Endomorphisms of semigroups of monotone transformations
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Abstract

In this paper, we characterize the monoid of endomorphisms of the semigroup of all monotone full trans-
formations of a finite chain, as well as the monoids of endomorphisms of the semigroup of all monotone partial
transformations and of the semigroup of all monotone partial permutations of a finite chain.
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Introduction

For n € N, let €, be a finite set with n elements. Denote by P7,, the monoid (under composition) of all partial
transformations of €2,,. The submonoid of PT,, of all full transformations of €2,, and the (inverse) submonoid
of all partial permutations (i.e. partial injective transformations) of €2, are denoted by 7,, and Z,,, respectively.
Also, denote by S, the symmetric group on £2,, i.e. the subgroup of PT, of all permutations of €2,,.

Now, suppose that €, is a finite chain with n elements, e.g. 2, = {1 < 2 < --- < n}. We say that
a transformation s in PT,, is order-preserving [order-reversing] if x < y implies s < ys [xs > ys], for all
z,y € Dom(s). A transformation that is either order-preserving or order-reversing is also called monotone.
Observe that the product of two order-preserving transformations or of two order-reversing transformations is
order-preserving and the product of an order-preserving transformation by an order-reversing transformation
is order-reversing. Moreover, the product of two monotone transformations is monotone.

Denote by PO,, the submonoid of P7T,, of all partial order-preserving transformations of 2,. As usual,
O,, denotes the monoid PO, N T, of all full transformations of €2, that preserve the order. This monoid
has been largely studied, namely in [1, 24, 26, 30]. The injective counterpart of O, is the inverse monoid
POL, = PO, NI,, which is considered, for example, in [4, 9, 10, 12, 13, 14].

Wider classes of monoids are obtained when we take monotone transformations. In this way, we get POD,,,
the submonoid of P77, of all partial monotone transformations. Naturally, we may also consider OD,, = POD,,N
T, and PODL, = POD, NZ,, the monoids of all monotone full transformations and of all monotone partial
permutations, respectively. These monoids were studied, for instance, in [3, 5, 7, 8, 15, 16, 17, 18, 19, 21, 22, 25].

The Hasse diagram in Figure 1, with respect to the inclusion relation and where 1 denotes the trivial monoid,
clarifies the relationship between these various semigroups.

Describing automorphisms and endomorphisms of transformation semigroups is a classical problem. For
instance, they have been determined by Schein and Teclezghi [33, 34] for Z, in 1997 and for 7, in 1998,
and for the Brauer-type semigroups by Mazorchuk [32] in 2002. Regarding semigroups of order-preserving
transformations, in 1962 Aizenstat [1] gave a presentation for O, from which it can be deduced that O,, has
only one non-trivial automorphism, for n > 2. More recently, in 2010 Fernandes et al. [20] found a description of
the endomorphisms of O,, and in 2019 Fernandes and Santos [23] determined the endomorphisms of POZ,, and
of PO,,. Descriptions of automorphisms of semigroups of order-preserving transformations and of some of their
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Figure 1: Hasse diagram with respect to the inclusion relation

extensions, such as semigroups of monotone transformations or semigroups of orientation-preserving/reversing
transformations, can be found in [3].

In this paper, we give descriptions of the monoids of endomorphisms of the remain semigroups of the
above diagram, namely of OD,,, PODIZ, and POD,, for n > 2. Moreover, we also determine the number of
endomorphisms of each of these semigroups.

1 Preliminaries

Let S be a semigroup. For completion, we recall the definition of the Green equivalence relations R, £, H and
d: for all u,v € S,

uRv if and only if uS! = vSt,
uLwv if and only if Stu = Stv,
uHw if and only if uLv and uRv,
udv if and only if StuSt = StvS?

