝑥∗(𝑎), 𝑦∗(𝑎), 𝜇∗(𝑎))−𝜇∗(𝑎)𝜕ℎ

𝜕𝑦
(𝑥∗(𝑎), 𝑦∗(𝑎), 𝜇∗(𝑎)) = 0

for all 𝑎. Furthermore, since ℎ (𝑥∗(𝑎), 𝑦∗(𝑎)) = 𝑎 for all 𝑎,

𝜕ℎ

𝜕𝑥
(𝑥∗ , 𝑦∗) 𝑑𝑥

∗

𝑑𝑎
(𝑎) + 𝜕ℎ

𝜕𝑦
(𝑥∗ , 𝑦∗)

𝑑𝑦∗

𝑑𝑎
(𝑎) = 1

for every 𝑎. Therefore, using the Chain Rule and equations (4) and (5),

𝑑

𝑑𝑎
𝑓 (𝑥∗(𝑎), 𝑦∗(𝑎)) =

𝜕 𝑓

𝜕𝑥
(𝑥∗(𝑎), 𝑦∗(𝑎)) 𝑑𝑥

∗

𝑑𝑎
(𝑎) + 𝜕 𝑓

𝜕𝑦
(𝑥∗(𝑎), 𝑦∗(𝑎))

𝑑𝑦∗

𝑑𝑎
(𝑎)

= 𝜇∗ 𝜕ℎ

𝜕𝑥
(𝑥∗(𝑎), 𝑦∗(𝑎)) 𝑑𝑥

∗

𝑑𝑎
(𝑎) + 𝜇∗ 𝜕ℎ

𝜕𝑦
(𝑥∗(𝑎), 𝑦∗(𝑎))

𝑑𝑦∗

𝑑𝑎
(𝑎)

= 𝜇∗
[
𝜕ℎ

𝜕𝑥
(𝑥∗(𝑎), 𝑦∗(𝑎)) 𝑑𝑥

∗

𝑑𝑎
(𝑎) + 𝜕ℎ

𝜕𝑦
(𝑥∗(𝑎), 𝑦∗(𝑎))

𝑑𝑦∗

𝑑𝑎
(𝑎)

]
= 𝜇∗ · 1

Proof of Proposition 6.2.2.
We have the following constraints:

𝑥 𝑖0 − 𝜔𝑖
0 ≤ −𝑞𝑏𝑧𝑏 − 𝑞𝑒 · 𝑧𝑒 , 𝑗

𝑥 𝑖1 − 𝜔𝑖
1 − 𝑌𝛿 ≤ 1𝑧𝑏 + 𝑌𝑧𝑒

𝑞𝑏𝑧𝑏 ⩾ −𝜈𝑞𝑒 · (𝑧𝑒 + 𝛿𝑖𝑒)

Consider the following notation, 𝑥 𝑖 = (𝑥 𝑖0 , 𝑥
𝑖
1 , . . . , 𝑥

𝑖
𝑠 , . . . , 𝑥

𝑖
𝑆
) and 𝑧 𝑖 = (𝑧 𝑖

𝑏
, 𝑧 𝑖𝑒) =

(𝑧 𝑖
𝑏
, 𝑧 𝑖1 , . . . , 𝑧

𝑖
𝑗
, . . . , 𝑧 𝑖

𝐽
). The vector 𝜋𝑖 = (𝜋𝑖0 ,𝜋

𝑖
1 , . . . ,𝜋

𝑖
𝑠 , . . . ,𝜋

𝑖
𝑆
) denotes the Lagrange mul-

tipliers associated to the budget constraints and 𝜇𝑖 the Lagrange multiplier associated to
the transaction restriction.
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APPENDIX A. APPENDIX

The Lagrangian function associatedwith the consumerproblem is given by, 𝐿𝑖(𝑥 𝑖 , 𝑧 𝑖 ,𝜋𝑖 , 𝜇𝑖) =
𝑢 𝑖(𝑥 𝑖) − 𝜋𝑖0(𝑥

𝑖
0 − 𝜔𝑖

0 + 𝑞𝑏𝑧
𝑖
𝑏
+ 𝑞𝑒 · 𝑧 𝑖𝑒) −

∑𝑆
𝑠=1 𝜋

𝑖
𝑠(𝑥 𝑖𝑠 − 𝜔𝑖

𝑠 −
∑𝐽

𝑗=1𝑌𝑠, 𝑗𝛿
𝑖
𝑗
− 𝑧 𝑖

𝑏
− ∑𝐽

𝑗=1𝑌𝑠, 𝑗𝑧
𝑖
𝑗
) +

𝜇𝑖(𝑞𝑏𝑧 𝑖𝑏 + 𝜈𝑞𝑒 · (𝑧 𝑖𝑒 + 𝛿𝑖𝑒))
Since 𝑥̄ 𝑖 and 𝑧̄ 𝑖 are the optimal choice of consumer 𝑖, the following conditions have to

be satisfied:

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑥0

= 0 ⇔ 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

= 𝜋0 (A.2)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑥𝑠

= 0 ⇔ 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

= 𝜋𝑠 , 𝑠 = 1, . . . , 𝑆 (A.3)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑧𝑏

= 0 ⇔ −𝜋𝑖0𝑞𝑏 +
𝑠∑
𝑠=1

𝜋𝑖𝑠 + 𝜇𝑖𝑞𝑏 = 0 (A.4)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝑧 𝑗

= 0 ⇔ −𝜋𝑖0 𝑞̄ 𝑗 +
𝑠∑
𝑠=1

𝜋𝑖𝑠𝑌𝑠, 𝑗 + 𝜇𝑖𝜈 𝑞̄ 𝑗 = 0, 𝑗 = 1, . . . , 𝐽 (A.5)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝜋0

= 0 ⇔ 𝑥̄ 𝑖0 − 𝜔𝑖
0 + 𝑞𝑏 𝑧̄

𝑖
𝑏
+ 𝑞̄𝑒 · 𝑧̄ 𝑖𝑒 = 0, (A.6)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝜋𝑠

= 0 ⇔ 𝑥̄ 𝑖𝑠 − 𝜔𝑖
𝑠 −

𝐽∑
𝑗=1

𝑌𝑠, 𝑗𝛿
𝑖
𝑗 − 𝑧̄

𝑖
𝑏
−

𝐽∑
𝑗=1

𝑌𝑠, 𝑗 𝑧̄
𝑖
𝑗 = 0, 𝑠 = 1, . . . , 𝑆 (A.7)

𝜕𝐿𝑖(𝑥̄ 𝑖 , 𝑧̄ 𝑖 ,𝜋𝑖 , 𝜇𝑖)
𝜕𝜇

= 0 ⇔ 𝑞̄𝑏 𝑧̄
𝑖
𝑏
+ 𝜈 𝑞̄𝑒 · (𝑧̄ 𝑖𝑒 + 𝛿𝑖𝑒) = 0 (A.8)

Using (A.1) and (A.2) to substitute into the equations of (A.3) and (A.4) we then have:

𝜕𝐿𝑖

𝜕𝑧𝑏
= 0 ⇔ −𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑏 +

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

= −𝜇𝑖 𝑞̄𝑏 (A.9)

𝜕𝐿𝑖

𝜕𝑧 𝑗
= 0 ⇔ −𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑒 +

𝑆∑
𝑠=1

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

𝑌𝑠, 𝑗 = −𝜇𝑖𝜈 𝑞̄ 𝑗 (A.10)

Let 𝑌 =



𝑌1,1 · · · 𝑌1, 𝑗 · · · 𝑌1,𝐽
...

...
...

...
...

𝑌𝑠,1 · · · 𝑌𝑠, 𝑗 · · · 𝑌𝑠,𝐽
...

...
...

...
...

𝑌𝑆,1 · · · 𝑌𝑆,𝑗 · · · 𝑌𝑆,𝐽


Taking 𝑇𝑏 and 𝑇𝑒 as:

𝑇𝑏 =

[
−𝑞̄𝑏
1

]
e 𝑇𝑒 =

[
−𝑞̄𝑒
𝑌

]
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Then from (A.8) and (A.9), respectively, we can conclude that:

⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝑇𝑏⟩ = −𝜇𝑖 𝑞̄𝑏

⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝑇𝑒⟩ = −𝜇𝜈 𝑞̄𝑒

Let 𝜏 = 𝑇𝑧 =

[
−𝑞̄𝑏 −𝑞̄𝑒
1 𝑌

] [
𝑧𝑚
𝑏

𝑧𝑚𝑒

]
Making ⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝜏⟩ we then have:

⟨▽𝑢 𝑖(𝑥̄ 𝑖), 𝜏⟩ =
[
𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥1

· · · 𝜕𝑢
𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

] [
−𝑞̄𝑏 −𝑞̄𝑒
1 𝑌

] [
𝑧𝑚
𝑏

𝑧𝑚𝑒

]
=

=

[
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑏 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
+ · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑠
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑒 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
𝑌1 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑠
𝑌𝑠

