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Abstract

We intend to study the algebraic structure of the simple orthogonal models to use
them, through binary operations as building blocks in the construction of more
complex orthogonal models.

We start by presenting some matrix results considering Commutative Jordan
Algebras of symmetric matrices, CJAs. Next, we use these results to study the
algebraic structure of orthogonal models, obtained by crossing and nesting simpler
ones.

Then, we study the normal models with OBS, which can also be orthogonal
models. We intend to study normal models with OBS (Orthogonal Block Struc-
ture), NOBS (Normal Orthogonal Block Structure), obtaining condition for having
complete and sufficient statistics, having UMVUE, is unbiased estimators with min-
imal covariance matrices whatever the variance components.

Lastly, see (|[Pereira et al. (2014)]), we study the algebraic structure of orthogo-
nal models, mixed models whose variance covariance matrices are all positive semi
definite, linear combinations of known orthogonal pairwise orthogonal projection
matrices, OPOPM, and whose least square estimators, LSE, of estimable vectors
are best linear unbiased estimator, BLUE, whatever the variance components, so
they are uniformly BLUE, UBLUE. From the results of the algebraic structure we

will get explicit expressions for the LSE of these models.

Keywords: Orthogonal Models, Crossing, Nesting, Least Square Estimators.
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Sinopse

Pretende-se estudar a estrutura algébrica dos modelos ortogonais de forma a poder-
se utilizar os mesmos, através de operagoes binarias como blocos utilizados na con-
strucao de modelos ortogonais mais complexos.

Vamos comecgar por apresentar alguns resultados matriciais relativos a Algebras
Comtativas de Jordan de matrizes simétricas. A seguir , aplicaremos estes resultados
para estudar a estrutura algébrica dos modelos ortogonais, para podermos analisar
o cruzamento e o aninhamento de tais modelos.

FEm seguida, vamos estudar os modelos normais com OBS, que também incluem
os modelos ortogonais. Pretendemos estudar modelos normais com OBS, ou seja,
o estudo de problemas de estimagao em particular condigoes para ter estatisticas
completas e suficientes, que garantem a existéncia de estimadores UMVUE (com
matriz de covariania minima na familia dos estimadores centrados).

Finalmente, ver [Pereira et al. (2014)[, vamos estudar a estrutura algébrica dos
modelos ortogonais assim como dos modelos mistos cujas matrizes de covariancia
sao todas as combinagoes lineares de conhecidas matrizes semi definidas positivas
de projecao ortogonal mutuamente ortogonais, OPOPM, cuja soma é I,, e cujos
estimadores de minimos quadrados dos vetores estimaveis sao estimadores lineares
centrados com matrizes de covariancia minima, BLUE, quaisquer que sejam as com-
ponentes de variancia, assim sendo uniformemente BLUE. Dos resultados da estru-
tura algébrica, obteremos expressoes explicitas para esses estimadores de minimos

quadrados.

Palavras-chave: Modelos Ortogonais, Cruzamento, Aninhamento, Estimadores de

Minimos Quadrados.
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Notation Index

e X7 : transpose of matrix X;

e X! inverse of matrix X;

e |X|: determinant of matrix X;

e X7 :generalized inverse (g-inverse) of matrix X;
e X' :Moore-Penrose inverse of matrix X;

e I, : identity matrix of size n;

e | : orthogonal;

e O, : null matrix of size n x m;

e ® : kronecker product;

e H: direct sum orthogonal of subspaces;

e R(X) : linear space spanned by the column vectors of matrix X;
e N(X) : Kernel of matrix X;

e FE[X]: expectation of the random vector X;

e V[X] : covariance matrix of the random vector X;

e N(u,V) : normal random vector with mean vector g and covariance matrix

A\
o L(t,0) : loss function of estimate t for 6;

X1



R(t,0) : risk function of estimator t for 6;

U(X) : uniformizing of X;

pb: principal basis

CJA: Commutative Jordan Algebras;

CJAs: Commutative Jordan Algebras constituted by symmetric matrices;
OPOPM: orthogonal pairwise orthogonal projection matrices;
OPM: orthogonal projection matrices;

OBS: orthogonal block structure;

COBS: commutative orthogonal block structure;

NOBS: normal orthogonal block structure

LSE: least square estimators;

BLUE: best linear unbiased estimator;

UBLUE: uniformly best linear unbiased estimator;

ORT: orthogonal models;

UMVUE: uniformly minimum variance unbiased estimation;
Pr(U) : orthogonal projection matrix on R(U);

GME: Gauss-Markov estimator;

GOBS: generalized orthogonal block structure.
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Chapter 1

Introduction

This work is divided into five chapters, beginning with the introduction in the first
chapter. Here, we will review the themes and important results (which will be
introduced later in), to be considered in each chapter throughout this work.

In chapter we review some of the basic operations and fundamental properties
involved in matrix algebra. Initially we introduce the notions of symmetric and
orthogonal matrices, eigenvalues, eigenvectors. We will study in some detail the
generalized Moore-Penrose inverses and Jordan Algebras as well as the commutative
Jordan Algebras and binary operations defined on them, that will be useful for
studying the following chapters. We are interested in commutative Jordan algebras,
where matrices commute. These algebras have unique principal basis constituted
by orthogonal projection matrices, all of them mutually orthogonal. Finally, we will

introduce and demonstrate some concepts which we now state.

1. If My, ..., M,, commute, then M = {Mj, ..., M, } generates an algebra .A(M);
2. If Q; and Q, are orthogonal projection matrices (OPM), then
Q:Q; =Q:Q; = U =QQq,
if and only if U is an orthogonal projection matrix;

3. Let Q be an orthogonal projection matrix belonging to Commutative Jordan
Algebra (CJA) A, with rank 1, thus we will show that it will belong to principal
basis (pb) of A constituted by the matrices {Q;, ..., Q,}, namely we may take

Q=Qy.



The definition of Commutative Jordan Algebras, CJA, will be studied in detail
in this chapter. See [2.7.1}
4. T, e A, T) = Z Qj(l), [=1,2 and
jee(l)

A1) ® A(2) = {M(1) ® M(2); M(l) € A(l)}
so, we have the following:

T, ®Ts € A1) @ A(2).

Chapter deals with estimation and models. Firstly, are given definitions of
estimators and their properties. The result on estimation will refer the use of suffi-
cient and complete statistics to obtain good pontwise estimators. These last results
will be useful in the study of the normal case. Then, we will define linear models
and their special types are given, like Gauss-Markov Models, Generalized Gauss-
Markov Models and definitions of orthogonal block structure, OBS (see definition
(33)) and commutative orthogonal block structure, COBS (see definition ([34))). We
will get generalized result in characterization and expression of the best linear un-
biased estimators, BLUE. In section (3.6)), we will study a very important class of
models that is the class of Orthogonal Models. Orthogonal models are models with
COBS. If the matrices M commute, they generates an Commutative Jordan Algebra
A(M). If the algebra A contains the matrices My, ..., M,, and T, the orthogonal
projection matrix, OPM, on the space spanned by the mean vector the matrices of
M commutes with T, and the least squares estimators, LSE, of estimable vectors
are uniformly UBLUE. This section, we will enunciate and demonstrate results that
will be used.

In sections and , we will study Crossing and Nesting Orthogonal Models.
Orthogonal models , ORT, see [Vanleeuwen et al. (1998)], are mixed models with
remarkable properties.

Finally, in section [3.9] we will study the equivalence of models. Two models are
equivalent if they have the same family of estimable vectors and covariance matri-
ces.

In chapter , we will study the normal models with OBS, and apply our results
to orthogonal models. We intend to study normal models with OBS, NOBS (Normal



Orthogonal Block Structure); namely studying estimation problems and obtaining
condition for having complete and sufficient statistics. The proposition 23] obtains
the condition for having complete and sufficient statistics.

In chapter see [Pereira et al. (2014)], we will study the algebraic structure
of the mixed models with OBS and with COBS. Moreover, we will obtain explicit
expressions for least squares estimators, LSE, in models with COBS using the results
of preceding section, and then assuming normality. Lastly, we will characterize
models whose LSE are UBLUE.

The main result we obtained refer to operations with orthogonal models and to
the equivalence of such models. Moreover our study of the algebraic structure of

mixed models with OBS and COBS is of interest.






Chapter 2

Algebraic results

2.1 Introduction

In this section we present certain preliminary results and definitions that will be
useful along our work. In the first part of this work, we will discuss briefly the
eigenvalues and eigenvectors, orthogonal projection matrices, Moore-Penrose inverse
and Kronecker product. Lastly, we include a section on Jordan Algebras. In that
section we will introduce some important results that are used in linear models.
In this work, we will use repeatedly symmetric and orthogonal matrices. We now

define:

Definition 1. (Symmetric Matriz)
A symmetric matriz is a square matriz that is equal to its transpose . Let A be

a symmetric matriz. Then A = AT, with AT the transpose of A.

Definition 2. (Orthogonal Matrix)

An orthogonal matriz is a square matriz with real entries whose columns and
rows are pairwise orthogonal unit vectors (orthonormal vectors). An m x 1 vector p
is a normalized vector or unit vector if p' p = 1. The m x 1 vectors py, ..., p,, with
n < m, are orthogonal if pZij = 0 for all i # j. for each p; is a normalized vector
then the vectors are orthonormal.

Equivalently, an matriz A is orthogonal if its transpose is equal to its inverse:

AT = A1



which entails

ATA=AAT =1,

where I is the identity matriz.

2.2 Eigenvalues and Eigenvectors

In this section, we present results on eigenvalues and eigenvectors which will be
useful in studying and understanding the next themes.

If A is an m x m matrix, then any scalar A\ satisfying the equation:
Ax = )x, (2.1)

will be an eigenvalue associated to the eigenvector x where x is an unit vector and
the equation (2.1)) is called the eigenvalue-eigenvector equation of A. The equation
(2.1) can be equivalently expressed as

(A — AD)x =0 (2.2)

If we had |A — AI| # 0, (A — AXI)~! will exist, then premultiplying in equation ({2.2))

by (A — AI)~!, we would get x = 0 which is impossible, so we must have

|A — AI| =0, (2.3)

which is called the characteristic equation of A. The characteristic equation can be
used to obtain the eigenvalues of matrix A which can be used in the eigenvalues-
eigenvector equation to obtain the corresponding eigenvectors.

Before ending this section, we will enumerate some basic properties of eigenvalues
and eigenvectors.

Let A be an m x m matrix. Then

1. The eigenvalues of AT are the same as the eigenvalues of A
2. A is singular if and only if at least one eigenvalue of A is equal to 0;
3. the diagonal elements of A are the eigenvalues of A, if A is a triangular matrix;

4. the eigenvalues of BAB™! are the same as the eigenvalues of A, if B is a

nonsingular m X m matrix;



5. if A is an orthogonal matrix, its eigenvalues are 1 or -1.

2.3 Gram Schmidt

2.3.1 Introduction

The Gram Schmidt process is a method for orthonormalising a set of vectors in
an inner product space. The Gram Schmidt process takes a finite, linearly in-
dependent set of vectors V' = {vi,va...,v,,} and generates an orthonormal set
Ve = {uj,uz...,u,} that spans the same m-dimensional subspace of R" as V,

being m < n.

2.3.2 Gram Schmidt Process

We have the following subspace V' contained in R"
V={vi,ve...,vp}

the subspace V is formed by vectors vi,va..., vy, linearly independent and it is a
basis of V. The goal is to build an orthonormal basis. The Gram Schmidt process

has the following steps:

1. We will consider a simple case with a single dimension. We will define a space
Vi = span(vi), vi is the basis of V4. How to build an orthonormal basis? We
will consider a vector u; and we will normalize it. So, we have

1

[vall

u; = V1

So, we can say that Vi = span(u;). It is a orthonormal basis of V;. What

happens in other cases?

2. We have a space Vo = span(vy,va). We know that v; is a linear combination
of uj. Thus, V5 = span(uy,ve). We will now assume that the vector vy is a

linear combination of the vectors x and y, and we can write as follow

V2:X+YQ



where x € V] and y, € Vi+. The vector x is the orthogonal projection of v, in

space Vj. So, the vector y, writes as follows
Y2 = V2 — Projy; V.

So, we build the vector vy from a linear combination of the vectors u; and y,,
the vectors are orthogonal. We know previously that V; has a orthonormal

basis, so we know that

projy,ve = (ve.ug)ug

The vector y, is

Y2 = va — (v2|ur)uy,
where (.|.) is the inner product.

We will now normalize the vector y,

1

U = ——yo.
|1yl

So, Vo = span(ui,uz) and it is a orthonormal basis. The vector ug is written

as follow
1

[ve = (valup)uy]|

us (vo — (va|up)uy)

We have the space V,,, = span{vi,va,...,vy}. Previous following the same
reasoning, we have V,,, = span{u, ug, ..

is a orthonormal basis. The vector u,, is written as follow

1 m—1
u, = — <Vm — Z (Vm\uz-)ui)
Vin = > (Vin|wi)w =1
i=1
So, we can say that
1. ||w]| =1, i ={1,...,m}, the vectors are unitary, have dimension 1

2. w;|uy, i # j, the vectors are orthogonal.

<y Wp—1,Vin }. S0, Vi, = span{uy, uy, ..

< Um—1, um}



2.3.3 QR Decomposition

In linear algebra, a QR decomposition (also called a QR factorization) of a matrix
is a decomposition of a matrix V into a product V = QR of an orthogonal matrix
Q and an upper triangular matrix R. Next, we will study this topic.

From previous section we know that:

Ly;=w1

[\

. Yo = V2 — (va|ur)us.
3. y3 =vs — [(v3|ur)us + (v3|uz)us]

4. ...

ot

Y =¥ | & (vl

i=1
We then rearrange the equations above so that the a;s are on the left, using the

fact that the u; are unit vectors:
1. V] = (v1|u1)u1

2. v = (v2|u1)u1 + (Vg’llg)llQ

m
4. Vi, = > (Vi |ug)uy
i=1

where (v;|u;) = ||y;||- This can be written in matrix form:
V =QR
where
Q =[uj,ug,...,uy) (2.4)

being Q a orthogonal matrix, and

vijup volur - viplug
0 voiug - Vm |U2

0
|0 0 Vin|um




R is upper triangular matrix.

