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ABSTRACT

This thesis consists of two parts. In the first part we improve the Voevodsky nilpotence
conjecture, a problem on algebraic geometry. In the second part we improve the Farrell-
Jones isomorphism conjecture, a problem on algebraic topology.

The Voevodsky nilpotence conjecture claims that the nilpotence and the numerical
equivalence relations on the algebraic cycles of a smooth proper scheme agree. Bernardara-
Marcolli-Tabuada generalized this problem to the setting of differential graded categories
and showed that this conjecture holds for certain quadric fibrations, intersections of
quadrics, linear sections of Grassmannians and of determinantal varietie and Moishezon
manifolds. Later on, Ornaghi-Pertusi showed that the conjecture holds for cubic fourfolds
and for Gushel-Mukai fourfolds. Working on this setting of differential graded categories,
we refine these results by showing that the algebraic and the numerical equivalence
relations also agree for those cases. Moreover, we work with quotients between equivalence
relations. This allows us not only to obtain a refinement of the aforementioned results
but also to compute, for example, the quotient between the rational and the algebraic
equivalence relations of certain five-folds. These results lead to preprint [74].

The Farrell-Jones isomorphism conjecture is a local-to-global statement that claims
that the algebraic K-theory of a group ring RG, where R stands for a commutative ring, is
completely determined by the algebraic K-theory of the group rings RV with V a virtually
cyclic subgroup of G. This important conjecture simplifies the computation of the algebraic
K-theory of a group ring. Following the approach of Bunke-Kasprowski-Winges, we work
on a generalized version of the Farrell-Jones isomorphism conjecture that is stated in
the setting of co-categories. Using tools from the theory of noncommutative motives we
were able to show that the Farrell-Jones isomorphism conjecture holds, under certain
conditions, for finitary localising invariants. This result lead to the publication [75].

Keywords: Algebraic cycles, Voevodsky nilpotence conjecture, Homological projective

duality, noncommutative motives, Farrell-Jones isomorphism conjecture, quotients of

equivalence relations, K-theory, co-categories, finitary localising invariants, lax monoidal.
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REsumMo

Esta tese consiste em duas partes. Na primeira parte melhoramos resultados na conjec-
tura nilpotente de Voevodsky, um problema de geometria algébrica. Na segunda parte
melhoramos um resultado na conjectura de Farrell-Jones, um problema de topologia
algébrica.

A conjectura nilpotente de Voevodsky afirma que as rela¢des de equivaléncia nilpo-
tente e numérica nos ciclos algébricos de um esquema préprio e suave identificam-se.
Bernardara-Marcolli-Tabuada generalizaram este problema para o contexto de catego-
rias diferenciais graduadas e mostraram que a conjectura é vélida para certas fibragoes
quddricas, intersec¢des de qudédricas, sec¢des lineares de variedades Grassmanianas e
determinantais, e variedades de Moishezon. Mais tarde, Ornaghi-Pertusi provaram que a
conjectura é vélida para variedades ctibicas e de Gushel-Mukai de dimensdo quarto. Traba-
lhando no contexto de categorias diferenciais graduadas, melhoramos estes resultados ao
provar que as relacdes de equivaléncia algébrica e nlimerica identificam-se naqueles casos.
Mais ainda, consideramos quocientes entre as relagdes de equivaléncias. Isto permite-nos
nao s6 que obtenhamos um refinamento dos resultados mencionados mas também que
calculemos, por exemplo, o quociente entre as rela¢des de equivaléncia racional e algébrica
de certas variedades de dimensao cinco. Estes resultados levaram a pre-publicagdo [74].

A conjectura de Farrell-Jones afirma que a K-teoria algébrica da édlgebra de grupo
RG, R anel comutativo, determina-se pela K-teoria algébrica de RV, com V subgrupo
virtualmente ciclico de G. Esta importante conjectura simplifica o calculo da K-theory
algébrica da algebra de grupo. Seguindo o raciocinio de Bunke-Kasprowski-Winges,
consideramos a conjectura de Farrell-Jones no contexto de categorias co. Usando resultados
da teoria de motivos ndo comutativos provamos, em certas condi¢des, a conjectura de
Farrell-Jones para invariantes finitarios localizantes. Este resultado foi publicado em [75].

Palavras-chave: Ciclos algébricos, conjectura nilpotente de Voevodsky, dualidade homo-
l6gica projectiva, motivos ndo comutativos, conjectura de Farrell-Jones, quocientes de
rela¢des de equivaléncia, K-teoria, categorias oo, invariantes finitamente localizantes, lax

monoidal.
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1

INTRODUCTION

In this thesis, making use of the theory of noncommutative motives we obtain results
in two different areas: algebraic geometry and algebraic topology. More concretely, we
are going to obtain results related to the Voevodsky nilpotence conjecture and to the

Farrell-Jones isomorphism conjecture.

1.1 Voevodsky nilpotence conjecture

In [87], Voevodsky introduced the nilpotence equivalence relation on the algebraic cycles
Z"(X)q of smooth projective k-schemes X and conjectured thatitagrees with the numerical
equivalence relation.

It is important to point out that there are some well-known equivalence relations
on algebraic cycles: rational, algebraic, nilpotence and numerical equivalence relations.
Moreover, for a and p algebraic cycles of a smooth projective k-scheme one has the

implications
aNrat,B:a’“algﬁﬁa’“nilﬁ:a’“numﬁ/

where ~rat, ~alg, ~nil and ~num stand for, respectively, the rational, algebraic, nilpotence
and numerical equivalence relations.

After noticing this comparison among these equivalence relations, an immediate
question is whether those implications hold in the reverse order. Voevodsky conjectured
that one would also have a ~nj1 f & @ ~num B. Thanks to Kahn-Sebastian [39], Matsusaka
[70], Voevodsky [87] and Voisin [88], it is known that the Voevodsky nilpotence conjecture
holds for curves, surfaces, and abelian 3-folds (when k is of characteristic zero).

More recently, in [17], Bernadara, Marcolli and Tabuada extended this conjecture to
the setting of smooth proper differential graded categories. This generalization allowed
them to prove the Voevodsky nilpotence conjecture in some new cases: quadric fibrations,
intersections of quadrics, linear sections of Grassmannians, linear sections of determinantal
varieties, and Moishezon manifolds. Building on this noncommutative approach, Ornaghi
and Pertusi [73] were then able to prove the Voevodsky nilpotence conjecture for cubic
fourfolds and Gushel-Mukai fourfolds.



CHAPTER 1. INTRODUCTION

Bearing in mind these results, and the way they were obtained, it is reasonable to ask if
one could go even further. Forinstance, does the converse implication a ~a15 f < @ ~num f
also holds? Building on the approach given in [17] we were able to show that this
implication actually holds for all the cases mentioned above and some new other cases:
certain Kiichle fourfolds, families of Sextic del Pezzo surfaces and families of Fano fourfolds
of K3 type, see §5.5 below.

Note that thanks to the work of Griffiths [34] we have that if X is a general quintic
threefold, then the algebraic and numerical equivalence relations on the algebraic cycles
of X do not agree. One can find more examples where the algebraic and numerical
equivalence relations do not agree on later works of Clemens [24] and Voisin [89].

Nonetheless, even though the algebraic and numerical equivalence relations do not
agree in general, it is important to stress that we have obtained these results by determining
the quotient group of Z2 (X)g over Z* (X)g, where Z*(X)q stands for the algebraic cycles
a such that @ ~ 0 for the equivalence relation ~. As a consequence, some of our results can
be used even if this quotient is not trivial (i.e., if the equivalence relations ~; and ~, do not
agree). Indeed, we have computed this quotient for certain fivefolds while considering the
rational and algebraic equivalence relations. In addition, we have shown that this quotient
satisfies some nice properties: it is invariant under Morita equivalences (Proposition 5.4.6)
and it factors (in a certain sense) along semi-orthogonal decompositions (Proposition
5.4.5).

In chapter 2 we introduce some basic definitions and results on differential graded
categories. Note that we will translate the question on algebraic cycles on a smooth
scheme to a problem on smooth proper differential graded categories. Hence, this chapter
is important to have a (almost) self-contained thesis. The algebraic K-theory on differential
graded categories is an important functor for this thesis and happens to be an additive
invariant. In chapter 3 we define what is meant by an additive invariant and we also
show the existence of a universal additive invariant. Moreover, we introduced the semi-
orthogonal decomposition in the sense of Bondal and Orlov. Ultimately, this will allow us to
factor the problem of showing that two equivalence relations agree into smaller problems.
In chapter 4 we introduce some notions on classical motives and on noncommutative
motives. This provides us with more tools to relate the classical equivalence relation on
algebraic cycles with the equivalence relations defined in this noncommutative setting.
Finally, in chapter 5 we apply all the theory introduced before to show that the algebraic
and numerical equivalence relations agree for many cases. Part I of this thesis is based on
the preprint [74].

1.2 Farrell-Jones isomorphism conjecture

The computation of the algebraic K-theory of a group ring RG, for R a commutative
ring and G a group (that can be infinite), is a very difficult problem. The Farrell-Jones
isomorphism conjecture is a local-to-global statement that simplifies this problem. Roughly

2



1.2. FARRELL-JONES ISOMORPHISM CONJECTURE

speaking, it claims that the algebraic K-theory of a group ring RG is completely determined
by the algebraic K-theory of the group rings RV, with V a virtually cyclic subgroup of G,
see Definition 7.1.1. This important conjecture was first formulated by Farrell and Jones in
the 90’s (see [30]) and is nowadays known to be true in several cases: hyperbolic groups,
finite dimensional CAT(0)-groups, virtually solvable groups, mapping class groups, etc.
For details on the applications of the Farrell-Jones isomorphism conjecture, we invite the
reader to consult the surveys [60, 61, 64].

Since 1993 this conjecture is having plenty generalizations: Davis and Liick [25]
proposed a general setting that allowed to replace the algebraic K-theory functor by other
functors (and the family of subgroups by other families), Bartels and Reich [12] introduced
the Farrell-Jones isomorphism conjecture with coefficients in R-linear categories and,
finally, Bunke, Kasprowski and Winges [22] generalized this conjecture to admit coefficients
in co-categories.

In Part I we are going to improve a result of Bunke, Kasprowski and Winges that states
that this general version of the Farrell-Jones isomorphism conjecture holds, under certain
condition, for lax monoidal finitary localising invariants. By making use of the theory
of noncommutative motives we are going to show that one can drop the lax monoidal
assumption.

Chapters 6 and 7 correspond to the second part of this thesis. In chapter 6 one provides
the necessary background on co-categories. In chapter 7 we introduce the Farrell-Jones
isomorphism conjecture and several generalizations that it has been subjected to in the
last almost 30 years. At last, we show that the Farrell-Jones isomorphism conjecture with
coefficients in co-category holds, under certain conditions, for finitary localising invariants.
This second part of the thesis is based on the publication [75].






ParT I

VOEVODSKY NILPOTENCE CONJECTURE






2

DIFFERENTIAL GRADED CATEGORIES

In this chapter we introduce all concepts on differential graded categories that we are
going to require throughout this thesis. Note that in the last 20 years differential graded
categories were instrumental to prove that some conjectures due to Grothendieck, Vo-
evodsky, Beilinson, Weil, Tate, Parshin, Kimura, Schur, etc... hold for certain cases; consult
[78] for details. This has been done, in part, thanks to generalizations of these conjectures
to the setting of differential graded categories. This thesis is inspired by this approach.
Unless otherwise mentioned, most definitions are taken from Keller’s survey [42], our
main reference for this chapter.

2.1 Definitions
Throughout this thesis k denotes a field and ® stands for the tensor product over k.

Definition 2.1.1. A k-category A is a category such that the class of morphisms A(X,Y) is a
k-vector space for all X,Y € obj(A) objects of A and it has k-linear associative maps

A(Y,Z)® A(X,Y) — A(X,Z), X,Y,Z € obj(A)
(f, 89— fg,

admitting a unit in A(X, X).
From now on we shall write X € A to mean an object in a category A.

Definition 2.1.2. A k-vector space V together with a decomposition V = €p, _, V" indexed by
the integers is called a graded k-vector space. A morphism of degree m between graded

k-vector spaces
fv=vr—w=pw"
nez nez

is a k-linear morphism such that f(V") C W"*™ forall n € Z. We denote the category of graded
k-vector spaces as G (k).
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For V a graded k-vector space, the shifted vector space V[1] is determined by V[1]" :=
v+l foralln € Z.

Definition 2.1.3. Given graded k-vector spaces V and W, the tensor product V ® W is the
graded k-vector space defined by:

(VeW)" = @ VP Wi,
For f :V — V'and g : W — W’ morphisms of graded k-vector spaces, the tensor product
f ® g is defined as
(fegwew)=(-1)"f(v)® gw),
where p is the degree of g and v € V1.

Definition 2.1.4. A graded k-vector space A is called a graded k-algebra if it is equipped with
an associative multiplication morphism A ® A — A of degree zero that admits a unit in A°.

We can now define a differential graded (dg) vector space over k.

Definition 2.1.5. A dg k-vector space is a graded k-vector space V which is endowed with a
differential map dy : V. — V of degree 1 such that dy o dy = 0. Equivalently, a dg k-vector
space is a complex of k-vector spaces.

Given a dg k-vector space V we define the shifted dg k-vector space V[1] to be the shifted
graded vector space whose differential is dyq] := —dy. We also define the tensor product
of dg k-vector spaces V ® W to be the graded k-vector space V ® W endowed with the
differential dy ® idw +idy ®dw.

At this point, we can define a dg category over k.

Definition 2.1.6. A dg k-category A is a k-category whose class of morphisms are dg k-vector

spaces and the compositions are morphisms of dg k-vector spaces:
AY,Z) AX,Y) — AX,Z), X,Y,ZecA.
A dg k-category is said to be small if obj(A) is a set.

Note that most of the time we will omit k from the notation. We now give three

examples of dg categories.

Example2.1.7. (i) Take a k-algebra A. Itis a graded k-algebra concentraded at degree
zero. Hence, it determines a dg category A. Indeed, let A be the dg category whose
unique object is X and the class of morphisms is A(X, X) := A.

(ii) Take a k-algebra B and consider C(B) the category of complexes of right B-modules

"'—>Mn_1—>Mn—>Mn+l—)“'



2.1. DEFINITIONS

Given complexes L and M and an integer n, we define Hom(L, M)" to be the k-
vector space whose elements are graded morphisms f : L — M of degree n. That is,
f = (f?) where f? : LF — MP*" is a morphism of B-modules for all p € Z. Hence,
define Hom(L, M) = @,eczHom(L, M)" and, for f € Hom(L, M)", let the differential
d be as follows:

d(f)=dmo f—-(=1)"f ody,

where dr and d)y are, respectively, the differentials of complexes L and M. With
this, we can define the dg category Cyg(B): its objects are complexes of right B-
modules and the class of morphisms of two complexes L and M is defined as
Cag(B)(L, M) = Hom(L, M). The composition is induced by the composition of
graded morphisms of graded modules.

(iii) Given a dg category A, we define the opposite dg category A°P. The objects of A°P
are the same as the objects of A and, for X,Y € AP,

APX,Y) =AY, X).
For f € A°P(Y, Z)P and g € A°P(X,Y)7 we define composition as
(-1)1gf € AP(X, Z)0.
From time to time, we will make use of the following definitions.

Definition 2.1.8. For a dg category A, we define the category Z°(A) whose objects are the same
as those of A and, for X,Y € Z%(A), the class of morphisms is defined as:

(Z°%A)(X,Y) = Z°(A(X,Y)),
where Z°(A(X,Y)) stands for the kernel of d : A(X,Y)? — A(X, Y).

Definition 2.1.9. For a dg category A, we define the category H(A) whose objects are the same
as those of A and, for X,Y € H(A), the class of morphisms is defined as the zeroth homology of
the complex A(X,Y):

(H(A))(X,Y) = H'(A(X,Y)).

Definition 2.1.10. For a dg category A, the homology category H*(A) is the category with the
same objects of A and where, for X,Y € H*(A), the class of morphisms is the cohomology of the
complex A(X,Y):

(H'(A))(X,Y) = H' (A(X, Y)).

Definition 2.1.11. Given dg categories A and B, we define a dg functor F : A — B to be a
map F : obj(A) — obj(B) and morphisms of dg k-vector spaces:

F(X,Y): AX,Y) » B(F(X),F(Y)), X, YeHA,
compatible with differentials, composition and units.

9



CHAPTER 2. DIFFERENTIAL GRADED CATEGORIES

Remark 2.1.12. Note that, given dg categories ‘A and B, a dg functor ¥ : A — B induces

a functor on the categories defined in Definitions 2.1.8-2.1.10.

Definition 2.1.13. The category of small dg categories over a ring k has the small dg
k-categories as objects and dg functors as morphisms. We shall denote this category by dgcat(k).

From now on, we assume all dg categories to be small, except if otherwise stated.

Definition 2.1.14. Take A, B € dgcat(k). A dg functor F : A — B is called a quasi-

equivalence if:

(i) F(X,Y): AX,Y) — B(F(X),F(Y)) is a quasi-isomorphism of complexes for all objects
X, Y € A.

(ii) The induced functor HO(F) : HY(A) — H(B) is an equivalence of categories.

Definition 2.1.15. For A, B € dgcat(k), the tensor product A ® B of dg categories has
obj(A) x obj(B) as the class of objects and, for (X,Y),(X’,Y’) € A ® B, the class of morphisms
is

A®B)((X,Y), (X", Y)) = AKX, X))o B(Y,Y),
with the induced compositions and units.

Given dg categories A and B and dg functors F, G : A — B, we define Hom(F, G)"
to be the k-vector space whose elements are natural transformations of degree n from F
to G. That s, foreach X, Y € A and f € A(X,Y) there exists a family of morphisms

dx € B((F(X), G(X))"

such that (G(f)) o ¢px = ¢y o (F(f)). So, we define the complex of graded morphisms to be
Hom(F, G) = ®ezHom(F, G)" and the differential is induced by that of B((F(X), G(X)),
for all X € A. We define the morphisms F — G to be those ¢ € Hom(F, G)° such that
dp =0,i.e., ¢ € Z°(Hom(F, G)). Thus, we have defined the following dg category.

Definition 2.1.16. Take A, B € dgcat(k). We define Hom(A, B) as the dg category whose
objects are dg functors F : A — B and for dg functors F and G define the class of morphisms to
be Hom(F, G).

Two important definitions follow from Definition 2.1.16. These will be introduced in
chapter 2.2 below where we define dg modules over a dg category.

Remark 2.1.17. We write here a list of some properties of dgcat(k):
(i) The initial object is the empty dg category 0.

(ii) The final object is the dg category with one object whose endomorphisms form the
zero dg k-algebra.

10



2.2. DIFFERENTIAL GRADED MODULES

(iii) This category is both complete (i.e. admits all small limits) and cocomplete (i.e.
admits all small colimits).

(iv) The tensor product of dg categories gives rise to a symmetric monoidal structure
on dgcat(k), with ®-unit k. Consult [29, §2.1 and §8.1] for the notion of symmetric
monoidal category.

(v) This category is a symmetric tensor category that admits an internal Hom-functor.
Indeed, for A, B, C € dgcat(k) one has

Hom(A ® B,C) = Hom (A, Hom(B, C)).

2.2 Differential graded modules

We start by defining left and right dg modules.

Definition 2.2.1. Given a dg k-category A we define a left dg A-module L to be a dg functor
L: A — Cyglk).

Equivalently, a left dg A-module L is given by complexes of k-vector spaces L(X) and morphisms
of complexes

AX,Y)® L(X) — L(Y), for X and Y € A.
Similarly, a right dg A-module M is a dg functor
M : AP — Cyg(k).

Equivalently, a right dg A-module M is given by complexes of k-vector spaces M(X) and a
morphism of complexes

M(Y)® AX,Y) — M(X), for X and Y € A.
Whenever we refer to a dg A-module we assume that it is a right dg A-module.
Example 2.2.2. For each object X of a dg category A one has Yoneda right dg A-module:

X" = A(=, X) : AP — Cyq(k)
Y +— A(Y, X).

