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Abstract

The aim of the paper is to highlight some open problems concerning approximation properties of
Hardy spaces. We also present some results on the bounded compact and the dual compact approximation
properties (shortly, BCAP and DCAP) of such spaces, to provide background for the open problems.
Namely, we consider abstract Hardy spaces H[X(w)] built upon translation-invariant Banach function
spaces X with weights w such that w € X and w™ € X/, where X’ is the associate space of X. We prove
that if X is separable, then H[X(w)] has the BCAP with the approximation constant M(H[X(w)]) < 2.
Moreover, if X is reflexive, then H[X(w)] has the BCAP and the DCAP with the approximation
constants M(H[X(w)]) < 2 and M*(H[X(w)]) < 2, respectively. In the case of classical weighted
Hardy space HP(w) = H[LP(w)] with 1 < p < oo, one has a sharper result: M(HP(w)) < 211=2/pl
and M*(HP(w)) < 211-2/pl,
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1. Introduction

For a Banach space E, let B(E) and K(E) denote the sets of bounded linear and compact
linear operators on E, respectively. The norm of an operator A € B(E) is denoted by || Al (k).
The essential norm of A € B(E) is defined as follows:

Al :=inf{|A — K|lgE) : K € K(E)}.

For a Banach space E and an operator A € B(E), consider the following measure of
noncompactness:
|Allgm = ___inf VT e

CE closed linear subspace
dim(E/L)<oo

where A|; denotes the restriction of A to L.
It follows from [20, formula (3.29)] that if A € B(E), then

IAllBE)m < IIAllBE).e- (1.1)

Motivated by applications to the Fredholm theory of Toeplitz operators (see [25]), we are
interested in the smallest constant C in the reverse estimate:

A5 < CllAlBE),n forall A e B(E). (1.2)

Note that such estimate is not true without additional assumptions on E (see [2] and also [18]).

A Banach space E is said to have the bounded compact approximation property (BCAP) if
there exists a constant M € (0, 0o) such that given any ¢ > 0 and any finite set ' C E, there
exists an operator T € JC(E) such that

I —=Tlpey <M, |ly—Tyllg<e forall yePF. (1.3)

Here I is the identity map from E to itself. The greatest lower bound of the constants M for
which (1.3) holds will be denoted by M(E).

A Banach space E with the dual space E* is said to have the dual compact approximation
property (DCAP) if there is a constant M* € (0, co) such that given any & > 0 and any finite
set G C E* there exists an operator T € K(E) such that

I —Tley <M*, llz—T*zllgx <e¢ forall zeG. (1.4)

The greatest lower bound of the constants M*, for which (1.4) holds, will be denoted by M*(E).
It is easy to see that if E is reflexive, then E has the DCAP if and only if its dual space
E* has the BCAP. In this case M*(E) = M(E™).

Theorem 1.1. Let E be a Banach space.

(a) If E has the BCAP, then (1.2) holds with C = 2M(E).
(b) If E has the DCAP, then (1.2) holds with C = M*(E).

Part (a) follows from [20, Theorems 3.1 and 3.6] (note that there is a typo in [20, formula
(3.7)], where the factor 2 is missing). Part (b) was proved in [25, Theorem 2.2].

It follows from (1.1) and Theorem 1.1 that if a Banach space E has the BCAP or the
DCAP, then the essential norm || - || g(g).e and the m-measure of noncompactness || - || 3(g).» are
equivalent.

The condition ||/ — T||gry < M is often substituted by ||T ||z < M in the definition of
BCAP (see, e.g., [6,7,21,22], and the references therein). Let m(E) be the greatest lower bound

144



O. Karlovych and E. Shargorodsky Indagationes Mathematicae 35 (2024) 143—158

of the constants M for which the conditions in this alternative definition of BCAP are satisfied.
Clearly,

m(E) — 1 < M(E) < m(E) + 1.