2.4 Projection Matrices

Let S be a linear subspace of R”. Let also z1, ..., 2, be an orthonormal base for R"
and z1,...,%m, m < n an orthonormal basis for S. And so, we have the following

relationship

m n
X = E o;Z; + E oiZ; = U+ V,
i=1

1=m-+1

where u is called the orthogonal projection of x on § and v the orthogonal projection
of x on St, and the a, ..., oy, are constants.

Let us consider the following matrix
2=z 2|

where
Zy=(21,....,2m) and Zy = (Zy 41, ..., Zn)
)" )T

We also write a = (g, ..., )T, a1 = (a1, ..., m)” and az = (i1, ..., o

Then the expression for can be written as
x=2Zo=7Za1 +Zysos

that is, u = Z17 and v = Zoag

Due to orthonormality we have ZT Z; = I,, and Z¥ Zy = (0), and so we have

(e 5] aq
7.27x =72,721 70 = 7,27 { 71 Zo ] = [ Z, (0) } =Zioq =u
(85 a2

Thus, we can define the orthogonal projection of a vector onto S (see [Schott (1997)],

page 53)

Theorem 1. Suppose column vectors of the m x r matriz Zy form an orthonormal
basis for the vector space S which is a subspace of R™. If © € R™, the orthogonal

projection of x onto S is given by Z Z1 .

So, the matrix Z; ZlT is called the projection matrix on the vector space & and

will be denoted by U.

10



According ([Seber (1980)]), we can have the following

where R(U) is the range subspace and N(U) the kernel of matrix U. We have
R(UT) = N(U)*

Similarly, ZQZg is the orthogonal projection matrix for S+ and ZZ” = I,, is the
projection matrix for R™.
Thus

(I, —Z1Zx =x - 7,ZTx = x — Z101 = Zoay = v.

The next theorem shows that a vector space does not have a unique orthonormal

basis, but the projection matrix formed from these orthonormal basis is unique.

Theorem 2. Suppose the columns of the m X r matrices Z1 and Wi each form an

orthonormal basis for the r-dimensional vector space S. Then Z1Z1 = W, Wf

Proof: See (|Schott (1997)]), page 53. O
We known that U = Z,ZT, so

Ul = (z,2HT = 7,27 = U,
thus U is symmetric and
UU =27,2172,27 = 7.1,727 = 7,727 = U,
is idempotent. So, the next theorem proves the converse.

Theorem 3. Let P be an m x m symmetric idempotent matriz of rank r. Then

there is an r-dimensional vector space which has P as its projection matriz.

Proof: See (|Schott (1997)]), page 59 O

2.5 The Moore-Penrose Inverse

Generalized inverses are a very versatile tool, in the study of linear algebra and
statistical applications. Generalized inverses can be derived from two different con-

texts: equations system and linear applications.

11



Let A be a general m x n matrix. Given
Ax =y, for x e R™, giveny € R" (2.6)

If A is a square matrix (m = n) and A is invertible, then (2.6 holds if and only if
x = A7 ly. If A is not invertible, then equation (2.6) may have no solutions. If the

system is undetermined, a possible solution is given by a matrix A™, such that:

Definition 3. If A is an m x n matriz, then G is a generalized inverse (g-inverse)

of A if G is an n X m matriz such that
AGA = A, (2.7)
and it is represented as A~ .

The Moore-Penrose inverse is a particular case of the generalized inverses and
was studied by [Moore (1920), (1935)| and [Penrose (1955)]. We will now study some
basic proprieties of the Moore-Penrose inverse. So, we have the following definition,

see ([Schott (1997)]), page 171

Definition 4. The Moore-Penrose inverse of the m X n matriz A is the n x m

matriz, denoted by AT, which satisfies the following conditions:

AATA=A
ATAAT = AT 2.8)
(AAT)T = AAT
\ (ATA)T =ATA
If A is regular, then
At =A"1 (2.9)

The next theorem answers that there is a Moore-Penrose inverse for every matrix.

Theorem 4. Corresponding to each m X n matriz A, there exists one and only one

n x m matric A" satisfying conditions in the definition |Z|

Proof: See (|Schott (1997)]), page 171. O

When A is an symmetric matrix of order k with,
I =rank(A) <k, (2.10)

12



we can always order the row vectors of an orthogonal matrix P, the orthogonal

diagnolizer of A, to get
PAPT =D()\y,...,\,0,...,0)

with D(A1,...,A;,0,...,0) a diagonal matrix whose main elements Ay, ..., \; are the

non null eigenvalues of A. Thus
A=P'D()\,...,)\,0,...,00P

and

AT =PTD(\', ... N N0, 0)P.

2.6 Kronecker Product

This matrix operation has been widely studied, for instance see [Steeb (1991)] and
[Graham (1981)]. We only recall results that will be useful.

Give the m x n matrix A = [a;;], its Kronecker product with matrix B will be

a11B s alnB
A®B= : . : : (2.11)
amlB s amnB

We will now enumerate some properties of Kronecker product:
.A(B+C)=A®B+A®C,
2. (A+B)eC=A®C+B&C,
3. (kA)®B =A® (kB) = k(A ® B);

4. (A®B)®C=A®B®C).

Where k is a scalar.

It is easy to see that (A ® B)T = AT @ BT. As for the distributivity with the

usual matrix product, we have the following proposition:

Proposition 1. If the usual matriz products A1 Ao and B1Bs are defined

(A1 ® B1)(A2 ® By) = (A142) ® (B1By) (2.12)

13



Proof:

all(l)Bl e aln(l)Bl a11(2)B2 e aln(Q)BQ
(A1 ®B1)(A2®@By) = : : : :

aml(l)Bl e amn(l)Bl am1 (2)B2 e amn(2)B2

7
[

= (A1A) ® (B1B2)

M=

1

alj(l)aj1(2)> BlBQ e (il alj(l)ajn(2)> B1B2

NE

1

amj(l)aj1(2)> BB, - <£:1@mj(1)ajn(2)> B1B;
iz

(2.13)

Thus (Al & Bl)(AQ & BQ) = (AlAQ) & (BlBg) O
Some classes of matrices are ”closed” for the Kronecker product, with J4 = 1,17,

we have
11, ®1, = 1y
2. I, ®L, =1y
3. Ju®Jy =Jww

With J; = 1,17, With D(e;) and D(e2) the diagonal matrices whose principal

elements are the components of vectors €1 and ez, we have
D(e1) ® D(e2) = D(€1 ® €2) (2.14)

Let M; and My be symmetric matrices, there are orthogonal matrices P; and P

and diagonal matrices D(e1) and D(e2) such that
P,M;P] =D(¢;); j =1,2.

The principal elements of D(ej); j = 1,2 are the eigenvalues of M; while the row

vectors Pj; j = 1,2 are the eigenvectors. So, from (2.12)) and (2.14)), we have

(P1 ® P2)(M; ® My)(P1 ® Py)" = (PiMP]) ® (P2MyP3) (2.15)
= D(El ® 62)

14



So, the eigenvalues of M1 ® My will be the products of the eigenvalues of M; and
M; and the corresponding eigenvectors are the row vectors of Py ® Ps.
The following proposition shows that the Kronecker product of orthogonal projection

matrices gives orthogonal projection matrices.

Proposition 2. If Q; and @, are orthogonal projection matrices, then Q; ® Q is

an orthogonal projection matriz.

Proof: If Q, is an orthogonal projection matrix, then we know that it is sym-

metric and idempotent, and the same for Q,. Now
1. Q; ® Q, symmetric:
(Q2Q)" =QI®Q; =Q®Q,
is symmetric.
2. Q; ® Q, idempotent:

(QI®Qy)(Q ®Qy) = (Q1Q1) ® (Q2Q2) = Q; ®Q;
is idempotent.

Thus if Q; ® Q, is symmetric and idempotent, it is an orthogonal projection matrix.

O]

2.7 Jordan Algebras

We will devote this section to Jordan algebras.

Jordan algebras were first introduced by |[Jordan et al. (1934)], to formalize the
notion of an algebra of observables in quantum mechanics. They were originally
called ”r-number systems”, but were renamed ” Jordan algebras” by Adrian Albert
(1946), who began the systematic study of general Jordan algebras.

Recall now the definition of algebra.

Definition 5. An algebra A is a linear space equipped with a binary operation x,
usually called product, for which the following properties are verified for all a € R

and a,b,ce A:

15



1. ax(b+¢c)=axb+axc;
2. (a+b)xc=a*xc+bxc
3. a(axb) = (aa)*x b= ax(ab).

It is important to point out the definitions of associativity and commutativity.

The definitions follow:

Definition 6. An algebra A is associative if and only if for all a, b, c € A, respec-
tively

(axb)xc=ax(bx*c)
Definition 7. An algebra A is commutative if and only if for all a, b, c € A,
axb=>bxa.

We now define the Jordan product in an algebra.

Definition 8. A Jordan algebra is an (not necessary associative) algebra whose

product (.) satisfies the conditions:
1. a.b= b.a (commutative law)

2. (a.b).a* = a.(b.a*) (Jordan identity)

2.

where a“* = a.a. An algebra equipped with this product, is a Jordan algebra.

We will consider an example of Jordan algebra. Let S, be the space of symmetric
real matrices of size n. It is a linear space equipped the (associative) matrix product.

Then, with the product (.) is defined as
1
a.b = §(ab + ba) (2.16)

it is a Jordan algebra. It is a very important example of Jordan algebra, because it

is the space in which covariance matrices lie.

2.7.1 Commutative Jordan Algebras

Now see ([Schott (1997)]), page 156, we have the theorem
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Theorem 5. Let Aq,..., A, be k X k symmetric matrices. Then there exists an
orthogonal matriz P such that, PT A;P = D; is an diagonal matriz whose main
elements are the eigenvalues of A; if and only if A;A; = A;A; for all pairs (i,j);

1,j=1,...,m, i.e., if and only if the matrices Aq, ..., A,, commute.

Proof: See ([Schott (1997)|), page 156. O
Thus the Aq,...,A,, will belong to the family D(P) of matrices diagonalized by
P which is a Commutative Jordan Algebra, CJA. Then the matrices of M =
{Mj, ..., M, } belong to a CJA if and only if they commute.

The Commutative Jordan Algebras, CJA, are linear spaces constituted by sym-
metric matrices that commute, containing the squares of their matrices. [Seely (1971)]
showed that every CJA A has an unique basis, the principal basis pb(.A), constituted
by orthogonal pairwise orthogonal projection matrices, OPOPM, Q,...,Q,,

Let M and W be matrices, belonging to a CJA with principal basis Q =

{Qq,...,Q,,}, then

j=1

(2.17)
=1
and so
MW = | > mQ; | [ D w;Q; | =
j=1 Jj=1

11=1

<.
I

I
NE

mj’LUij e A

<.
I
_

which shows that these CJA contain the products of their matrices. Let Q be

a orthogonal projection matrix, OPM, belonging to a CJA with principal basis
{Qq, .-, Q,}, so that

Q=) ¢Q;
j=1
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Since Q is idempotent

w w
> 4Q;=Q=Q*=) ¢Q, (2.19)
j=1 j=1

and gj = qJQ-, j=1{1,...,w}. Therefore, g =0o0r ¢; =1, j={1,...,w}, and

Q=) Qie={j:q =1} (2:20)

jeyp
so orthogonal projection matrices of a CJA are sums of matrices of their principal

basis. Moreover
R(Q) = H;e,R(Q))

where R(Q) is the range space of Q and H indicates orthogonal direct sum of

subspaces. Thus,

rank(Q) = Zmnk(Qj),
jey
In general for
M= Y m;Q with (M) = {j : m; # 0}, (2.21)
j€p(M)
we have
R(M) = Hjc,m R(Q;)
(2.22)

rank(M) = " gj
JEP(M)

where g; = rank(Q,). Moreover

Q=)>_q,

Jjep
this is the orthogonal projection matrices belonging to A are sums of all or of a

subset of set of matrices of the basis Qq,...,Q,, ¢ can have only one element.

When ¢ = {h}, we have

Z Qj = Q.

jeth}
It is easy to show that orthogonal projection matrices of A are sums of matrices of
pb(A) and when they have rank 1, they belong to pb(.A).

So, we have the following proposition:
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Proposition 3. If Q is an orthogonal projection matriz, OPM, with rank 1 belonging
to a CJA, A, then Q belongs to the principal basis of A.
Proof: knowing that Q = ) Q; and, given matrices that Qq,...,Q,, are mu-

jeyp
tually orthogonal, then

rank(Q) = Z rank(Q;)

Jep
and
rank(Q;) =1
If rank(Q) = 1 then f(p) = 1. Thus p = {j'} and Q = Q; O

As to Moore-Penrose inverse, we have

MM*™M = M
(2.23)
MtMM*t = M+
with o(M™) = p(M). So
MM'=M'M= ) Q;=Q (2.24)

JEP(M)
since R(M) = R(M™) given that M is symmetric.
IfM =) m;Q; € Awith {Qq,...,Q} the principal basis of A, then
j=1

_l’_

m m
M=) mQ;| =) mfq,
Jj=1 Jj=1
with

Lomf =0ifm;=0

2. mj = mj_1 if mj #0;5 =1,...,w, so that any CJA contains the Moore-

Penrose inverse of its matrices.

We will now define regular CJA, complete CJA and the completation of a CJA. The
definitions follow:

1 1 1
Definition 9. A is reqular, if —J, = — 1,11 € A, we take Q, = —J,,.
n n n

w w
Definition 10. If }_ g; = n, then )  Q; = I, so A is complete.
j=1 =1
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Definition 11. If Z Q; # I, or Z gj < n, we can add Q1 = I, Z Q; to
Jj=
obtain the pmnczpal baszs of a complete CJA, A. We say that A is the completatwn

of A.