Definition 2.2.3. Given A € dgcat(k) and a dg A-module M, the homology of M is the
induced functor:

H'(A) — G(k)
X — H*(M(X)),

with values in the category of graded k-vector spaces.

11



CHAPTER 2. DIFFERENTIAL GRADED CATEGORIES

As said before, a particular instance of Definition 2.1.16 is Definition 2.2.4 below.
Definition 2.2.4. For A a dg category we define the following dg category
Cag(A) = Hom (A%, Cye(k)),
whose objects are right dg A-modules.
In turn, this allows us to define the category of (right) dg A-modules.

Definition 2.2.5. Let A € dgcat(k). The category of dg A-modules C(A) is defined to be the
category Z°(Cag(A)). More explicitly, the objects of C(A) are dg A-modules and for F and G right
dg A-modules a morphism ¢ : F — G consists of a family of morphisms ¢x € Cag (F(X), G(X ))0
such that (G(f)) o ¢x = ¢y o (F(f)) and d¢p = 0, where this differential is induced by the
differential in Cag. In other words, ¢x is a map of complexes for all X.

Definition 2.2.6. For L, M in C(A), where A is a dg category, we say that a morphism f : L — M
is a quasi-isomorphism of dg A-modules if it induces an isomorphism in homology. That is, for
all X € A, the map of complexes fx : L(X) — M(X) induces an isomorphism in the homology of
those complexes. In this case, L and M are said to be quasi-isomorphic.

Definition 2.2.7. Take A € dgcat(k), and let M be a dg A-module. M is called a quasi-
representable dg A-module if there exists a X € A such that M and X" are quasi-isomorphic.

2.3 Tensor product
In this section we follow [27] in order to define the tensor product of dg modules.

Definition 2.3.1. Take A a dg category and let F be a left dg A-module and G a right dg
A-module. We define a dg pairing G X F — C, with C € Cqg(k), to be a morphism from the
dg bifunctor (a dg functor is obtained by fixing one co-ordinate) (X,Y) — A(X,Y) to the dg
bifunctor (X,Y) — Cdg(k)(G(Y) ® F(X), C), which stands for morphism of complexes.

Definition 2.3.2. Take A € dgcat and let F : A — Cyg(k) and G : AP — Cyg(k) e,
respectively, left, and right, dg A-modules. The universal dg pairing G X F — Co, where
Co € Cqgl(k), is called the tensor product of G and F and it is denoted by G ® # F. Explicitly,

GoaF = ( Pecxe F(X))/~,

XeA

where ~ stands for the following equivalence relation: for every morphism f € A(X,Y), u € G(Y)
and v € F(X) one has f*(u) ® v ~ u ® f.(v).

Remark 2.3.3. Note that ( PycaGX)®F (X)) /~ is indeed the universal dg pairing.

12
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Example 2.3.4. We work out an example from [27, §14.4]. Let A be a dg category and for
Y € A one has the Yoneda right dg A-module Y" = A(-,Y), see Example 2.2.2. Let F be
a left dg A-module. We want to show that Y ®# F =~ F(Y).

We start by noticing that, as F is a left dg A-module, for all X € A there is a natural

morphism:

YMX)® F(X) = A(X,Y) ® F(X) — E(Y)

2.1)
f®vi— £i(v).

Hence, this induces a morphism

( Prix e F(X)) — F(Y) 2.2)

XeA

We show that it respects the equivalence relation ~.

Take f € A(Xy,X2), u € YN(X2) = A(X2,Y) and v € F(X1), we want to show that the
image of f*(u) ® v and u ® f.(v) are the same, through the appropriate functor (2.1). Note
that f*(u) belongs to Y"(X;) and f.(v) to F(Xy).

We have:

F) @03 (£(w).(0) = (0 .0) = w(£0)) <2 u® ().

Consequently, (2.2) respects the equivalence relation ~.

It is clear that (2.2) is surjective.

Now, take f € Y N(X1) = A(X1,Y), g € YN(Xp) = A(Xp,Y), v € F(X1) and u € F(Xp).
We now show thatif f ®v and g®u have the same image under the corresponding map (2.1),
ie, fi(v) = g.(u), then f ®v ~ g ®u. Itis enough do consider id z(y,y) € A(Y,Y) = Y(Y),
for then we have:

f ®v = f*(idy[(y,y)) U ~ idﬂ(y,y) ®ﬂ(0) = idy{(y,y) ®g*(u) = g*(idﬂ(y,y)) QU=¢guU.

This is enough to conclude that (P4 Y (X) ® F(X))/~=Y" ®a F =~ F(Y).

24 Derived category

In this section we define three important notions: derived category of a dg category,
Morita equivalence of dg categories and dg quotient of dg categories (which leads to the
definition of derived dg category). For sake of completeness, we start by considering two

different constructions.
Example 2.4.1. Let A and B be two dg categories and take ¥ : A — B a dg functor. Itis
clear that there is an induced functor in the category of dg modules:
F:C(8) — CA)
M+ MoF.

(2.3)

13
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Example 2.4.2. Similarly to Example 2.4.1, let A and B be two dg categories and take
F : A — B adg functor. We want to define an induced functor in the category of dg
modules:

Fi : C(A) — C(B)

(2.4)
Where Fi(M) is the following right dg 8-module:
Fi(M) : B — Cyqlk
(M) dg(k) 25)

X +— MeaB(X,F(-)).
Note that M is a right dg A-module and B(X, F(-)) is a left dg A-module for any X € 8.
So, Definition 2.3.2 guarantees that #i(M) is indeed a right dg 8-module
Remark 2.4.3. For a dg functor ¥ : A — B we have that 7 is the left adjoint of F*:

C(8B)

C(A).

Definition 2.4.4. For A a dg category, the derived category D(A) is the localization of the
category of dg A-modules C(A) with respect to quasi-isomorphism.

Remark 2.4.5. Thanks to Examples 2.4.1 and 2.4.2, Remark 2.4.3 and Definition 2.4.4, a dg
functor ¥ : A — B induces adjoint functors:

D(B)

D(A).

Definition 2.4.6. Let A and B be dg categories and F : A — B a dg functor. F is called
a Morita equivalence if the induced functor LF; : D(A) — D(B) is an equivalence on the
derived categories. The dg categories ‘A and B are called Morita equivalent if it exists a Morita
equivalence between them.

Remark 2.4.7. Some important functors on dg categories are Morita invariant. For example,
the algebraic K-theory, the Hochschild cohomology and the Hochschild homology are
invariant by Morita equivalences, consult [84, §5.2]. In Proposition 5.4.6 below we show
that "algebraic Ko functor quotient by certain equivalence relations" is Morita invariant.

In order to introduce the notion of derived dg category we recall the definition of dg
quotients of dg categories, consult [27] for more details.
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Definition 2.4.8 (Drinfeld’s quotient). Let A be a dg category and take B a full dg category of
A. We define the dg quotient A /B to be the dg category whose object are the objects of A and for
every object U € B we add a morphism ey € AU, U) of degree —1 such that d(ey) = idy.

Following [42, §4.4], we define:

Definition 2.4.9. Let & be an abelian (or exact) category. The derived dg category Dgs(E) of
& is defined as the dg quotient Cag(E)/Acqag(E) of the dg category of complexes over & by its full
dg subcategory of acyclic complexes.

Example 2.4.10. Let X be a k-scheme and denote by Mod(X) be the Grothendieck category
of sheaves of (right) Ox-modules, Qcoh(X) the full subcategory of quasi-coherent Ox-
modules, D(X) := Z)(Mod(X)) the derived category of X, and Dqcon(X) — D(X) the
full triangulated subcategory of those complexes of Ox-modules with quasi-coherent
cohomology. When X is separated, we have Dqcon(X) = D (Qcoh(X)). With this in mind,
we can now define the notion of a perfect complex of X.

A complex of Ox-modules C € D(X) is called perfect if there exists a covering X = U;V;
of X by affine open subschemes V; C X such that for every i the restriction Cy, of C to V;
is quasi-isomorphic to a bounded complex of finitely generated projective Oxy,-modules.
Let us denote by perf(X) the triangulated category of perfect complexes. Note that by
construction we have the inclusions perf(X) — Dqcon(X) — D(X).

Now, consider Definition 2.4.9 and let & := Mod(X). We write Dgg4(X) for the dg
category Dyg(E), Dqcoh,dg(X) for the full dg category of complexes of Ox-modules with
quasi-coherent cohomology, and perfyg(X) for its full subcategory of perfect complexes.
By construction, we have perfys(X) € Dacoh,dg(X) € Dyg(X).

2.5 The Grothendieck group

To define the Grothendieck group of a dg category we are going to assume some familiarity
with triangulated categories. For a book on triangulated categories we suggest the reader
to consult Neeman’s book [72]. For instance, consult, respectively [72, §1.3, §4.2 and §4.5]
for the definition of triangulated category, of its compact objects and for the Grothendieck
group K of a triangular category.

Definition 2.5.1. Given a dg category A we denote by D (A) the full subcategory of compact
objects of D(A).

Remark 2.5.2. This category D.(A) is the smallest triangulated subcategory of D(A),
closed under direct summands, containing all representable right dg modules X" , for
X € A, consult [79, §1.1.2.].

We can now define the Grothendieck group of a dg category.
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Definition 2.5.3. For A a dg category, its Grothendieck group is the Grothendieck group of the
triangulated category D (A). That is:

Ko(A) = Ko(Dc(A)).

2.6 Smoothness and properness

In this section we are going to introduce the concepts of smooth and proper dg categories.
These notions were first defined by Kontsevich, see [44, 45, 43].

Definition 2.6.1. Let A, B € dgcat(k). A A-B-bimodule X is a dg AP ® B-module. That is,
it is a functor:

X: A®BP —> Cag(k).

Equivalently, a A-B-bimodule X is given by complexes X(B, A) for all A € A and B € B together
with morphisms of complexes:

A(A,A")®X(B,A) @ B(B’,B) — X(B’, A")

Example 2.6.2. Take a A, B € dgcat(k) and a dg functor F : A — B there exists an
associated A-B-bimodule defined as follows:

;B A®B® —s Cuglk),
(A, B) —> B(B,F(A)).

Definition 2.6.3. Let A, B and C be dg categories and consider X a A-B-bimodule and Y a
B-C-bimodule. One define the tensor product of bimodules Y and X to be the following functor:

X®Y: AQCP — Cdg(k)
(A/ C) — X(—, A) ®B Y(CI _)‘

This is well defined thanks to Definition 2.3.2. Indeed, X(—, A) is a right dg B-module and Y(C, —)
is a left dg B-module for all A € A and C € C.

Hence, we can now define what is meant by a smooth dg category A.

Definition 2.6.4. A dg category A is called smooth if the dg A-A-bimodule . ;A belongs to the
category D (AP @ A).

Definition 2.6.5. A dg category A is called proper if ¥; dim H\A(X,Y) < oo for every pair of
objects X, Y € A.

Notation 2.6.6. We shall write dgcatsp(k) C dgcat(k) to denote the full subcategory of
smooth proper dg categories.
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Example 2.6.7. We now introduce two examples of smooth proper dg categories. For more
details we suggest the reader to consult [79, Example 1.42].

(i) Assume that k is a perfect field and let A be a finite dimension k-algebra of finite
global dimension. Then, the associated dg category of A, see Example 2.1.7(i), is
smooth and proper.

(ii) Let X be a smooth proper k-scheme. Then, the associated dg category of perfect
complexes perfyy(X) is a smooth proper dg category; see Example 2.4.10.
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3

ADDITIVE INVARIANTS

In this chapter we recall the notion of an additive invariant functor. Intuitively speaking, it
is a functor on the category of (small) dg categories dgcat(k) with values in an additive cat-
egory that sends Morita equivalences to isomorphisms and it also sends semi-orthogonal
decompositions, as defined by Bondal and Orlov, to direct sums. Note that the definition
of additive invariant is not written in terms of these semi-orthogonal decompositions but
in terms of a kind of "upper triangular dg category", this analogy becomes clear once this
dg category is built. Here we also recall the universal additive invariant, that will play an
important role later in the definition of noncommutative Chow motives in §4.3 and in the

"factorization of equivalence relations along semi-orthogonal decomposition", see §5.4.

3.1 Definitions

To introduce the notion of an additive functor we first need to introduce an "upper

triangular dg category".

Definition 3.1.1. Let us consider dg categories A and B and a B-A-bimolude B. We define the
dg category T(A, B; B) to be the category whose set of objects is the disjoint union of the sets of

objects of A and B, and whose complexes of morphisms are defined as:

Ax,y) if x,yedA

B(x,y) if x,yeB

B(y,x) if xeA,yeB
0 if yeA,xeB.

T(A, B;B)(x,y) :=

By construction, there exists two canonical inclusions

in:A—T(A B;B)

(3.1)
ig: B> T(A,B;B).
We can now define additive invariant functors.

Definition 3.1.2. Let D be an additive category. A functor E : dgcat(k) — D is called additive

invariant if
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(i) it sends Morita equivalences (see Definition 2.4.6) to isomorphisms.

(ii) given dg categories A, B and a B-A-bimolude B, the dg functors iz and ig, (3.1), induce
an isomorphism

E(A) ® E(B) — E(T(A, B;B)).

Example 3.1.3. The following functors are additive invariant: algebraic K-theory, Karoubi-
Villamayor K-theory, non-connective algebraic K-theory, homotopy K-theory, cyclic ho-
mology and topological Hochschild homology, etc; consult [79, §2.2] for more examples
and details.

The following lemma was stated in [74] without a proof.

Lemma 3.1.4. Let A and B be two dg categories and B a dg B-A-bimolude. Given a dg
category C we have a canonical identification between the dg categories T(A, B;B) ® C and
T(A®C,B®C;B®C).

Proof. Note that B®C isnaturally a B®C-A®C-bimolude. For instance, for (b1, c1) € BRC
and (a2, ¢2) € A ® C, we have B® C((b1, ¢1), (a2, ¢2)) = B(b1, a2) ® C(c1, ¢2) a complex of
k-vector spaces. So, the dg category T(A ® C, B ® C;B ® C) is well defined.

The identification of the sets of objects is trivial. The identification of the sets of
morphisms follows from the definition of tensor product of dg categories. ]

3.2 Universal additive invariant

In this subsection we are going to introduce the universal additive invariant category. We
follow [79, §2.3].

Definition 3.2.1. Let A, B € dgcat(k). The category rep(A, B) is the full subcategory of the
derived category D(AP ® B) of A-B-bimodules whose objects are the bimodules X such that for
every A € A the right dg B-module X(—, A) : B — Cyg(k) is in Dc(B) for all A € A.

Remark 3.2.2. Thanks to [76, Théoréme 5.3], dgcat(k) carries a cofibrantly generated
Quillen model structure where the weak equivalences are the Morita equivalences, see
Definition 2.4.6. For details regarding Quillen model structures and homotopy theories
consult [28].

Remark 3.2.3. For A, B € dgcat(k) with A smooth and proper, according to [79, Corol-
lary 1.44] one has that rep(A, B) =~ D (AP @ B).

Definition 3.2.4. Consider the category dgcat(k) equipped with the Quillen model structure
mentioned in Remark 3.2.2. We define the category Hmo(k) to be the localization of dgcat(k) with
respect to the Morita equivalences.
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Remark 3.2.5. Thanks to [85, Theorem 4.2] and [81, Proposition 2.14 and Proposition 2.35],
for A, B € dgcat(k), one has

Hompmo(x) (A, B) = Isorep(A, B), (3.2)

where Iso stands for isomorphism classes of objects. Consequently, the composition in
Hmo(k) is induced from the composition in rep(—, —):
rep(A, B) X rep(B,C) — rep(A, C)

3.3
(M,N)— M ®g N, 3)

Remark 3.2.6. The canonical functor from dgcat(k) to Hmo(k) is
dgcat(k) — Hmo(k)
Avr— A (34)
(F:A—> B)r— B.
See Example 2.6.2 to recall the construction of ;8. Note that this dg A-B-bimodule is, by
definition, in rep(A, 8) and hence, thanks to (3.2), in Homymex) (A, B).
Since rep(A, B) is a triangulated category, one can consider its Grothendieck group
and one obtains the following bilinear map:
Ko(rep(A, B)) x Ko(rep(B,C)) — Ko(rep(A,C)) (35)
(IM], [N]) — [M @z N].

Definition 3.2.7. Let us define the category Hmoy(k) as the category whose object are the
(small) dg categories and the class of morphisms Hompgme, (k) (A, B) := Ko(rep(A, B)) and the
composition is given by (3.5). For any object A, the identity map is | 4 A].

Remark 3.2.8. Note that by construction of Hmog(k) there exists the following functor:

Hmo(k) — Hmoy(k)
Ar— A (3.6)
(X: AQBP — Cyq(k)) — [X].
Remark 3.2.9. The category Hmoy(k) is an additive category, see [79, Lemma 2.8].

Thanks to [76, Théoréme 6.3] we can define the universal additive invariant.

Definition 3.2.10. The following map is the universal additive invariant:
3.4 3.6
U : dgcat(k) &8 Hmo(k) % Hmoo(k)
Ar— A +— A (3.7)
(F:A—->B)r— 8B |—>[FB]_

In particular, we have that for any additive invariant ¥ : dgcat(k) — D, for D an additive
category, there is an induced functor F : Hmoo(k) — D such that F = F o U.
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One can have a universal additive category with coefficients in commutative ring. That
is, we have the following definition:

Definition 3.2.11. Let R be a commutative ring. One defines the universal additive category
with coefficients in R, and it is denoted by Hmog(k)r, to be the R-linear additive invariant
category obtained from Hmog (k) by tensoring each abelian group of morphisms with R.

Remark 3.2.12. Note that the category Hmog(k)r is still symmetric monoidal and the

following composition is a symmetric monoidal additive invariant:

U(-)g : dgcat(k) - Hmoo(k) 5 Hmoo(k)x. (3.8)

Moreover, given any R-linear additive invariant ¥ : dgcat(k) — D, for D an R-linear
additive category, there is an induced functor % : Hmoy(k)r — D such that ¥ =
7: o 7/1(—) R-

Remark 3.2.13. We will always be working with coefficients in Q, though this theory applies
to other rings.

3.3 Semi-orthogonal decompositions

In this section we are introducing the concept of semi-orthogonal decomposition of
triangulated categories and are going to show some properties of additive invariant

functors when applied to triangulated categories. The main references are [21] and [55].

Definition 3.3.1. Let T be a triangulated category an B a full subcategory of T. We define B+ to be
the full subcategory of T whose objects are A € T such that for all B € B one has Homt(B, A) = 0.
This category B+ is called the right ortoghonal of B and it is a triangulated category.

Definition 3.3.2. Given a triangulated category T, a sequence (By,--- ,B,) is called semi-
orthogonal if B; C B].L forall1 <i < j < n. Moreover, a semi-orthogonal sequence is called a
semi-orthogonal decomposition of T if that sequence generates T. We denote it in the following
way: T =(By,---,By).

Definition 3.3.3. For T a triangulated category an object E € T is called exceptional if
Homt(E,E) = k and Homr (E, E[t]) = 0 for all t # 0. Moreover, we define an exceptional
collection to be a sequence of exceptional objects (E1, - - - , E,) such that Homt (E;, E;[t]) = 0 for
alli < jandt € Z.

Remark 3.3.4. An exceptional collection (Ey,--- , E,) of a triangulated category T deter-
mines a semi-orthogonal decomposition. Indeed, denote by E; the category generated by
E;. Then, for A = (Ey,---E,;)* wehave T = (A, Ey,---E;). If A = 0 then this exceptional
collection is called full.
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Remark 3.3.5. For F : dgcat — D an additive invariant functor and 8, C C A dg categories
such that H(A) = (H%(B), H(C)) is a semi-orthogonal decomposition. One has that
F(A) = F(B) ® F(C). See [79, Proposition 2.2] for a proof.

We now define the notion of a Lefschetz decompostion.

Definition 3.3.6. Take an algebraic variety X and a line bundle L on X. A right Lefschetz
decomposition of perf(X) the category of perfect complexes of X with respect to L is a semi-
orthogonal decomposition perf(X) = (Ao, A1 ® L, ,Ai-1 ® LY with0 C Ajy € --- C
A1 C Ag.