We are interested in M(E) rather than in m(E) because the former appears naturally in
estimates for the essential norms of operators by their measures of noncompactness (see
Theorem 1.1 and [2,10,20,25]). It is well known that m(L?[0,1]) = 1, 1 < p < oo (see,
e.g., [23, Lemma 19.3.5]). The value of M(L?[0, 1]) was found in [26, Theorem 3.2]: if
1 < p < oo, then M(L?[0, 1]) = C,,, where C, is the norm of the operator

1
L?[0,1] > f +— f—/ f@®dt € LP[0, 1],
0
ie. Cy =2and, for 1 < p < oo,
Cp — Omaxl (apfl + (1 _ O{)pfl)l/[’ (al/(pfl) + (1 _ a)l/(pfl))l—l/l’ (15)

(see [12, formula (8)]).
For a function f € L' on the unit circle T :={z € C: |z| = 1}, let

- U™ o i
= — ! " do, e’
f(n) 7 /_ i f (e )e n
be the Fourier coefficients of f. Let X be a Banach space of measurable complex-valued
functions on T continuously embedded into L'. Let

H[X]={geX : gn)=0 foral n <0}

denote the abstract Hardy space built upon the space X. In the case X = L?, where 1 < p < oo,
we will use the standard notation H” := H[L”].
The classical Hardy spaces H” with 1 < p < oo have the BCAP and the DCAP with

M(HP) < 2I1*2/P\’ M*(HP) < 211=2/pl (1.6)

(see [25, Theorem 3.1]).

A measurable function w : T — [0, oo] is said to be a weight if 0 < w < oo a.e. on T. Let
1 < p < oo and w be a weight. Weighted Lebesgue spaces L”(w) consist of all measurable
functions f : T — C such that fw € L?. The norm in L?(w) is defined by

1/p
I Loy = I fwler = (/T If(t)l”w”(t)dM(t)> ;

where m is the Lebesgue measure on T normalized so that m(T) = 1. Estimates (1.6) remain
true for the weighted Hardy spaces H”(w) := H[L?(w)].

Theorem 1.2. Let 1 < p < oo, 1/p+1/p’ =1, and let w be a weight such that w € L?
and 1/w € LP . Then the weighted Hardy space HP”(w) has the BCAP and the DCAP with

M(H"(w)) = 21727 M*(HP (w) < 2172/

Let X be a Banach function space on the unit circle T equipped with the Lebesgue measure
dm and let X’ be its associate space (see [4, Ch. 1]). We postpone the definitions of these
notions until Section 2.1. Here we only mention that the class of Banach function spaces is
very rich, it includes all Lebesgue spaces L”, 1 < p < oo, Orlicz spaces L? (see, e.g., [4,
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Ch. 4, Section 8]), and Lorentz spaces L”9 (see, e.g., [4, Ch. 4, Section 4]). For a weight w,
the weighted space X(w) consists of all measurable functions f : T — C such that fw € X.
We equip it with the norm

If X = I fwlix.

We will suppose that w € X and 1/w € X’. Then X(w) is a Banach function space itself and
L® < X(w) < L' (see [14, Lemma 2.3(b)]).
For f € X we will use the following notation:

(T ) = f(), 1,0 e[-m 7]

A Banach function space is said to be translation-invariant if for every f € X and every
U € [—m, ], one has 79 f € X and ||ty f|lx = || fllx. Note that all rearrangement-invariant
Banach function spaces (see [4, Ch. 2]) are translation-invariant.

The following analogue of (1.6) holds for the spaces H[X(w)].

Theorem 1.3. Let X be a translation-invariant Banach function space with the associate
space X' and let w be a weight such that w € X and 1/w € X'.

(a) If X is separable, then the abstract Hardy space has the BCAP with
MH[X(w)]) = 2.

(b) If X is reflexive, then the abstract Hardy space H[X(w)] has the BCAP and the DCAP
with

M(H[X(w)]) <2, M*(H[X(w)]) <2.

The paper is organized as follows. In Section 2, we collect preliminaries on Banach function
spaces. Further, we give some estimates for the adjoints to restrictions of operators.

In Section 3, we show that if a translation-invariant Banach function space X is separable,
then the Hardy space H[X] has the BCAP with M(H[X]) < 2. Moreover, if X is reflexive,
then H[X] has the BCAP and the DCAP with M(H[X]) <2 and M*(H[X]) < 2, respectively.

In Section 4, we observe that if X is a Banach function space and w is a weight such that
w € X and 1/w € X', then the Hardy spaces H[X] and H[X(w)] are isometrically isomorphic.
This result combined with (1.6) and the main result of Section 3 implies Theorems 1.2 and
1.3.