Also easily seen that, being M regular, we have

m

=2 mi'q;

(2.25)
Det(M) = [] m‘?j

since M has eigenvalues {my, ..., my, } with multiplicities {g1, ..., gm }. where p(M) =

17} = {1, .. .,’LU}7 gj = 'ranki(Qj)’ with

w
M=3 m;Q
=1

and
R(M) =HjL, R(Q,;) =R",

this implies that the matrix M is regular. After these considerations, let us establish

the following proposition

Proposition 4. If A} C Ay and A; is complete, then As is complete.

m(1) m(2)
Proof: If A is complete, then Y Q;(1) = I,(1) € Ay, implies that » Q;(2) =
j=1 j=1

L, 2) € A2. So, Aj is complete.

Now, see [Schott (1997)|, the matrices of a family M = {Mj,...,M,} of sym-
metric matrices commute if and only if they are diagonalized by the same orthogonal
matrix P. Let D(P) be the family of symmetric matrices diagonalized by P. It is
easy to see that D(P) is a CJA, thus, a family of symmetric matrices is contained
in a CJA if and only if they commute.

We will now define a CJA generated by M :

Definition 12. The intersection of CJA is also a CJA, and if the matrices of M
commute, intersecting all CJA that contains M, we obtain the smallest CJA, A(M),
that contains M. This CJA will be the CJA generated by M.
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2.7.2 Binary Operations on CJA

In the section we will study binary operations on CJA. These operations will allow
us to build complex models from simple models.

The first of these operations is relevant for model crossing. This binary operation

on CJA is called Kronecker product of CJA.

Definition 13. (Kronecker Product of CJA (®))
Given the CJA Ay with Q) = { Q1 ;- .., @y, ;} the principal basis of A, | = 1,2, A=
A1 ® Ag will be the CJA with principal basis,

Qi ® Qo = Quu—tyuwptt,s 1 =1, wr, o =1, w

If A; and A5 are regular and constituted by n; X ny and ns X no matrices, since

1 1 1
Jn1n2 = Jn1 ®7Jn2 €A1®A2
ning ni N9

A1 ® As will be regular.
If A; and Ay are complete, then

w1 w2 w1 w2
Z Z Qi’l ® Qj’Z - (Z Qi’1> © Z Qj72 = In71 ® In»2 = Inan
=1 j=1 i=1 7j=1

And so, A1 ® Ay will be complete.
It is shown in |Fonseca et al. (2006)], that if A;, A2 and A3 are CJA, then

Al ® (A2 @ Az) = (A1 ® A2) @ As.

The restricted product * of CJA is used in the construction of nested models. A
nested model is when each treatment a model nests all treatment of other model, it
is said that the first model nests the second. So, the definition of restricted product

follow:

Definition 14. (Restricted Product of CJA)
Let Ay x Ay be the CJA with principal basis

1 1
{Qm ® %ana oy @y, ® man} U {Im @ Qoo Iny @ QQ,wQ} .
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When A; is regular, Ay * Ay is regular. Moreover, if Ay is complete and Ay is

regular, we have

w1

1 s 1 1
> (Qj,l @ n"> - g Qi | © gt =T © 00, = Iy © Qu, - (2:26)

j=1

1
we assume that Q; o = —Jp,.
bl n2

If A; is complete and As is regular and complete, A; *x Ay is complete. So

w1 1 w2 w2
Zl (Qj,l ® n2Jn2> + ZQ (Im ® ng) =1, 0Q 2+, ® ZQ Q2
j= j= j=
. (2.27)
=1, ®Y Qo
j=1

Clearly that A; x Ao is complete and regular. Now let A3 be other CJAS
1

with principal basis Qgz,...,Qg,, assuming Qs = —J,,, we prove that, see
b b b n3

[Fonseca et al. (2006)].

(Ar x Ag) * Az = Ay * (Ag * A3).

2.8 Important results of Commutative Jordan Algebra

In this section, we will develop propositions that will give us important results. This
first proposition shows that the product of any matrices in CJA commutes with any

orthogonal projection matrix, OPM, in the same CJA.

Proposition 5. If My,..., My commute, then M = {M;, ..., My} generates an
algebra A = A(M). Knowing that

1. Q=A{Q,,...,Q,} form the principal basis of the algebra A;

h
2. U= ) Q;, with h < d;
j=1

h
3. M; =) b;Q;
j=1
Given this, UM; = M; U, in other words, U and M; commute.
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Proof:

M=

h h
M;U = (Z biJQj) ( Qj) = > bi;Q; =M
j=1 =1 j=1

J
h h h

U= (Z Q]) (Z bz’JQJ’) =2 bi;Q; =M,
7=1 7=1 Jj=1

If M;U = UM; = M;, we conclude that UM; = M, U. O
The following proposition shows us that the product of two orthogonal projection

matrices is an orthogonal projection matrix.

Proposition 6. If Q; and Qy are orthogonal projection matrices, then

QiQy, = QQ, — U= Q,Qy,
if U is an orthogonal projection matrix.

Proof:

1. We admit that Q;Q4 commute, then

U=Q,Q,=Q,Q =Q]Q! =(Q,Q,)" =u",

and U is symmetric.

We saw that:

U? = Q1Q2Q1Q2 = Q1Q1Q2Q2 = Q1Q2 =U,

and U is idempotent. As U is symmetric and idempotent, U is an orthogonal

projection matrix.

2. If U = Q;Q, is orthogonal projection matrix, is symmetric. So, we have:
It U= Q;Q;, then U’ = (Q1Q2)T = Q2TQT = Q,Qy,
thus U = Q;Q, = Q,Q;.

So, we conclude that Q;Q, commute. O
Now, we have one more proposition.
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Proposition 7. Let Q be an orthogonal projection matrixz with characteristic 1 and

belonging the principal basis of the algebra A, show that Q = Q.

Proof: We know that
Q=) Q
Jj€p
and that
car(Q) = anr(Qj)
JjEp

If car(Q) = 1, then, we must have ¢ = {j}, being

Q = Qj’
O
Knowing that:
1. Q={Q,...,Q,,} is the principal basis of algebra A;
2. ¢ Cm ={1,...,m}, ¢ constitute a partition of m = {1,...,m};
3. Qlp) =1{Qy, j € p} = pb(A(p));
4. being ¢ =m \ .
We now have
Q(¢°) ={Q. j € ¢} = pb(A(¢°)).
So, we have the following partition
M =) m;Q; = M(p) + M(¢°) (2.28)
j=1
where
M(p) = Z m;jQ;
Jjep
and
M(¢°) = Z m;Q;.
jepe
We now have another partition
M = M?(p) + M°(¢°) (2.29)
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Of (2.28]) and ( -, we want to show that there is a single partition, then we have
M(p) + M(¢°) = M®() + M°(¢°).
Being Q,;Q;, orthogonal projection matrices, Q;Q,; = 0, we have

M(p) — M°(p) = M®(¢°) — M(¢°) = 0.

So

M(p) — M°(¢) € A(p)
and

M (%) — M(¢°) € A(¢°)
then

Ap) N A(¢°) = {0}.
We conclude that
A = A(p) B A(¢), (2.30)

is a single partition with orthogonal matrices. we will now show the last proposition

of this section:

Proposition 8. If T € A(l), 1 = ). Q;(l), [ =1,2 and
]EW(Z)

A1) @ A(2) = {M(1) ® M(2); M(l) € A(l) I =1,2}
then, we have the following thesis
T, Ty € ./4(1) X ./4(2) (2.31)

Proof:

T1®Ty = Z Q;( Z Q;( Z Z Q;,(1)®Q;(2) € A1) @ A(2)

Jj€p(1 J€p(2) J1€p(1) j2€0(2)

O]
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Chapter 3

Estimation and models

3.1 Introduction

In this section, we will study the estimation and some models like for example,
linear models, orthogonal models and nesting models. Firstly, are given definitions
of estimators and their properties. The result on estimation will refer the use of
sufficient and complete statistics to obtain good pontwise estimators. Then, we will
define linear models and their special types are given, like Gauss-Markov Models,
Generalized Gauss-Markov Models and definitions of orthogonal block structure,
OBS (see definition (33])) and commutative orthogonal block structure, COBS (see
definition (34)). We will get generalized results in characterization and expression
of the best linear unbiased estimators, BLUE. In section , we will study a very
important class of models that is the class of Orthogonal Models. In this section, we

will enunciate and demonstrate results that will be used in the following chapters.

We now study the crossing and nesting of orthogonal models. We start by pre-
senting some matrix results that we will use. Namely we will considerer commutative
Jordan algebras of symmetric matrices (see section . Next we use these results
to study the algebraic structure of ORT models, in such a way that we can analyse

the crossing and nesting of such models.
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3.2 Estimators

Initially we assume that

P={P0eq} (3.1)

being Py a joint probability distribution, belonging to some known class P. 6 is the
parameter of distribution taking values in a set €2, with the aim to specify a plausible
value, in other words, to estimate the value 6.

We define an important concept as a way to determine suitably an estimator.

Definition 15. An estimator is a real-valued function g defined over the sample
space. It is used to estimate an estimand, g(0), which is a real-valued function of

the parameter.

Quite generally suppose that the consequences of estimating g(6) by a valued t

are measured by L(t,6). So, we have the definition of loss function.

Definition 16. Let T be an estimator of g(0). The real valued function L(t,0) is a

loss function if it respect the following conditions:
1. L(t,0) >0, for all t,0;
2. L(g(0),0) =0, for all 6

When the loss is zero, the estimated is the correct value. So, we can measure

the inaccuracy of an estimator T from its risk function, defined as

Definition 17. Let T be an estimator of g(0) and L(t, 0) its loss function. The risk
function is

R(tv 0) = FEy L[g(t(X)v 0)] (32)

The average loss comes from the use of T. The goal is find a T which minimizes
the risk for all values of 6. We will later develop this theme, how to find the best

estimator. This topics can be studied in detail in [Lehmann & Casela (1998)].

3.3 Exponential families

The family Py of the expression (3.1]) of distributions is denominated as a k-dimensional

exponential family if the distributions pg with
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k
po = h(z) exp [Z ni(0)T5(x) — B(6) (3.3)
=1

The 7; and B are real-valued functions of the parameters, the T; are real-valued
sufficient statistics and x is a given observation in the sample space x, the support of
the distribution. Usually, the 7; are known as the natural parameters of the density,
and so we can write the density in the canonical form

k
plaln) = h(z) exp [Z nT(x) — Aln) (3.4)
=1

The natural parameter space will be denoted by =
For exponential families, the moment and cumulant generating functions can be

expressed from the following theorem

Theorem 6. If X is a random vector with density , then for any n € E, the
moment and cumulant generating functions Mp(u) and Kp(u), of the T’s exist in

some neighborhood of zero and are given by

Mr(u) = @ (3.5)
eAm)
and
Kr(u) = A(n +u) — A(n) (3.6)
respectively
Proof: See [Lehmann & Casela (1998)], pages 27-28. O

3.4 Sufficient Statistics

Suppose we have a random sample Xi,....,X,,. If T = T (Xqy,...,X,,) is a statis-
tic (not necessarily real-valued) and t is a value taken by T, then the conditional
joint distribution of Xj, ..., X,, given that T" = t can be calculated. So, for each
value of ¢, there will be a family of possible conditional distributions of (X1, ..., X,,)

corresponding to the different possible values of 6.

Definition 18. :
A statistic T is sufficient for 0 if Py((Xi, ..., Xpo)|T(X1, ..., Xpn) = T(z1, ..., xp))

s not a function of 6.
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We can say that a statistic T'(X4,...,X,) is said to be sufficient for 6 if the
distribution of X4, ..., X,,, given T' = ¢, does not depend on # for any value of ¢.
This definition is not precise and we shall return to it later in this section. The
definition of sufficient statistic is very hard to verify directly. A much easier way to
find sufficient statistics is through the factorization theorem that we now state. see

[Lehmann & Casela (1998)], page 35.

Theorem 7. (Factorization Criterion) A necessary and sufficient condition for
a statistic T to be sufficient for a family P = {Py,0 € Q} of distributions of X there

exist non-negative function gy and h such that the densities pg satisfy

po(x) = go[T(z)]h(x)(a.e.p) (3.7)

Clearly, sufficient statistics are not unique. From theorem , it is easy to see

that

1. The identity function T'(zy, ..., x,) = (21, ...,2,) is a sufficient statistic vector

and

2. If T is a sufficient statistic for € then so is any statistic with a 1:1 relation with

T.
This leads to the notion of a minimal sufficient statistic.

Definition 19. A statistic that is sufficient and that is a function of all other

sufficient statistics is called a minimal sufficient statistic.
Before we enunciate the next corollary, we have the following definition:
Definition 20. A density belonging to the exponential family is of full rank if:
1. The T;, and n;, i = 1,...,k are linearly independent;
2. and = contains a k-dimensional rectangle.
Now, we have the following proposition:

Proposition 9. (Ezponential Families) Let X be distributed with density .
Then, T = (T1,...,Ts) is minimal sufficient provided the family satisfies one

the following conditions:

30



1. It is of full rank.

2. The parameter space contains s+1 points n(j) (j =0,...,s), which span Es, in

the sense that they do not belong to a proper affine subspace of Ej.

Proof: See |Lehmann & Casela (1998)], page 39. O

Let X4, ..., X,, be i.i.d., with exponential density of full rank. Then, the joint
distribution of Xj,...,X,, is a full-rank exponential density with 7" = (77, ...,T3)
where T* = i Ti(X;). So, for a sample from the exponential family , it is
possible to red:ulce the data to an s-dimensional sufficient statistic, regardless of the
sample size. The reduction of a sample to a smaller number of sufficient statistics
greatly simplifies the statistical analysis. We point out that the sufficient statistics
contain all the information in the sample.