(as usual, S denotes S with identity adjoined if necessary). Associated to the Green relation J there is a
quasi-order <z on S defined by
u <g v if and only if Slust c Slvsl,

for all u,v € S. Notice that, for every u,v € S, we have ud v if and only if © <5 v and v <5 u. Denote by .J,, the
J-class of the element u € S. As usual, a partial order relation <y is defined on the set S/J by setting J, <g J,
if and only if u <5 v, for all u,v € S. For u,v € S, we write u <3 v and also J,, <g J, if and only if © <5 v and
(u,v) € J. Recall that any endomorphism of semigroups preserves Green relations and the quasi-order <j.

Given a semigroup S, we denote by F(S) the set of its idempotents. An ideal of S is a subset I of S such
that S'IS! C I. By convenience, we admit the empty set as an ideal. A Rees congruence of S is a congruence
associated to an ideal of S: if I is an ideal of S, the Rees congruence py is defined by (s,t) € py if and only if
s=tors,t el forall s,t €S. The set of congruences of S, the group of automorphisms of S and the monoid
of endomorphisms of S are denoted by Con(S), Aut(S) and End(S), respectively.

Let S € {0,,POZ,,PO,,OD,, PODL,, POD,}. We have the following descriptions of the Green relations
in the semigroup S:

sLt if and only if Im(s) = Im(¢),
sRt if and only if Ker(s) = Ker(t),
sdt if and only if |Im(s)| = | Im(¢)|, and

(
sHt if and only if Ker(s) = Ker(t) and Im(s) = Im(¢),



for all s,t € S. If S = POZ,, or PODL,, for the Green relation R, we have, even more simply,
sRt if and only if Dom(s) = Dom(t),

for all s,t € S.

Consider the following order-reversing full transformation

(1 2 - n—1 n
T \non-1 - 2 1
(a permutation of order two).

Recall that OD,, = (O,,, 1), PODI, = (POZL,,7) and POD,, = (PO,,T).

Next, let T' € {O,, POZ,,PO,} and M = (T,7). Then both T" and M are regular monoids (moreover, if
T ="POZI, then T and M are inverse monoids) and E(M) = E(T).

Remember also that, for the partial order <j, the quotients M /J and T'/J are chains (with n + 1 elements
for T =POZ, and T = PO,, and with n elements for T'= O,,). More precisely, if S € {T', M }, then

S/3={J5 <g J7 <3+ <g 3}

when T € {POZ,,PO,}; and
S/3={J <g---<g I}
when T' = O,,. Here
JP ={s € S| |Im(s)| = k},
with k suitably defined.
For S € {T,M} and 0 < k < n, let I} = {s € S| |Im(s)| < k}. Clearly I{ is an ideal of S. Since S/J is a
chain, it follows that
{I; |0 <k <n}

is the set of all ideals of S (see [12]).

Observe that T is an aperiodic monoid and that the JH-classes of M contained in Jé\/l have precisely two
elements (one of them belonging to T' and the other belonging to M \ T') when k > 2. If k¥ = 1 then such
H-classes are trivial.

In [2], Aizenstat proved that the congruences of O,, are exactly the identity and its n Rees congruences. See
[30] for another proof. Also, the congruences of POZ,, and PO, are exactly their n+ 1 Rees congruences. This
has been shown, for POZ,,, by Derech [6] and, independently, by Fernandes [12] and, for PO,,, by Fernandes
et al. [17]. In short,

{pp10<k<n)

is the set Con(T") of all congruences of T

Concerning the monoid M € {OD,,, PODZ,,,POD,}, for 1 < k < n, we can define a congruence 7 on M
by: for all s,t € M, sy t if and only if

1. s=t;or
2. s,tGI,?{l;or
3. s,tGJ,ﬁV[ and s H t

(see [11, Lemma 4.2]). For 0 < k < n, denote by p the Rees congruence P associated to the ideal I of M
and by w the universal congruence of M. Clearly, for n > 2, we have

l=mCp CmCp ¢ CmCp =w



Furthermore, Fernandes et al. [17] proved that, for n > 2, these are precisely all congruences of M:

Con(M) = {1 :7T1,p{w,7r2,péw,...,7rn,pﬁ/[ =w}.