The main part of the paper is Section 5, where some open problems concerning approxi-
mation properties of Hardy spaces are stated and discussed.

2. Preliminaries

2.1. Banach function spaces

Let M be the set of all measurable extended complex-valued functions on T equipped with
the normalized measure dm(t) = |dt|/(27) and let M™ be the subset of functions in M whose
values lie in [0, co].

Following [4, Ch. 1, Definition 1.1], a mapping o : M™ — [0, o0] is called a Banach
function norm if, for all functions f, g, f, € M™ with n € N, and for all constants a > 0, the
following properties hold:

AD p(f) =0« f=0ae., plaf)=ap(f), p(f+ 8 = p(f)+ p(g),
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(A2) 0<g < fae = p(g) <p(f) (the lattice property),

(A3)0 < f, + f ae. = p(f) 4 p(f) (the Fatou property),
(A4) p(1) < 0,

(AS) /T F6ydm(®) < Co(f)

with a constant C € (0, oo) that may depend on p, but is independent of f. When functions
differing only on a set of measure zero are identified, the set X of all functions f € M for
which p(] f]) < oo is called a Banach function space. For each f € X, the norm of f is defined
by | fllx := p(|f]). The set X equipped with the natural linear space operations and with this
norm becomes a Banach space (see [4, Ch. 1, Theorems 1.4 and 1.6]). If p is a Banach function
norm, its associate norm p’ is defined on M* by

p'(g) = Sup{/qrf(t)g(t)dm(t) D feMT, p(f) < 1}, geM™.

It is a Banach function norm itself ([4, Ch. 1, Theorem 2.2]). The Banach function space
X' defined by the Banach function norm p’ is called the associate space (Kothe dual) of X.
The associate space X’ can be viewed as a subspace of the Banach dual space X* (see [4,
Ch. 1, Theorem 2.9]). The following lemma can be proved as in the non-periodic case (see [17,
Lemma 2.1]).

Lemma 2.1. Let X be a Banach function space and X' be its associate space. Then X is
translation-invariant if and only if X' is translation-invariant.

2.2. Adjoints to restrictions of operators

In this subsection, we present some simple results, for which we could not find a convenient
reference.

Let X and Y be Banach spaces, Xo € X and Y, € Y be closed linear subspaces, and let
A € B(X, Y) be such that A(Xy) C Yy. Let Ay € B(Xo, Yy) be the restriction of A to Xg:

Agxg .= Axg € Yy for all xp € Xo.
Let
Xy = {x* € X*: x*(xo) =0 forall xye X}

and let YOl be defined similarly. Then X and Y are isometrically isomorphic to the quotient
spaces X*/ Xy and Y*/Y;", respectively (see, e.g., [8, Theorem 7.1]). We will identify these
spaces and will denote by [x*] the element of X*/ X corresponding to x* € X*, and similarly
for [y*].

It is easy to see that A*(Y") € X;. Indeed, take any y; € ¥;- and x € Xo. Since Ax, € Yy,
one has

(A™y5)(x0) = y5(Axo) = 0.
So, A*y; € X(J)-. Hence the operator [A*],
(A1) = [A"Y" ] € X*/ Xy, [V'1eY"/Yy
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is a well defined element of B(Y*/Y;, X*/Xd-) = B(Yy, X)), and it is easy to see that
A = [A*]. Indeed, one has for every [y*] € Y*/YOl and xy € X,

(ApLy* Dxo) = [y*1(Apx0) = [y*1(Ax0) = y*(Axo) = (A*y")(x0)
= [A%y*](x0) = ([A"][y*D(x0)
Lemma 2.2. Let X and Y be Banach spaces, Xo C X and Yy C Y be closed linear subspaces,
and A € B(X,Y) be such that A(Xo) C Yo. If Ag := Alx,, then for every y* € Y*, one has
IAGLY " Mlxg < IIA™Y [lx+,
where [y*] is the element of Y*/YOJ- corresponding to y*.
Proof. We have
1ALy llx; = IIAES[y*]IIX*/XOL = II[A*][y*]IIX*/Xé = II[A*y*]IIX*/X&
= inf [JA"Y" +xollxx < [[A"Y"[[x=.
x0€Xg
which completes the proof. [J