Now, we have the definitions of ancillary and complete statistic:

Definition 21. A statistic V =V (X) is ancillary if the distribution of U does not
depend on 0 for every Py(6 € Q).

Definition 22. A statistic S = S(X) is said to be complete if for real-valued function
I, Ep[f(S)] = 0 for real all 0 € Q implies Py[f(S) =0] =1 for all 6 € Q.

What happens to the ancillary statistics when the minimal sufficient statistic is

complete is show by the following result

Theorem 8. (Basu’s Theorem) If T is a complete sufficient statistic for the
family P= Py, 0 € Q, then any ancillary statistic V is independent of T

Proof: [Lehmann & Casela (1998)|, page 42. O

Theorem 9. If X is distributed according to the exponential family and the
family is of full rank, then T = [T1(X), ..., Ts(X)] is complete.

Proof: See |[Lehmann et al. (1997)], pages 142-143. O

The property of convexity and of concavity play an important role in point estimation

Definition 23. A real-valued function ¢ defined over an open interval I = (a,b)

with —oo < a < b < 00 is convex if for anya <x <y <band any 0 <y <1
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oYz +(1-Y)y] <Yo(z) + (1 -Y)o(y). (3.8)

The function is said to be strictly convez if the strict inequality holds in (@ for all

indicated values of x, y and Y. A function ¢ is concave on (a,b) if —¢ is convex.
The notion of convexity is applied to a result that is known as Jensen’s Inequality

Theorem 10. (Jensen’ Inequality) If ¢ is a convex function defined over an open
interval I, and X is a random variable with P(X € I) = 1 and finite expectation,
then

SIE(X)] < E[3(X)). (3.9)

If ¢ is strictly convex, the inequality is strict unless X is a constant with probability

1.

Proof: See |Lehmann & Casela (1998)], page 46. O
The statistics are related with the concept of information. An estimator carries
a information that will be useful in the interpretation of data. So, we have the

following definition of information matrix:

Definition 24. Let X = (Xy,...,X,)T be a sample vector belonging the P as

defined in (3.1), with § = (61,...,0,)T and let T be a sufficient statistic. The
element 1;;(6) of the information matriz 1(0) is defined of following form:

0 0
I, =FE a—eilog(Pg(X))aT)jlog(Pg(X))

The information matrix essentially measures the variation of Py with 6. So, it
is possible to obtain a bound for the variance of an estimator. Now, we have the

following theorem:

Theorem 11. (Multiparameter information inequality)
Let X = (X1,..., X,)T be a sample vector belonging the P as defined in (3.1)),
with @ = (61,...,0,)T. Let T be any statistics for which E[T? < oo and either

. 0 0 .
1. Fori=1,...,r; 8—91E[T] =F [%T] exists, or
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2. There exists functions bg;(.); i =1,...,r, with E[bg’i(X)] < 0o that satisfy
Proof: See |Lehmann & Casela (1998)], page 127. O

Lemma 1. IfTj is any unbiased estimator of g(0), the totality of unbiased estimators

s given by T = Ty — U, where U is any unbiased estimator of zero, that is, it satisfies
E[U] =0
for all 0 € Q

Proof: It is simple, because

O
The following lemma states that there exists the uniqueness of unbiased estima-

tors given a complete sufficient statistics.

Lemma 2. Let g(0) be an estimable function and T a complete sufficient statistic.

If f and h are functions, then we have

and

P[f=h]=1

Proof: See |[Lehmann & Casela (1998)], page 87-88. O
The estimator of a parameter will be a statistic whose values are ” approximation”

the true values of the parameter. We define uniformly minimum variance unbiased

estimation, UMVUE. The definition follows:

Definition 25. (UMVUE) It says that T is UMVUE of g(8) if it is unbiased, that
18:
E[T] = g(0) for all 6 € Q

and if for all 0 has V(T)) < V(U), where U is another unbiased estimator of g(6).

The next theorem states that the class of all unbiased estimators of zero is

important to distinguish the more efficient of less efficient. Thus, we have
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Theorem 12. Let X have distribution Py; 60 € Q. Let T be an unbiased estimator
of g(0) such that E[T?] < co. Let U denote the set of all unbiased estimators of zero
which such that E[T?] < co. Then a necessary and sufficient condition for T to be
a UMVUE estimator of g(0) is

E[TU] = cov[T,U] =0, U € U and 6 € Q.

Proof: See |Lehmann & Casela (1998)], page 86. O
The Rao-Blackwell theorem can be used to improve unbiased estimators reach

the best unbiased estimator, we now establish

Theorem 13. (Rao-Blackwell theorem) Let g be a convexr function and § an

unbiased estimator of g(6). Given a sufficient statistic T, we have

1. §(t) = E[§(X) | T=t] is function of sufficient statistic T=t but is not function
of the 0;

2. §(T) is unbiased estimator of g(6);
3. V(§) < V(§) for all 6.

Proof: See |Lehmann & Casela (1998)], page 48. O

Before enunciate the next theorem, we will define the following:

Definition 26. A sufficient statistic T is complete in the family of measures if
E(g(T(Xy,..,X,))=0=P(g(T)=0)=1,Y (3.10)

Using jointly the concepts of sufficiency and completeness statistics, we get the

following result very important.

Theorem 14. (Blackwell-Lehman-Sheffé theorem)

If T is complete and sufficient statistics and there exist an unbiased estimator
gofgld),qg=[i(X)| T=t] is an unbiased estimator of g(0) with uniformly mean
variance, UMV UE.

Proof: Considering the theorem of Rao-Blackwell, we know that g is unbiased

estimator of g(#) and V(g) < V(g). Now assuming that there exists another unbiased
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estimator g* of g(f). Again by theorem (13), we know that g* = E[g*(X)|T = {] is
function of t but is not of g(f) and V(g*) < V(g). O
The Blackwell-Lehman-Sheffé theorem states that if we find an unbiased estima-

tor that is a function of a complete sufficient statistic, it is the unique UMVUE.

3.5 Estimation on linear models

A random variable described by a linear model is a sum of several terms and it has

the following structure

w
Y => X3 (3.11)
=1
where the parameters 3;, 7 = {1,...,w} are fixed unknown constants or random

variables.

We now define the concepts of fixed effects model, random effects model and

mixed effects model.

Definition 27. (fized effects model)

A linear model

w
Y=) X3 +e (3.12)
i=1
the vectors B;, i = {1,...,w}, are fired and unknown and € is a random vector or

random error with null mean and covariance matriz OV, with V a known matriz

and 0 unknown, will be a fized effects model.

This model is important in the application for analysis of variance and linear
regression models. This is the most commonly used type of model used in real
applications.

We will considerer models with random parameters. We have the following

definition.

Definition 28. (Random effects model)

A linear model

w
Y=1p+) Xe, (3.13)
=1

35



where 1 is fived and unknown and €i,...,€, are random independent with null
mean vectors and covariance matrices 01 Vi, ..., 0, Vy, with Vi,..., Vy, known, it

s a random effects model.

This model is applied in analysis of variance of random effects.

After defining these two models, the definition of mixed model arises normally

Definition 29. (Mized models)

A linear model

k w
Y=) X8+ ) Xe (3.14)
i=1 i=k+1
with k < w, Bq,...,8k fired and unknown. €gy1,...,€; are random independent

vectors (random errors) with null mean vectors and covariance matrices 0;V;, i =
{k+1,...,w}. These models are called mized effects models and have fized and

random effects.
A particular case of the fixed effects model is

Definition 30. (Gauss-Markov model)
A fixed effects model
Y=XGB+¢€

with € ~ N(0,01,), is a Gauss-Markov model

However there are situations in which the Y1,...,Y,, have non null covariance,

so we consider

Definition 31. (Generalized Gauss-Markov model)
A fixed effects model
Y=X3+e€

with € ~ N(0,0V), where V is a known positive definitive matriz, is a generalized

Gauss-Markov model.

These models are applied in usual regression and heterocedastic regression.

We still have the following definition:

Definition 32. (BLUE) A function (a''Y) is a BLUE of E[a’ Y] if any other
(bTY) unbiased estimator of E[a’ Y] has a variance that is not lesser than that of

(a”'¥).
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Now, for vector estimates we have the following versions of the Gauss-Markov

theorems, see |[Kariya & Kurata (2004)], page 34:

Theorem 15. (Gauss-Markov Theorem) Let Y be a Gauss-Markov model, we

have the estimator of the form
B=X"xX)"'Xx"y

which we call the Gauss-Markov Estimator, GME. The GME is the BLUFE of 3, that
is, the GMFE is the unique estimator that satisfies

cov(B*) — cov(B) is positive definite,
with B* any other linear estimator. The covariance matriz of B is given by
cov(B) = 0(XT X)7!
Proof: see [Kariya & Kurata (2004)], page 34. O

Theorem 16. (Generalized Gauss-Markov Theorem) Let Y be a Generalized

Gauss-Markov model, we have the estimator of the form
B=(XTv1ix)xTv1ly

which we call the Gauss-Markov Estimator, GME. GME is the BLUE of B, that is,
the GME is the unique estimator that satisfies

cov(B*) — cov(B) is positive definite,
with B* any other linear estimator. The covariance matriz ofB s given by
cov(B) =0(XTv1x)!

Proof: see [Kariya & Kurata (2004)], page 34. O
Given the lack of homocedasticity and independence of errors, we transform Y,

to get the homocedasticity. With G € U(V), we take

Y =GY
X*=GX
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getting

ElY' ] =X"3

Cov[Y*] = GTCov[Y]G =4I,
So, we now have the homocedastic model

Y*:X*ﬁ+6*

We also have the following mixed model,

w
Y =) X (3.15)
i=0
where (3 is fixed and the 8;, j = 1,...,w are independent random vectors with
null mean vectors and variance covariance matrices 6,1, j = 1,...,w. The matrices
X;,2=0,...,w are known.
Putting M; = XiXZT, i =0,...,w, Y will have mean vector and variance covariance
matrix
= XoB
w (3.16)
V=> 0,M;
i=1
The 6;, i =1,...,w will be the variance components.

So, we have the mixed model of the expression and in the first expression of
the mean vector which spans the range space 2 = R(Xj) of X¢. The orthogonal

projection matrices on 2 will be

T = Xo(XIXo)"XT = XX (3.17)

We now have the

Definition 33. A linear model has orthogonal block structure (OBS) if the variance-

covariance matrixz has the form
V=> 5@, (3.18)
j=1

where Qy, ..., Q,, are orthogonal pairwise projection matrices, OPOPM, such that

> Qi =1In
J=1
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These models allow optimal estimation for the canonical variance components
1, ---,¥m- These important class of models were introduced by [Nelder (1965b)] and
continue to play an important role in the theory of randomized block design, see
[Calinski & Kageyama (2000), (2003)]. There are many interesting papers on OBS
such as [Houtman & Speed (1983)] and [Mejza (1992)].

We also have the following definition:

Definition 34. A linear model has COBS (Commutative Orthogonal Block Struc-
ture), if it have OBS and,

These models were introduced by [Fonseca et al. (2008)] and have been studied
in |Carvalho et al. (2008), (2013)] and [Mexia et al. (2010)]. We have the following

results whose proofs may be seen in [Fonseca et al. (2008)].
Proposition 10. When the matrices My, ..., M,, commute, the model has OBS.
Proposition 11. If the matrices My, ..., M, and T commute, the model has COBS.

Moreover, see |[Zmyslony (1978)], we have optimal results for estimable vectors

in the same models. We have the following mixed model

i=1
with "
=1

Let v be the space spanned by all the covariance matrices {V1,...,V,} and Vg

is a maximal element, this is
where R(V) is the range of V.

Definition 35. Let x be a vector space and a subset B of x. Then B is an essentially
complete class if for Va ¢ B, 3b € B, such that

Eg[a® Y] = Eg[b Y]
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and

Varg(b'Y) < Varg(a' Y)
for Vo € Q.

Moreover, we have the definition:

Definition 36. Let X be a linear operator from a inner product space L].|.] into x

such that R(X) = €, being € the space spanned by the mean vector

Let, the matrix W be written of the following form

wo ] Vo XXT5 B(X) £ R(Vo) (3.19)
Vo; R(X) € R(Vo)

where X7 is the transposed matrix of X.

Thus, we will prove the following result
Lemma 3. R(W) is an essentially complete class

Proof: See |[Zmyslony (1978)] O

The next lemma shows us the uniqueness of a BLUE

Lemma 4. If (a”Y) and (b' Y) are BLUE of a given function ¢ and a,b € R(W),
then a = b.

Proof: See |[Zmyslony (1978)] O
From now on, let us limit ourselves to an essentially complete class of estimators
(alY), with a € R(W). In this class the set of all BLUE will characterized.

Now, we have the following result
Lemma 5. Let a € R(W). If (a’Y) is the BLUE of E(a’ Y), then a € WT.

Proof: See |Zmyslony (1978)] O
Let P = XX be the orthogonal projection matrix on R(X), and put M =1 — P,

where I is the identity matrix. We have
k
U=X"wW~ (Z ViMVz) WX
i=1
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and

Z=1-U"U

where X is a general inverse matrix.

Theorem 17. Let a € R(W). The function (a’'Y) is a BLUE for Ela’ Y] if and

only if

Jze N(U): WXz=a

Proof: See |[Zmyslony (1978)]. O

The next theorem shows us the existence of optimal estimators

Theorem 18. There exists a BLUE for (a’ B) if and only if

ac R(X"W XZ)

Proof. See |[Zmyslony (1978)]. O

The expression for these estimators is given by the following theorem

Theorem 19. If there exists a BLUE for (a® 3), then (aTB), where B is a solution

of the equation

B=(Z"XW X) Z'X"Wy,

is a BLUE of (a’B).

Proof. See |[Zmyslony (1978)]. O
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3.6 Orthogonal Models

In this section, we will study a very important class of models that is the class of

orthogonal models. Orthogonal models, ORT, see [Vanleeuwen et al. (1998)] and

[Vanleeuwen et al. (1999)], are mixed models with remarkable properties.