Let S be a semigroup and let u be a unit of any monoid containing S such that «~'Su C S. Then, it is
easy to check that the mapping ¢* : S — S defined by s¢* = u~'su, for all s € S, is an automorphism of S,
which is called an inner automorphism of S. If necessary, in case of ambiguity, we represent ¢“ by ¢%.

Let us consider again the permutation 7 of €, (recall that 7 € POD,,) defined above. Then, for every
S e€{0,,P0Z,,PO,,0D,, PODL,, POD,}, it is easy to verify that 77187 = S. Therefore, for n > 2, the
permutation 7 induces a non-trivial automorphism ¢” of S.

Now, let S be a finite monoid and let G be its group of units. Let e and f be two idempotents of S such
that ef = fe = f. Then, clearly, the mapping ¢ : S — S defined by G¢ = {e} and (S\ G)p = {f} is an
endomorphism (of semigroups) of S. More generally, let f be an idempotent of S, H a subgroup of S such
that fH = {f} = Hf and ¢ : G — H a homomorphism. Then, it is also clear that the mapping ¢ : S — S
defined by ¢|¢ = ¢ and (S \ G)¢ = {f} is an endomorphism (of semigroups) of S.

On the other hand, observe that, given a semigroup S, an endomorphism ¢ of S and an idempotent-generated
subsemigroup V' of S such that E(V) = E(S), as idempotents apply to idempotents, we have V¢ C V and so
we may consider the restriction ¢|y of ¢ to V' as an endomorphism of V.

Recall that the rank of a transformation s € PT, is the size of its image, i.e. |Im(s)|.

Next, we are going to construct a certain family of endomorphisms for each of the semigroups POZL,,, PO,,
PODI, and POD,,.

For k € {2,3,...,n}, consider the following two transformations of O,, with rank n — 1:
fo = 1 - k-1 k k+1 -+ n and (1 - k=2 k-1 Fk -+ n
FEAL o k=1 kE—1 k41 - n =1 - k-2 k k - n)
It is easy to check that each of the n — 1 R-classes of transformations of rank n — 1 of O,, or OD,, (recall that

E(OD,) = E(O,,)) has exactly two idempotents, namely fj and g, for some k € {2,3,...,n}. See [23, Lemma
2.4]. On the other hand, for i € {1,2,...,n}, let

(1 =1 il e
“=\1 - i—1 41 - o0 )
which is an idempotent of POZ,, of rank n— 1. It is clear that each of the n R-classes of transformations of rank

n — 1 of POZ,, or PODLZ, (recall that E(PODI,) = E(POLZ,)) has exactly one idempotent, namely e;, for
some i € {1,2,...,n}. Therefore, since JZL)?ID" = JSDI" U JZLDOPI" (a disjoint union), by the above observations,

Jf_OlD" contains n R-classes exactly with one idempotent and n — 1 R-classes exactly with two idempotents.

Now, let us define a mapping ¢1 : POD,, — POD,, by:

1.1 =1, 71 =73

2. For s € JZLDEDI", let s¢p1 = (;), where 7,j € {1,2,...,n} are the unique indices such that e;RsLe;;

3. For s € JOBn, let s¢y = ( kk_ 1 : >, where {ks} = Q, \ Im(s) and k € {2,3,...,n} is the unique
index such that sRfy (and singS); )

4. I7OP g1 = {0}.



Clearly, ¢ is a well defined mapping. Moreover, it is a routine matter to show that ¢ is an endomorphism
of POD,, which admits 7,_1 as kernel. Furthermore, it is clear that, for every S € {POZ,,,PO,,, PODZL,}, we
have S¢; C S and so the restriction ¢1|s of ¢ to S may also be seen as an endomorphism of S.

Next, recall that a subsemigroup S of PT,, is said to be S,-normal if c=1So C S, for all 0 € S,,. In 1975,
Sullivan [35, Theorem 2] proved that Aut(S) ~ S,, for any S,-normal subsemigroup S of PT,, containing a
constant mapping. Moreover, we obtain an isomorphism & : S,, — Aut(S) by defining 0® = ¢, where ¢% is
the inner automorphism of S associated to o, for all o € S,,.