3. Bounded compact and dual compact approximation properties of abstract Hardy
spaces built upon translation-invariant spaces

3.1. Continuity of shifts in separable translation-invariant Banach function spaces
We start with the following simple lemma.
Lemma 3.1. Let X be a translation-invariant Banach function space. If X is separable, then

for every f € X,
li - =0. .1
lim 7y f — fllx =0 G.D

Proof. By [15, Lemma 2.2.1], a Banach function space X is separable if and only if the set
of continuous functions C is dense in X. Let f € X and ¢ > 0. Then there exists g € C such
that || f — gllx < €/3. Taking into account that X is translation-invariant, we see that for all
v € [_ﬂ, ﬂ],

lzo f — fllx < llto f —wogllx +lltog —gllx +llg — flix
=2|f —gllx +lltvg — glx

2
<38+ ILlixlTog — gllc-
Since
li — =0,
lim {7y g — gllc
the above inequality yields

2
limsup ||ty f — fllx < e <e.
=0 3

Letting ¢ — 0, we arrive at (3.1). O
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3.2. Convolutions with integrable functions on translation-invariant Banach function spaces

Recall that the convolution of two functions f, g € L' is defined by
. 1 T . .
(frg)e”)i=o— | [ Mg do.
T Jn

The following lemmas might be known to experts, however we were not able to find an
explicit reference.

Lemma 3.2. Suppose that X is a translation-invariant Banach function spaces. If K € L',
then the convolution operator Ck defined by

Ckg=K=xg, geX, 3.2)
is bounded on X and

ICx By = 1K1 (3.3)
If, in addition, K > 0, then

ICk lBx) = 11K L1 G4

Proof. For every h € X', in view of Tonelli’s theorem (see, e.g., [3, Theorem 5.28]) and
Holder’s inequality for Banach function spaces (see [4, Ch. 1, Theorem 2.4]), one has

/ﬂ (K * g)(eh(e™)| dv < % /ﬂ /ﬂ |K (7= |g(e®)| |n(e™)| do dv

- %/n /n |K ()] |g(e"?~™)| |n(e'™)| do dv

1 T . k4 . .
-EF ([ i)

=< / |K@)| ItaglixIhllx d6 = 21K |11l xlAllx - (3.5

T
In view of the Lorentz—Luxemburg theorem (see [4, Ch. 1, Theorem 2.7]), the last inequality
implies that

IK % gllx = IIK * gllxr
1 T . .
=sup{§/ (K % g)e™h(e™)| dd : heX', |hlx < 1}

< IKl.tllglx,

which implies (3.3).
If, in addition, we suppose that K > 0, then for a.e. ¢ € [—m, ],

. 1 T . 1 7 .
(K * 1)(e'%) = —/ K'Y=y do = —/ K(e")ydt = ||K|| 1.
2w 27 J_»

—JT
Hence,
1K * fllx _ IK* Ll _ (KLl Lix

ICkllsx)y = sup > = =K.
rexvioy I flx 11l x 1T x

Combining this inequality with (3.3), we arrive at (3.4). O
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3.3. BCAP and DCAP of abstract Hardy spaces built upon translation-invariant Banach
function spaces

Now we are in a position to prove the main result of this section.

Theorem 3.3. Let X be a translation-invariant Banach function space.
(a) If X is separable, then the abstract Hardy space H[X] has the BCAP with
M(H[X]) < 2.
(b) If X is reflexive, then the abstract Hardy space H[X] has the BCAP and DCAP with
M(H[X]) <2, M*(H[X]) <2

Proof. (a) For 0 € [-m,wr]and n =0,1,2,..., let

. u kL \ i 1 (sin &£
K, (") = 1- "= — .
(e ) Zn < n 41 € n+1 sin Q

k=— 2

be the nth Fejér kernel, and let

K.f=K,xf, feX
It is well known that K,, > 0, || K,||;1 = 1, and

k )
(K, f) (e Z f(k)( u )e"‘g, (3.6)

k=—n

where f(k) is the kth Fourier coefficient of f (see, e.g., [19, Ch. I, Section 2.5]). It follows
from Lemma 3.2 that |K,||lx_.x = 1. Hence

I —K,llsexy < 1+ 1Kallsx) = 2.