Analogously, a left Lefschetz decomposition of perf(X) with respect to L is a semi-orthogonal
decomposition perf(X) = (Bi-1 ® L7, B L7, By with0 C Bio1 C...81 C By.

Definition 3.3.7. For X and algebraic variety admitting a right Lefschetz decomposition of perf(X)
as in Definition 3.3.6, the right orthogonal to Aj1 in Ay is called a primitive category of the
Lefschetz decomposition and it is denoted by ay.

Note that by Definition 3.3.7, one has the following semi-orthogonal decomposition

Ay = (g, Qgs1, - -+, Qi—1).
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4

MOTIVES

In this chapter we introduce some notions on classical motives and on noncommutative
motives. To what concerns this thesis, something very significant about motives is that
we can relate them with equivalence relations on algebraic cycles. Similarly, some of the
noncommutative motives are related with a generalization of those equivalence relations.
Ultimately, it is the relation between motives and noncommutative motives that allows us
to generalize the classical setting of questions regarding algebraic cycles on smooth proper
schemes to a noncommutative setting. Most of the time we will be following [2, 79].

4.1 Algebraic cycles and equivalences relations

In this section we are going to introduce the concepts of algebraic cycles on k-scheme as
well as equivalence relations on those algebraic cycles. Our main reference for this section
is [2].

Definition 4.1.1. Let X be a scheme of finite type over a field k. An algebraic r-cycle on X is a
formal linear combination of r-dimensional closed integral k-subschemes V; of X: Y, n;[V;].

Remark 4.1.2. Note that from Definition 4.1.1 above, one can define the following groups:

(i) The set of all r-cycles defines the free abelian group Z"(X) = @Vgx Z[V], where

codimV =r.
(ii) The group of algebraic cycles is defined as Z*(X) = €, Z"(X).
(iii) The group of algebraic cycles with coefficient in Q is defined as Z*(X)g = Z*(X) ®z Q.
We now start to define equivalence relations on these algebraic cycles.

Definition 4.1.3. Let X be a scheme of finite type over a field k. An algebraic cycle a € Z*(X)q
is called rationally trivial if there exists B € Z*(X X P1)q such that a = B(0) — (o).

Definition 4.1.3 gives rise to the rational equivalence relation ~x on Z*(X)g. We write
Z(X)Q/~y for the associated quotient.
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Definition 4.1.4. Let X be a scheme of finite type over a field k. An algebraic cycle a € Z*(X)q
is called algebraically trivial if it is in the image of the homomorphism
. &(idxp*)—(idxq*) .
&1p,n<L (X XT)g ————— Z(X)a, (4.1)
where the direct sum ranges over all smooth connected k-schemes T equipped with two k-rational
points, p, q : Spec(k) — T.

Definition 4.1.4 gives rise to the algebraic equivalence relation ~,g on Z*(X)g. We write
Z"(X)q/~,, for the associated quotient.

Definition 4.1.5. Let X be a scheme of finite type over a field k. An algebraic cycle a € Z*(X)q

is called nilpotently trivial if there exists a N € N such that a X - - - X « is rationally trivial in
N—— e’

N times

Z*(XXN)Q'

This gives rise to the nilpotent equivalence relation ~n; on Z*(X)q. We write Z*(X)g/~,,
for the associated quotient.

To define the numerical equivalence relation, let us first note that the degree of a point
[P] in a k-scheme is defined to be deg ([P]) := [k(P) : k] and we extend this definition
linearly for linear combinations of points in a k-scheme. Moreover, consider the bilinear

pairing:
— =1 ZNX) /e X ZI™ X (X) g fer — Q

(a, B) = deg(a - p) = deg (Z ni[Pi]), (4.2)

where [P;] stands for the intersection points of a and p and n; stands for their multiplicities.
We can now write the definition of numerically trivial cycle

Definition 4.1.6. Let X be a scheme of finite type over a field k. An algebraic cycle a € Z*(X)g
is called numerically trivial if for all B € Z4™X=(X)q the degree of a -  is zero.

This gives rise to the numerical equivalence relation ~num on Z*(X)g. We write
Z'(X)Q/~pum for the associated quotient.
Up to this point we have just defined some equivalence relations on algebraic cycles,

we now mention some results that compare these equivalence relations.

Theorem 4.1.7. For X a smooth proper k-scheme and an element a € Z*(X)q, we have the
implications: & ~rat 0 = @ ~a15 0 = @ ~pjt 0 = @& ~pum 0.

Proof. Consult [2, §3.2]. O

Remark 4.1.8. From Theorem 4.1.7 we have that for X a smooth proper k-scheme one has
the following quotient maps:

Z(X)a/ = L (X)a/ g™ L (X)) = (X)) ~num- (4.3)
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4.2 Classical motives

In this section we start by introducing the classical theory of motives. We do it via
category theory so that we can more easily generalize this approach to the theory of

noncommutative motives.

421 Chow motives

The main reference for the construction of Chow motives over a field is André’s book,
namely [2, §4.1.3].

We are going to define the Chow motives of a projective k-variety with coefficients in
Q. Note that we have to bear in mind Definitions 4.1.1, 4.1.3, and Remark 4.1.2(ii) above.

Definition 4.2.1. Take X a smooth projective k-variety and an integer d. The d-codimensional
cycle group Chow group with Q-rational coefficients is defined to be the group:

A= ZUX) g/
Given an algebraic cycle a of X, we shall denote by [a] its class in A4(X).

Definition 4.2.2. Let X and Y be two smooth projective k-varieties, X = L1; X; the decomposition
of X in its connected components and d; = dim X;. We define the space of correspondences of
degree r from X to Y to be

Corr’(X,Y) := &A% (X; x Y).
Given elements f in Corr’ (X,Y) and g in Corr®(Y, Z) its composition is defined as:

g o f = (nxz)(myy(f) - 1},(g)) € Corr' (X, Z), (4.4)

where mtxy, Txz and Tyz stand for projection from X XY X Z to, respectively, X XY, X X Z and
Y X Z.

We are now in conditions to define the category of Chow motives with rational
coefficients. Note that we could define the Chow motives with coefficients in any other
commutative field.

Definition 4.2.3. The category of Chow motives over a field k with rational coefficients
Chow(k)q is defined in the following way.

The objects are (X, p, m), where X is a smooth projective k-variety, m is an integer and p is
an idempotent endomorphism p = p* € Corr(X, X).

The class of morphisms between two objects is defined as:

Homcpow(i), (X, p,m), (Y, q,1)) := g0 Corr"™™(X,Y) op,
where composition is induced by the composition of correspondences (4.4).
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Remark 4.2.4. In this remark we want to mention some properties related to Chow motives.

(i) Note that, from construction, we have that the category of Chow motives Chow(k)qg
is Q-linear, additive and pseudo-abelian (the idempotent morphisms of an additive
category admit kernels, consult [40, Definition 6.7]).

(ii) The category of Chow motives Chow(k)g has a monoidal structure. Indeed, for
objects (X, p, m)and (Y, g, n) one defines (X, p, m)®(Y,q,n) = (XXY,p®q, m+n).
For this monoidal structure, the unit object is the Chow motive (Spec(k),id, 0),
where id is the class of the diagonal in Corr” (Spec(k), Spec(k)).

(iii) There is a natural symmetric monoidal functor defined on the category of smooth
projective k-schemes SmProp(k)°P:

h(=)g : SmProp(k)°? — Chow(k)g

X — (X,id, 0) (4.5)
(f: XPY)r— [F}],

where I' is the transpose of the graph of f: Ty = {(x,f(x))|x € X} CXxY.

(iv) The Tate motive is defined as (Spec(k),id, 1), it is denoted by Q(1) and it is a ®-
invertible object. Indeed, thanks to [2, §4.1.5], we have that the Chow motive of the
projective line h(P')g decomposes into the direct sum h(Spec(k))g ® L where L is
defined as the Lefschetz motive and its ®-inverse is Q(1), the Tate motive.

Remark 4.2.5. In this remark we point out that there is an isomophism relating Chow
motives and the algebraic cycles with coefficients in Q up to the rational equivalence
relation. Note that one has

Homchow(k), (H(X)g ® QD H(Y)g @ Q1)) = ZImMIH (X x Vg /.,

consult [79, §3.0.1] for details.

Later on, Chow motives are going to play an important role to prove Theorem 5.2.13.

4.2.2 Nilpotent motives

Definition 4.2.6. Consider (M, ®, id) a Q-linear, additive, rigid (consult [29, §2.10]) symmmetric
monoidal category. Given a,b € M its ®yi is defined to be

®nil(a, b) := {f € Homy(a,b)|3n > 0 such that f® = 0}.

One can verify that ®y;) is a ®-ideal. That is, it is an ideal with respect to ®. In addition,
note that for all 2 € M, the ideal ®yii(a,2) C Endyq(a) is nilpotent: there is a m > 0 such
that the product of any m elements of ®y(a, a) is zero. For a proof of this result consult

[3, Lemme 7.4.2. ii)]. As a consequence, not only the quotient functor M — M/®y is
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Q-linear and symmetric monoidal, it is also a conservative functor. Note also that M/®yi
is idempotent complete whenever M is idempotent complete, for idempotents can be
lifted along nilpotent ideals. Consult [38, §1] and [66, §4.4.5] for, respectively, the definition
of conservative functor and idempotent complete category. We can now define a quotient

category:

Definition 4.2.7. Consider the category of Chow motives Chow(k)q over k with coefficients in
Q. The category of ®-nilpotent motives Voev(k)q over k with coefficients in Q is the quotient
category of Chow(k)q by ®ni.

This notation is motivated by the Voevodsky’s nilpotence conjecture that was formu-
lated in [87]. This becomes more clear in §5.

Remark 4.2.8. From Definition 4.2.7 it is clear that there is an induced functor from the
Chow motives to the ®-nilpotent motives Chow(k)g — Voev(k)g.

Remark 4.2.9. Asin Remark 4.2.5, there exists an isomophism relating ®-nilpotent motives
and the algebraic cycles with coefficients in Q up to the nilpotence equivalence relation:

Homyoey (k) (0(X)g ® Q)™ H(Y)g ® Q1)) = Z9mOI (X x ¥)g /. .

consult [79, §3.0.2] for details.

4.2.3 Numerical motives

Definition 4.2.10. Consider (M, ®, id) a Q-linear, additive, rigid symmmetric monoidal category.
Given a,b € M its N ideal is defined to be

N(a,b) :={f € Homp(b,a)|Vg € Homp/(a, b) one has tr(g o f) =0}.
Consult [79, §1.7.1] for the definition of categorical trace tr.
Thanks to [3, Lemme 7.1.1] we have that N is indeed a ®-ideal.

Definition 4.2.11. Consider the category of Chow motives Chow(k)q over k with coefficients in
Q. The category of numerical motives Num(k)q over k with coefficients in Q is the idempotent
completion of the quotient of Chow(k)q by the N-ideal.

Remark 4.2.12. Note that the category of Numerical motives Num(k)q is Q-linear, additive,
rigid symmetric monoidal and idempotent complete. Thanks to [3, Proposition 7.1.4 b],
since Endchow(k)q (I)( Spec(k)) Q) ~ Q, we have that N is the largest ®-ideal of Chow(k),
distinct from Chow(k). Consequently, there is a natural map Voev(k)g — Num(k)g.

Remark 4.2.13. Similar to Remarks 4.2.5 and 4.2.9, there exists an isomorphism relating
numerical motives and the algebraic cycles with coefficients in Q up to the numerical

equivalence relation:

Homnumk), (0(X)g ® Q(1)®, 5(Y)g ® Q(1)®") = ZUmEH (X x Y)g /., i

consult [79, §3.0.4] for details.
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Remark 4.2.14. Bearing in mind both Remarks 4.2.8 and 4.2.12, we have the following

quotients maps:
Chow(k)g — Voev(k)g — Num(k)g.

Note that this is similar to what happened for the algebraic cycles up to the rational,
algebraic, nilpotent and numerical equivalence relations, see (4.3).

4.3 Noncommutative motives

In this section we introduce the noncommutative version of the classical motives we have

just introduced in §4.2.

4.3.1 Noncommutative Chow motives

We start by introducing the analogue of the Chow motives.

Definition 4.3.1. We define the category of noncommutative Chow motives NChow(k)g
over k with coefficient in Q to be the idempotent completion of the full subcategory of Hmoo(k)q
whose object are U(A)q with A a smooth proper dg category.

Remark 4.3.2. We make three observations:
(i) The functor U(-)q is defined in Remark 3.2.12, where the ring R = Q.

(ii) We point out that Definition 4.3.1 can be written in a more general setting where the
field of coefficients Q is replaced by any field F. In fact, the field of coefficients can
be any commutative ring. For further details consult [79, §4.1].

(iii) The category NChow(k)q is Q-linear, additive, rigid symmetric monoidal category,
consult [79, Lemma 2.8 and Theorem 1.43].

Remark 4.3.3. Note that thanks to Definitions 2.5.3, 4.3.1 and to Remark 3.2.3, for A and B
smooth and proper dg categories, one has

HomNChow(k)Q ((L[(ﬂ)Q, (LI(B)Q) = Ko(rep(ﬂ, B))Q

(4.6)
=~ Ky (Dc(ﬂop ® B))Q =: Ko(AP ® B)Q.

4.3.2 Noncommutative nilpotent motives

To define the ®-nilpotent motives Voev(k)g one just considered the quotient of Chow(k)g
by the ideal ®,;. For the noncommutative version we do something similar. Indeed,
since the category of noncommutative Chow motives NChow(k)g is Q-linear, additive,
rigid symmetric monoidal category it has an associated ®-ideal ®;; see Definition 4.2.6
and Remark 4.3.2 (iii) above. Hence, we can now define the noncommutative nilpotent

motives.
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Definition 4.3.4. Consider the category of noncommutative Chow motives NChow(k)q over k
with coefficients in Q. The category of noncommutative ®-nilpotent motives NVoev(k)q over
k with coefficients in Q is the quotient category of NChow (k)q by its ®q ideal.

Remark 4.3.5. By Definition 4.3.4 there is an induced functor from the noncommutative

Chow motives to the noncommutative ®-nilpotent motives NChow(k)g — NVoev(k)q.

Remark 4.3.6. Note that we could have defined noncommutative ®-nilpotent motives in

more generality by allowing the coefficients to be in a commutative ring R.

4.3.3 Noncommutative numerical motives

We now define the noncommutative version of the numerical motives. We start by
noticing that from Remark 4.3.2 (iii) we have that NChow(k)q is a Q-linear, additive and
rigid symmetric monoidal category. A direct implication is that one can use Definition
4.2.10 to obtain N, a ®-ideal of NChow(k)g.

Definition 4.3.7. Consider the category of noncommutative Chow motives NChow(k)q over k
with coefficients in Q. The category of noncommutative numerical motives NNum(k)q over
k with coefficients in Q is the quotient category of NChow (k)q by its N ideal.

Remark 4.3.8. It is immediate that there is an induced functor NChow(k)g — NNum(k)q.
What is not so trivial is that there is an induced functor NVoev(k)g — NNum(k)g.

Indeed, Homnchow(k), (U(k)g) = Q. So, thanks again to [3, Proposition 7.1.4 b], N is
the largest ®-ideal of NChow(k)q. Consequently, by considering the construction of both
NVoev(k)g and NNum(k)g, there is an induced functor NVoev(k)g — NNum(k)q. This
Remark is the "noncommutative version" of Remark 4.2.12 above.

Remark 4.3.9. As before, Definition 4.3.7 can be written in more general terms: Q can be

replaced by any commutative ring R.

4.4 Relating classical and noncommutative motives

Now that we have introduced both classical and noncommutative motives, we are going
to relate both concepts, otherwise one could ask why Definitions 4.3.1, 4.3.4 and 4.3.7 are,
respectively, the noncommutative versions of Definitions 4.2.3, 4.2.7 and 4.2.11. We start
by introducing the concept of associated orbit category as it was defined in [79, §4.2]:

Definition 4.4.1. Let (M, ®,1id) be a F-linear, additive, rigid symmetric monoidal category and
O € M a ®-invertible object. The associated orbit category M/(— ® O) is the category whose
objects are the same as those of M and the morphisms are defined as follows:

Hom p(/(—p0)(a, b) = ®iecz Homp(a, b @ OF),
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for a and b objects in M /(= ® O). The compositions of morphisms is defined in the following way.
Fora,b,c € M/—® O, and morphisms

f = {fi}iez € ®iezHomp(a,b ® O%), g = {gi}iez € Bicz Homp (b, c ® OF),
the j™ component of g o f is defined as (g o f);j = 3.(gj-i ® O%) o f;.
Remark 4.4.2. Thanks to [77, §7], the following functor

n:M-—M/(-®0)
Ar— A (47)
f— f=Afitiez,
with fo = fand f; = 0 forall i # 0. By [77, Lemma 7.1] one has that M/(- ® O) is

Q-linear, additive and it inherits a rigid symmetric monoidal structure. Consequently, 1

is symmetric monoidal.

In the next result a relation between the Chow motives and the noncommutative Chow

motives is shown. This result was first suggested by Kontsevich in [45, §4.1].

Theorem 4.4.3 ([77, Theorem 1.1]). There exists a Q-linear, fully faithful, symmetric monoidal
functor @ making the following diagram commutative:

SmProp(k)°P X perlag(X) dgcatsp(k)
b(=)g u
Chow(k)qg Hmoy(k) (4.8)
n o

Chow(k)g/( — ®Q(1)) ——— NChow(k)q.

Remark 4.4.4. (i) Note that Theorem 4.4.3 is still valid when Q is replaced by any field

F of characteristic zero.

(ii) Thanks to (4.8) we have that the commutative Chow motives sit, in some sense,
inside the noncommutative Chow motives. In fact, this functor @ is the link between

all the commutative motives and noncommutatives motives defined in §4.2-4.3.

Now that the there is a "bridge" between Chow and noncommutative Chow motives
we point out that ¢ descends to the other motives. Indeed, thanks to [17, Proposition 4.1]
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one has the following commutative diagram:

Chow(k)g/( - ®Q(1)) ———— NChow(k)q

Voev(k)o/( - ®Q(1)) ——— NVoev(k)g (4.9)

Num(k)g/( - ®Q(1)) — NNum(k)q.

Note that we can write diagram (4.8) and (4.9) together. Moreover, @,; and @y inherit
from @ the properties of being Q-linear, fully faithful and symmetric monoidal.

33






5

IMPROVEMENT OF THE VOEVODSKY

NILPOTENCE CONJECTURE

This is the key chapter of the first part of this thesis: we are going to refine some results
regarding the Voevodsky nilpotence conjecture and, with the tools developed, we compute
the quotient between the rational and the algebraic equivalence relations of certain five-
folds. We start by writing the Voevodsky nilpotence conjecture which states that the
nilpotence and numerical equivalence relations agree.

We then define the noncommutatative version of the algebraic equivalences defined
in §4.1. To make sure that we are actually defining the noncommutative counterparts
of the classical definitions we need that results on the noncommutative setting translate
into results on the classical setting, and vice-versa. For our purposes, this follows from
Theorem 5.3.1. After making sure that the classical and the noncommutative setting are
related, we start to compare equivalence relations via kernels and this, ultimately, provides
us with a tool to show that the algebraic and numerical equivalence relations on algebraic
cycles agree on many examples. That is, we refine the Voevodsky nilpotence conjecture
on those cases. Note that we obtain these result by proving first that the noncommutative
version of these equivalence relations agree.

Apart from §5.1, the main reference for this chapter is [74].

5.1 Classical setting

In 1995, Voevodsky conjectured that the nilpotence equivalence relation, Definition 4.1.5,

and the numerical equivalence relation, Definition 4.1.6, agree. More formally:

Conjecture 5.1.1 (The Voevodsky nilpotence conjecture, [87]). Let X be a smooth proper

K-scheme. The surjective quotient map Z*(X)q/~y— L (X)Q/ ~num 8 injective. Or, equivalently,

num

the equivalence relations ~pn; and ~num agree on Z*(X)q.