From the definition , we have,

V(vy) = Z ’Yij
j=1

is OBS case Q,...Q,, are orthogonal pairwise orthogonal projection matrices,

OPOPM, and >’ Q; = I,. We define that the model has COBS if it has OBS
i=1

]7
T = XX{

(see definition (34)).

We now have the following definitions:

Definition 37. (LSE)

The LSE for
¥ =Gp
18
¥ =GB
when ,B 1s obtained minimizing
1Y - X8||?

Definition 38. (UBLUE)

When the least square estimative (LSE) for estimable vectors (see [Mexia et al. (2011)],

,Ym }, we say, follow-

page 14), are BLUE whatever the variance components {1, ...

ing (Vanleeuwen et al. (1998)], that they are Uniformly BLUE, UBLUE.

A necessary and sufficient condition for its LSE to be UBLUE is, see |[Zmyslony (1978)],

that T commutes with the matrices in V(). The orthogonal models have least

square estimators, LSE that are UBLUE. The definition of ROBS follow:

Definition 39. (ROBS)

When a model has a covariance structure like in expression with v € I' where

I' contains non-empty open set, we say that the model has ROBS (Robust OBS).
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Let Q ={Q,...,Q,,} be the principal basis of an CJA A(M), we have

m
Mi:Zbiija i:1,...,w

j=1

If the matrices {My, ..., M, } commute, they generates an CJA A(M). If the algebra
A contains the matrices {My,...,M,} and T, then the matrices {Mj,..., M}
commute with T. A model associated to this CJA has UBLUE.

Now, with B = [b;;], the transition matrix, we have

V(o)=Y oM - 3 v,
i=1 i=1
with
V= Z bij0;
this is
v=B"0 ¢ RB"),

The ~ are linear combinations of # and otherwise, because B” is invertible. V.

represents the family of vectors of subspace V with non-negative components. So,

I C R(BT),,

we say that the parameters are positive.
If the matrices My, ..., M,, are linearly independent, the same happens with the
row vectors of B being

car(B) =w
and hence
dim(R(BT)) = w

In the case of orthogonal models, M is basis of a CJA, A(M). When w = m, M will

be a perfect family. So, we have the following definition:
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Definition 40. Perfect Family
A family M of symmetric matrices that commutes is perfect when it is a basis for
the CJA that it generates. In this case I' = R’ contains non-empty open. If w < m,

I' 4t does not contain non-empty open.

If B is a transition matrix and M is a basis for A(M) it will be, see
[Fonseca et al. (2007)[, a perfect family and B will be invertible.
Let My, ..., M, be b(A(M)) and let Qq,...,Q,, be the pb(A(M)).
M;i,..., M, and Qq,...,Q, are a perfect family, because they are paired and have

the same number of elements.

Let {0} C R(Qj) C R(T) be; j = {1,...,m°}, if

Qj = Q;
and
Qj+m° = Qj(In -T)= Q;Tc

then Q; and Q. ,,o are paired.

Jj+m
If Y has normal distribution and the model is orthogonal, the density belongs
to the exponential family and the parametric space contains open non-empty sets.

The model has sufficient and complete statistics from which we obtain the UMVUE.

Now, we will consider the following propositions.
Proposition 12. We have
[(V(61) =V(02) = (6h = b2)] <= My,..., M, are linearly independent

Proof:

1. we will prove that

[(V(61) =V (02) = (01 = 62)] = My, ..., M, are linearly independent
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Let V(0(1)) = >_ 0;(1)M;, 1=1,2 be, then
=1

V(gl) = V(@Q) <~— 0= V(@Q) — V(@l) =

= > (6:(2) - 0:(1))M;
=1
If this equality implies 0;(2) = 6;(1); i=1, ..., w then M;y,...,M,, will be

linearly independent.

2. we will establish the reverse

If the My, ..., M,, are linearly independent, then
V(02) =V (01),

implies that

01 = 027

the proof of this proposition is also in [Pereira et al. (2014)].

We still have the following result:

Proposition 13. The matrices in M = {M;, ..., My} are linearly independent if
and only if B® is horizontally free.

w
Proof: Assume that M; = > b;;Q;, with by ..., by, the row vectors of B, in
j=1

other words

b{
B° = :
b,,
As Qq,...,Q,, are mutually orthogonal, are linearly independent. Since
u u w w u
SEUED I SIS 9l Pl T}
i=1 i=1 =1 j=1 \i=1

then

u u
ZCiMi =0,xn <= Zcisz =0
=1 =1
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u u
So, >, ¢iM; =0 impliesc; = --- = ¢, = 0. Also ) ¢;b;; = 0implies¢; = -+ = ¢, =
i=1 i=1
0, that is, implies the linear independence of the row vectors of B, so the matrix B
is horizontally free, it has linearly independent row vectors O

We now have

M; => b;Q,
j=1

50
= ég b Q; = i:: (Z ci U) (3.22)
-3 0,
=1
with ; = iécibi,j;j =1,...,m, ie., v = BTc, withc > 0, so that v € T =

BTRY ¢ R(B”). We point out that
dim (R(BT)) = car(BT) < w,

since B is a m X w matrix.
If w < m, the m components of v have to satisfy linear solutions, therefore
= BTR$ not containing any non-empty open set.

So, we have the following propositions:
Proposition 14.

TM; = M; T <= the LSE are UBLUE.

Proof: From [Zmyslony (1978)|, the least square estimators, LSE, (see
[Mexia et al. (2011)], page 14) are uniformly best linear unbiased estimator, UBLUE,
if and only if Vg, TV (8) = V(0)T, 8 > 0. Let

0) = zwj 0, M,
=1
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and

0
62’ — 1 )
0
we then have
w w

M; =V(0+8)—V(0)=> (0+85)M;—> 6OM; =5 M; =M,
=1 =1

So
T™™,; =T (V(6+46;)—V(0) =(V(O+46;)—V(0))T =M,T,

because the LSE are UBLUE. OJ

Proposition 15. We have:

TM; = M; T — M, = M; + M,
with ME = TM; T and M¢ = T°M; T*

Proof: We know that T =1, - T <=1, = T+ T and TT = T(I, - T) =
T — T = 0. So, we have

= TM,;T + TM,; T+ T°M,; T + T°M; T =

(3.23)
= M2 + M;TTC + M;TT¢ + M =
= My + My
We conclude that M; = M7 + My and the thesis is established. O
Proposition 16. We have:
M;M, = M,M; < MM, = MM, A MEM = MyM:
Proof: Knowing that
M; = M° + M¢
' ' ' (3.24)

MZZ ?—FM?
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and that

M¢ = TM,T
M§ = T°M,T®

(3.25)

we get

MM, = (M7 + M5)(M; + Mj) =
= MIMY + MOMY + MEMS 4+ MSMY =
(3.26)
= M2MY + TM, TTM,T¢ + TM, T°TM,T + M¢M{ =

= M;M; + M{Mf7
We now will get M;M;

MM; = (M7 + M) (M7 + M;) =
= M;M; + MJM§ + M;M; + M;M{ = (3.27)
= M/M; + MM
Therefore M;M; = M;M;, M; e M; commute.
We will now demonstrate that M;M; + M{M{ = M;M; + M;yMy. Knowing that:

TM? = MY A TM¢ =
T°MS = MS A T°MS =0

(3.28)

we have

TM;M,; = TM;M; + TM{M7 = TM;M; = M;M7
and

TM;M,; = TM7M; + TM{M{ = TM;M; = MM
SO

TM;M; = TM;M;
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and the matrices M3, ..., M, commute.

We now have

T°M,M,; = T°M°M + TM{M = TMSMY = MM

and
T°M;M,; = T°M;M; + T°M{M{; = T°MiM{; = MM
S0
T°M;M,; = T°M;M,;
and the matrices MS, ..., M7, commutes. So, the thesis is established. O

Proposition 17. Models with COBS are models with UBLUFE whose matrices M1, . .., M,

commute.

Proof: Let V(0) = > 6;M;. The model has COBS if T, Qq,...,Q,, commute
=1

and it has UBLUE if the matrices T and V(0) commute, this is,

If M= {My, ..., M,} commute, they generate a Commutative Jordan Algebra, CJA,
with principal basis, pb = {Qy,...,Q,,}. Then, if the matrix T and the matrices

in the CJA commute, the matrices T and M commute.

If

then

From proposition [14] we get

T™™,; = M;T
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So, if T,My,...,M, commute, then the model has COBS. And so, the thesis is
established. ]

Now, we again have the following mixed model, (see expression in section

3.5)

w
Y =) X
i=0
will have mean vector
n = XoBy

which spans the range space Q@ = R(Xy) of Xg. The orthogonal projection matrices
on 2 will be
T = XX

The family of variance covariance matrices for this model will be
V= i 0,M;; >0
i=1
with M; = X; X7, i = {1,...,w}. For the matrices of V to be invertible we have
only to take 8,, > 0 and M,, = X, = I,.
We now establish

Lemma 6. The model has UBLUE if and only if T commutes with My, ..., M,,.

Proof: If T commutes with My, ..., M,, it commutes with the matrices V(0) =
> ity 0;M; and the model has UBLUE, see [Pereira et al. (2014)]. Inversely if the
model has UBLUE, with §; the vector with null components but the ¢ — th which is
1, T will commute with V(0), V(0+9;) and M; = V(0+38;)—V (8;) ,i ={1,...,w},
which completes the proof. O

If the matrices My, ..., M,, commute they generate A° = A(M) with principal
basis Q° = {Qf7, ..., Qe }. Let B® = [b7,] be the transition matrix, then

vey=> oM =Y 0> 5507 | = +Q;
i=1 i=1 j=1 J=1
with w
v5 =) 050, §={1,...,m%}
=1
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so the matrices V will be linear combinations of known orthogonal pairwise orthog-
onal projections matrices, OPOPM, QF,...,Q, ., . If the V(0) are invertible, .4

must be complete, so

o

m
> Q5 =1.
j=1

Now we get

Lemma 7. When the matrices of My, ..., M,, commute the model will have BLUE

if and only if T commutes with the matrices of A°.

Proof: If T commutes with the matrices of A°, then it commutes with My, ..., M,,
and, from @, the model will have UBLUE. If the model will have UBLUE, also
from @, T will commute with the matrices My, ..., M,,. assuming now the matrices

My, ..., M, commute with all the matrices of
M’ = {T,Mjy,...,M,},

then generating a algebra A" = A(M”), which contains A°, so T will commute with
the matrices of A’ namely with these of A° and the proof is complete. O
From now on we assume that My, ..., M,, commute.

For the model to be well defined, we have
V(61) =V (62)

must imply

01 = 027

so the matrices My, ..., M, must be linearly independent which, since
mO
M;=> b5Q5 i=1,...,w
j=1
is equivalent to the row vectors of B° being linearly independent and so
rank(B°T) = rank(B°) = w

since

’YO — Bng

o1



thus there will be no linear restrictions on the m° components of 4° when and only
when B°" is invertible. Then B° will be invertible and M will be perfect being a

basis for A°. We now have the following lemma:

Lemma 8. When My,..., M,, commute and B°" s invertible then there are no
linear restrictions on the components of v° and the corresponding parameter space

contains non void open sets, if and only if M is perfect.
Proof: To complete the proof we have only to point out that
{v; v= B u, u> 0} CTI°

and that when M is perfect B°" is invertible. ]
Now orthogonal models, ORT, as defend in [Vanleeuwen et al. (1998)] are UBLUE
models with families of variance covariance matrices
m
V={V(¥°) =) 7Q; ¥ €T}
j=1
When Q is a family of OPOPM and I' contains non void open sets, then we now

have the proposition:

Proposition 18. A mized model

w
Y=>) X
i=0
is orthogonal if and only if the matrices T, My, ..., M, commute and the family
M={M,,...,M,} is perfect

The properties of ORT models was studied in [Vanleeuwen et al. (1998)] and
[Vanleeuwen et al. (1999)]. Our goal in this section was to study their algebraic
structure as expressed in proposition above to obtain the basis for binary operations
on these models.

In the next sections, we will study the crossing and nesting ORT models. This topics

was also studied in [Santos C. (2012)].

3.7 Crossing Orthogonal Models

We will represent by ® the Kronecker product, and take
{Ul,...,Ud}@){Gl,...,Gt}:{UlGj, i=1,...,dej=1,...,t}
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given two CJA A(l), I = 1,2 with principal basis Q(I) = {Q;(1),..., Qunu(D)}, | =

1,2, and two families of symmetric matrices
M(l) = {Ml(l), ce 7Mw(l)(l)}7 | = 1’ 27

we have

M(1) ® M(2) C A(1) ® A(2),

that
Q = pb(A(1) ® A(2)) = pb(A(1)) ® pb(A(2)) = Q(1) ® Q(2)

and that the transition matrix M(1) ® M(2) \ Q(1) ® Q(2) is
B =B(1) ® B(2)

with B(l) the transition matrix M(l) \ Q(), I = 1,2, the kronecker product ® of
CJA will be useful in studying model crossing.

We will now study two cases

3.7.1 First case
As stated above we will have the Commutative Jordan Algebra, CJA
A°(1) ® A°(2)

and

A(l) ® A(2)

in studying the crossing of ORT models. We will consider the first case where the

two models have fixed effects. When we cross two ORT models with mean vector

p(l) = Xo(1)Bo (1), 1 =1,2,

we obtain a model with mean vector

= XoB, (3.29)

where X = X(1) ® Xo(2). Since
X =Xj(1)@X5(2)
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the orthogonal projection matrices in the space spanned by p will be

T=XXI =
= (Xo(1) ® Xo(2))(Xf (1) © X (2)) =
(3.30)
= (Xo(1)X{ (1)) ® (Xo(2)Xg (2)) =

= T(1) ® T(2)

where T(I) = Xo(1)X (1), I = 1,2 is the orthogonal projection matrix on the space
spanned by

“(l>7 l=1,2

Now T(l) € A(l), so we can consider the matrices {Q; (), ..., Qu (1)} in

Q) = bp(A(l)), 1 =1,2,

so, we have

z(l)
T() =) Q;(), I=1,2

Jj=1

as well as

z(1) =2(2)
T=> > Qi1)®Qu(2) € A1) ® A(2)

j'=1j"=1

Thus T will commute with the matrices of A°(1) ®.4°(2) and so the new model will
be UBLUE.