It follows from Lemma 3.1 that a separable translation-invariant Banach function space X is
a homogeneous Banach space in the sense of [19, Ch. I, Definition 2.10]. Hence [19, Ch. I,
Theorem 2.11] implies that K, converge strongly to the identity operator on X as n — oo.
Moreover, (3.6) implies that K, maps H[X] to H[X]. Thus M(H[X]) < 2.

(b) If X is reflexive, then X* = X’ is also separable (see [4, Ch. 1, Corollaries 4.3-4.4
and 5.6]) and translation-invariant (see Lemma 2.1). It follows from the above that the adjoint
operators K* = K, : X’ — X’ converge strongly to the identity operator as n — co. Applying
Lemma 22 to A = I — K,, Xo = Yy = H[X], one concludes that the adjoint operators
K! : (H[X])* — (H[X])* also converge strongly to the identity operator as n — oco. Hence
M*(H[X]) <2 O

4. Proofs of Theorems 1.2 and 1.3

4.1. BCAP and DCAP of isometrically isomorphic Banach spaces
The next lemma follows immediately form the definitions of the BCAP and the DCAP.

Lemma 4.1. Let E and F be isometrically isomorphic Banach spaces.
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(a) The space E has the BCAP if and only if F has the BCAP. In this case
M(E) = M(F).

(b) The space E has the DCAP if and only if F has the DCAP. In this case
M*(E) = M*(F).

4.2. Isometric isomorphism of weighted and nonweighted abstract Hardy spaces

Having in mind the previous lemma, we show that H[X] and H[X(w)] are isometrically
isomorphic under natural assumptions on weights w.

Lemma 4.2. Let X be a Banach function space with the associate space X' and let w be a
weight such that w € X and 1/w € X'. Then H[X(w)] is isometrically isomorphic to H[X].

Proof. Let D be the unit disc: D := {z € C: |z| < 1}. A function F analytic in D is said to
belong to the Hardy space H”(D), 0 < p < oo, if the integral mean

1 T ) 1/p
My(r, F) = (E/ |F(re'®)|? de) , 0<p<oo,
—7T

Moo(r, F) = _max |F(re"),

remains bounded as r — 1. If F € H?(D), 0 < p < oo, then the nontangential limit F(e'?)
exists almost everywhere on T and F € LP(T) (see, e.g., [8, Theorem 2.2]). If 1 < p < oo,
then F € H? (see, e.g., [8, Theorem 3.4]).

It follows from w € X, 1/w € X’ and Axiom (A5) that w € L', L € L'. Then logw € L'.
Consider the outer function

‘l T it .
W(z) := exp (E/ Z[ i_i log w(e”)dt) , z€D

(see [13, Ch. 5]). It belongs to H!(D) and |W| = w a.e. on T.
It follows from the definition of X (w) that

IWflx = llwfllx = Il fllxw forall f e H[Xw)]. 4.1

Since X(w) is a Banach function space, Axiom (AS5) implies that X (w) € L' and H[X(w)] €
H' Take any f € H[X(w)]. Let F € H'(D) be its analytic extensions to the unit disc I
by means of the Poisson integral (see the proof of [8, Theorem 3.4]). Since W, F € H (D),
Holder’s inequality implies that WF e H'/?(D). It follows from (4.1) and Axiom (AS5) that
Wf e X C L' Hence WF € H'(D) (see [8, Theorem 2.11]). So, Wf € H' N X = H[X].
This proves that the mapping f +— Wf is an isometric isomorphism of H[X(w)] into H[X].

Repeating the above argument, one gets that the mapping g +— % g is an isometric isomor-
phism of H[X] into H[X(w)]. Hence H[X(w)] and H[X] are isometrically isomorphic. [

4.3. Proof of Theorem 1.2
By Lemma 4.2, the spaces H” and H”(w) are isometrically isomorphic. Therefore, in view
of (1.6) and Lemma 4.1, the weighted Hardy space has the BCAP and the DCAP and
M(H?(w)) = M(H?) <227 M*(HP(w)) = M*(H") < 21727,
which completes the proof. [
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4.4. Proof of Theorem 1.3