] [
𝑧𝑚
𝑏

𝑧𝑚𝑒

]
=

=

(
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄𝑏 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
+ · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑠

)
𝑧𝑚
𝑏
+
(
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞̄1 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
𝑌1,1 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑠
𝑌𝑠,1

)
𝑧𝑚1 +· · ·+(

− 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

𝑞 𝑗 + 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥1

𝑌1, 𝑗 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

𝑌𝑠, 𝑗

)
𝑧𝑚
𝑗
+· · ·+

(
− 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥0
𝑞𝑚
𝐽
+ 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥1
𝑌1,𝐽 + · · · + 𝜕𝑢 𝑖(𝑥̄ 𝑖)

𝜕𝑥𝑠
𝑌𝑠,𝐽

)
𝑧𝑚
𝐽
=

−𝜇𝑖 𝑞̄𝑏𝑧𝑚𝑏 − 𝜇𝑖𝜈 𝑞̄𝑒 · 𝑧𝑚𝑒
Given that▽𝑢 𝑖(𝑥̄ 𝑖) =

(
𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥0

,
(

1
𝜌𝑠

𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

)𝑆
𝑠=1

)
andthat𝑢 𝑖

(
𝑥̄ 𝑖

)
= 𝛼𝑖0 𝑥̄

𝑖
0−

1
2
∑𝑆
𝑠=1 𝜌𝑠

(
𝛼𝑖1 − 𝑥̄ 𝑖𝑠

)2
, 𝑖 =

1, . . . , 𝐼, then we have that:

𝜕𝑢 𝑖(𝑥̄ 𝑖0)
𝜕𝑥0

= 𝛼𝑖0 and 𝜕𝑢 𝑖(𝑥̄ 𝑖)
𝜕𝑥𝑠

= 𝜌𝑠(𝛼𝑖1 − 𝑥̄ 𝑖𝑠), 𝑠 = 1, . . . , 𝑆. That is,

▽𝑢 𝑖(𝑥̄ 𝑖) = (𝛼𝑖0 , 𝛼
𝑖
1 − 𝑥̄

𝑖
1 , . . . , 𝛼

𝑖
1 − 𝑥̄

𝑖
𝑆).

If we add in all the agents we get:(∑𝐼
𝑖=1 𝛼

𝑖
0 ,

∑𝐼
𝑖=1 𝛼

𝑖
1 − 𝑥̄

𝑖
1 , . . . ,

∑𝐼
𝑖=1 𝛼

𝑖
1 − 𝑥̄

𝑖
𝑆

)
=

(
𝛼0 , 𝛼1 −

∑𝐼
𝑖=1 𝑥̄

𝑖
1 , . . . , 𝛼1 −

∑𝐼
𝑖=1 𝑥̄

𝑖
𝑆

)
= (𝛼0 , 𝛼11 − (𝜔1 + 𝑌𝛿)).

Finally we have:
⟨∑𝐼

𝑖=1 ▽𝑢
𝑖(𝑥̄ 𝑖), 𝜏⟩ = −∑𝐼

𝑖=1 𝜇̄𝑞̄𝑏𝑧
𝑚
𝑏
−∑𝐼

𝑖=1 𝜇̄𝜈 𝑞̄𝑒 ·𝑧𝑚𝑒 ⇔ ⟨(𝛼0 , 𝛼11−𝜔𝑖−𝑌𝛿𝑖), (−𝑐(𝑚), 𝑚)⟩ =
−𝜇̄𝑞̄𝑏𝑧𝑚𝑏 − 𝜈𝜇̄𝑞̄𝑒 · 𝑧𝑚𝑒 ⇔ −𝑐(𝑚)𝛼0 + ⟨(𝛼11 − 𝜔𝑖 − 𝑌𝛿𝑖), 𝑚⟩ = −𝜇̄𝑞̄𝑏𝑧𝑚𝑏 − 𝜇̄𝜈 𝑞̄𝑒 · 𝑧𝑚𝑒 ⇔
⇔ −𝑐(𝑚)𝛼0 = −𝜇̄𝑞̄𝑏𝑧𝑚𝑏 − 𝜇̄𝜈 𝑞̄𝑒 · 𝑧𝑚𝑒 − ⟨(𝛼11 − 𝜔𝑖 − 𝑌𝛿𝑖), 𝑚⟩ ⇔
⇔ 𝑐(𝑚) = ⟨ 𝛾1