Let S € {POZ,,PO,,PODI,,POD,}.
Let I] = I U{1}. Tt is clear that I} is an S,-normal subsemigroup of 7, containing a constant mapping.
Therefore, by Sullivan’s Theorem, we have

Aut(I}) = {¢CIT11 | o€ Sp} ~ Sn.

Now, let IT = I U{1,7}. Then I] is a subsemigroup of PT,, admitting {1, 7} as group of units. Therefore,
for any automorphism ¢ of I7, we must have 7¢ = 7, whence I{¢ = I{ and so the restriction qb\lll of ¢ to I, as

a mapping from I to I}, is an automorphism of I}. Hence qﬁ\lll = ¢7,, for some o € Sp,. Let i,j € {1,2,...,n}.
1

Then
(O7529%) = o 12()o = () 6 = r6()o = 70 (o = (%),

whence (n —i+ 1)o =n —ic + 1, i.e. ito =io7. So

0 € Cs, (1) ={§ € Su | &7 = 7€},
the centralizer of 7 in S,,. Notice that, c17¢ = 7 (and so o ~1IJo = IT), whence ¢ is the inner automorphism
of IT associated to o. On the other hand, given o € Cs, (), we clearly have 0 ~'IJo = I and so we obtain an

inner automorphism ¢7. of IT. Moreover, it is easy to conclude now that the mapping ® : Cs, (1) — Aut(I7])

defined by 0® = ¢f,, for all o € Cs, (7), is an isomorphism. Since 7 has |5 | non-trivial cycles each of which

with length 2, we have
| Aut(I7)| = | Cs, (7)| = [5)12L5]

(see [31, Proposition 23 (page 133)]).
For S € {POTI,,PO,}, let ¢5 = $1]59%:, considered as a mapping from S to S, for all o € S;,. Clearly,
1
{650 €8}

is a set of n! distinct endomorphisms of S. On the other hand, for S € {PODI,,POD,}, let ¢35 = ¢1|5¢‘]’1T,
considered as a mapping from S to S, for all o € Cg, (7). Clearly,

{65 |0 €Cs,(7)}

is a set of |5 |! 2L3] distinet endomorphisms of S.
For general background on semigroups and standard notations, we refer the reader to Howie’s book [27].

From now on, we consider n > 2, whenever not explicitly mentioned.

2 Endomorphisms of OD,, PODIZ, and POD,,

We begin this section by recalling the following results by Fernandes et al. [20] and Fernandes and Santos [23]
above mentioned.



Theorem 2.1 (|20, Theorem 1.1] and [23, Theorem 3.3]). Forn > 2, letT € {O,,, POL,,, POy} and ¢ : T — T

be any mapping. Then ¢ is an endomorphism of the semigroup T if and only if one of the following properties
holds:

1. ¢ is an automorphism and so ¢ is the identity or ¢ = ¢";
2. if T € {POL,,PO,} and ¢ = ¢pL, for some o € Sp;
3. there exist idempotents e, f € T with e # f and ef = fe = f such that 1¢p = e and (T'\ {1})p = {f};
4. @ 1s a constant mapping with idempotent value.
And, their corollaries:
Corollary 2.2 ([20, Theorem 1.2] and [23, Theorems 3.4 and 3.7]). Let n > 2. Then:

1. the semigroup O, has 2+ E?:_Ol (ZE)FQHQ endomorphisms, where Fa;o denotes the (2i+ 2)th Fibonacci
number;

2. the semigroup POL, has 2 + n!+ 3™ endomorphisms;

3. the semigroup PO,, has
3+ (VB ((452) " = (52)") + v ((5) - (42)") S ()

endomorphisms.

Now, let T € {O,,PO,} and take M = (T, 7). Since T is an idempotent-generated semigroup (see [1,
24]) and E(T) = E(M), then a restriction to 7' of any endomorphism of M may also be considered as an
endomorphism of 7. On the other hand, Lemma 2.3 below establishes that this last statement is also true for
T =P0OZ, (and M = PODL,).