Remark 5.1.2. We start by noticing that this conjecture is known to hold for certains cases.
Indeed, thanks to Kahn-Sebastian [39], Matsusaka [70], Voevodsky [87], Voisin [88] and
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André [2, §11.5.2.3], the Voevodsky nilpotence conjecure holds for curves, surfaces, and
abelian 3-folds (when k is of characteristic zero).

Remark 5.1.3. Using noncommutative motives, Bernardara-Marcolli-Tabuada proved that
Conjecture 5.1.1 holds for certain quadric fibrations, intersection of quadrics, linear sections
of Grassmannians, linear sections of determinantal varieties, homological projective duals,
and Moishezon manifolds, see [17]. In addition, building on these ideas, Ornaghi-Pertusi
[73] proved that Conjecture 5.1.1 holds for Cubic fourfolds and certain Gushel-Mukai
fourfolds.

We wrote Remarks 5.1.2 and 5.1.3 separately because in this Thesis our reasoning is
inspired by the approach introduced in [17]. Instead of tackling the problem directly one
generalizes these conjecture to a noncommutative setting and solve the problem using
tools developed in that more general setting.

Note that considering (4.3) it is reasonable to ask if one cannot make a stronger claim

than the one in the Voevodsky nilpotence conjecture, Conjecture 5.1.1.

Claim 5.1.4 (Refinement of the Voevodsky nilpotence conjecture). Let X be a smooth proper

K-scheme. The surjective quotient map Z*(X)q/~,,,— < (X)Q/ ~num i injective. Or, equivalently,

alg
the equivalence relations ~ag and ~num agree on Z*(X)q.

Remark 5.1.5. It is known that this claim does not hold in general! For example, it follows
from the pioneering work of Griffiths [34] that if X is a general quintic 3-fold, then the
algebraic and numerical equivalence relations on Z*(X)q do not agree; consult also the
later works of Clemens [24] and Voisin [89] for further examples.

Nonetheless, it is important to note that Claim 5.1.4 holds for all cases mentioned
in Remark 5.1.3 and some other that we show below in §5.5. Moreover, using the tools
developed in §5.2 - §5.4 we are able to compute the quotient between the rational and
the algebraic equivalence relations for certain 5-folds. That is, our approach is not only
focused on the cases where the quotient between two equivalence relations is trivial (i.e.
two equivalence relations agree). It can, in some cases, measure how much different two
equivalence relations are. For examples see Corollaries 5.5.36 and 5.5.37 below.

5.2 Noncommutative setting

We now are going to generalize the previous section §5.1 to the context of smooth proper
dg categories. The general idea is to translate the definitions from the classical setting to
the noncommutative setting.

Let A be a smooth proper dg category. In this section, we introduce three different
equivalence relations on the rational Grothendieck group Ko(A)q := Ko(A) ® Q.
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5.2.1 Algebraic equivalence relation

We start by introducing the algebraic equivalence relation in the context of dg categories
and we give some properties of this equivalence relation. Given a smooth connected
k-scheme T and a k-rational point p : Spec(k) — T, consider the associated pull-back dg
functor p* : perfae(T) — perfyg (Spec(k)). Note that perfyg (Spec(k)) and k are Morita
equivalent.

Definition 5.2.1. An element a € Ko(A)q is called algebraically trivial if it belongs to the
image of the homomorphism

& (Ko(idep*)g—Ko(id®q*)g)
&(r,p,q)Ko (A ® perfag(T)) Ko(A)q, (6.1)

where the direct sum ranges over all smooth connected k-schemes T equipped with two k-rational
points p and q.

Remark 5.2.2. In the particular case where k is algebraically closed, any two k-rational
points of T can be joined by a smooth projective k-curve. Hence, in this case, it suffices to
consider the triples (C, p, g) where C is a smooth projective k-curve equipped with two
k-rational points p and g.

Remark 5.2.3. Note that it is easy to see that Definition 5.2.1 is inspired by Definition 4.1.4.
Indeed, it is very similar and we make use of the functorial properties of the construction

of the category of perfect complexes and the fact that Ko(—)g is a functor.

The above homomorphism (5.1) gives rise to the algebraic equivalence relation ~,4 on
Ko(A)g. In what follows, we will write Ko(A)g/-~
the cokernel of (5.1).

ag fOr the associated quotient, i.e., for

Lemma 5.2.4. The functor Ko(=)g/~,,.: dgcatsp(k) — Vect(Q) sends Morita equivalences to

alg®
isomorphisms.

Proof. Let F : AA — B be a Morita equivalence in dgcatg, (k). Since the functor Ko(=)g is
an additive invariant (consult [79, §2]), Ko(F)q is an isomorphism. Moreover, since Morita
equivalences are preserved by tensor products over a field (consult [79, §1.6.4]), we have a
Morita equivalence F ® idpes 1(T) and, consequently, an isomorphism Ko (F ® idpert dg(T))Q'
We then obtain the following commutative diagram:

(5.1)

EB(T,p,q)KO (ﬂ ® perfdg(T))Q s Ko(ﬂ)Q _ Ko(ﬂ)Q/N

alg

eBKO(F®idperfdg(T))Q ~ = KO(F)Q KO(P)Q/Nalg (5'2)

&, Ko (B ® perfag(T)) Ko(8)g —— Ko(B)q/~

(5.1) alg”

Thanks to Definition 5.2.1, we hence conclude from (5.2) that Ko(F)g/~,, is an isomor-
phism. O
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Lemma 5.2.5. Let A be a smooth proper dg category such that H(A) = (b, ¢) admits a semi-
orthogonal decomposition. Let b and 98 denote, respectively, the dg enhancement of b and
¢ induced from A. Under these assumptions, the inclusions of b and ¢4 into A induce an
isomorphism:

Ko(6%)g /-, ®Ko(c<*%®)g /-, — Ko(A)g/-

alg*®

Proof. Consider the dg category T (098, ¢48; . A1), which is known to be smooth and proper;
see [57, Proposition 4.9]. Following the proof of [79, Proposition 2.2], the inclusion of
T (098, ¢d8; 4 A) into A is a Morita equivalence. Therefore, since the functor Ko(-)g
is an additive invariant (see Example 3.1.3), by Definition 3.1.2 we obtain an induced
isomorphism between Ko(T(b98, ¢5; dfﬂ))Q and Ko(A)g. Consequently, in order to finish
the proof, it suffices to show that the inclusions of b98 and ¢98 into T(b98, ¢d8; ;4 A) induce
an isomorphism

Ko(08)q /-, ®Ko(¢"8)q /-, — Ko(T(0%8, ¢8; ,,A)) o /-, (5.3)

Consider the following commutative diagram:

@(T,p,q)KO (bdg ® perfdg(T))Q 586, Ko (bdg)Q Ko (bdg)Q/“alg
@ _ @ E— @
O(1.p,9)Ko(c%8 @ perfag(T)) Ko(c%®)g Ko(¢%8) o /e

(5.3)

&(r,p,n Ko (T(bdg, cds; A) ® perfdg(T))Q @KO (T(bdg, cds. id&z{))Q —» Ko (T (bdg, cds. idﬂ))Q/Nalg
with exact rows and whose vertical arrows are induced by the inclusions of b and 48
into T(bdg, cds; ; dﬂ). We need to prove that (5.3) is an isomorphism. Note that the middle
vertical map is an isomorphism because Ko(—)q is an additive invariant, see Example 3.1.3.
By diagram chasing, we observe that (5.3) is surjective. Since the middle vertical map of
the above diagram is an isomorphism, Lemma 3.1.4 implies that, for a fixed (T, p, q), the
corresponding map

Ko (08 ® perfyq(T)) 0® Ko (% ® perfaq(T)) o — Ko (T (6%, c%8; | A) ® perfaq(T)) 9

is an isomorphism as well. This implies that the left-hand-side vertical map of the above
diagram is surjective. Consequently, we conclude (once again by diagram chasing) that
(5.3) is moreover injective and hence an isomorphim. O

Lemma 5.2.6. Let X be a smooth proper k-scheme and By an Azumaya algebra over X, (consult
[82, §11). The canonical dg functor ix g, : perfag(X) — perfag(X, Bo) induces an isomorphism:

Ko(ix,Bo)a/~ay: Ko(Perfdg(X))Q/~algi> Ko ( perfag(X, Bo)) g /~u,-
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Proof. Thanks to [82, Propositions 8.3 and 8.17], the canonical dg functor ix g, induces an
isomorphism U (ix g,)o in the category of noncommutative Chow motives NChow(k)q;
see Definitions 3.2.10 and 4.3.1 and Remark 3.2.12. As a consequence, since the functor
U(-)q is symmetric monoidal, the morphism U (ix 5, ®idpers dg(T)) g isalsoanisomorphism.

Thanks to the computation (4.6), this implies that the following two maps are invertible:
Koix,z,)q : Ko( perfag(X)), — Ko(perfag(X, Bo)) o
Ko(ix s, ® idperfdg(T))Q : Ko(perfgg(X) ® perfdg(T))Q = Ko( perfag(X,Bo) ® perfdg(T))Q.

Therefore, we obtain the following commutative diagram:

alg

(.1)
GB(T/PI’J)KO( perfdg(X) ® perfdg(T))Q Ko ( perfdg(X))Q » Ko ( perfdg(X))Q/~

~ | ®Ko(ix g, ®idperfdg(T))Q Koix,Bg)a/~y,

Ko(ixgy)g | =

&(1,p,q Ko (perfag(X, Bo) ® perfdg(T))Q = Ko(perfag(X, Bo))Q —» Ko (perfag(X, Bo))Q/Na]g.
(5.4)

Thanks to Definition 5.2.1, we hence conclude from (5.4) that Ko(ix &,)q/~,, is an isomor-

phism. O

5.2.2 Nilpotence equivalence relation

In this subsection we are going to introduce the nilpotence equivalence relation.

Given an integer m > 1 consider the following functor:

m
[ [ D) — De(A®™)  {Mihisicn — & M. (5.5)
i=1

The functor (5.5) is triangulated in each one of its variables. Hence, it gives rise to the

following multilinear pairing;:

m
[ [Ko(A)g — Ko(A®™)y  {IMil},_..,, — [, M]. (5.6)
i=1

Definition 5.2.7. An element a € Ko(A)q is called nilpotently trivial if there is an integer

m > 1 such that the image of (o, . . ., a) under the multilinear pairing (5.6) is equal to 0.
N—
m-copies

The above multilinear pairing (5.6) gives rise to the nilpotence equivalence relation ~nj
on Ko(A)g. In what follows, we will write Ko(A)g/-~,, for the associated quotient.

Remark 5.2.8. Just like what happened with the algebraic equivalence relations, for the
nilpotence equivalence relations both Definitions 4.1.5 and 5.2.7 are very similar.
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Remark 5.2.9. Thanks to (4.6), one has the following computation in the category of
noncommutative Chow motives:

Homnchow(k)y (U (K)g, U(A)g) = Ko(De (kP ® ﬂ))Q = Ko(A)qg.

This enables the following re-phrasing of the nilpotence equivalence relation: an element
a € Ko(A)q is nilpotently trivial if and only if a : U(k)g — U(A)q, the associated
morphism in NChow(k)q, is ®-nilpotent, or, equivalently, if and only if the associated
morphism a : U(AP)g — U(k)g in NChow(k)q is ®-nilpotent.

5.2.3 Numerical equivalence relation
In order to define the numerical equivalene relation consider the following Euler bilinear
pairing:

X+ Ko(A)g X Ko(A)g — Q

(IM],[N]) /— " (=1)" dimy Homp, () (M, N{n]). (5.7)

Since A is a proper dg category, the bilinear pairing (5.7) is well-defined. Moreover,
although it is not symmetric nor skew-symmetric, its left and right kernels agree; consult
[79, §4]. Let us then write ker(x) for this (unique) kernel.

Definition 5.2.10. An element a € Ko(A)q is called numerically trivial if it belongs to ker(y).
In other words, we have x (e, B) = 0 (or, equivalently, x(B, ) = 0) for every p € Ko(A)q.

Remark 5.2.11. Definitions 4.1.6 and 5.2.10 are very similar. Note that, in some sense, (5.7)
has in Definition 5.2.10 the role that (4.2) has in Definition 4.1.6.

Definition 5.2.10 gives rise to the numerical equivalence relation ~num on Ko(A)g. In

for the associated quotient.

num

what follows we will write Ko(A)g/~

Remark 5.2.12. Thanks to [68, §5 and Proposition 6.2] we have that an element a € Ko(A)g
is numerically trivial if and only if for every p € Ko(A°P)q the associated composition

U(k)g —— U(A) —— Uk
is equal to zero.

5.24 Comparison between the different equivalence relations

In this subsection we compare the different equivalence relations introduced in §5.2.1-
§5.2.3.

Theorem 5.2.13. Given an element a € Ko(A)q, we have the implications
@ ~alg 0 = @ ~pjt 0 = @ ~pum 0.
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Proof. We start by proving the implication a ~ag 0 = a ~pj 0. Thanks to Proposition
5.2.14 below, we can assume without loss of generality that k is algebraically closed. Take
a € Ko(A)g an algebraically trivial element. Recall from Remark 5.2.9 that it is enough to
show that the associated morphism a : U(A°P)g — U(k)q in the category NChow(k)g
is ®-nilpotent. Since k is algebraically closed and the nilpotently trivial elements form a Q-
linear subspace of Ko(A)g, we can assume that there exists a single smooth projective curve
C, equipped with two k-rational points p and g, and a element f € Ko (A ® perfqg(C ))Q
such that @ = Ko(ida ® p*)o(f) — Ko(ida ® 4%)q(p); see Remark 5.2.2. Making use of the

following computations

Homchow(ky, (U(AP)g, U (perfag(C))g) = Ko(A % perfug(C)) 5,
Homnchow(k)g (U(A®)q, U(k)g) = Ko(A),

we observe that the associated morphism a : U(AP)g — U(k)g can be written as the
following composition
Up)o-U[T)g
& UAP )G —— U (pertag(€)), ——— U(K)g,

where B is the morphism associated to the element € Ko (A @ perfqg(C)) g Consequently,
once we show that U(p*)g — U(q3")g is ®-nilpotent, we conclude that « is ®-nilpotent
too. Recall from Remark 4.2.4(iii) that there exists a symmmetric monoidal functor
h(=)g : SmProp(k)°P — Chow(k)g defined on smooth proper k-schemes, consult [67] for
more details on Chow motives. Following [79, Theorem 4.3], there exists a Q-linear, fully-
faithfull, symmmetric monoidal functor ® making the following diagram commutative:

Xr—perfge(X)

SmProp(k)°P dgcatsp(k)
b(-)o
Chow(k)q U(-)g (5.8)

T

Chow(k)g/( — ®Q(1)) ——5—— NChow(k)q,

where we denote by Chow(k)g/( — ®Q(1)) the orbit category with respect to the Tate
motive Q(1), recall Definition 4.4.1. In [87, Proposition 3.1] it is proved that the morphism
H(p)a — H(q)g : H(C)g — b( Spec(k))Q, corresponding to the degree zero cycle p — g on C,
is ®-nilpotent. Since both functors 7 and ® are symmetric monoidal, the commutativity
of diagram (5.8) hence implies that U(p*)g — U(q")g is ®-nilpotent. This concludes the
proof.

We now prove the implication & ~pnj 0 = @ ~pum 0. Recall from Remark 5.2.12 that
a € Ko(A)g is numerically trivial if and only if for every f € Ko(AP)g the associated
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composition

U(k)g —— U(A) —— Uk
is equal to zero. Let @ € Ko(A)g be a nilpotently trivial element. Bearing in mind
Remark 5.2.9, the associated morphism a : U (k)g — U(A)q is ®-nilpotent. Let us assume
by absurd that « is not numerically trivial. In this case, there would exist an element
B € Ko(A°P)g such that the associated morphism  : U(A)g — U (k)g composed with a
is different from zero. Using the fact that § o @ € Homnchow(k)g (U(k)g, U(k)g) =~ Q, we
can further assume without loss of generality that o a is the identity. But, this would then
imply that § o a is not ®-nilpotent, which contradicts the assumption that « is ®-nilpotent.
In conclusion, «a is also numerically trivial. O

Proposition 5.2.14. Let k/k be a fixed algebraic closure of k. Given an element a € Ko(A)qg, the
following holds:

@ ~alg 0= (a ® E) ~alg 0 and a ~ni1 0 © (a & E) ~nil 0.

Proof. 1t follows from [69, Proposition 7.2] that if A € dgcatsp(k), then Ak € dgcatsp (k).
Note also that given a smooth connected k-scheme T, perfqg(T) ® k is a smooth k-linear dg
category which is canonically Morita equivalent to perfggy (T), whereT :=T Xspec(k) Spec(E).
Hence, the implication a ~;5 0 = a ® k ~alg 0 follows from diagram (5.9) below (where

T’ is a smooth connected k-scheme equipped with two k-rational points p’ and ¢'):

G

— , 1 =
1,0 Ko (A & k) ® perfyg(T ))Q — Ko(A @k k)o

Ko(—®k%)Q Kg(—®k%)Q (59)

& p,q) Ko (A & perfag(T)) g Ko(A)g.

(5.1)

We now prove the equivalence a ~pjj 0 & (a ®x E) ~nil 0. For any integer m > 1, we have

the commutative diagram:

— (5.6) —
[T:L; Ko(A @k k)g Ko((A & k)%"),
H;ﬂ:l KO(_®k%)Q Ko(—®k%)Q (510)
H;ﬂzl Ko(ﬂ)@ 50 Ko (ﬂ®km)Q.

Moreover, we have a canonical identification A®™ @ k ~ (A & k)®". Therefore, by
applying Lemma 5.2.15 below to the dg category A%, we conclude that the homomor-
phism Ko(— ® E)Q is injective. Consequently, the proof follows now from (5.10). O
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Lemma 5.2.15. Given an algebraic closure k/k, the induced homomorphism
Ko(= ® k)g : Ko(A)g — Ko(A & k)g
is injective.

Proof. Assume that %/ k is a finite field extension of degree d. In this case, the restriction
along the field extension k — k yields an homomorphism Resy Ko (A% %)Q — Ko(A)og
such that Res; Ik © Ko(= ®x k)g is equal to multiplication by d. Therefore, since Ko(A)g is
a Q-vector space, the induced homomorphism Ko(— ® k)q is injective. In the case where
the field extension E/ k is infinite, k identifies with the colimit of the filtrant diagram
{k;}icr of all the intermediate field extensions E/ ki/k which are finite over k. Since
both functors — ® k and Ko(=)q preserve filtrant (homotopy) colimits, we have that
Ko(A @ E)Q =~ colim;e Ko(A & ki)g and injectivity of Ko(— ®x E)Q follows now from the

finite field extension case. O

5.3 Relating classical and noncommutative settings

In this section we are going to relate the classical equivalence relations on algebraic cycles,
see §4.1, with the equivalences relations we have defined in §5.2.1-§5.2.3. This section
is important to be able to use tools from the context of dg categories in order to solve
problems related to equivalence relations on algebraic cycles.

Given a smooth proper k-scheme X, recall from [31, Corollary 18.3.2] that the following

map is invertible

Ko(perfdg(X))Q - Z'(X)Q/~sat
[F]+— ch(F) - Vidx,

where ch(¥) stands for the Chern character of ¥ and tdx for the Todd class of X.

(5.11)

Theorem 5.3.1. The above map (5.11) induces the following isomorphisms:

Ko (perfag(X)) /-y — Z'(X)a/-u,
Ko perfag(X)) g/ — Z*(X)g/-m (5.12)
Ko(perfag(X)) o /nm — Z(X)a/~num-
Proof. The upper and middle isomorphisms in (5.12) follow from Lemmas 5.3.2 and 5.3.3

below. In order to prove the lower morphism in (5.12) is an isomorphism, note that, given
any two perfect complexes ', G € perfys(X), we have the following equalities

x([F1,16)) = Ko(m([RHO_m(T, g)])) =Ko(n (7 ek 6)) 613
Q
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where 7 : X — Spec(k) stands for the structure map of X and RHom(—, —), respectively

(-)*, stands for the internal Hom, respectively (contravariant) duality, of the category

perfqg(X). Hence, we obtain the following commmutative diagram:

Ko(perfag(X)) o x Ko( perfag(X)) Q
@

Ko( perfag(X)) g x Ko( perfag(X)) g P Ko(perfag(X))q T Q
Ko((-) ,xid | = @ ®

Kol perfug(X)) X Ko( perfag(X)) g —————+ Kol perfag(X))  — e Q
((ch(-)-Vidx ) x ( ch(-)-Vidx ) | = @ ~[ch-ptdx  (B)

Z(X)/+uXZ (X) ~ra — Z'(X)a/ - Q.