𝛼0
, 𝑚⟩ + 𝜇̄𝑞̄𝑏𝑧

𝑚
𝑏

𝛼0
+ 𝜇̄𝜈 𝑞̄𝑒 ·𝑧𝑚𝑒

𝛼0
= 𝐸

[
𝛾1
𝛼0

]
𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔1) +

𝜇̄(𝑞̄𝑏𝑧𝑚𝑏 +𝜈 𝑞̄𝑒 ·𝑧
𝑚
𝑒 )

𝛼0

Proof of Proposition 6.3.2.
Consider the price of an income stream 𝑚 settled in Proposition 6.1.2:
𝑐(𝑚) = 𝐸

[
𝛾1
𝛼0

]
𝐸[𝑚]− 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔1)+

𝜇̄(𝑞𝑏𝑧𝑚𝑏 +𝜈𝑞𝑒 ·𝑧
𝑚
𝑒 )

𝛼0
⇔ 𝑐(𝑚) = 𝐸

[
𝛾1
𝛼0

]
𝐸[𝑚]− 1

𝛼0
𝑐𝑜𝑣(𝑚, 𝜔1)+

𝐾

From where 𝐾 =
𝜇̄(𝑞𝑏𝑧𝑚𝑏 +𝜈𝑞𝑒 ·𝑧

𝑚
𝑒 )

𝛼0
.

Considering 𝑅̄ the interest rate for a risk-free asset we obtain:
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APPENDIX A. APPENDIX

1 = 𝐸[𝛾1

𝛼0
](1 + 𝑅̄) + 𝐾 ⇔ 𝐸[𝛾1

𝛼0
] = 1 − 𝐾

1 + 𝑅̄
Substituting this expression into the initial price formula we then have:

𝑐(𝑚) = 1−𝐾
1+𝑅̄𝐸[𝑚] − 1

𝛼0
𝑐𝑜𝑣(𝑤̃1 , 𝑚) + 𝐾 ⇔

𝑐(𝑚)+ 1
𝛼0
𝑐𝑜𝑣(𝑤̃1 ,𝑚)+𝐾
1−𝐾
1+𝑅̄

= 𝐸[𝑚] ⇔

⇔ 𝐸[𝑚] = 1+𝑅̄
1−𝐾 [𝑐(𝑚) + 1

𝛼0
𝑐𝑜𝑣(𝑤̃1 , 𝑚) + 𝐾] ⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) =

1+𝑅̄
1−𝐾 [1 + 1

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑤̃1 , 𝑚) + 𝐾
𝑐(𝑚) ] ⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑅̄) = 1+𝑅̄

1−𝐾 [1 + 1
𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑤̃1 , 𝑚) + 𝐾

𝑐(𝑚) ] −
1+𝑅̄
1−𝐾 (1 − 𝐾) ⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑅̄) = 1+𝑅̄

1−𝐾 [1 + 1
𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑤̃1 , 𝑚) + 𝐾

𝑐(𝑚) − (1 + 𝐾)] ⇔
⇔ 𝐸[𝑚]

𝑐(𝑚) − (1 + 𝑅̄) = 1+𝑅̄
1−𝐾 [𝐾 + 1

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑤̃1 , 𝑚) + 𝐾
𝑐(𝑚) ] ⇔

⇔ 𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑅̄) = 1

1−𝐾
1+𝑅̄

𝛼0𝑐(𝑚) 𝑐𝑜𝑣(𝑤̃1 , 𝑚) + (1 + 𝑅̄) 𝐾
1−𝐾 (1 − 1

𝑐(𝑚) )
Rewriting this formula for the market portfolio then gives us:
𝐸[𝑤̃1]
𝑐(𝑤̃1) − (1 + 𝑅̄) = 1

1−𝐾
1+𝑅̄

𝛼0𝑐(𝑤̃1)𝑣𝑎𝑟(𝑤̃1) + (1 + 𝑅̄) 𝐾
1−𝐾 (1 − 1

𝑐(𝑤̃1) ) ⇔
⇔ 1

1−𝐾
1+𝑅̄
𝛼0

𝑣𝑎𝑟(𝑤̃1)
𝑐(𝑤̃1) =

𝐸[𝑤̃1]
𝑐(𝑤̃1) − (1 + 𝑅̄) − (1 + 𝑅̄) 𝐾

1−𝐾 (1 − 1
𝑐(𝑤̃1) ) ⇔

⇔ 1
1−𝐾

1+𝑅̄
𝛼0

=
𝑐(𝑤̃1)
𝑣𝑎𝑟(𝑤̃1) [

𝐸[𝑤̃1]
𝑐(𝑤̃1) − (1 + 𝑅̄) − (1 + 𝑅̄) 𝐾

1−𝐾 (1 − 1
𝑐(𝑤̃1) )]