Let us consider the following elements of POZ,,:
(2 - n-1 n and 2. — 1 -+ n—i—-1
=1 - n—2 n-1 e N Ty |

fori e {1,2,...,n—1}. Then {1,x0,21,...,Zp—1} is a (semigroup) generating set of POZ,,. Moreover, these
transformations satisfy the following equalities:

n—1
n—t+1

n—:i1+2 -+ n
n—i+2 -+ n )’

1. xymo = 2oxit1, for 1 <i < n—2;
2. Tip1TiTip1 = Tip1T, for 1 <4< n— 2;
3. ToT1:*  Tp_1Ty = Tg.
See [12]. Observe that ;112;, Toxit1 € Jf_%Z" foralll1<¢<n—2.
Lemma 2.3. Let n > 2 and ¢ be an endomorphism of PODZL,,. Then POL,¢ C POL,.

Proof. First, notice that 1¢ is an idempotent and so 1¢ € POZ,.

Let n = 2. Then 7 is the only non-order-preserving element of PODZ,. Suppose that 7 = s¢, for some
s € POT,. Hence s = (3) or s = (?) (these are the only non-idempotents of POZ) and so ¢ = (s%)¢p =
(5¢)2 =712 =1 and 0¢ = (s3)¢ = (s¢)> = 73 = 7, which is a contradiction. Thus POZy¢ C POL,.

Next, let n = 3. In order to obtain a contradiction, suppose there exists i € {0, 1,2} such that x;¢ € POZs.
Then J;DODZ3¢ C JEOD%, for some m > 2.



If my € Ker(¢) then p;DODI?’ C Ker(¢), whence |I;DODI3¢| = 1 and so z;¢ is an idempotent, which is a

=

contradiction. Hence Ker(¢) C mo and so ¢ is injective in J;DOI3 U {1,7}. Therefore m = 2, 7¢ = 7 and
IfODI3 b C If(’)DIg.

Suppose i = 0. Since xgri1T2T0 = T, We have rgpxiprodrod = 29 & POL3, whence x1¢xa¢p & POL3 and
so x1¢ € POZs or x9¢ € POIs. Since Txor1T = x1 and Txox0T = T2, we have 7(xo0¢)(z10)T = x1¢ € JQPODE
and 7(z20)(xgP)T = x29 € J;DOD%. If x1¢ € POZ3 then x1¢ = 7(x0d)(r10)T & POL3, which is a contradiction.
If x9¢p € POZ3 then x99 = 7(x20)(x0d)T ¢ POZL3, which is again a contradiction. Thus ¢ # 0 and so
zop € POLs.

Now, from xg¢x1prodxod = X0 € J;OIS, we may conclude that x1¢xe¢ € POZ3 and so, since x1¢ € POL3
or zop & POL;3, we have x1¢, xo¢p & POLs.

Since x? and z3 are idempotents with rank 1, then (z14)? and (z2¢)? are also idempotents and their rank
must be 1 or 0. On the other hand, we may routinely check that

{$€J;)ODI3\POI3‘$2 is an idempotent of rank 1 or O}:{(; §>7<§ i’)}’

whence {x1¢, x2¢} = {< ;) g ) , ( ; Zl)) )} and so 71¢ = (22¢) "1 = x;lgb. Since Ker(¢) C 7o, it follow that

1 Haxy ! which is a contradiction.

Thus z;¢ € POZ; for all i € {0,1,2} and so POZ3¢ C POZLs.

Now, consider n > 4. Let {,m € {1,2,...,n} be such that Jf_OQDI"d) - Jg;ODI" and Jf_OIDI”d) - JEODI”.
Then ¢ < m.

We begin by assuming that ¢ > 2.

In order to obtain a contradiction, suppose there exists i € {0,1,...,n — 1} such that x;¢ & POL,.