As pointed above the transition matrix
M(1) ® M(2) \ Q°(1) ® Q°(2)

B° = B°(1) ® B°(2)

and since B°(1) and B°(2) are invertible, B° is invertible and M(1)®M(2) is perfect.

Thus, we get the following proposition:

Proposition 19. Crossing ORT model gives ORT models
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3.7.2 Second case

When the matrices {Mj, ..., M, } commute, they generate a CJA A°, with princi-

pal basis {Qf7, ..., Q. }-

If T and {My,..., M, } commute, they generate a CJA A. The matrices {Qf, ..., Q;.-}.

and T will belong the A, with principal basis constituted by matrices {Q,...,Q,,}-
Finally, we have the matrices {Mgy, My, ..., M,}, with My = Xng that if

commute, they generate a CJA jl constituting the matrices {(S)l, cee, (S);;L} a principal

basis of .Zl

If one of the families
{My,...,My}, {T,My,...,My} and {My, My,...,M,}
is perfect, the corresponding transition matrix

=[], B = [by] or B = [by]

will be invertible.

We have the following mixed models:

and

g

()

=0

.

Crossing the models, using the definition in |[Fonseca et al. (2008)], we obtain the

following model:

£

1) w(2

e
I

Msjm

(2)) Bij =
:0 (3.31)

X8

T
=

with
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w=(w(l)+1)(w(2)+1)—1
l=1iw(2)+j

and X; = X;(1) ® X;(2), if M; = X; X7,

then
M; = (X(1) @ X;(2)) (Xi(1) @ X;(2))" =
= (Xi(1) © X;(2)) (X] (1) ® X[ (2)) = (3.52)
= (X)X (1) ® (X;(2)X](2) =
= M;(1) ® M;(2)
Knowing that
M, =S buQy, 1= {1, w}
k=1
from expression , we have
m(1) o m(2) o
Mi(1) @M;(2) = | > bu(D)Qi(1) | ® | Y 0(2)Q;(2) | =
i=1 j=1
T(;L(l) %(2) o o o o
=Y 3 (wwam) e (hege)- 6
i=1 j=1

:Zbleka l:{l,,UJ}

The transition matrix for the crossed model is written as follows

B = B(1) ® B(2)
having

o o o

car(B) = car(B(1))car(B(2))

with

o6



being n, n(1) and n(2) the orders of the matrices B, B(1) and B(2) respectively.
So, we can say that if the matrices B(1) and B(2) are invertible, B is invertible and

M(1) ® M(2) is perfect when M(1) and M(2) are perfect. So,

Proposition 20. The model s an orthogonal model if the initial models are

orthogonal.

Proof:

1. My,...,M,, forms the basis of the algebra A(M);

2. Qq,...,Q, forms the principal basis the same algebra A(M);

3. TQ,; =Q,T; Q, and T commute.

We have
Qi = Qi(1) ® Qu(2)
and
T =T(1) ® T(2)

with

Q(1) ® Q(2)
the principal basis of

A1) ® A(2)

So,
TQ,y = T(l)Qi(l) ® T(2)Qi/(2) =
= Q(H)T(1) ® Qy(2)T(2)

= QM/T

(3.34)
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So, the models ([3.29)) and ([3.31) are orthogonal. O

Thus, we get again the following proposition:

Proposition 21. Crossing ORT model gives ORT models

3.8 Nesting Orthogonal Models

In considering model nesting, see [Fonseca et al. (2006)], we will use the restricted
kronecker product * of CJA. So, with A(1) complete and regular and if the matrices

of A(l) are n(l) @ n(l),l = 1,2, we will have principal basis

1 1
pb(A) = pb(A(1) x A(2)) = {Q;(1) ® @Jn@)? s Q1) ® @Jn@)}u
U{T1) @ Qa(2), -+, L1y @ Q2 (2)}
(3.35)
with J,, = 1,17,
3.8.1 First case
The first model will be mixed and given by
w(1)
Y(1) =) Xi(1)8,(1) (3.36)
i=0

Bo(1) is fixed and B1(1),...,B,1)(1) are independent random vectors with 3;(1) ~
N(0,0%1.,);i=1,...,w(1) and Xo,... ; Xw(1) known. The second model has ran-

dom effects and is given by

Y(2) =} Xi(2)8:2) (3:37)

where X(2) = 1,,(2). Through nesting, we get the following model

Y=Y (Xi)®L,)8+ Y. T ®Xiwmn2)8: (3.38)
i=0 i=w(1)+1

with w = w(1) + w(2).
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Let M; = (Xi(1) ® 1,,09))(Xi(1) ® L))" be, with i = 0,...,w(1). Making

calculations, we have

= (Xi(1) ® Ly 2)) (Xi(1) © Lyp))" =
= (Xi(1) ® L) (Xi(1)" @ 17)) =
— (X(DX()) 8 T 0 =

Mz(l) ® Jn(2

(3.39)

From expression (3.38) where i = w(1) +1,...,w, we have

M; = (L,(1) ® Xi_1)(2)) (L) @ Xifw(l)(Q))T =
= (T @ Xiw(@)(2) Ty @ X0y (2) =
= In(l) ® Xi—w(l) (2)X?—w(1) (2) =

=T,1) @ M;_,(1)(2)

(3.40)

From (3.39)), we have

m(1)

M; = M;(1) @ Jp2) = (Z bij(l)Qj(l)) ® Jn(2) =

Jj=1

m(1)
=2 Y b()Q,(1) @ n(g):rn@) - (3.41)
j=1

m(1)

- Z bng

m(1
being b;; = n(2)b;;(1) and > Q; = L) ®
j=1
j= {1, m(1)}.
From (3.40|), we have

(1 %) Jn(e) with @ = {0,...,w(1)} and

m(2)
M; =L,1) @ M;_,1)(2) = L,y ® (Z biw(l),j(2)Qj(2)> =

1
= bicw()1(2)(Ln(r) @ o5 dn(z)) + > bitwm@) @) © Qi(2) = (3.42)
j=m(1)+1

= bitwma(2) D Qi+ D b ZbUQJ

j=1 j=m(1)+1
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with i =w(l)+1,...,wand w = w(1) + w(2).
Thus, the expressions and [3.42] the transition matrix B is written as follows:

B n(2)B(1) 0 (3.43)
b1(2)17 B°(2)

where
B(2) = [ b1(2) BY(2)

If the matrices {My,...,M,} form a basis of algebra A(M) and {Q,...,Q,}
form the principal basis of algebra A(M), M = {Mj,...,M,} will be a perfect
family, and the transition matrix B will be invertible, this because the transition

matrices B(1) and B°(2) are invertible. Thus, we can say that the model written in
(3.38) is orthogonal.
3.8.2 Second case

We will now consider the second case where the first model has fixed effects with

w(1)=1 and X;(1) = L), thus the first model is written as follows
Y (1) = Xo(1)Bo(1) + X1(1)B1(1) (3.44)
Knowing that w(1)=1 and X;(1) = I,(;), we have
M (1) = X3 (1)X] (1) = Ly

We consider that the matrix Q°(1) = {I,,(;)} is the principal basis of algebra .A°(1),
then
Q1(1) = I,y and m°(1) = 1,

then
M (1) =1,y = Qi(1),

thus we obtain the following transition matrix
B°(1)=1
We now have

T(1) = Xo(1)X (1) = Xo(1)(XF (1)Xo(1) " XT (1) = ~=Xo()XT (1) = =T,
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and

being
L Xo(1) = 1,1

4. 1T(1) 1n(1) - Jn(l)

n

We considerer that Q(1) = {T(1); T¢(1)} is the principal basis of algebra A(1), thus

we have

M, (1) = T(1) + T(1),

thus we obtain the following transition matrix

B(1)=[1 1]

The second model being mixed is
w(2)

Y(2) =) Xi(2)8;(2). (3.45)
i=0

We assume that
Xo(2) = [ 1,0y Xo(2) |,

. T
with 1n(2)

we get the following model

Xo(2) = 0. Through nesting, using the definition [Fonseca et al. (2008)],

Y => X8 (3.46)
with w=14+w(2) = w(1)4+w(2) and

Xo = Xo(l) & 1n(2) In(l) ® X0(2) :|
X1 =X1(1) ® 1) = L,0) ® L) (3.47)
X =T,1)®X;-1(2) J=2,..,w.
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From the expression (3.47]), we have
M; =X XT = (L) © 1y2)) Lyr) @ L)' =

= (Tn1) © Ln2) (1) ® 1) = Loty @ Jn(z) =

2 (3.48)
2) Z Q;()® 71(12)Jn(2) with m(1) = 2.
and
M; = X;X{ = (I,0) ® Xi—1(2)) (L) ® Xi—1(2))" =
= (L) ® Xi1(2)) Ty @ Xip) = Ty @ M1 (2) = (3.49)

m(2)
® (Z bil,j(Q)Qj@)) :
j=1

1
Q, = Q)@ (@) Jn(2); 5 = 1,2 is the principal basis of algebra A(1) then of
n
expression ([3.48)), we have

2
Z =n(2)(Q; + Qy) (3.50)
thus we obtain the following transition matrix

B(1) = [ n@2) n(@) |- (3.51)

knowing that

m(2) m(2)

Z bl 1,] - bl 1,] + Z bz 1,]

From expression (3.49)), we have

1
M; =L,1) @ M;-1(2) = bi—1,1(2)L,(1) ® (@) 2) + Z bi-1,;(2)11) ® Q;(2)

Of expression b;—11(2)L,(1) ® n—Jn(g), we have

2
bi—1,1(2)L,1) ® ()Jn(Q bi-1,1( Z ) 2) = bi—1,1( ZQW

and of expression b;—1,;(2)1,,1) ® Q;(2), we have



with j = {2,...,m(2)}. Thus, the transition matrix is written as follows
B(2)= | bi(2) ba2) ... bu(2)] (3.52)
Then the matrix B°(2) is
B'(2) = by(2) ... bu(2) (3.53)

with m = m(2) + 1.

So, the matrix M; is written as follows

m(2)
M; =b;-11(2)Qq + 6i-1,1(2)Q, + Z bi-1,(2)Qj41- (3.54)
=2

From the expressions (3.50) and (3.54) we obtain the transition matrix

n(2) n(2) 0... 0
B = (3.55)
bi(2) bi(2) B°(2)

3.9 Equivalence of models

3.9.1 Introduction

In this study, we introduce the notion of equivalence between models. So, we have

the following definition:

Definition 41. Two models are equivalent if they have the same family of:
1. estimable vectors;
2. covariance matrices

We show that all the mixed model

w
Y =Xo8,+ ) XiB; (3.56)
i=1
where 3, is fixed and the 8;, i = {1,...,w} have null mean vectors and cross-
covariances matrices and covariance matrices 6,1, j = 1,...,w, is equivalent to a
model centered y
Y =X.8,+3 X8 (3.57)

=1
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o ot
with T = X,X, , the orthogonal projection matrix on the space spanned by the

mean vector. This notion allows to introduce the role played by the part of the fixed
effects model.
Being U = ) U, an orthogonal projection matrix in a CJA with principal

Jjey
basis {Uy, ..., Up}, we know that R(U) = Hjc, ) R2(Uj), as mentioned earlier in

section [2.7.1} If U = GS(U), with column vectors obtained by applying the Gram

Schmidt process to the columns vectors of U, we have:
Pr(U)=U0U

with Pr(U) the orthogonal projection matrix on R(U)

3.9.2 Equivalence of models

The mixed models [3.56{and |3.57, where X, = GS(X,), are equivalent, because they

clearly have the same covariance matrices and R(X,) = R()Eo).

We now have the following application. The mixed model has COBS if
the matrix T commutes with the matrices M = {Mj, ..., M, }. The model is
orthogonal and centered if the matrix 1\;1O = T commutes with the matrices M =

{Mi,...,My}. So, it is easy to establish the
Proposition 22. Fvery model with COBS is equivalent to an ORT centered model.

Relatively to the crossing of models, we have the following mixed models:

wy

My =X (DB + D X;(1)B;(1), 1=1,2 (3.58)
j=1
and
My =X (DB + > X;(1)B;(1), 1=1,2 (3.59)
j=1
Knowing that:
M1 = ./\jh
and
./\/lg = ./\312.

64



o
We say that M is equivalent the M1, because

T, =T,
E(My) = E(M))
V(M1) = V(M)
being E(M) = Up where
XofBo =p = Xﬁ

and

o o + o+ o o

Bo = X;r,u = XjXOBo
Bo=Xo pu=Xo Xof,

the same happening for My to be equivalent the Ma.