It follows from Lemma 4.2 that the spaces H[X] and H[X(w)] are isometrically isomorphic.
Now part (a) (resp., part (b)) follows from part (a) (resp., part (b)) of Lemma 4.1 and part (a)
(resp., part (b)) of Theorem 3.3. [

5. Concluding remarks and open problems

5.1. Exact values of the norms of the operators I — K, and I — P, on L? and H?

Upper estimates for the norms of the operators I — K, play a crucial role in the proof of
estimates (1.6) (see [25]). Consider also the operators I — P,, where

Pf=Pxf 0<r<l,

and P, is the Poisson kernel
00 2

. . 1 —
Pr(el9)1= Z rikleik0 — m, 0el-mmn], 0<r<l

k=—00

The following theorem provides a two-sided estimate for operators of this type.

Theorem 5.1. Let K € L', |K|;1 =1, K > 0, and I?(n) > 0 for all n € Z. Then the
following estimate holds for the convolution operator C defined by (3.2)

Cp < —Ckllsar < a=2/rl 1 < p < o0, 5.1
where C; =2 = Cy and C), is given by (1.5) for p € (1, 00).

Proof. It follows from Lemma 3.2 that ||Ck ||gry = 1, and hence
11— Ckligey =2, I —Ckllpr=) <2

(cf. the proof of Theorem 3.3). Since K(n) > 0 and K(n) < |K||;1 = 1, n € Z, the Parseval
theorem gives ||/ — Ckllgg2, < 1. (In fact, one can easily see that |[I — Ckllg2) = 1,

since K (n) — 0 as n — oo due the to Riemann-Lebesgue lemma.) Then the Riesz—Thorin
interpolation theorem implies that

I — Ckllper <2747 1 < p < oo, (5.2)
(LP)

which proves the upper estimate in (5.1).

Since trigonometric polynomials are dense in L', it follows from Lemma 3.2 that Cx can
be approximated in norm by finite rank operators. So, Cx : L? — L? is a compact operator.
The equality

1
o

implies that C x preserves constant functions. Then

KE“™)-1d0 = K| =1

Il — Ckllsary=Cp, 1= p<o0,

(see [26, Theorem 3.4]).
It is left to prove the lower estimate in (5.1) for p = co. In the case p =ocoor p =1, (5.1)
turns into the equality ||/ — Ck||gzry = 2, which follows from Lemma 3.2 and the fact that
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L>® and L' have the Daugavet property (see [1, Theorem 1 and the references therein] and
[27, Corollary 6 and its proof]): ||[I — T'||gry = 1 4 |IT ||gzry for every operator T € (L),
p=occorp=1 1010

It is easy to see that K, and P, satisfy the conditions of Theorem 5.1 and map H?” into
itself. Clearly,

11 —Kullgwry < 1 = Kullgwry, 11 =Prligwry <1 —Prllawr, 1 <p <oc.
The above remarks lead to the following.
Open problem 5.2. Letn € Zy and r € [0, 1). Find the exact values of ||I — K, | gwry and
I —Pligiry for 1 < p < oo, and of |1 — K, |lgwry and |1 — P, lgry for 1 < p < oo.
It seems that the above problem is open even for n = 1. For n = 0, one has (I — Ko) f =
f—=f0)=U—-Pyf and
I —Kollsery=C,

(see [12, formula (8)]), but the value of ||I — Kol|gur) does not seem to be known for
p € [1,00)\ {2}. What is known is that

11 — Kollguey =2 (5.3)
(see [11, Theorem 2.5]) and

I — Kollsury < I — Kollswry
for sufficiently small p > 1. Indeed, ||/ — Kollgry = Cp — 2 as p — 1, while

I — Kollgry < 1.7047

for sufficiently small p > 1 (see the proof of [11, Theorem 2.4]).
It follows from the lower estimate in (5.1) that

11 — K,llsery = I — Kollswr). 5.4

An analogue of this estimate holds in the H? setting.