(5.14)

The square (1) is commutative, thanks to (5.13). The commutativity of the squares
(2) and (3) is obvious; note that Q = Ky ( Spec(k))Q. The square (4) is commutative since
ch(-) is multiplicative. Finally, the square (5) is commutative because of the Grothendieck-
Riemann-Roch formula; see [36, Theorem 5.26]. Note that the right vertical map of the
square (5), ie., ch(-)- tdspec(k), is the identity map. Indeed, since Ky ( Spec(k))Q =Qisa
graded ring concentrated in degree zero, we have tdspec(x) = 1and the ring map ch(-) from
Ko( Spec(k)) gto Z*(Spec(k)) o/~w= Qis the identity. We already know that ch(-)- Vidx
is an isomorphism and that Ko((-)") g X id is an isomorphism because both (-)* and id
are isomorphisms. This explains diagram (5.14).

Finally, note that 7. : Z*(X) — Z*(Spec(k)) identifies with the degree map (4.2).

Hence an algebraic cycle u € Z*(X)g/-~,, is called numerically trivial if 7.(v - ) = 0 for

rat
all v € Z*(X)g/~,- Therefore, given an element [¥] € Ko(perfdg(X))Q, we conclude
from the outer commutative square of diagram (5.14) that [ ] is numerically trivial if

ch(¥) - Vtdx is numerically trivial. This concludes the proof of Theorem 5.3.1. O

Lemma 5.3.2. The Chern character ch(-) : Ko(perfdg(X))Q - Z'(X)q/~,, induces the
following isomorphisms:
Ko perfag(X)) /-y —> Z"(X)a /g Ko (perfag(X)) /v Z*(X)g/~py- (5.15)
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Proof. From [83, Lemma 4.26] we have that, for T a smooth connected k-scheme, the
following dg functor is a Morita equivalence:

— X —: perfqg(X) ® perfqg(T) — perfag(X X T).

Moreover, by the properties of Chern character (see [31, page 282, (ii)]), one obtains the
commutative diagram:

& (Ko(idep*)g—Ko(id®q)q)

ea(T,p,q)KO ( Perfdg(X) ® Perfdg(T))Q Ko ( perfdg(X))Q
®Ko(-B-)g | ~
&1 p.9Ko(perfag(X X T)) 4 ~| ch(-) (5.16)

®ch(-)| =

GB(T,P,Q)Z*(X X T)Q/Nrat Z*(X)Q/Nrat/

o ((idxp)'—(idxq)’)

where p and g stand for k-rational points of a smooth connected k-scheme T. Recall

that an algebraic cycle u € Z*(X)q/-~,, is called algebraically trivial if it belongs to the

rat
image of ®r,p,,4)((id ® p)* - (id ® q)*), see Definition 4.1.4. Therefore, the left-hand-side
isomorphism in (5.15) follows from the above commutative diagram (5.16).

In order to prove the right-hand-side isomorphism in (5.15), note that a repeated use

of [83, Lemma 4.26] shows that the following dg functor
- - — K- perfge(X)®" — perfqg (X®")

is a Morita equivalence. Therefore, for any integer m > 1 we obtain the following
commutative diagram:

([Fi1 [ F)) > [Fi®...0F]

H?il KO(perfdg(X))Q KO(perfdg(X)®m)Q
~ | Ko(-B-..—K-)g
[Tch(-) | = Kg(perfdg(XX’”))Q (5.17)

=|ch(-)

T4 (X ZH(XM) [

(U1 et )= 1 X X

Recall that an algebraic cycle u € Z*(X)g/~,, is called nilpotently trivial if there is a

rat

positive integer m such that u™ is equal to 0, see Definition 4.1.5. Therefore, the right-
hand-side isomorphism in (5.15) follows from the above commutative diagram (5.17). O
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Lemma 5.3.3. The homomorphism —-Vtdx : Z*(X)qg /~rati> Z(X)Q/~ry induces the following
isomorphisms:

ZH(X)q g Z* (XD~ Z(X)afg— Z°(X)g /- (5.18)

Proof. Note that in order to prove the left-hand-side of (5.18) it suffices to show that the

following square is commutative:

o ((idxp)—(idxq))

T,p,) L (X XT)g/~ LX)/~
o(—Vidxar) | = = | —Vidx (5.19)
GB(T/P/"])Z*(X X T)Q/Nrat ‘Z*(X)Q/Nrat’

o ((idxpy —(idxq)")

where p and g stand for k-rational points of a smooth connected k-scheme T. Let mx
and 7t be, respectively, the projections from X X T to X and T. Consider the pull-backs
Ty 1 LX)/ o™ L(X X T)q /oy and 17 2 ZH(T)q /o™ LH(X X T)Q /oy

It is known, by the proof of [36, Lemma 10.6], that Vidxxr = n’%(\/@) . n*T(\/E)
Consequently, we conclude that

(id x p) (idxor) = (id x p) (i (Vedx) - w3 (vedr)
= (id x p)’ (5 (Vidx) ) - id x p) (3. (Vedir) )
= (mx o (id x p))" (Vedx) - (mr o (id x p))" (Vedr)
= id*(Vidx) - (mr o (id x p))" (Vidr)
= Vdx - (er o (id x p))" (Vedr).
Recall from [36, §5.2] that the degree zero term of tdr, in HY(T;Q), is 1. Therefore,
choose for Vtdr the cohomology class whose degree zero term is 1. Since p* is a graded

ring morphism and Z* ( Spec(k))Q /~..= Q, we have that the following equalities hold for
every v e Z*(X xT)g/-~

(id X p)*(v - Vedxxr) = (id X p)*(v) - (id X p)' (Vedxxr)

= (id x p)'(v) - Vtdx - (r o (id x p))* (Vidr)
= (id x p)'(v) - Vtdx - (p © Tegpec(n))" (Vidr)
= (id X p)'(v) - Vdx - (Teeqry © P7) (Vedr)
= (id X p)'(v) - Vidx - Wy (1)

= (id x p)'(v) - Vtdx.

This implies that the above diagram (5.19) is commutative.
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Now, in order to prove the right-hand-side of (5.18), note that the homomorphism

{uit1<i<m ¥ p1 X ... X py can be written as the following composition:

mult

m l_[Tl? m
l_[ Z*(X)Q/"‘rat—) l_[ Z*(XXM)Q/Nrat—) Z* (Xxm)Q/Nrat’
i=1 i=1

where 7; stands for the i/ projection map from X*™ to X. Consequently, since the pull-

backhomomorphism 7} is multiplicative, if an algebraic cycle u € Z*(X)q/~,, isnilpotently

rat

trivial, then so is p - Vtdx. Conversely, since the homomorphism 7t} is multiplicative and
Vtdx is invertible, if y - Vtdy is nilpotently trivial, then u is also necessarily nilpotently
trivial. ]

5.4 Comparing equivalence relations via kernels

In this section, we consider the quotients between the different equivalence relations
introduced in §5.2. We start by fixing some useful notations that will be used in the

remainder of the paper.

Notation 5.4.1. Let X be a smooth proper k-scheme and A a smooth proper dg category

(over k).

(i) Given equivalence relations ~; and ~2 on a set S, we will write ~1>~; if, for all a,
beS,a~1bimpliesa ~; b.

(ii) Given an equivalence relation ~ on Z*(X)g, respectively on Ko(A)g, let us write
Z(X)g = {a € Z'(X)gla ~ 0} respectively Ko (A)g := {a € Ko(A)g|a ~ 0}
for the Q-subspace of ~-trivial elements.

(iii) Given equivalence relations ~1 > ~» on Z*(X)q, respectively on Ko(A)q, let us write

_ZL(X)e
- Z: (X)g

_ Ko,~, (ﬂ)Q

Z ., X)g: respectively Ko .,/-,(A)g = Ko (A
1

~ )~
for the associated quotient.
(iv) Given equivalence relations ~1 > ~, on Z*(X)q, respectively on Ko(A)q, let us write
qu/Nl : (X))~ Z'(X)q/~, respectively qi’;‘fl : Ko(A)g/~,— Ko(A)g /-,
for the quotient map.

(v) Given equivalence relations ~1 > ~2 on Ko ( perfag(X ))Q, let

qX,nc : Ko(perfdg(X))Q/~1—» Ko(perfdg(x))Q/~2

~a/~1

be the quotient map.
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Remark 5.4.2. (i) The equivalence relations ~qig, ~nii and ~num agree for smooth proper
k-schemes X of dim < 2; see [2, §3.2.7] and [31, §19.3.5]. Moreover, ~yat, ~alg, ~nil

and ~num agree for 0-dimensional k-schemes.
(i) In general, we have ker (qf2 /~1) # 0; consult Remark 5.1.5.

(iif) For every smooth projective complex curve X of positive genus g, we have that

Zialg/Nrat( X)g ~(Q /Z)®28. Since X is a curve, we have Zialg /Nm(X)Q = Zialg /Nm(X )o
which, thanks to [31, p. 19.3.5], is isomorphic to the Q-vector space of torsion points
of the Albanese variety Alb(X). Since X is a curve, we have Alb(X) = Jac(X) (the
Jacobian variety of X) and it is well-known that the Q-vector space of torsion points

of Jac(X) is isomorphic to (Q/Z)®28.

(iv) The Voevodsky nilpotence conjecture asserts that ker (g% ) =0.

num / “nil

Remark 5.4.3. Let ~1,~2€ {"“ratz ~algs ~nils ~num}-

(i) Given a smooth proper k-scheme X, we have Z* ,_(X)g = ker (a2 /) Indeed,
the elements of ker (qi(z /~1) are algebraic cycles up to ~q-trivial elements that are
~p-trivial. That is, they are ~;-trivial elements up to the equivalence relation ~;.
Hence they are the elements of Z” . (X)o-

(ii) Given a smooth proper dg category A (over k), we have K -, /., (A)q = ker (qfi’/nfl ).

The same reasoning applied in (i) explains why this is true as well.

Corollary 5.4.4 (of Theorem 5.3.1). Given a smooth proper k-scheme X and ~1, ~2€ {~rat,
~alg, ~nil, ~num}, We have an isomorphism ker (qi(2 /~1) ~ ker (qi;‘fl) Equivalently, we have

an isomorphism Ziz/~1(X)Q ~ Koy /oy (perfdg(X))Q.

Proof. Thanks to Theorem 5.3.1, we have that the map (5.11) induces an isomorphism
Ko( perfag(X)) 0 /~— Z*(X)q/~, where ~€ {~rat, ~alg, ~nil, ~num}. Consequently, we have
the following commutative diagram:

ker (qi(zr/‘fl) —— Ko( perfag(X)) o /~; — Ko(perfag(X)) o /~,
l ~|[(5.11) ~|(5.11) (5.20)
ker (qi(z/Nl) — Z'(X)a/~ Z'(X)q/~-

Since both rows in (5.20) are exact, we hence conclude that the left-hand-side vertical

homomorphism in (5.20) is also invertible. O

Proposition 5.4.5. Let A be a smooth proper dg category such that H'(A) = (b, ¢) admits a
semi-orthogonal decomposition, see Definition 3.3.2. Let 098 and 48 denote, respectively, the dg
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enhancement of b and ¢ induced from A. Under these assumptions, the inclusions of b98 and 48

into A induce an isomorphism

p98 nc
~2/~1

Anc

ker (q ) @ ker (qidj/lij) i> ker (qNZ/Nl) with ~1,~2€ {Nrat/ ~algs ~nils "‘num}-

Equivalently, we have an induced isomorphism K -, /~, (b98) 0®Ko~/~ (cd8) 9 = Kooy (A

Proof. Since the dg category A is smooth and proper, it follows from the proof of [17,
Lemma 2.1] that the dg categories b8 and ¢98 are also smooth and proper. Moreover, as

explained in [80, §3.2], we have the following computations:

HomNVoev(k)Q (ﬂ(k)Ql W(ﬂ)Q) = KO(ﬂ)Q/NniI/

(5.21)
Homnnum(k)y (U (), U(A)q) = Ko(A)g /~pum-

As HY(A) = (b, c), we deduce from [79, Proposition 2.2 and Theorem 2.9] that the induced
morphism W(bdg) 0 ® (Ll(cdg) Q™ U(A)q is invertible. Therefore, making use of the

computations (5.21), we obtain induced isomorphisms:

K() (bdg)Q/~nﬂ@K0(Cdg)Q/Nnﬂ i) Ko(ﬂ)Q/Nnil
Ko/(598) 6 /- @K0 (¢98) o /e — Ko(A)Q /-

By computation (4.6), we have an induced isomorphism K (bdg)Q ® Ko(cd8) o > Ko(A)g.
Note that thanks to Lemma 5.2.5, the inclusions of b98 and ¢98 into A also induce
an isomorphism Ko (b98) 0 /5 ®Ko (¢U8) o/~ag— Ko(A)g/~,,- Consequently, we have the

following commutative diagram:

ker (qig/flc) @ ker (") — Ko ([)‘i‘o’)Q/~1EBKo(cdg)Q/~1 — Ko(lbdeg)Q/NzGBI(o(cdg)Q/~2

4
~a2/~1

ker (g77 ) Ko(A)g/-, Ko(A)g /-,

~a/~1

(5.22)

with ~1, ~2€ {~at, ~alg, ~nil, ~num }- Since both rows in (5.22) are exact, we conclude that

the left-hand-side vertical homomorphism in (5.22) is also invertible. O

Proposition 5.4.6. Let A and B be two smooth proper dg categories.

(i) Given F : A — B a Morita equivalence, the homomorphism Ko(F)g/~ is invertible when
~€ {"‘rat/ ~algs ~nil, ~num}-

(it) For A Morita equivalent to B, we have ker (qi’/nfl) ~ ker (qi’;‘fl), or, equivalently,

Ko,y (A)g = Ko~y )~y (B)g, when ~1, ~2€ {~rat, ~alg, ~nil, ~num}-

49



CHAPTER 5. IMPROVEMENT OF THE VOEVODSKY NILPOTENCE
CONJECTURE

Proof. We start by proving item (i). Since Ko(—)q is an additive invariant, we have that

Ko(F)q is an isomorphism. Thanks to Lemma 5.2.4, Ko(F)g/-~,,, is an isomorphism. Follow-

alg

ing [79, Proposition 2.2 and Theorem 2.9], we have that U(-) sends Morita equivalences
to isomorphisms. This together with the following computations (see [80, §3.2])

Homnvoev(k)g (U (K)a, U(=)a) = Ko(=)a/~u-
HomNNum(k)Q (ﬂ(k)Q, ﬂ(_)Q) = KO(_)Q/~num/

is enough to conclude that both Ko(F)g/~,,, and Ko(F)g/~

Now, note that item (ii) follows from item (i). Indeed, from (i) we obtain the following

are isomorphisms.

nil/ num

commutative diagram:

ker (477 ) ——— Ko(A)g/~, — Ko(A)g/-,

l ~ ~ (5.23)

ker (qﬂf‘c ) —  Ko(B)g/, —— Ko(B)a /-,

~a2/~1

Since both rows in (5.23) are exact, the left-hand-side vertical homomorphism in (5.23) is

also invertible. O
Proposition 5.4.7. Let X be a smooth proper k-scheme and By an Azumaya algebra over X.

(i) The canonical dg functor ix g, : perfag(X) — perfag(X, Bo) induces an isomorphism
KO(iX,Bo)Q/~: KO( perfdg(X))Q/~_> Ko ( perfdg(X/ BO))Q/~

with ~€ {"’rat/ ~algs ~nil, "’num}'
.. X,nc perfag(X,Bo),nc
(ii) For ~q,~p€ {"rat/ ~algs ~nil/ Nnum}/ we have ker (qu/Nl) ~ ker (q~2/~1 , or,

equivalently, an isomorphism
Ko,y (perfdg(X))Q ~ Kooy /oy (perfdg(X,Bo))Q.

Proof. To prove item (i), we start by noting that, following [82, Corollary 3.1], we have
Ko( perfag(X)) 9 = Ko( perfqg(X, Bo))Q. Moreover, thanks to Lemma 5.2.6, we have that
Ko ( perfae (X ) 0 /Nalg ~ Ko perfag(X, Bo)) 0 /Nalg. Following [82, Propositions 8.3 and 8.7], the
canonical dg functor ix g, induces an isomorphism (Ll(perfdg(X))Q ~ U perfag(X, Bo))Q.
So, the same reasoning in Proposition 5.4.6 allows us to conclude that

KO(perfdg(X))Q/~nﬂ = Ko(perfdg(X, BO))Q/~HH/
Ko( perfag(X)) g /~num = Ko(perfag(X, Bo)) g /~mum-

This finishes the proof of item (i).
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To prove item (ii), note that item (i) yields the following commutative diagram:

ker (qi(zr/lfl) ———— Ko(perfag(X)) o/~ ——— Ko(perfag(X)) o/~

£4.(X,Bo),
ker (qper a5(X Bo) nc) — Ko( perfdg(X, BQ))Q/N1 — K ( perfdg(X, Bo))Q/NT

~a/~1

(5.24)

Since both rows in (5.24) are exact, the left-hand-side vertical homomorphism in (5.24) is

also invertible. O

5.5 Applications

In this section, making use of the mathematical tools developed in §5.2-8§5.4, we prove the

following Theorem.

Theorem 5.5.1 (Refinement). The algebraic and numerical equivalence relations agree for certain
quadric fibrations, intersections of quadrics, linear sections of Grassmannians, linear sections of
determinantal varieties, Moishezon manifolds, cubic fourfolds and Gushel-Mukai fourfolds. In
addition, they also agree for certain Kiichle fourfolds, families of Sextic del Pezzo surfaces and
families of Fano fourfolds of K3 type.

We will break the proof of this theorem into different cases and that is done throughout
subsections §5.5.1-§5.5.11, though some sections are only instrumental. The proofs are, in

some cases, adaptations of the ones given in [17] and [73].

5.5.1 Full exceptional collection

Corollary 5.5.2 (of Proposition 5.4.5). Let X be a smooth proper k-scheme such that perf(X)
admits a full exceptional collection, cf. Remark 3.3.4 above. The equivalence relations ~ag and

~num agree on Z*(X)q.

Proof. By assumption, let perf(X) = (Ey, ..., E,) be a full exceptional collection of perf(X).

By repeated use of Proposition 5.4.5 we have:

KO/"‘num/Nalg ( perfdg(X))Q = KO/"‘num/"’alg (Eldg)Q -0 KOINHum/"‘alg (Endg)Q'

Thanks to Remark 5.4.2(i) and Corollary 5.4.4, we have that Ko~ /~.;, (E;%8) o is the trivial

group foralli € {1,...,n}. Consequently, K, - J~alg ( perfae (X ))Q is trivial and Corollary

5.4.4 implies that Z* fo (X)q is trivial. This finishes the proof. O
num/ ~alg
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5.5.2 Severi-Brauer varieties

Let us recall the definitions of central simple algebra and of a Severi-Brauer variety.

Definition 5.5.3. A finite dimensional algebra A over a field k is called a a central simple algebra
over k if it is simple as a ring and if has centre k.

Remark 5.5.4. Note that an central simple algebra over k is a particular case of an Azumaya
algebra over k.

Definition 5.5.5. A k-variety X is called a Severi-Brauer variety if there is a field extension L
of k such that X Xspec(x) Spec(L) = PJ.

Definition 5.5.6. Let A be a central simple algebra over k of dimension n®. Denote by SB(A)
the collection of right ideals of A that are n dimensional over k. This collection is called the

Severi-Brauer variety of A.

Remark 5.5.7. Note that one can show that the Severi-Brauer variety of a central simple
algebra defined in Definition 5.5.6 is indeed a Severi-Brauer variety. Moreover, given a
Severi-Brauer variety X there is a unique central simple algebra A such that X = SB(A).