So, if we cross the models, we have
M1 Mo = M1 Moy

with

w(2)
My @ Mz = (Xo(1) ® X6(2))8, + Z(Xo(l) ® X;(2))B;+
i1

) w]  wa

(2)+w(1
+ Z (Xi(1) ® X6(2))Bi—w(1) + Z Z(Xz(l) ® X;(2))Biy)

i=w(2)+1 i=1 j=1

with 1(ij) = w(1) + w(2) + (i- 1) w(2) +j + 1.
This happens because, knowing that
Xo ()X (1), 1=1,2

[e)

Xo()XE (D), 1= 1,2

——

H_ o H
=° =
(I

we have
T(1) ® T(2) = (X.(1)XJ (1)) ® (Xo(2)XJ(2) =
= (Xo(1) ® Xo(2))(XJ () ® XJ(2))
=X XI'=T
and
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= (X.(1) ®)Eo(2))(xoj(1) ®Xoo+(2)) (3.62)

So, knowing that
we have

and, we can say that

Ti®Ty =T ® Ty

since that

Pr(X,(1) ® X,(2)) = Pr(X,(1)) @ Pr(X.(2))

3.9.3 OBS Models

Let Q = {Qy,...,Q,,} be the principal basis of the Jordan Algebra A(M), with
M = {My,...,My}, and My,...,M,, linearly independent. If m = w, M will
be a perfect family and will be a basis for the algebra A(M). with principal basis
AM) ={Qq,...,Q,,}. If the g; row vectors of A; constitute an orthonormal basis

for the range space R(Q;) of Q; j = {1,...,m}. We then have

Q,=ATA; j={1,....m}
I, =AAT, j={1,....,m}

will have the mean vector
n= Xojﬁo

with

and covariance matrix



Let P; and le be the orthogonal projection matrices on R(X,;) and on its orthog-

onal complement. The matrices are written as follows:

Pj = Pr(Xo;)
L )
Py =1, -P;
so, we have
[e) T (o] T [e)
Q2j—1 = Aj PjA; = A2j—1A2j—1
oT o ’

Qyj = A]TPjAj = Ay;Ay;

Q; = Q1 +Qy;
with

A= (3.63)

Knowing that

J=1
(¢} m (¢] T o
with T = Xo, Xo = > Ayi_1Agj 1 and X5 a (g; X n) matrix, we have:
j=1
- Y -
Agj oo
Xoj=| o D Agy 1Agi | =
L A2j j/:1
- (3.64)
I
— 925-1
OO o
| 925-925-1

So, the matrices P; and PjL are written as follows:

I O
Py=| = Pr(R(Xq)))
O OO o
925X 92
and
(OO
Py = = Pr(R(Xg))
O L
925
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Chapter 4

Normal models with OBS

4.1 Introduction

As stated previously in the introduction, [Nelder (1965a)] introduced models with

ortoghonal block structure, OBS, models with variance-covariance matrices
m
V=2 %9 (4.1)
j=1

where Qg, ..., Q,, are know OPOPM. We now intend to study normal models with
OBS, NOBS (Normal Orthogonal Block Structure); namely studying estimation

problems and obtaining condition for having complete, sufficient statistics.

4.2 Sufficient statistics and natural parameters

Let the row vectors of matrix A; constitute an orthonormal basis for the range space

V;=R(Q;) of Q;, j ={1,...,m}. Then, with g; = rank(Q;) = rank(A;) we have

AGAT =1, 5 j={1,..,m}
A?A] :Qj ;j:{l,...,m}

If the initial NOBS model Y has besides variance-covariance matrix V, mean vector

pn = X3, we get the homocedastic sub-models

Yj = _A]‘Y’7 j = {1, ,m} (42)
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with mean vectors p; = X;3 where X; = A;X and variance-covariance matrices
Yilgs 7= {1,...,m}. These sub-vectors will have joint normal distribution and are
independent since as it is easy to see, their cross-covariance matrices are null. Let
P; be the orthogonal projection matrix on Q; = R(X;) and L; a matrix where row

vectors constitute an orthonormal basis for €2;, so P; = L;‘-FL]-, j=A{1,..,m}. And

SO
(Y =)' VY —p) = (Y - N)Tiﬂ}le(Y —p) =
iz
= fllv; Y =) AJA(Y —p) = (4.3)
j=
m N 112
_ ; |J%“J|
Thus

”Yj - Hj||2 = (Yj - Hj)TLgTLj(Yj - Hj) + (Yj - “j)TPjL(Yj - Hj) =
=YIP;Y;—2n[n;+n 0+ Y, P;Y; = (4.4)

=s;—2nla; + Inyl%, 5= {1,..., 2}

with n; = Ljp;,n; = L;Y; and s; = 1Y;11%, 7 = {1,...,m}, then the densities for
the sub-models will be

1 5
_W (Sj—277]~T77j+H77j H2)
e J
(27T’Yj) 2
1 . _
5 @sm—2n],+6; €51

A
(27r’7j) 2

1 1
So we have the natural parameters 8; = — and §; = —mn,, j = {1,...,m}.
J J
We point out that with p; = rank(P;) = rank(L;) we have 0 # p; < g; with

z =21 > 0[z1 < 23 < m], we may assume that

70



Pj = gj g =1{1,....,z1}
0< pi < gj ;j = {Zl+1, ...,Zg}

pj =0 ;j:{22+17...7m}

where as stated above we may have z; = [21 = 29;29 = m]. If 29 < m we take

n=2§&; =0y, j={22+1,...,m}. The joint density of the sub-models will then be

1 m
—= 3 (05,26, 1, +0,11E,1)
e 2]:1
n(y) = 7 (4.6)
[T7%, (27;) 2

with sufficient statistics (s;,7;), j = {1,...,m}, and natural parameters 6;, with

components {01, ...,0,,}, and

E=161, &l
The completeness of the statistics will only hold, see [Lehmann & Casela (1998)],
if the parameter space contains the Cartesian product of non degenerate intervals
one for each of the natural parameter. This ceases to happen when restrictions on

the parameters are introduced.

4.3 Mixed models

We now assume that
w
Y =) X8
i=0

where 3 is fixed. For Y to have NOBS it suffices to assume that the {3, ..., 3,,}
are normal independent, with null mean vectors and variance-covariance matrices

{611.,,...,0,1.,} see [Fonseca (2007)], that the matrices M; = X; X7, i = {1, ...,w}

)

commute. Thus we will have, see [Fonseca (2007)]

Mi = Zbiij, = {1,...,w}
7=1
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where the {Qq, ..., Q,,,} are OPOPM that could lead to in wherever we assume the

variance-covariance matrix
w m
V= g 0;M; = E ’)’ija
i=1 j=1

with
‘)’j = Zbijoi, j = {1, ,m}
=1

Thus with
Y1 0,

Tm 0.

We have v = BT8 € R(BT). Now, see again [Fonseca (2007)], we have w < m
and so, when w < m, there are linear restrictions on the components of v and so the
parameter space cannot contain a non degenerate interval for each of the {1, ..., Ym }-
This is equivalent to not having non degenerate interval for the {0, ...,60,,} and so,
when w < m, we cannot have complete sufficient statistics. When w = m, the
{Mji, ...,M,,} constitute a basis for the smallest commutative Jordan Algebra that
contains these matrices. Thus, see [Ferreira et al. (2007)], M = {M;, ..., M, } will

be a perfect family of symmetric matrices. Observe that

v =Gg

is estimable if and only if

¥ =Upn.

o
Thus we may replace X, by X, another n x k£ matrix with the same range
o
space €2 thus keeping the family of estimable vectors. namely we may choice X, to
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have column vectors that constitute an orthonormal basis for €2 thus having, besides

[¢]
= X,3, the Moore-Penrose Inverse

o+ oT
X, =X,
so that
oT
B=X,n
we also have
251
p=AT
K,

when A = [AT..AT)T is an orthogonal matrix. Since K = L]Tnj7 j=A{1,....,m},

we also will have

p=A"D(L{,. . Ll)n

where D (L{, - L%) is the blockwise diagonal matrix with principal blocks

LY, . LT and n=[n?,..,nL]7, then
ot T T yT
B=X,A"D(L{..L,)n
now B may be any vector in R* so

ol
rank(X, ATD(LT..LT)) =k

oT
and, since X, ATD(LT..L1) is a k x p with
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p= Z rank(X;)

Jj=1

When k < p there will be linear restrictions on the components of 7 thus on the

components of
£=&1-&)"

and we cannot have complete sufficient statistics. We thus get the following propo-

sition

Proposition 23. To have complete and sufficient statistics we must have w = m

and k=p

Proof: The previous discussion establishes the necessary condition. For suffi-
ciency we start by pointing out that @ may be any vector with non negative com-
ponents and so, when w = m, and B7 is invertible there may be no restrictions the
components of « since we now have 8 = (BT)ilfy. Likewise when p = k matrix
Z= }O(ZATD(LIT...L%) will be invertible and we can reason as above to show that
there may be no restrictions on the components of n and on those of £. Since the
existence of restrictions on the components of v and 17 was the sole reason for there
not being non degenerate interval natural parameter the proof is complete. ]

Above we assumed that, with z; > 0, we have

pi=9; ;Jj=A1Ll,..,21}

pj < gj 7] = {Zl+17”'7m}

Assuming that z; > 0 it is easy to see that for Y, j = {1,..., 21}, we cannot obtain
any unbiased estimator for the corresponding n;, j = {1,...,z}. Thus, we also have
the

Tpl

7, fi ]’j:{ZJFl""’w}
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with Pj‘ = Igj —Pj and fj = g; —pj, j={z+1,...,m}. Moreover with

ryl ’7z1+1
Y1) =]  |; 2= :

72’1 ’Ym

and taking the matrix partition

where B(1) has 21 columns we will have (1) = B(1)70;1 = 1,2 and, moreover when

the row vectors of B(2) are linearly independent,

6= B(2)" (2)

with B(2)7 ™ a generalized inverse of B(2)7. We then also have

v(1) =B(1)"B(2)" ~(2)

replacing in these expression «(2) by it’s estimator with components {7, +1, ..., Jm }-
So we havean estimate for @ and ~(2). We then say that we have segregation, see
for instance |Ferreira S. (2006)], since the relevant parameters, 6 and ~(2), for the
random effects parts of the model determine each other so this part segregate ran-
dom effects part as a sub-model. We point out that for having segregation we must

have

w<m-—z

so we cannot have, then complete and sufficient statistics. Thus in this case we have

a trade-off between the existence of UMVUE and the possibility of completing the
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estimation of variance components. We may also considerer the other conditions for
having UMVUE which is more related to estimable vectors. Now W is an estimable

vectors if and only if

U =Uu

So the family of estimable vectors will be determined by the space §2 spanned by .
Then we may, given €2, choose a convenient matrix with range space 2. Namely we
can work with the orthogonal projection matrix T on 2. Now the condition we are

considering is

oT
rank(X, ATD(LY, . L1)) =k

when X, = T, and so we work with

TA"D (L{,..,L]) = [TA], .., TATID (L{,....L}) = [TATL{, ..., TAL LT
If matrix T commutes with Q;, j = {1,...,m}, the model will have commutative

orthogonal block structure, COBS. Now matrices

o

will be symmetric and idempotent so they will be orthogonal projection matrices.

Hence it is easy to see that they are OPOPM. We also have

o

Q, =TQ,T=TATA;T=A;AT, j={1,..m}

with

A;=A,T, j={1,..,m},
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SO

oT ol
TATDLT, .. LTy =[A, LT, .. A LT

Now, since T and Q; commute, j = {1,...,m},

(i75) 0 (i) -0 (355) -8 (a)-

R(TQ;) = R(Q;T) CR(Q;), j={l,..m}

oT
The R (Aj Lf) , 7 ={1,...,m} being subspaces of orthogonal spaces are orthogo-
nal. Thus

k =rank (TATD(L{..L])) =

= dim (R(TA"D(L{..L])) =

_ i dim <R (ijL]T» = (4.8)

since

oT o oT oT
rank(A; L;‘F) < r(m/{(L;F) = pj = rank(A ;A; L]T) < rank(A; L;F), j=A{1,..,m}

‘We thus establishes

Proposition 24. For models with COBS the condition p = k holds.
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Chapter 5

Orthogonal Models

5.1 Introduction

A mixed model has OBS if its variance covariance matrices are all positive semi

definite linear combinations, so, it is written in the following form:
m
>
=1

where Qq, ..., Q,, are known ortoghonal parwise projection matrices, OPOPM, that
add up to I,, thus,

7:(717"'77m) ERTa

with V1 the family of vectors of subspace V with non negative components. We are

interested in mixed models, see expression in section[3.5land [Pereira et al. (2014)]

w
Y =) X8,
i=0
that have:

1. OBS;

2. LSE, for estimable vectors that are UBLUE, this is, are BLUE whatever the

variance components.

Following, [Vanleeuwen et al. (1998)], we say that these models are orthogonal,

ORT.
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In the next section we study the algebraic structure of these models.
Moreover, when normality holds, models with Normal OBS, NOBS, have, as we
shall see, complete and sufficient statistics from which UMVUE are obtained not

only for estimable vectors but also for variance components.

5.2 Algebraic Structure

5.2.1 Orthogonal Block Structure, OBS

In the study of the mixed models, we will use Commutative Jordan Algebras of
symmetric matrices, CJA, see [Pereira et al. (2014)] and section [2.7.1] The mixed

models we presented in the introduction will have following mean vector

IJ’ = XOIBO
and variance covariance matrix
w
V(0) =) 6,M,,
i=1
where the
M; = X; X7

If the M;, i = {1,...,w}, commute, they generate a CJA A with principal basis Q

= {Q]_, .. ,Qm}
Assuming that 6; > 0, i = {1,...,w}, and that the model has OBS, we get

M, e A= Z’Yij% v € R}
j=1

Now A is a linear space constituted by symmetric matrices that, given the Qq,...,Q,,
are OPOPM, commute. The squares of the matrices of A will, since the Q;,...,Q,,
are OPOPM, belong to A. So A will be a commutative Jordan algebra, CJA. Now,
see [Seely (1971)], every CJA A° has an unique basis, this is, the principal basis
pb(A°), constituted by OPOPM. It is easy to see that
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We say that the mixed model that we are considering previously, with OBS and
Q = pb(A), is OBS(A).

Since,
M; € A, i:{l,...,w},

we also have

Mi:Zbiij, i:{l,...,w}

j=1

and so
i=1  j=1 j=1
with

’)/j :sz‘jo, j:{l,...,m}
=1

The b;j, i ={1,...,w}, j={1,...,m}, are non negative, and with §; the vector

_ . .
oi=111,
L 0 i
the M; = V(9), i = {1,...,w} are positive semi definite and the w X m ma-

trices B = [b;;] will be the transition matrix. For V(6;) = V(02), implying
01 = 0-, the matrices My, ..., M, must be linearly independent, as shown in
[Pereira et al. (2014)] and proposition |12|in section [3.6|of this thesis, which is equiv-
alent to the linear independence of the row vectors of B and implies w < m. Now
we see that for v € R, matrix B must be invertible, thus we will have w=m and
M = {M;,...,M,,} will be a basis for 4, M = b(A). We now have the following

proposition:

Proposition 25. A mized model

has OBS (A) if and only if M = b(A) (which implies w=m)
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Proof: We already showed that, if the model is OBS(A), M = b(A). Now, when
M = b(A), w=m and the V(0) = > 6;M,; will be all the positive semi definite
i=1

matrices belonging to A, since V(0) = V(v) with v = B18 € R(BT) O
This proof is in [Pereira et al. (2014)].