And so we have:
𝐸[𝑚]
𝑐(𝑚) − (1 + 𝑅̄) = 1

1−𝐾
1+𝑅̄
𝛼0

𝑐𝑜𝑣(𝑤̃1 ,𝑚)
𝑐(𝑚) + (1 + 𝑅̄) 𝐾

1−𝐾 (1 − 1
𝑐(𝑚) ) ⇔

⇔ 𝐸[𝑚]
𝑐(𝑚)−(1+𝑅̄) =

𝑐𝑜𝑣(𝑤̃1 ,𝑚)
𝑐(𝑚)

𝑐(𝑤̃1)
𝑣𝑎𝑟(𝑤̃1) [

𝐸[𝑤̃1]
𝑐(𝑤̃1)−(1+𝑅̄)−(1+𝑅̄)

𝐾
1−𝐾 (1− 1

𝑐(𝑤̃1) )]+(1+𝑅̄)
𝐾

1−𝐾 (1− 1
𝑐(𝑚) ) ⇔

⇔ 𝐸[𝑚]
𝑐(𝑚)−(1+𝑅̄) =

𝑐𝑜𝑣(𝑤̃1 ,𝑚)
𝑐(𝑚)

𝑐(𝑤̃1)
𝑣𝑎𝑟(𝑤̃1) [

𝐸[𝑤̃1]
𝑐(𝑤̃1)−(1+𝑅̄)]+(1+𝑅̄)

𝐾
1−𝐾 [(1− 1

𝑐(𝑚) )−(1−
1

𝑐(𝑤̃1) )
𝑐𝑜𝑣(𝑤̃1 ,𝑚)
𝑐(𝑚)

𝑐(𝑤̃1)
𝑣𝑎𝑟(𝑤̃1) ]

We therefore have that:
𝐸[ℛ𝑚] =

𝑐𝑜𝑣(𝑅𝑤̃1 ,𝑅𝑚)
𝑣𝑎𝑟(𝑅𝑤̃1 )

𝐸[𝑅𝑤̃1] + 𝐾𝑅̄
1−𝐾 [(1 − 1

𝑐(𝑚) ) − (1 − 1
𝑐(𝑤̃1) )

𝑐𝑜𝑣(𝑅𝑤̃1 ,𝑅𝑚)
𝑣𝑎𝑟(𝑅𝑤̃1 )

]
From where we have to:
𝐸[ℛ𝑚] =

𝑐𝑜𝑣(𝑅𝑤̃1 ,𝑅𝑚)
𝑣𝑎𝑟(𝑅𝑤̃1 )

𝐸[𝑅𝑤̃1]+
𝜇𝑞𝑏𝑧𝑏 𝑅̄+𝜇𝑞𝑒𝜈𝑧𝑒 𝑅̄
𝛼0−𝜇𝑞𝑏𝑧𝑏+𝜇𝜈𝑞𝑒 ·𝑧𝑒 [(1−

1
𝑐(𝑚) )−(1−

1
𝑐(𝑤̃1) )

𝑐𝑜𝑣(𝑅𝑤̃1 ,𝑅𝑚)
𝑣𝑎𝑟(𝑅𝑤̃1 )

] ⇔ 𝐸[ℛ𝑚] =
𝛽𝑤̃1𝑚𝐸[𝑅𝑤̃1] + 𝑓 (𝜇)𝑔(𝛽𝑤̃1𝑚)

Where 𝛽𝑤̃1𝑚 =
𝑐𝑜𝑣(𝑅𝑤̃1 ,𝑅𝑚)
𝑣𝑎𝑟(𝑅𝑤̃1)

, 𝑓 (𝜇) =
𝜇̄𝑅̄(𝑞𝑏𝑧𝑏 𝑅̄+𝜈𝑞𝑒 ·𝑧𝑒 )
𝛼0−𝜇̄(𝑞𝑏𝑧𝑏+𝜈𝑞𝑒 ·𝑧𝑒 ) and 𝑔(𝛽𝑤̃1𝑚) = [(1 − 1

𝑐(𝑚) ) − (1 −
1

𝑐(𝑤̃1) )
𝑐𝑜𝑣(𝑅𝑤̃1 ,𝑅𝑚)
𝑣𝑎𝑟(𝑅𝑤̃1 )

].
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