Lemma 5.3. For everyn € Z.,

I — Ky llgwry = I — Koll sear)-

Proof. Take any f € HP \ {0} and set f,(¢"%) = f(™), m € N. Then f € H”

and || fiullgr = | fllur (see [9, Theorem 5.5]). Let m > n. It follows from (3.6) that
K, fn = f(0) =Ko f, = Kof. Hence
(I — K, )gllur (I —Ky,) fnllzr
I/ — K,llgary= sup ————— > —_—
g€HP\{0) lgllar FeHP\{0) Il follp
_ (I —Ko) fullur . I — Ko) fllar
FeHP\{0) I fllzr FeHP\(0) 1 &r
= I — Kollswr),

which completes the proof. [

The same argument as in the proof of Lemma 5.3 applies in the L? setting and provides a
simpler proof of (5.4).
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5.2. Exact value of the norm of the backward shift operator on H?

We think that the question about the exact value of ||/ —Ko |5 r) is particularly interesting,
and although it is a special case of Problem 5.2, we state it again below in terms of the backward
shift operator

Bf)E) =7 (f(e) — F(0) = e ((I —Ko)f) (), feH.
Clearly,
Bfl=1UI—-Kofl = |Bfllar = U —-Ko)fllgr forall feH”
= |Bllswry = I — Kollswr)-
In particular,
IBllgr>oy =2
(see (5.3) and [11, Theorem 2.5]).

Open problem 54. Let 1 < p < oo. Find the exact value of the norm ||B|gwry of the
backward shift operator.

Added in proof: After the submission of this paper, the exact value of the norm of B on H'
was found by Brevig and Seip [S]: [|Blgy1) = 2//3.
5.3. Exact values for M(H?) and M*(H?)

It seems that estimates (1.6) and the estimate M(H') < 2, which follows from Theo-
rem 1.3(a), are all what is known about the values of M(H”) and M*(HP”). So, it would
be interesting to get nontrivial lower and better upper bounds for M(H?”) and M*(HY) and,
moreover, to solve the following.

Open problem 5.5. (a) Find the exact value of M(H?), 1 < p < oo.
(b) Find the exact value of M*(H?), 1 < p < oo.

Given that M(L?) = ||I —Kol|grr) (see [26, Theorem 3.2]), it would be interesting to know
whether M(H?) = ||I — Kol gur)-

5.4. Estimates for M(H[L?]) and M*(H[L¥]) in the case of some Orlicz spaces L¥

Let ¢ : [0,00) — [0,00] be a convex nondecreasing left-continuous function that is
not identically zero or infinity on (0, o) and satisfies ¢(0) = 0. For a measurable function
f: T — C, define

1,(f) 1=/T<p(|f(t)|)dm(t)-

The Orlicz space L¥ is the set of all measurable functions f : T — C such that I,(Af) < oo
for some A = A(f) > 0. This space is a Banach space when equipped with either of the
following two equivalent norms: the Luxemburg norm

I flly == inf{A > 0: I,(f/2) < 1}
and the Orlicz norm (in the Amemiya form)
1
0._
L£15 = inf (1 + L, (eF).
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It is well known that

Ifly < Uflg <20 fll, forall feL?.

We denote by P the set of all quasi-concave functions p : [0, c0) — [0, 0c0), that is, the
functions p such that p(x) = 0 precisely when x = 0, the function p(x) is increasing and the
function p(x)/x is decreasing on (0, 00). Let P denote the subset of all concave functions in
P.

It follows from [16, Lemma 3.2] thatif 1 < p <g < oo and p € 73, then the function ¢,
inverse to the function ¢! defined by

¢ (0):=0, ¢7'(x):=xPp(xV17IP), x € (0, 00), (5.5)
is convex. Moreover, if | < p < g < oo, then ¢ and its complementary function ¢* defined

by
@*(x) := sup(xy — @(y)),

y>0

satisfy the A,-condition for all x > 0, that is, there exist K, K* > 0 such that ¢(2x) < K¢(x)
and ¢*(2x) < K*¢*(x) for all x > 0. Then L? is reflexive (see, e.g., [24, Corollary 15.4.2]).
For 1 < p,q < oo, put

= inf 0: inf P NH=1y.
Yp.a {J’ > I yzo(x +y9) }

It follows from [16, Proposition 4.3] that y, , continuously increases in p and g. Moreover, if
p < q, then

21-Up <y <21V,
For r € (1, 00), define ' by 1/r +1/r' = 1.