Theorem 5.5.8. Let X be a Severi-Brauer variety. The equivalence relations ~alg and ~num agree
on Z*(X)o.

Proof. Let A be the unique central simple k-algebra such that X = SB(A). Following [15,
Theorem 4.1], we have the semi-orthogonal decomposition:

perf(X) = <perf(k),perf(A), ..., perf (A®”)>,
where 71 stands for the dimension of X. Thanks to Proposition 5.4.5 we have

Ko~y /~ (perfag(X)) g = Ko~/ ( perfag(k)) @

(5.25)
® Ko,~,/~, (perfdg(A))Q ®...8Kp,/, (Perfdg(A®n))Q.

Since the tensor product of central simple k-algebras is still a central simple k-algebra,
and thanks to Remark 5.5.4, we can rewrite (5.25) as follows:

Koy~ ( perfdg(X))Q = Ko, /~; ( perfdg(k))QEB
® Koy /~, (perfag(k, B1)) o @ ... & Ko+, /-, ( perfag(k, By)) o,

where By, ..., B, are Azumaya algebras over k. Consequently, applying Proposition 5.4.7(ii)
one obtains Kg -, /-, ( perfag(X ))Q 2~ Kpmy /oy perfdg(k))gm, for a certain m. Remark 5.4.2(i)
implies that Ko ~, ./~ (perfag(X ))Q is trivial. Therefore, from Corollary 5.4.4 we deduce
that ~,; and ~num agree on Z*(X)q. O
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5.5.3 Quadric fibrations

Take S a smooth projective k-scheme and g : Q — S a flat quadric fibration of relative
dimension n with Q smooth. Let Cy be the sheaf of even parts of the Clifford algebra
associated to q; see [6,§1] and [50, §3]. Recall from [50, §3.5-§3.6] that when the discriminant
divisor of g is smooth and # is even (respectively, odd) we have a discriminant double

cover S — S (respectively, a square root stack S) equipped with an Azumaya algebra By.

Theorem 5.5.9. Under the above assumptions, with ~1, ~2€ {~1at, ~alg, ~nil, ~num }, the following
holds:

(i) We have

(Q)g = Ko/~ (perfag(S, Co)) g @ (S)g"-

~z/ 1 ~2/~1

(ii) If the discriminant divisor of q is smooth and n is even, then
~2/~1(Q)Q ~2/~1( ) ~2/~1(S)
(ii) If the discriminant divisor of q is smooth and n is odd, then

(Q)o = Ko ~2/N](perfdg (S Bo)) ®Z , (S )811

~2/~1 ~2/~1

Proof. We adapt the reasoning of the proof of [17, Theorem 1.2]. Indeed, from [50, Theorem
4.2], perf(Q) = <perf(S, Co), perf(S), ..., perf(S)n> is a semi-orthogonal decomposition,
where perf(S); = " perf(S) ® Og/s(i). Note that perf(S); ~ perf(S) for all i. Thanks to
Proposition 5.4.5 we have

&n
Ko s/ (Perfag(Q)) g = Ko s/, (Perf8(S, Co)) g @ (Ko /-, (perfag(S)) )

where perfdg(S, Co) is the dg enhancement of perf(S, Co) induced from perfyy(Q). This cat-
egory is smooth and proper, cf. [17, Lemma 2.1]. Note that thanks to [50, Proposition 4.9],
the inclusion perf(S, Cp) — perf(Q) is of Fourier-Mukai type; consult [36, §5]. Conse-
quently, its kernel in perf(S x Q, Cgp X Oyx) induces a Fourier-Mukai Morita equivalence
perfyg(S, Co) — perfdg(S, Co), where perfys(S, Cp) is the dg enhancement of perf(S, Co)
induced from the inclusion perf(S, Cp) — perf(Q). So, thanks to Proposition 5.4.6 we
have

on
Ko~ /~ (Perfag(Q)) g = Ko~/ ( perfag(S, Co)) g @ (KO,NZ/N] (perfdg(S))) .

Using Corollary 5.4.4 we conclude that

(Q)Q K0~2/ 1(perfdg(5 CO)) @Zi2/~1(5)8n

~2/~1
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We now prove item (ii). Note that from [50, Propositionn 3.13] we have that perf(S, Co)
and perf(§ By) are Fourier-Mukai equivalent. This, together with item (i), implies
(Q)a = Ko,~p/~, ( erfdg(S Bo)) ©Z (S)GB” Using Proposition 5.4.7 we obtain

~2/~1

(Q)g = Ko,~y/~, (perfag(S)) o @ (S)3"

~2/ 1 ~2/ 1

To prove item (iii), note that, thanks to [50, Propositionn 3.15], perf(S, Co) and
perf(g, By) are Fourier-Mukai equivalent. So, from item (i) we obtain

(Q)q = Ko~y/my (perfag(S,Bo) g ® 2, (S)"

~2/~1

Corollary 5.5.10. When dim(S) < 2, the following holds:

(i) If the discriminant divisor of q is smooth and n is even, then the equivalence relations ~qg
and ~num on Z*(Q)q agree.

(ii) If the discriminant divisor of q is smooth and n is odd, then

*
ZNnum / ~alg

(Q)Q = KO/Nnum/Nalg ( perfdg (§’ BO))Q

Proof. Since dim(g) = dim(S), the proof follows from Remark 5.4.2(i). O

5.5.4 Intersection of quadrics

Let X be a smooth complete intersection of r quadric hypersurfaces in P™. The linear span
of these r quadrics gives rise to a hypersurface Q C P"~! X P, and the projection into the

first factor to a flat quadric fibration g : Q — P! of relative dimension m — 1.

Theorem 5.5.11. Under the above assumptions, with ~1, ~2€ {~rat, ~alg, ~nil, ~num }, the follow-
ing holds:

(i) We have

(X)q = Koy~ (perfag (B, Co)) o-

~2/ ~1
(ii) If the discriminant divisor of q is smooth and m is odd, then

~2/~1 (X)Q ~2/~1 (Pr_l)Q'

(iii) If the discriminant divisor of q is smooth and m is even, then

(X)q = Kooy perta (B, B0))

~2/~1
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Proof. The proofis similar to the one given in [17, §7] with the some modifications. Thanks
to [50, Theorem 5.5], depending on the value of m — 2r + 1 there are three different cases.

If m —2r +1 = 0, then perf(X) and perf(P"!, Cy) are Fourier-Mukai equivalent. Conse-
quently, we obtain Ky, /-, ( perfag(X)) g = Ko~,/~, (perfag(P"", Co)) and an application
of Corollary 5.4.4 gives us the statement of item (i).

If m —2r +1 > 0, then one has this semi-orthogonal decomposition
perf(X) = <perf(P"_1, Co),0x(1),...,0x(m —2r + 1)). (5.26)
Consequently, Proposition 5.4.5 implies
Ko s/~ (perfag(X)) g = Ko/, (perfag(P' L, Co)g @ Ko,y perfag (OX(l)))Q ®- @
® Ko~y /~, (perfdg (Ox(m —2r + 1)))@.
Thanks to Remark 5.4.2(i) and Corollary 5.4.4, the previous direct sum decomposition

becomes

K0,~2/~1(perfdg(X))Q ~ KO,NZ/Nl(perfdg(Pr_l, CO))Q.

Again, using Corollary 5.4.4 concludes the proof of item (i) for this case.

If m —2r +1 < 0, one has the following semi-orthogonal decomposition
perf(P"™!, Co) = (Em—2r41, - .., Eq, perf(X)). (5.27)

where the E; are exceptional objects. Note that the semi-orthogonal decomposition (5.27)
is a dual semi-orthogonal decomposition of (5.26). The proof now follows the exact same
reasoning of the previous case.

The proofs of items (ii)-(iii) follow a similar reasoning to the proofs of Theorem 5.5.9(ii)-
(iii). Indeed, from [50, Propositionn 3.13] we have that perf(Pr‘l, Co) and perf(IP/’:jl, Bo)
are Fourier-Mukai equivalent, where By is an Azumaya algebra over Pr-1. So, using item
(i), we obtain Z , _ (X)q = Ko,~/~, ( perfdg(]P;r‘jl, Bo)) gy and Proposition 5.4.7 implies item
(id).

To prove item (iii) note that from [50, Proposition 3.15], perf(P"~!, Cy) and perf(IE’Tl, Bo)
are Fourier-Mukai equivalent, with By and Azumaya algebra over Pr-1. Hence, item (1)
implies Ziz . (X)g = Kony/my ( perfdg(IPTV?l, Bo))Q and this finishes the proof. O

Corollary 5.5.12. When r < 3, the following holds:

(i) If the discriminant divisor of q is smooth and m is odd, then the equivalence relations ~qg
and ~num on Z*(X)q agree.

(ii) If the discriminant divisor of q is smooth, m is even and k is algebraically closed, then the
equivalence relations ~ag and ~num on Z*(X)q agree.

Proof. To prove item (i) it is enough to consider Theorem 5.5.11(ii) and Remark 5.4.2(i). To
prove item (ii) consider Theorem 5.5.11(iii) and Remark 5.4.2(i). O
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5.5.5 Moishezon manifolds

A Moishezon manifold X is a compact complex manifold such that the field of meromorphic
functions on each component of X has transcendence degree equal to the dimension of the
component. As proved in [71], X is a smooth projective C-scheme if and only if it admits
a Kéhler metric. In the remaining cases, it is shown in [4] that X is a proper algebraic
space over C. Let Y — P2 be one of the non-rational conic bundles described by Artin and
Mumford in [5], and X — Y a small resolution. In this case, X is a smooth (not necessarily

projective) Moishezon manifold.
Theorem 5.5.13. The equivalence relations ~a1g and ~num on Ko(perfdg(X ))Q agree.

Proof. The proof of [17, Theorem 1.14] can be adapted as follows: replace the reference to
the proof of [17, Thereom 1.2(i)] by the proof of Theorem 5.5.9(i), consider Remark 5.4.2(i),
and use Proposition 5.4.5 instead of [17, Theorem 1.2]. d

Remark 5.5.14. We cannot apply Corollary 5.4.4 in the previous proof because X is not a
proper k-scheme.

5.5.6 Cubic fourfolds and Gushel-Mukai fourfolds

We start by recalling the definitions of Cubic fourfold and of Gushel-Mukai n-fold, we
took these definitions from [73, §2].

Definition 5.5.15. A cubic fourfold is a smooth complex hypersurface of degree 3 in P°.

To define a Gushel-Mukai n-fold start by considering a k-vector space V of dimension
5. Thanks to the Pliicker embedding, we have that Cone(Gr(2,V)) € P(k & (A%V)). Let
us denote by W a linear subspace of dimension n + 5 of k ® (A%V), where2 < n < 6.

Definition 5.5.16. Let V and W be as above. A Gushel-Mukai n-fold X is a smooth and
transverse intersection of the form X = Cone(Gr(2, V) N Q, where Q is a quadric hypersurface
in P(W).

Moreover, X is called ordinary if it is isomorphic to a linear section of Gr(2, V) C P® and it is
called special if it is isomorphic to a double cover of a linear section of Gr(2, V') branched along a
quadric section.

In what follows, we adapt [73, Theorems (A)-(D)] to our context.

Theorem 5.5.17. The equivalence relations ~a1g and ~num on Z"(X)q agree when X is a cubic
fourfold or an ordinary generic Gushel-Mukai fourfold.

Proof. We start by noticing that the proof of [73, Theorem (A)] works here with two minor
changes. Indeed, their reasoning is the classical setting and the only thing that one needs
to do is replace the equivalence relation ~y; by the equivalence relation ~,g, and then
consider Remark 5.4.2(i). Nonetheless, we present a detailed proof.
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Let us assume that X is a cubic fourfold. We note that X contains a line [, see [73,
§2.1]. Thanks to [73, Lemma 2.1] the linear projection from the line ! induces a smooth
flat quadric fibration from the blow-up Bl;(X) — P3. But then, [73, §1.3], or see [86,
Theorem 4.2 and Corollary 4.4], and Beilinson’s full exceptional collection of perf(P?),

consult [14], imply that the Chow motive of the blow up decomposes as follows:
b(BL(X)) = ®_b(B)(j) ® (Z,1,1) = &_y( @7, 1(-1) & (Z,7,1), (5.28)

where (Z, r, 1) is an object of Chow(k)q. That is, we have Z a smooth projective k-scheme
of dimension 2 and r an endomorphism of h(Z). Note that 1 = ( Spec(k), id, 0) is the unit
of Chow(k).

Now, thanks to (5.28) and Remark 5.4.2(i), we have that Zimlm
Hence, [73, §1.2] (or [67]) implies that Zinum /~a1g(X) is trivial.

Let us now assume that X is an ordinary Gushel-Mukai fourfold. Thanks to [73,
Corollary 2.3], for Blg(X) a blow-up of X in a surface E, consult [73, §2.2] for the details,
there is a conic smooth flat fibration p : Blg(X) — P(V’), for V' a k-vector space of
dimension 4. Now, as P(V’) ~ P® and dim (Blg(X)) = 4, [73, §1.3] (or [86, Theorem 4.2
and Corollary 4.4]) implies b(Blg(X)) = @izob(Pfs)(k) ®((Z,r,1), wheredimZ =3 -1 =2.
Thanks to [14] we have h(BL(X)) ~ &} _ (®;_, 1(-1)) & (Z,r,1). Remark 5.4.2(i) implies
that Z° g (BL(X)) is trivial. Finally, [73, §1.2] (see also [67]) implies that Z* g (X)
is trivial. O

[~aig (BL;(X)) is trivial.

Remark 5.5.18. (i) Let X be a cubic fourfold. Recall from [51, §4.1] that the Kuznetsov
category Ax of X is defined as a certain semi-orthogonal component of the following
semi-orthogonal decomposition

perf(X) = (Ax, Ox(-2H), Ox(-H), Ox)
where H is the class of a hyperplane in P°. Thanks to Proposition 5.4.5 we have
d
Koy~ ( perfdg(X)) = Ko~y /~ (ﬂxg) © Ko,~z/~ (perfdg (OX(_ZH)))

® Ko ~y/my ( perfyg (OX(—H))) ® Ko ~y/my (perfdg(()x)),

where ﬂ;g denotes the dg enhancement of Ax induced from perfy,(X). Now,

Corollary 5.4.4 implies
* ~ dg *
Z~z/~1(X) = Kop /1 (‘ﬂx ) ® -ZNZ/N1 (OX(_zH))
©Z, (Ox(-H)®Z",_((0x)).

Remark 5.4.2() allows us to obtain Z* _(X) = Ko/~ (&Zl?(g). Specifying the

equivalence relations to be ~1g and ~pum, using Theorem 5.5.17 we conclude that
dg

Ko~y /~aig (ﬂ;g) = 0, or equivalently ker (q~ X r/li 1 ) = 0. That is, the equivalence
num ag

. d
relations ~,g and ~pum on ﬂXg agree.
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(ii) Let X be a Gushel-Mukai n-fold. Recall from [58] that the Gushel-Mukai category
Ax of X is defined as a certain semi-orthogonal component of perf(X). Therefore,
for X a Gushel-Mukai fourfold, Theorem 5.5.17, Corollary 5.4.4, and Proposition

dg
5.4.5, imply that ker (47 "

num / ~alg

) = 0, i.e., the equivalence relations ~,1g and ~num on
dg
Ay agree.

Under the above notations, we obtain the analogous of [73, Theorem (B)]:

Theorem 5.5.19. The equivalence relations ~a1g and ~num on Ko (ﬂ;g)Q agree when X is a cubic
fourfold or an ordinary generic Gushel-Mukai fourfold.

We now adapt [73, Theorems (C) and (D)] to our context:

Theorem 5.5.20. The equivalence relations ~a1g and ~num on Z *(X)q agree when X is a generic
Gushel-Mukai fourfold containing a plane P of type Gr(2, 3).

Proof. The proof is similar to the one given in [73, §5]. We follow the reasoning of that
proof and make some adaptations. Firstly, we have a semi-orthogonal decomposition of
perf(X) consisting of Ax and four exceptional objects,

Secondly, obtain Ko ., /~, ( perfag(X)) =~ Ko,/ (.?Iig) by using Remark 5.4.2(i) and
Proposition 5.4.5.

Thirdly, note that this Gushel-Mukai category Ax is Fourier-Mukai equivalent to
Kuznetsov category Ax- of a cubic fourfold X’, cf. [58, Theorem 1.3]. So, Proposition 5.4.6
(ﬂ;g) =~ Ko ~ ﬂ}df), which is trivial, thanks to Theorem 5.5.19.
Finally, an application of Corollary 5.4.4 concludes the proof. O

implieS KO,~ num/"alg (

num / ~alg

Theorem 5.5.21. The equivalence relations ~ag and ~num on Z*(X)q agree when X is an

ordinary Gushel-Mukai fourfold containing a quintic del Pezzo surface.

Proof. Thanks to [58, Proposition 2.3], we obtain a semi-orthogonal decomposition of
perf(X) consisting only of Ax and exceptional objects. So, Proposition 5.4.5 and Remark
5.4.2(i) imply Ko/~ (PeIfdg(X)) = Ko~pym/~ae (fﬂ;l(g). From [58, Theorem 1.2], we
have that there is a K3 surface Y such that Ax =~ perf(Y). Hence, Proposition 5.4.6

(ﬂ?(g) 2 K0~ pum/~as ( PIfag(Y)), which is trivial because of Remark

~ dg
num/“‘alg(X) - KO’N (ﬂX )
is trivial. O

implies Ky .

num/Nalg

5.4.2(i). Consequently, from Corollary 5.4.4 we have that Z* —
Remark 5.5.22. Consult [37, §1] for the notion of K3 surfaces and K3 categories.

We are in conditions to generalize Theorem 5.5.19.
Theorem 5.5.23. The equivalence relations ~ag and ~num on Ko(.?{?(g) g agree when X is a
cubic fourfold, an ordinary generic Gushel-Mukai fourfold, an ordinary Gushel-Mukai fourfold

containing a plane of type Gr(2, 3) or an ordinary Gushel-Mukai fourfold containing a quintic del
Pezzo surface.
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5.5.7 Kiichle fourfolds

A Kiichle fourfold is the zero locus of a global section of a certain vector bundle on a
specific Grassmannian. In particular, a Kiichle fourfold of type c7, denoted by X, is the zero
locus of a global section of the vector bundle A2U~*(1) @ O(1) on Gr(3, 8), where U+ is the
tautological vector subbundle of rank 5 on the Grassmannian Gr(3, 8) and O(1) stands for

the ample generator of its Picard group; consult [46, 54] for further details.
Theorem 5.5.24. The equivalence relations ~ag and ~num on Z*(Xc,)q agree.

Proof. Thanks to [54, Corollary 4.12], the category perf(X,,) admits a semi-orthogonal
decomposition with 6 exceptional line bundles and a noncommutative K3 category Ax.

So, we have Ko« /~,, ( Perfag(Xc7)) = Ko - ?{?(g), just apply Proposition 5.4.5 and

num/ ~alg (
Remark 5.4.2(i) to the semi-orthogonal decomposition we just mentioned. Also from [54,
Corollary 4.12] we have that the category Ax is (Fourier-Mukai) equivalent to the non-
dg
AX)
is trivial, just consider Proposition 5.4.6 and Theorem 5.5.19. So, using Corollary 5.4.4 we
conclude, that Z* /

on Z*(X,,)q agree. O

trivial part of the derived category of a cubic fourfold Z. This means that K .

num/“’alg (

~a1g(XC7)Q is trivial. That is, the equivalence relations ~a1g and ~num

Remark 5.5.25. A consequence of Theorem 5.5.24 is that the Voevodsky nilpotence con-
jecture holds for X.,. To the best of the author’s knowledge, this proves the Voevodsky
nilpotence conjecture in new cases. Note that X, is not a Gushel-Mukai fourfold because
it has Picard number greater than 1; see [26, §1].