5.2.2 Commutative Orthogonal Block Structure, COBS

Now, see [Zmyslony (1978)|, a mixed model with:

1. T the Orthogonal projection matrix, OPM, on the space spanned by the mean

vector;

2. The family v of the variance covariance matrices has LSE that are UBLUE if
and only if
Tv =vT,

this is, if T commutes with the variance covariance matrices.

Now if
TQj = QjTa J= {L"'?m}’

following |Fonseca et al. (2008)|, we say that these models have commutative or-

thogonal block structure, COBS, associated with A, COBS(A).
Combining proposition with the lemma @, we get, see
[Pereira et al. (2014)].

Proposition 26. The orthogonal models are models with COBS (A).

This characterization of orthogonal models has the advantage of establishing an

equivalence relation between these models writing
My = My

when both M; and My are COBS(.A). Inside one such equivalence class, the models
are identified by the orthogonal projection matrices on the spaces spanned by their

mean vectors or, equivalently, by these spaces. ]
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We now point out that if the g; row vectors of A, constitute an orthonormal

basis for the range space R(Q;) of Q;, j = 1,...,m, we have

Q,=ATA; j={1,....m}
I, :AjAJT, j={1,...,m}

and

Yj:AjY, ]:{1,,m}

will have mean vector
1 = Xo;8,

with
Xo; = A; X,

and variance covariance matrix
Yilg;, 7 =11,...,m}.

These sub-vectors have null cross-covariance matrices so, when normality is assumed,
they are independent.
Let P; be the orthogonal projection matrix, OPM, on

Qj = R(Xo;),
with R(Xj;), the range space of matrix Xg;, and put

p; =rank(P;), j={1,...,m}.

Since T and Q; commute, Q] = TQ,; = Q, T will be symmetric and idempotent, so
they are OPM. We point out that when a product matrix is null it does not belong

to the basis. Given that

R(Q;) C R(Q])7 J= {17 oe 7m}7

the Qj will be pairwise orthogonal orthogonal projection matrices, OPOPM.
Reordering, if necessary, assume that the QJ,..., Q3 are the non null product ma-

trices, z < m.
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Now
T=T) Q=) Q
j=1 j=1
so that with Q = R(Q) and pj = R(Qj), j={1,...,m}, we have
with H indicating orthogonal direct sum of subspaces. We now establish, see
[Pereira et al. (2014)].
Lemma 9. In models with COBS, we have
rank(Pj;) = rcmk:(A?Pj) = rank(A?PjAj), j=A{1,...,m}
Proof: We have
Tank‘(A;‘-FPjAj) < Tank:(A;‘-FPj) <rank(P;) =
= rank‘(AjA]TPjAjAJT) < rank:(A]TPjAj), j=A{1,...,m},
(5.1)

which establishes the thesis. O
Since the Qq, ..., Q,, add up to I,,, we can also establish, see [Pereira et al. (2014)].

Lemma 10. In models with COBS, we have
Q=
with Q° = AT PjA;, j=1,...,z
Proof: The Qj° are symmetric and idempotent, so they are OPM. To establish

the thesis it is sufficient to show that R(Q7) = R(Q;°), j ={1,...,2}.

Now

R(Qj) = R(Q;T) = Q;R(T) = ATA;R(X,) =
= ATR(A;X,) = AT R(X,;) =
= ATR(P;) = R(ATP)) = (5.2)
= R((A]P))(A]P))") =
=R(Q), j={1,....2}.
O

The following corollaries and the respective proofs are in [Pereira et al. (2014)].
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Corollary 1. In models with COBS,

Proof: T = ijl Q,T= Zj=1 Qj = ij'zl Q;° =

Corollary 2. In models with COBS we have, with k = rank(T),

k= ij
j=1

Proof: The thesis follow from lemma [0 and corollary [I] of lemma

5.3 Least Squares Estimators, LSE

We now obtain explicit expressions LSE in models with COBS using the results
of preceding section first, and then assuming normality. Namely we establish, see

[Pereira et al. (2014)].

Proposition 27. In a model with COBS, the LSE for the estimable vector
¥ =Up

18 .
¥=> UPY,
j=1
with
Uj=UA], j={1,...,m}

and

Yj:AjY, j:{l,,m}

Proof: We have only to point out that the LSE for p and ¥ are

pn=TY
and
U =Up
and we use the expressions of T given by corollary [I] of lemma O
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We recall that models with COBS have LSE that are UBLUE. Thus, proposition
27], gives explicit expression for UBLUE in models with COBS.
Let us now assume Y to be normal with mean vector g and variance covariance

matrix V (), and so, we write
Y ~ N, Vi),

Then the
Y~ N(/“"j?VjIgj)v
with
K= Ajp, j={1,....,m},
will be independent, since they have joint normal distribution and null cross covari-

ance matrices.

Let the row vectors of L; constituting an orthonormal basis for R(P;) and put

;= Ljk;
as well as
n; = L;Y;
and as s; = ||Y;||?, thus with
Pr=I,-P; j={1,...,2},
we have

Y5 — il = (Y — ) LI L5 (Y5 — ) + (Y5 — ) Py (Y — ) =
=YIP;Y;—2nj1;+nn; + Y, P;Y; = (5.3)

=s;—2min; +|In,|1% j={L....2}

and so the corresponding densities will be

1
_T(sj_2nfnj+||nj|‘2)
e “Vj

(277‘7]') 2
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if z < m we will also have the densities

Sj

6_271' .
n;(y;) = — g J= {z+1,...,m},

(27T'7j) 2

the joint density of these vectors is
m
”(y]‘)o = H”j(y]‘)

will also be the density of

with

an orthogonal matrix. Now the statistics derived from Y° are the same as those

derived from Y, and
Y‘7 = [OnggN’ . "Igj’ .. "Onggm] YO, ] = {1, e ,m}
so we can work with Y° instead of Y. It is easy to see that

1 m z ~ 1 z
= s+ 2 €15 2 9511EN
o e £ Jj=1 Jj=1 2 j=1

[1(2m07") 2
j=1

with 9, = 7;“, this is, ¥; = vj_l[O] when v; > 0[=0], j ={1,...,m} and

Then this density will have the sufficient statistics s;, 7 = {1,...,m}, and Ny, J =
{1,...,z}.

When we require the variance covariance matrices to be positive definite, we
will have v € R'., with V- the family of vectors of subspace V with positive
components.

Now according to corollary [2| of lemma

n=[Mm,. . .,n;



spans R¥. Thus we have the open parameters space RF x R™, where x indicates
Cartesian product.

Following [Lehmann & Casela (1998)], the statistics s;, j = {1,...,m}, and n;, j =
{1,...,2}, are not only sufficient but complete.

Since

P;Y;=Lln;, j={1,...,2}

the expression for ¥ given in proposition [27| may be written as

Moreover if

we have also the unbiased estimator

5 ey, |12

q: =
I gj — Dj

of 7;, since
=02 T 2
;117 =Y PiY; = [Py Y%
If j > z, we can rewrite this last estimator as

.5
¥ =L
Uy
We then established, [Pereira et al. (2014)].

Proposition 28. When normality holds, the ¥ and v, with j € D = {lL:p < aq}

are uniformly minimum variance unbiased estimators, UMV UE.

Proof: It suffices to point out that these estimators are derived from complete
and sufficient statistics. O

Now, we will established the following corollaries, see |Pereira et al. (2014)].
Corollary 3. If D ={1,...,m}, then
0= (B")"%
will be UMVUE.
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Proof: Since

v =BT,
we have
0= (B")"y
and the thesis follows from proposition O

Corollary 4. If the sub-matriz B(D) of B constituted by the elements with both

index in D is invertible,
¥(D) = (v;, 7€ D)

and

(D) = [B"(D)]"'4(D)
are UMVUE.

The results in this section complete those in often works on COBS such as
[Areia & Carvalho (2013)], [Fonseca et al. (2008)], [Carvalho et al. (2008), (2013)]
and |[Mexia et al. (2010)].

5.4 Uniformly Best Linear Unbiased Estimator, UBLUE

We now characterize models whose LSE are UBLUE. The estimable vectors of a

model with mean vector
/’l’ = XOIBO

are the

v =Up
the corresponding linear unbiased estimators are the
U* =AY

with
Ac¥]={A:EAY) =1}

where E(.) is the mean vector. We now establish the following lemma, see

[Pereira et al. (2014)].
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Lemma 11. E(A1Y) = E(A2Y) if and only if A1 T = AT

Proof: Since

EAY)=Ap=ATpu, 1=1,2
the sufficient condition is established. Inversely, if
E(AY) = E(AYY)
we will have, whatever 3,
A1 TX.0, = A2 TX 3,

so that
ATX, = A, TX,

and that
(AT - AT)X, =0

being 0 a null matrix.

Thus the row vectors of
W=A,T-AT=(A;—Ay)T

have to be orthogonal to Q2 = R(X,), but these vectors also belong to 2, so they are
null, which gives

AiT-AT=0

and so

AT =AT
as we wanted to establish O

Now, the LSE for
¥ =Up

is

¥ = A(D)y
with

A(P)=UT



and moreover

=TY.

=

We see that A(¥) € [¥], since
E(®)=A(®)p=UTX.8,=Up=0
and that, according to lemma A € [¥] if and only if
AT = A(?)T =UTT =UT = A(¥)
Putting T¢ = I, — T, we have, with A € [¥],
A=AT+ AT =A(¥)+rB
with —oo < r < 400, this is, r € RT and
B = EATC
T
Thus,
Covg(AY) = covg(A[®]Y) 4 2rcovg (A[®]Y,BY) + r?covg(BY),
it is easy to see that we have, whatever r € R™
covg(W) = covg(A(T)Y) < covg(AY)

if and only if
covg(A(¥)Y,BY) = 0.

Since
B= EATC,
r
we get
covg(ATY,ATY) =0
Now

covg(ATY,AT°Y) = ATV (9)T°AT

so that to have

covg(¥) < covg(AY)
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for every estimable vector, we must have
TV(0)T =0
which gives
TV()I,-T)=0<TV(0) -TV(O)T =0«

(5.4)
& TV(9) = TV(9)T

and

V()T = (TV(9)" = (TV(6)T)" = TV ()T = TV ()

which implies that V(0)T = TV (0) and so, the matrices T and V(0) commutes.

We now establishes, see [Pereira et al. (2014)].

Theorem 20. The least square estimators, LSE are uniformly best linear unbiased

estimator, UBLUE if and only if, for every @, T commute with V(8).

Proof: The preceding discussion establishes the necessary condition to complete

the proof, We point out that, we have

covg(AY) = covg(A(®)Y) + r’covg(BY) > covg(A[®]Y) = covg(¥). [

Definition 42. (Generalized Orthogonal Block Structure, GOBS)

We have the mixed model, see expression|3.15 in section
w
Y= Z XiB;
i=1
then Y has a variance covariance matriz
m
Viy) = Z’Yj Q;
j=1

where the {Qy, ..., Q,,} are OPOPM. Let Q={Q,,...,Q,,} be the principal basis
of an CJA A(M), we have

m
M:Zbiij; izl,...,w
j=1
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In section we saw that if the matrices { My, ..., M,,} commute, they generate
a CJA, A(M), but M is not necessarily a basis of CJA, A. Now, with B = [b;;], we

have

m
Mi:Zbiij; Z.Zl,..‘,w
J=1

as well as

~=B"0 ¢ R(B"),.

Now, the models with GOBS where T commutes with {M;j,...,M,} and so
with V(0), whatever 6, are those models with COBS whose LSE are UBLUE.
In establishing theorem 20, we have

w

V(0)=> 6,M;

i=1
in order to widen the class of models to which our result applies.
Moreover if we extend the models considered requiring only that v € V a subspace

of R™, theorem [20| continues to hold whatever the dimension of V.
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Chapter 6

Final Remarks

We studied mixed models
w
Y =) X8
i=0
where 3, was fixed and the 3,...,03, were independent with null mean vectors

and variance covariance matrices, such that the matrices
M; =X,XF i=1,...,w

commutes. Then Y has a variance covariance matrix

m

Vi(y) = Z 7;Q;

j=1

where the Qq,...,Q,, are OPOPM, moreover if
R([Xq,...,Xy]) =R"

we must have
m
> Q=1
j=1
These models are said to have OBS. Besides this if T, the OPM on the space
Q) spanned by the mean vector, commutes with the My, ..., M,,, it commutes with
V(vy) and the LSE of estimable vectors are UBLUE (see [Zmyslony (1978)]). We
showed that for models with OBS to have LSE for estimable vectors that are UBLUE
it is necessary and sufficient that T commutes with the Q,...,Q,,.
In the study of the orthogonal models, we consider the crossing and the nesting

of such models which are building blocks for more complex orthogonal models.
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We thus contributed for the study of an important class of models, considering in
more detail the case of normal models. namely we showed that for having complete
and sufficient statistics we must have w=m and k=p. Lastly, we showed that for
models with COBS the condition p=k holds. These two results are very important.

Lastly, see [Pereira et al. (2014)], the theorem [20| uses the algebraic structure of
the orthogonal models to characterize those with LSE that are UBLUE.

These results studied and established in this thesis will be useful in the study of
structured families of orthogonal models. In these families each model is associated
to a treatment of a base design. These designs have usually fixed effects factors and

we may study the action of these factors on the estimable vectors.
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