Theorem 5.6 ([16, Theorem 5.1]). Let 1 < p < q < oo and p € P. Suppose that ¢~ is

defined by (5.5). If T € B(L?) and T € B(L?), then T € B(L?) and
IT 5oy < Cp.g max {IT 5wy, 1T l5L0)} »
where L? is equipped with the Luxemburg norm or with the Orlicz norm, and
1<C,, =min {(zyp’q)l/p7 (qu/,,,,)l/q/} < 2V/pa'ymin{1/p.1/q'). (5.6)
Using this interpolation theorem, we can refine the results of Theorem 3.3(b) for some Orlicz

spaces.

Theorem 5.7. Let 1 < p <qg < oo and p € P. Suppose that =" is defined by (5.5) and
the corresponding Orlicz space L? is equipped with the Luxemburg norm or with the Orlicz
norm. Then the Hardy—Orlicz space H[L?] has the BCAP and the DCAP with

M(HIL?]) < minf{2, 4, .}, M*(H[L?]) < min{2, 4, 4},
where
Apg = Cpqmax {21172/ 2l1=2/4l} (5.7

and the constant C), , is defined by (5.6).
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Proof. It is well-known and easy to check that each Orlicz space is translation-invariant.
As it was mentioned above, L? is reflexive under the assumptions of the theorem. Therefore,
by Theorem 3.3(b), the Hardy—Orlicz space H[L?] has the BCAP and the DCAP with
M(H[L?]) <2 and M*(H[L?]) < 2. It remains to show that
M(H[L]) < Apq, M*(H[LY]) < A,,. (5.8)
It follows from (3.6), (5.2) and Theorem 5.6 that for all n € Z,
11 — Ky llgien < I — Kyllsee
=< Cp,q max {”I - Kn”B(LP)’ ”I - Kn”B(L‘I)}
< C,, max {2I1*2/P\’ 2\1*2/11|} — Ap,q’

where the Orlicz space L? is equipped with the Luxemburg norm or the Orlicz norm. As in
the proof of Theorem 3.3(b), this implies (5.8). [

It follows from (5.6) and (5.7) that if p and ¢ are sufficiently close to 2, then M(H[L?]) < 2
and M*(H[L?]) < 2. Given that the value of M(H?”) is not known, it would perhaps be too
ambitious to ask about the exact values of M(H[L¥]) and M*(H|[L?]). Nevertheless, we think
it would be interesting to get more information on these quantities.

5.5. Estimates for M(H[L?-1]) and M*(H[L"1]) in the case of Lorentz spaces LP4

The distribution function m s of a measurable a.e. finite function f : T — C is given by
meA)=mft eT:|f(®)| > A}, A=>0.
The non-increasing rearrangement of f is defined by
ff&)y=inf{x :msQ) <x}, x=>0.

We refer to [4, Ch. 2, Section 1] for properties of distribution functions and non-increasing
rearrangements.

One of the closest classes of translation-invariant spaces to the class of Lebesgue spaces
L?, 1 < p < oo consists of the Lorentz spaces L”9 defined as follows. For 1 < ¢ < p < oo,
the Lorentz space L”? consists of all measurable functions f : T — C for which

1 d 1/q
I fllpg = ( /0 [z”"f*(r)]‘77’> < 0.

This is a rearrangement-invariant Banach function space with respect to the norm || - ||, 4
(see, e.g., [4, Ch. 4, Theorem 4.3]). The Lorentz space L?'? is isometrically isomorphic to
the Lebesgue space L”.

It follows from Theorem 3.3 thatif 1 < g < p < oo, then the Hardy—Lorentz space H[L"?]
has the BCAP with

MHI[L™]) <2, (5.9)

because L7? is separable in this case. Moreover, if 1 < g < p < oo, then the Hardy—Lorentz
space H[L?1] has the DCAP with

M*(H[L™]) <2, (5.10)
since the Lorentz space LP-? is reflexive in this case.
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Having in mind estimates (1.6), which can be stated as follows:

M(HILPP]) < 217271 M H[LPP]) <2707 1 < p < oo,

it seems natural to formulate the following.

Open problem 5.8. (a) Let 1 < g < p < oo. Find a nontrivial lower bound for M(H[L?1]).
Improve the upper bound for M(H[L?-1]) given by (5.9).

(b) Let 1 < g < p < oo. Find a nontrivial lower bound for M*(H[L"?9]). Improve the
upper bound for M*(H[L?9]) given by (5.10).
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