5.5.8 Family of sextic del Pezzo surfaces

In this section we follow the definitions and notations used in [48]. A sextic du Val del Pezzo
surface is a normal integral projective surface X with at worst du Val singularities and
ample anticanonical class such that Kg( = 6. Take S and T smooth projective k-schemes
and f : T — S a du Val family of sextic del Pezzo surfaces, i.e., f is a flat morphism such that
for every geometric point s € S the fiber T; of T over S is a sextic du Val del Pezzo surface.
Following [48, §5], with d = 2, 3, let M, denote the relative moduli stack of semi-stable
sheaves on fibers of T over S with Hilbert polynomial h4(t) := (3¢ + d)(t + 1) and Z; the
coarse moduli space of M;. Consequently, there are finite flat morphisms Z, — S and
Z3 — S with degree 2 and 3, respectively.

Theorem 5.5.26. Let f : T — S be a du Val family of sextic del Pezzo surfaces, and assume that the
characteristic of k is not 2 neither 3. Under these conditions, with ~1, ~2€ {~rat, ~alg, ~nil, ~num },

we have an isomorphism:

2, D=2, (SeeZ., (L)oo, (Z3g

~a/~1 ~a/~1 ~af~
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Proof. Following [48, Theorem 5.2 and Proposition 5.11], the category perf(T) admits a

semi-orthogonal decomposition
perf(T) = (perf(S),perf(Zz,Bz),perf(Zg,B3)>,

where B, and B3 are, respectively, certains sheafs of Azumaya algebras over Z,, and Z3,
of order 2, and 3, respectively. By considering Propositions 5.4.5 and 5.4.7, we hence
conclude that

Ko~ /~ (perfag(T)) g = Ko,y/~, ( Perfag(S)) g ® Ko~y (perfag(Z2)) o®
@ K0,~2/~1 (perfdg(Zg))Q.

Now, an application of Corollary 5.4.4 finishes the proof. O

Corollary 5.5.27. Let f : T — S be a du Val family of sextic del Pezzo surface and assume that
the characteristic of k is not 2 neither 3. If dim(S) < 2, then the equivalence relations ~num and
~alg on Z*(T)q agree.

Proof. Since dim(S) < 2, we have that dim(Z,), dim(Z3) < 2. Consequently, an application
of Theorem 5.5.26 and Remark 5.4.2(i) finishes the proof. O

Remark 5.5.28. Note that, in the conditions of Corollary 5.5.27, the Voevodsky nilpotence
conjecture holds for T.

5.5.9 Homological projective duality

We now introduce a powerful theory developed by Kuznetsov [52]: Homological projective
duality. Let X be a smooth projective k-scheme equipped with a line bundle Lx(1) and
let us write X — P(V) for the associated morphism where V := H%(X, Lx(1))". Assume
that the triangulated category perf(X) admits a Lefschetz decomposition:

perf(X) : (Ao, A1(1), ..., Ai1(i — 1)), (5.29)

with respect to Lx(1), where A,(r) := A, ® Lx(r), recall Definition 3.3.6. Note that
A,(r) ~ A, and let us assume that dim(V) = N > i, the number of terms in the Lefschetz
decomposition.

Consider also the dual projective space P(V"). Given (5.29) and thanks to [55, Theo-

rem 1.8], or consult [47], perf (X X P(V")) has a semi-orthogonal decomposition:
perf (X x P(V"Y)) = (A, AY(1), ..., AL, (i - 1)),

over P(VY), with A;. certain triangulated categories. We denote the universal hyperplane
section of X by x := X xpyy Q € X x P(VY), where Q € P(V) x P(V") is the incidence
quadric and denote by a : x — X X P(V") the natural embedding. Thanks to [55,

Lemma 2.3], one has the following semi-orthogonal decomposition

perf(x) = (C, A1(1),..., Al_(i— 1)), (5.30)
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where C is called the Homological projective dual category of X. If C is equivalent to perf(Y)
for Y some algebraic variety, we have the following definiton:

Definition 5.5.29. Let Y be an algebraic variety equipped with a morphism g : Y — P(VV). Y
is called homologically projectively dual fo f : X — P(V') with respect to a given Lefschetz
decomposition perf(X) = (Ao, A1(1),..., Ai1(i — 1)) if exists an & € perf (Q(X,Y)), with
Q(X,Y) = (X XY) Xpyxpwv) Q = X Xpvvy Y, such that the Fourier-Mukai functor @g :
perf(Y) — perf(x) is an equivalence onto C, the homological projective dual defined in (5.30).

In order to be able to state an important result by Kuznetsov regarding linear sections
take L € V'V and consider its orthogonal complement in V, which is L+ : ker(V — LV).
Moreover, consider the linear sections X; := X Xpqyy P(L*+) and Y7 := Y Xp(yv) P(L). We will
say that these linear sections have the expected dimensions if dim(X;) = dim(X) — dim(L)
and dim(Yz) = dim(Y) — dim(L*) = dim(Y) — (N — dim(L)), where N = dim(V').

We are now in condition to write Kuznetsov theorem on Homological projective

duality.

Theorem 5.5.30 (Homological projective duality [52, Theorem 6.3]). In the above conditions,
and assuming that (Y, g) is homologically projectively dual to (X, f) with respect to the semi-
orthogonal decomposition perf(X) = (Ao,Al(l), oA - 1)> we have:

(i) Y is a smooth algebraic variety and perf(Y) has an admissible subcategory By, cf. [52,
Definition 2.2], that is equivalent to Ay and admits a left Lefschetz decomposition:

perf(Y) = (Bj-1(1-j),...,B1(-1),Bo), (5.31)

where Bj_1 C ... CB1 C By, j = N — 1 —max{k|Ay = Ao} and the primitive categories
for (5.31) are the same as the primitive categories for (5.29). See Definition 3.3.7 to recall the
definition of primitive category.

(ii) For X1, and Yy defined as above, and with expected dimension, one has the following semi-
orthogonal decompositions:

perf(X;) = <CL,Ar(”)r v A (i - 1)>
perf(Y;) = (Bj—1(1 = j), ..., Bny—dim@)(dim(L) = N), Cr).

Remark 5.5.31. For more details on Theorem 5.5.30 consult [52, 55].

Theorem 5.5.32 (HPD invariance). Let X and Y be as above and assume that X and Yj,
are both smooth and both have the expected dimensions. Consider the equivalence relations

AS, ,
~1,~2€ {~rat, ~alg, ~nil, ~num} and assume moreover that ker (‘L; /:C) = 0 (o1, equivalently,
that Ko, /~, (Agg ) g = 0), where A(c)lg stands for the dg enhancement of Ag induced from perfyq(X).
Under these assumptions, we have an isomorphism Z~ . (Xp)g = Z7, . (Y.)o-
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Remark 5.5.33. Given a generic subspace L C V", the sections X; and Y7, are smooth, and
we have dim(X;) = dim(X) — dim(L) and dim(Y;) = dim(Y) — dim(L*). Moreover, by
Adg ne
~2/~
exceptional collection; see [55, §1.1] and Remark 5.4.2(i). This shows that the assumptions

inductive use of Proposition 5.4.5, we have ker (q = 0 whenever A admits a full

of Theorem 5.5.32 are quite mild.

Proof. The proof is very similar to the proof given in [17, §9], we follow their reasoning
with some modifications. Considering the above notation, let a; be the orthogonal
complementof A;,1 in A;. Given the Lefschetz decomposition (5.29) of perf(X) and bearing
in mind the definition of primitives subcategories, one has the following semi-orthogonal
decompositions Ay = (ak, ags1...,0;-1). Since we are assuming Ko -, /~, (Agg)Q =0,
Proposition 5.4.5 implies that K -, /~, (aglg )g and Ko ~,/~, (Agg)Q are trivial for all s.
Thanks to Theorem 5.5.30, perf(Y) = (]B j-1(1=7), ..., B()) admits a Lefschetz decompo-
sition with respect to Oy(1) such that their primitive subcategories b are Fourier-Mukai
equivalent to the primitive subcategories as. Applying Proposition 5.4.6 we obtain that
Ko,y (bgg)Q is trivial for all s. Moreover, a successive application of Proposition 5.4.5,
starting with B;_1 = b;_y, allows us to conclude that K ., /-, (Bfg)Q is trivial for all s.
Bearing in mind Theorem 5.5.30, we have the following semi-orthogonal decomposi-

tions:

perf(X;) = <CL, Adimny(D), -+, An(j - dim(L))>
perf(YL) = <Bl‘ ( dim(LJ' - l), e ,Bdim(LL)(—l), CL>

Hence, Proposition 5.4.5 together with Corollary 5.4.4 imply Z* . (Xr)g = Z, . (Yo)o.
Ul

Example 5.5.34 (Linear sections of Grassmannians). Let us apply Theorem 5.5.32 to the
case of linear sections of Grassmannians:

(i) For W = k®° let X; bea generic linear section of codimension r of the Grassmannian
X = Gr(2, W) under the Pliicker embedding, and Y; the corresponding dual linear
section of the cubic Pfaffian Pf(4, W*) in P(A?W*). Note that X; and Y; are smooth
and that dim(X;) = 8 — r and dim(Yz) = r —2 when r < 6.

(ii) For W = k%7, let X; bea generic linear section of codimension r of the Grassmannian
X = Gr(2, W) under the Pliicker embedding, and Y}, the corresponding dual linear
section of the cubic Pfaffian Pf(4, W*) in P(A2W*). Note that X; and Y; are smooth
and that dim(Xy) = 10 — r and dim(Yz) = r — 4 when r < 10.

Note also that from [53, (11) and (12)] we obtain the following semi-orthogonal
decompositions, where Eg, E1, E; stand for certain exceptional objects and Hy is the
divisor class of a hyperplane section of X.
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For class (i):
perf(X) = (Ao, A1(Hx), A2(2Hx), A3(3Hx), Ay(4Hx), As(5Hx)),

with Ag = Ay = Ay = (Ey, E1, Ep) and A3 = Ay = A5 = (Eq, Ep).
For class (ii):

perf(X) = (Ao, A1(Hx), A2(2Hx), A3(3Hx), Ay(4Hx), As(5Hx), As(6Hx)),

withAg = A1 = Ay = A3 = Ay = As = Ag = <E2,E1,E0>.
Consequently, Proposition 5.4.5 and Remark 5.4.2 imply that for both classes (i)-(ii)
dg
there is a Lefschetz decomposition of perf ( Gr(2, W)) and that ker (qﬁJ /':C) =0, where A
is the first component of the Lefschetz decomposition of perf ( Gr(2, W)).

Corollary 5.5.35. Let X1, and Yy, be as in the above classes (i)-(ii) and ~1, ~2€ {~rat, ~alg, ~nil
, ~num }. Under the assumption that X1 and Y;, are smooth, we have Ziz I (Xp)o = Z; . (Y1)o-
Moreover, the equivalence relations ~num and ~ag on Z*(Xr) agree when r < 6 (class (1)), and

whenr < 6and 8 < r <10 (class (ii)).

Proof. The first statement is immediate from Theorem 5.5.32. The second statement follows
from Remark 5.4.2(i), except the case where X} and Y7, are as in class (i) and r = 5.

For this latter case, thanks to [33, §5] , X} is a Fano 3-fold and the Chow motive of
X1, admits a decomposition into Lefschetz motives and submotives of curves. Hence,
an application of Remark 5.4.2(i), Proposition 5.4.5 and Corollary 5.4.4 imply that the

equivalence relations ~yum and ~,g agree on Z “(XL). O

Corollary 5.5.36. For k = C, let X1, and Y1 be as above in class (i) and let dim L = r = 3. Then
Zialg/Nrat(XL)Q = (Q/Z)®2

Proof. In this case, X is a 5-fold and Y; is an elliptic curve; see [53, §10]. Therefore,

e t(YL)Q is isomorphic to (Q/Z)®2%!; see Remark 5.4.2(iii).

ag ra

Consequently, Theorem 5.5.32 implies Z* e t(XL)Q isomorphic to (Q/Z)®2. O
ag ra

since Y, is of genus 1, Z*

/
Corollary 5.5.37. For k = C, let X1, and Y1, be as in the above class (ii) and let dim L = r.

(i) Ifr=5then Z° ,  (Xi)g=(Q/Z)%*.
(ii) If r =9, then Z* / (Y1)o = (Q/Z)%%.
alg/ ~rat

Proof. When r =5, X1 is a Fano 5-fold of index 2 and Y;, is a curve of genus 43; see [53, §11].
Therefore, we deduce that Z* (Y)q is isomorphic to (Q/ 7)®243; see Remark 5.4.2(iii).
/~rat(XL)Q and (Q/Z)® are isomorphic.
When r = 9, X} is a curve of genus 15 and Y} is a Fano 5-fold of index 2; see [53,
§11]. Hence, by combining Theorem 5.5.32 with Remark 5.4.2(iii), we conclude that
z (Y2)a, Zialg /"’rat(XL)Q and (Q/Z)®*!> are all isomorphic to each other. O

Nalg/"rat

alg/"ra

Consequently, Theorem 5.5.32 implies that Z* 1
alg
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Example 5.5.38 (Linear sections of determinantal varieties). Let U and V be two k-vector
spaces of dimensions m and n, respectively, with m < n and r an integer such that
0 <r <m. Asin [16], consider the determinantal variety Z}, , € P(U ® V) defined as the
locus of those matrices M : V. — U~ withrank < r. Itis known that Z}, ,, admits a canonical
Springer resolution of singularities X}, , := P(Q ® U) — Gr(r, U), where @ stands for the
tautological quotient on Gr(r, U). Under these notations, let X; be a generic linear section
of codimension c of X}, ,, under the map X}, , — P(U® V), and Y the corresponding dual
linear section of X}/" under the map X))} — P(U* ® V*). From [16, §3] we have that X},
and Y7 are both smooth and, from [78, §3], we have dim(Xy) = r(m + n —r) — 1 — dim(L)
and dim(Yz) = r(m —n —r) — 1 + dim(L). Moreover, by [16, §3], Proposition 5.4.5, and

dg
0

Remark 5.4.2(i), there is a Lefschetz decomposition of perf(X}, ,) and ker (q‘ix2 /flc) =0.

Corollary 5.5.39. Let X1 and YL be as in Example 5.5.38 and ~1, ~2€ {~rat, ~alg, ~nil, ~num}-
i2/~1
relations ~num and ~ag on Z*(Xr) (and on Z*(Y1)) agree whenever dim(L) > r(m +n —r) =3

ordim(L) <3+r(n—m+r).

Under these assumptions, we have Z; Jms (Xp)o = Z (YL)g. Moreover, the equivalence

5.5.10 Prime Fano threefolds and del Pezzo threefolds

A Fano variety is a smooth proper connected algebraic variety whose anticanonical class is
ample. Following [56, §5.4], we have that a prime Fano threefold is a Fano threefold X with
Pic(X) = ZKx whose genus g(X) is defined from (-Kx)® = 2g(X) — 2 and it is known that
1 < g(X) <12 and g(X) # 11. Moreover, for prime Fano threefolds of even genus there is
a semi-orthogonal decomposition of perf(X) with a nontrivial component Ax.

In the same way, following [56, §5.4], a del Pezzo threefold is a Fano threefold Y with
—Ky = 2H, for a primitive Cartier divisor class H and its degree is defined as d(Y) = H>. It
is known that 1 < d(Y) < 5 for del Pezzo threefolds of Picard rank 1. In addition, we have
that a del Pezzo threefold admits a semi-orthogonal decomposition with a non-trivial
component By; consult [49, §3] for further details.

Let X be a prime Fano threefold with g(X) € {8,10, 12}. Following [49, Theorem 3.8],

X
there exists a unique del Pezzo threefold Y with degree d(Y) = # —1€{3,4,5} such

that ﬂx = By.

Proposition 5.5.40. Let X be a prime Fano threefold and Y a del Pezzo threefold in the above
Xe=Z. ,. (Yo

conditions. Then, we have an isomorphism Z* L
~ ~alg/ ~rat

alg/~rat
Proof. Proposition 5.4.5 and Remark 5.4.2(i) imply that Ko J~wmt(X)q is isomorphic to
(B;lg)Q. Since the
categories Ax and By are (Fourier-Mukai) equivalent, we have, moreover, an isomorphism
between Ko -, /~,., (ﬂig)Q and Ko -
Ko~ (X)q and Ko ~
us to conclude that Zialg /~rat(X)Q is isomorphic to Z* (Y)a. O

Nalg/Nrat

Ko g /ot (ﬂ?(g) o- Similarly, Ko /~..(Y)qg is isomorphic to Ko,

alg/"rat

(By%), see Proposition 5.4.6. This implies that

alg / ~rat

(Y)q are isomorphic. Consequently, Corollary 5.4.4 allows

alg / ~rat alg /“‘rat
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5.5.11 Fano fourfolds of K3 type

In [18] a list of 64 Fano fourfolds of K3 type is given. By combining Remark 5.4.2(i),
Corollary 5.4.4, Propositions 5.4.5, 5.4.7 and Theorem 5.5.23 one obtains the following

theorem, where we use the notation in [18].

Theorem 5.5.41. The equivalence relations ~ag and ~num agree when X belongs to one of the
following 59 families Fano fourfolds of type K3:

(i) 16 families of Fano fourfolds of K3 type obtained inside products of flag manifolds, where at
least one projection is the blow up of a cubic fourfold: from C-2 to C-17.

(ii) 4 families of Fano fourfolds of K3 type obtained inside products of flag manifolds, where at
least one projection is a blow up of a Gushel-Mukai fourfold: from GM-18 to GM-20 and
GM-22.

(iii) 36 families of Fano fourfolds of K3 type that we obtained inside products of flag manifolds,
where at least one projection is a blow up with center birational to a K3 surface, and no cubic
or Gushel-Mukai fourfold is involved: from K3-24 to K3-35 and from K3-37 to K3-60.

(iv) 3 other families of Fano fourfolds of K3 type: from R-61 to R-63.

Remark 5.5.42. Theorem 5.5.41 is still valid for three more families of Fano fourfolds that
are not of K3 type. Namely: A-65, A-67 and A-68; consult [18, Appendix A].

Remark 5.5.43. Note that Theorem 5.5.41 and Remark 5.5.42 imply that the Voevodsky
nilpotence conjecture holds for all those families of Fano fourfolds.
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6

INFINITY CATEGORIES

In this chapter we are going to recall definitions on co-categories and some related concepts

that are going to be useful to obtain some results regarding the Farrell-Jones conjecture.

6.1 Definitions
We start by fixing some notation.

Notation 6.1.1. (i) We shall define A" := {(xq, ..., x,) € [0,1]"*xo+ ...+ x, = 1} tobe
the standard n-simplex, see [66, page 8].

(ii) Given A", we define the i*-horn A to be obtained from A" by deleting the interior
and the face opposite to the ith vertex, see [66, Definition 1.1.2.1].

Definition 6.1.2 ([66, Definition 1.1.2.4.]). A category M is called an co-category if it is a
simplicial set such that for any 0 < i < n and any map fo : A! — M admits an extension
f:A"— M.

Definition 6.1.3 ([22, §1]). An oco-category is called a left-exact co-category if it has a zero
object and if it contains all finite limits. We shall denote the (large) co-category of small left-exact

oco-categories and finite limit preserving functors by Cat%f/’,ﬁ.

Definition 6.1.4 ([65, Definition 1.1.1.9]). An co-category is called a stable co-category if it
has a zero object, every morphism admits a fiber and a cofiber, and a triangle is a fiber sequence (see
[65, Definition 1.1.1.4]) if and only if it is a cofiber sequence, see [65, Definition 1.1.1.4]. We shall
denote the (large) co-category of small stable co-categories by Catg, ..

Remark 6.1.5. Let stab : Cat{;f,’i — Catg) , be the stabilization functor defined in [23, §7.4]
and consider the inclusion functor inc : Catg;, — Cat{,f,’j. Thanks to [23, Lemma 7.41], we
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have the following adjunction:
Catle
Catg .
Definition 6.1.6. A category is called cocomplete if it contains all small colimits.

Definition 6.1.7 ([65, Notation and Terminology]). A stable co-category is called presentable
if it is cocomplete and it is generated, under colimits, by a set of small objects.

6.2 Phantom objects and phantom equivalences

In the main result of [22], the notions of phantom objects and of phantom equivalences
play a very important role. As we improve that result, we now introduce these notions as
well as some of their properties.

Remark 6.2.1. Recall that an object K in an co-category M is called compact if the functor
Homy(K, =) : M — Spc preserves filtered colimits, where Spc stands for the co-category
of spaces; consult [22, §2].

In the next definitions we follow [22, §2].
Definition 6.2.2 ([22, Definitions 2.4 and 2.5]). Let M a cocomplete co-category.

(i) An object m of M is called a phantom object if Homp(K, m) = * for every compact object
K of M.

(ii) A morphism f : m — m’ in M is called a phantom equivalence if Homp(K, f) is an
equivalence of spaces for every compact object K of M.

Remark 6.2.3. We call the attention to four important consequences of Definition 6.2.2:

(i) A final object is necessarily a phantom object and that an equivalence is a phantom

equivalence,

(ii) In case the co-category M is compactly generated, then a phantom object is a final

object and a phantom equivalence is an equivalence,

(iif) If M is not compactly generated, then the class of phantom equivalences is strictly

bigger than the class of equivalences!

(iv) Finally, in a stable co-category one has that a morphism is a phantom equivalence if

and only if its cofiber is a phantom object.
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Definition 6.2.4 ([22, §2]). An oco-category M is called semi-additive if it has a zero object,
admits finite coproducts and products, and the canonical morphism from the coproduct to the
product is an equivalence.

Note that for M a semi-additive cocomplete co-category admitting countable products
for every object m there is a canonical morphism &ym — [ [ m. With this in mind:

Definition 6.2.5 ([22, Definition 2.7]). Let M be a semi-additive cocomplete co-category admitting
countable products. Then for m € M we define the following object:

[1/®(m) := coﬁb(@m — l_[m)
N N

The next Lemma is important because it allows us to conclude, in some cases, whether
an object is a phantom object.

Lemma 6.2.6 ([22, Lemma 2.8]). For M a semi-additive cocomplete co-category admitting
countable products and m € M, if the morphism

diag

m—> I_I m — []/&(m)
N
is trivial, then m is a phantom object.

Remark 6.2.7. We point out that the assumption of Lemma 6.2.6 implies that the map
diag : m — []y m factors through the canonical map @xm — [[ym. In Lemma 6.2.8 we
show that this property is preserved under colimit preserving functors.

Lemma 6.2.8 ([75, Lemma 3.1]). Let o be an object of an co-category & such that the diagonal
map A : o — Tlyo factors through the canonical map &wo — Ilyo. Given a colimit preserving
functor F : & — D, the diagonal map A : F(o) — IInF(0) factors through the canonical map
®nF(0) — IInF(o).

Proof. By assumption, there is a map / : 0 — @yo such that the following diagram is

h
lcan (6.1)

0 —>diag [Tyo.

commutative:
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Consequently, applying the functor F to the factorization (6.1) and bearing in mind the
definition of product, one obtains:

F(@n o) = &(F(0))

F(h) lcan can
6.2)
F(O) F(—diag)> P( HN O) T> HN F(O)
diag

The proof of the lemma ends once we have that (6.2) is commutative.

The equality can o F(h) = F(diag) is an immediate consequence of (6.1) and the fact
that F preserves colimits. To prove that diag = can o F(diag) just consider the following
commutative diagram, where p; is the canonical map from []y F(0) to its i component

with i € N, and have in mind the universal property of products.

F(o)

id=F(id) id=F(id)

F(o) F(o)

To show that can = can o can in (6.2) it is sufficient to consider the next commutative
diagram:

F(®0) = ®F(0)
F(ITyo)

can

F(p1) F(pn)

[ F(o0)

F(o) F(o)

Therefore, (6.2) is commutative.
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6.3 Localising invariants

In this section we are going to follow [19, 20, 23, 22] in order to define the notion of

localising invariant in two different contexts and also to relate those definitions.
Definition 6.3.1. Let D be a stable presentable co-category. A functor
E:Cat — D

is called a stable finitary localising invariant of small stable co-categories if it inverts Morita
equivalences (consult [19, Definition 2.14]), preserves filtered colimits, and satisfies localization,
that is: sends exact sequences

A—B—C
of small stable co-categories to cofiber sequences
E(A) — E(B) — E(C)
inD.

Remark 6.3.2. In the original definition, see [19, Definition 8.1], this invariant is referred
to as a localising invariant. We add the words stable finitary because that is the way this
invariant is referred to in [23, 22].

Remark 6.3.3. Thanks to [19, §8], there is a universal stable finitary localising invariant
U, : Caty), — M. Note that due to this universal property, M, is called the (large)
oco-category of noncommutative motives. A consequence of the existence of U, is that given
a stable finitary localising invariant E : Caty) — M there is an unique induced functor
E : Mjoe — M such that the following diagram is commutative:

E
Cat, £ M
4 A

7
/7
(Llloc s —
s E
7

Mloc

Moreover, E is a colimit preserving functor. For more details consult [19, Theorem 8.7].

Remark 6.3.4. Animportantresultregarding the universal stable finitary localising invariant

U is that it is symmetric monoidal, see [20, Theorem 5.8].
The next two notions are taken from [23].

Lex,
thex.

Definition 6.3.5. Consider the following square in Ca

p— ¢

I/J’l lll) (6.3)

D’ T C’.

Then, (6.3) is called an excisive square if
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(i) The functor ¢ and ¢’ are fully faithful,
(ii) The induced functor on the cofibers of ¢ and ¢’ is an equivalence.

Definition 6.3.6. Let M be a stable cocomplete oo-category. A functor

E:Catt®™ — M

00, *

is called a finitary localising invariant if it inverts Morita equivalences, preserves filtered colimits,
Lex
toox

and sends excisive squares in Catg, to pushout squares.

We can now state some results obtained in [23] that allow us relate these two notions

of localising invariants. The following statements were proved in [23, §6].

Remark 6.3.7. Take H : Cat{fﬁ — M a finitary localising invariant and E : Caty}, — M a

stable finitary localising invariant. Then, the following holds:
(i) The composition H o inc is a stable finitary localising invariant,
(ii) The natural transformation H — H o inc o stab is an equivalence,
(iii) The composition E o stab is a finitary localising invariant,
(iv) The natural transformation E o stab oinc — E is an equivalence.

Note that these four statements will play a crucial role in the proof of Theorem 7.2.1 below

because they allow us to make use of the theory of noncommutative motives.
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7

IMPROVEMENT OF THE FARRELL-JONES

ISOMORPHISM CONJECTURE

This is the key chapter of Part II: we improve a result regarding the Farrell-Jones Isomor-
phism conjecture. We are going to introduce the Farrell-Jones conjecture and incremental
generalizations that have been made to this conjecture since 1993. The main result of this
chapter, see Theorem 7.2.1 is that (a generalized) Farrell-Jones conjecture holds, under

certain conditions, for finitary localising invariants.

7.1 Generalizations of the Farrell-Jones conjecture

In this section we are going to follow much of the introduction in [75]. To state the
Farrell-Jones conjecture it is important that we recall the following definition:

Definition 7.1.1. A group V is called virtually cyclic if it contains a cyclic subgroup of finite

index.

In [30], Farrell and Jones conjectured that the algebraic K-theory of the group ring RG,
for R a commutative ring and G a group, is determined by the algebraic K-theory of the
group rings RV, with V a virtually cyclic subgroup of G. Note that originally the ring R
was assumed to be the ring of integers.

In the late 90’s Davis and Liick [25] proposed a general setting for stating the Farrell-

Jones conjecture. To do it let us remember some definitions.

Definition 7.1.2. Let G be a group, we define the orbit category Or(G) of G to be the category
whose objects are the left G-sets G|V, with V a subgroup of G, and the morphisms are the maps of
G-sets G|V — G/V".

Definition 7.1.3 ([23, Definition 6.44]). Let G be a group and F a set of subgroups of G. The
set F is called a family of subgroups of G if it is closed under taking subgroups and conjugation
in G.

Definition 7.1.4. Let G be a group and let ¥ be a family of subgroups of G. We denote by Or¢(G)
the full subcategory of Or(G) whose objects are the left G-sets with stabilizers in F .
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Definition 7.1.5 (Assembly maps as in [25]). Let G be a group, ¥ a family of subgroups of G
and E : Or(G) — Spt be a functor with values in the category of Spectra, consult [35, Definition
1.2.1]. The E-assembly map is the naturally induced map from the homotopy colimit of E over
Or#(G) to the homotopy colimit of E over Or(G):

(ho) colimoy () E — (ho) colimp,c) E = E(G/G).

Conjecture 7.1.6 ([25, Definition 5.1]). Under the conditions of Definition 7.1.5, the E-
isomorphism conjecture is the claim that the E-assembly map is a weak equivalence.

In addition to the formulation of Conjecture 7.1.6, Davis and Liick proved, in [25, §5.3],
that the classical Farrell-Jones isomorphism conjecture is equivalent to the E-isomorphism
conjecture when ¥ is the family of virtually cyclic subgroups and E is the following
composition

? R[-] K
E: Or(G) — Grp — Catg — Spt, (7.1)

where Grp stands for the category of groupoids, Catg for the category of R-linear categories,
? is the functor that sends a left G-set G/V to the associated groupoid G/V, R[] stands
for the R-linearization functor, and K is the non-connective K-theory functor.

Remark 7.1.7. (i) One of the advantages of this general setting is that by simply replacing
K by any other functor H, one immediately obtains a variant of the classical Farrell-
Jones conjecture. Examples of such functors H include homotopy K-theory [9],
Hochschild and Cyclic Homology [63], topological Hochschild Homology [62], etc.

(ii) Given all these variations of the Farrell-Jones conjecture, Balmer and Tabuada,
making use of the theory of noncommutative motives, explicitly described in [7]
the Fundamental Isomorphism Conjecture which implies all these variants of the
Farrell-Jones conjecture.

In the late 00’s, Bartels and Reich [12] introduced the Farrell-Jones conjecture with
coefficients in a R-linear category C equipped with a right G-action. Similarly to the

setting of Davis and Liick, they considered the following composition
Crg—
E:Or(G) -5 Catg —> Spt, (7.2)

where C #¢ — is the functor that sends a left G-set G/V to its “tensor product over G with
C", consult [12, §2] for details.

In the particular case where C is the R-linear category Rg obtained from R by formally
adding finite direct sums, equipped with the trivial G-action, the above composition (7.2)
reduces to (7.1), see [12, Remark 3.3]. Hence, the setting of Bartels and Reich generalizes
the one of Davis and Liick. Other choices of C lead, for example, to the Farrell-Jones
conjecture with coefficients in a twisted group ring or, more generally, with coefficients in
a crossed product ring.
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Recently, Bunke, Kasprowski and Winges in [22] generalized the setting of Bartels and
Reich to the realm of co-categories. The main result of this second part of the thesis is
obtained in this setting. To state it, we still need to recall some concepts and introduce
some notation.

Definition 7.1.8 ([1, Definition A.17]). Consider categories X,Y and Z, and functors F : X —'Y
and G : X — Z. The left Kan extension of G along F consists of a functor | : Y — Z and a
natural transformation 1 : G — | o F that are inicial among those pairs. That is, that pair satisfies
the following universal property: if exists a functor L : Y — Z and a natural transformation
« : G — LoF, then there exists a unique natural transformation o : | — Lsuch that @ = coFon.

AN N
F N n N ooF
/ N / I 73)
AN
N N

Notation 7.1.9. For this setting, let us fix some notation:

In diagrams:

(i) By BG we denote be the groupoid with one object and group of automorphisms G.

(ii) We denote by j G : BG — Or(G) the canonical inclusion sending the unique object of
BG to the left G-set G/{1}.

(iif) By C we mean a small left-exact co-category equipped with a right G-action, i.e., an
object of Fun(BG, Cat]gfr’i), the co-category of functors between those co-categories,
see [19, page 14].

(iv) We will denote the left Kan-extension of C along j¢ by Cg : Or(G) — CatLe.
&/ by )
(v) Atlast,letH : Cat];oe,’j — Mbe a functor with values in a cocomplete stable co-category.

Under Notation 7.1.9, Bunke, Kasprowski and Winges considered the following com-
position:

E: Or(G) —5 Catler 5 M. (7.4)

As explained in [23, Example 1.6], in the particular case when the co-category C is R-linear,
the functor C¢ reduces to C *g —. Hence, the setting of Bunke, Kasprowski, and Winges
generalizes the setting of Bartels and Reich. Note that the setting of Bunke, Kasprowski
and Winges is very general: one can vary the group G, the family of subgroups ¥, the
oco-category of coefficients C and also the functor H. Nevertheless, they were able to prove
that the E-isomorphism conjecture (with respect to (7.4)) holds for a large class of lax
monoidal functors (consult [1, Definition 3.1]) H:
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Theorem 7.1.10 ([22, Theorem 1.4]). Let G be a group, ¥ a family of subgroups of G, C a
small left-exact co-category equipped with a right G-action, and H : Cat];:’j — M a functor with
values in a cocomplete stable co-category. Assume that G is a Dress-Farrell-Hsiang-Jones (DFH])
group relative to ¥ (consult [22, Definition 7.1]) and that H is a lax monoidal finitary localising

invariant. Under these assumptions, the assembly map
AF Hocg colimoW(G)(H o Cg) — H(colimpg C) (7.5)
is a phantom equivalence.

Remark 7.1.11. Note that G/G is the terminal object of the orbit category Or(G). Hence,
the colimit of the composition H o C¢ over Or(G) is given by (H o C;)(G/G). We have the
computation colimpg C = colimpg Resg(C) =~ Cc(G/G), see [22, (1.3)]. Consequently, the
assembly map (7.5) agrees with the E-assembly map of the above composition (7.4).

Remark 7.1.12. Theorem 7.1.10 (together with Remark 6.2.3(ii)) proves the Farrell-Jones
conjecture for a very large class of groups G, of coefficients C, and of functors H.

For a precise notion of Dress-Farrell-Hsiang-Jones (DFH]) groups relative to a family
¥ we invite the reader to consult [41, §2]. Note that this notion, DFH]J groups, is built
upon other notions and generalizes some types of groups. We now give examples of this
kind of groups.

Example 7.1.13 (Finitely homotopy ¥ -amenable groups). This notion was already used in
[11, 10, 90] to prove some cases of the Farrell-Jones conjecture with coefficients in additive

categories. For a precise definition consult [8, Definition 2.11] and [22, Definition 5.4].

(i) Let ¥ be the family of virtually cyclic subgroups. It is known that CAT(0)-groups
are ¥ -amenable groups, see [8, Example 2.14] .

(ii) Another example is provided by the general linear group GL,(Z). Let ¥ be the
family of subgroups generated by the virtually cyclic subgroups and the proper
parabolic subgroups of GL,(Z). One has that GL,(Z) is ¥ -amenable, consult [8,
Theorem 4.1].

Example 7.1.14 (Farrell-Hsiang groups). The notion of Farrell-Hsiang groups can be seen
in [13, Definition 1.14]. From [13, Lemma 2.8] one has that Z? x;q Z/2 is a Farrell-Hsiang
group relative to the family of virtually cyclic subgroups of Z? x;q Z/2, where Z? xiq Z/2
is the semidirect product relative to id : Z> — Z2.

Example 7.1.15 (Dress-Farrell-Hsiang-Jones groups). At last, we give an example of DFH]
groups relative to a family of subgroups. Take a non-zero algebraic number w which
is not a root of unity and consider Z[w, w™!] the subring of C generated by Z, w and

~1. Moveover, Z acts on Z[w,w™!] via multiplication with w. Then, thanks to [41,

w
Proposition 3.3], Z[w, w™'] x Z is a DFHJ group with respect to the family of virtually

abelian subgroups.
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7.2 An improvement of Theorem 7.1.10

In this section we are going to show that one can drop the lax monoidal assumption on the

finitary localising invariant H of Theorem 7.1.10 and still obtain a phantom equivalence.

Theorem 7.2.1 ([75, Theorem 2.6]). Let G be a group, F a family of subgroups of G, C a small
left-exact co-category equipped with a right G-action, and H : Cat](f/’j — M a functor with values
in a cocomplete stable co-category. Assume that G is a Dress-Farrell-Hsiang-Jones (DFH]) group
relative to ¥ and that H is a finitary localising invariant (the lax monoidal assumption is not

necessary). Under these assumptions, the assembly map
A Hoc + colimo,, (g)(H o Cg) — H(colimpg C) (7.6)
is a phantom equivalence.

Proof. Since we are assuming that H is a finitary localising invariant, Remark 6.3.7 (i)
implies that the functor H o inc is a stable finitary localising invariant. Consequently,
H oinc factors through the universal stable localising invariant U, see Remark 6.3.3. We
denote the induced functor by H o inc.

Thanks to Remark 6.3.7(ii) the functors H and H o incostab are naturally equiva-

lent. Hence, under these notations, we have the following commutative diagram (up to

equivalence):
Or(G) HoCe
jG \
BG ——— Cathe — 8 M

i 7.7
stabl }ne Hoinc ( )
' Hoinc
(Z’Ilocl

Mloc

Considering, again, Remark 6.3.7(iii) we have that U, o stab is a finitary localising. In
addition to this, as from Remark 6.3.4 and [22, §1] we have, respectively, that the functors
U o and stab are symmetric monoidal, U, o stab is a a lax monoidal finitary localising
invariant. Consequently, Theorem 7.1.10 (with H replaced by U, o stab) implies that the
assembly map

AF (Uoeostab oC) * COliMor, (G)(Uioe © stab oCg) — (Uoc © stab)(colimpg C) (7.8)

is a phantom equivalence. We denote by cof the cofiber of (7.8). As explained in the
proofs of [22, Theorem 1.4, Proposition 2.31], the diagonal map A : cof — Ilycof factors
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through the canonical map @ycof — Ilycof. Therefore, since the functor H oinc is
colimit preserving, consult Remark 6.3.3, it follows from Lemma 6.2.8 above that the
morphism A : (H o inc)(cof) — Iy(H o inc)(cof) factors through the canonical morphism
@n(H o inc)(cof) — ITn(H o inc)(cof). Following Lemma 6.2.6, this implies, in particular,
that (H o inc)(cof) is a phantom object.

Now, let us apply the functor H o inc to the above assembly map (7.8). Since the

functor H o inc is colimit preserving, it follows from the above commutative diagram
(7.7) that (H o inc)(7.8) identifies with the assembly map (7.6). Moreover, (H o inc)(cof)
identifies with the cofiber of (7.6). Consequently, since (H o inc)(cof) is a phantom object
and thanks to Remark 6.2.3(iv), we conclude that the assembly map (7.6) is a phantom

equivalence. O

Remark 7.2.2. Tt is relevant to point out that Theorem 7.2.1 was incorporated in the latest
version of [22]; consult [22, Remark 1.5].

Remark 7.2.3 (Lax monoidal). Note that being lax monoidal is an extra structure on a
functor and not a property of a functor'. Hence, Theorem 7.2.1 shows that a finitary
localising invariant H does not need to be equipped with this extra structure in order for
the assembly map (7.5) to be a phantom equivalence.

Remark 7.2.4 (Full Farrell-Jones conjecture). There is a variant of the Farrell-Jones con-
jecture called the Full Farrell-Jones conjecture, consult [22, Definition 1.6]. In addition to
Theorem 7.1.10, Bunke, Kasprowski and Winges also proved in [22] that the class of groups
which satisfy the Full Farrell-Jones conjecture for H : Cat{j’j — M a lax monoidal finitary
localising invariant is quite large and closed under several constructions; consult [22,
Theorem 1.7]. Similarly to Theorem 7.1.10, this result also holds ipsis verbis with H a
finitary localising invariant (the lax monoidal assumption is not necessary). Simply follow
the same proof of [22, Theorem 1.7] and replace the references to [22, Theorems 5.1, 6.1

and 7.1] by the reference to Theorem 7.2.1 above.

et C and D be two symmetric monoidal co-categories such that D admits all colimits. As proved
in [32, Proposition 2.12], to give a lax monoidal structure on a functor H : C — D is equivalent to give a
E®-monoid structure on the object H of the symmetric monoidal co-category Fun(C, D) (equipped with the
Day convolution product).
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