Suppose i = 0. Since zozx] - - Tp_120 = To, We have xod(z10 - - Tp_10)x0d = x9pp & POIL, and so there
must be j € {1,2,...,n — 1} such z;¢ & POZL,. If j = n — 1 then x, 220 = xorp—1 implies x,_2¢x0p =
TOPTp—1¢ € JZDODZ" and so x,_9¢ € POL,, since £ > 2 and xg¢, xp_1¢ & POL,. On the other hand, we also
have &, _1Zn_9Tn_1 = Tn_1Tn_2, Whence T, 10T, _20Tn 10 = Tp_10Tp_20 € JfODI", which is a contradiction,
since ¢ > 2 and xp_2¢, Tp—1¢ &€ POL,. Therefore j € {1,2,...,n — 2} and so we have xjzg = xoz,+1. Hence
Tjpxop = TOPTj410 € JZPODI". Since £ > 2 and zo¢,x;¢ € POL,, we deduce that also zj11¢ ¢ POZ,. On
the other hand, we also have ;1741 = xj112;, whence xj1102;0xj11¢0 = ;411070 € JZDODI", which is
again a contradiction, since £ > 2 and x;¢,z;41¢ € POL,. Thus ¢ # 0 and so zo¢ € POL,.

Let i € {1,2,...,n — 1} be the smallest index such that z;¢ & POZ,.

If i > 2 then x;_12¢0 = zox; and so x;_19x0p = xodr;P € JfODI", which is a contradiction, since £ > 2,
o0, xi—1¢ € POIL, and z;¢ € POZL,. Hence i = 1. From z12¢9 = xoT2, We get x10x00 = xodx2d € JZODI”
and, as xg¢p € POZL, and z1¢ & POZL,, we deduce that xo¢ ¢ POZL,. On the other hand, we also have
ToT1xTy = Xox1, Whence xo¢x1pxrop = TodpT10 € JfODI", which is again a contradiction, since ¢ > 2 and
16,326 & POL,.

Thus z;¢ € POZ, for all i € {0,1,...,n — 1} and so POZ,¢ C POL,.

Now, let ¢ < 1.

Suppose that Ker(¢) = g, with £ < n — 2, or Ker(¢) = pEODZ”, with £k < n — 3. Then ¢ is injective in
JPE and so |E(JT9)| < ]E(JZDOI"M < n, which is a contradiction, since |E(J7%)| = (,"5) > n, for
n > 4.

Hence Ker(¢) € {/)5921)1”,7?11—1,pﬁ?IDI”,Wn,/)EODI” = w}. Clearly, if Ker(¢) € {pﬁgpz”,wn,pﬁopzn}

then POZ,¢ C POL,. Therefore, let us admit that Ker(¢) € {pfgpz",ﬂn_l}. Then If_%pz"qs = {f}, for

some idempotent f € JZPODI", and m > 1 (recall that JZLD_OFI”¢ C JEODI"), since ¢ is injective in Jf_OlZ".
J'PO'DIn
n—1

Let eq,e9,...,e, be the n distinct idempotents of considered in Section 1 (i.e. e; is the partial

identity with domain Q, \ {i}, for i € {1,2,...,n}).



Let i € {1,2,...,n}. Then f = 0¢p = (De;)p = Dpe;p = f(eipp), whence Dom(f) € Dom(e;¢). Since
(0,e;) € Ker(¢) then f = 0¢ # e;¢p and so Dom(f) C Dom(e;).

On the other hand, for 1 < i < j < n, we have e;e; € IngZ", whence f = (eej)¢p = e;pej¢ and so
Dom(f) = Dom(e;¢) N Dom(e;¢).

Take ¢; € Dom(e;¢) \ Dom(f), for i € {1,2,...,n}. If there exist 1 < i < j < n such that ¢; = ¢; then
¢; € (Dom(e;¢) NDom(e;j¢))\ Dom(f) = 0, Wthh is a contradiction. Hence, ¢; # ¢; for all 1 < i < j < n and so
{l1,0a,....0,} ={1,2,...,n}. Now, since ¢; ¢ Dom(f) for all i € {1,2,...,n}, we conclude that Dom(f) = 0,
le. f= (Z) and Dom(elqﬁ) N Dom(ejp) =P forall 1 <i < j<n. Moreover we have | Dom(e;¢)| = m > 1 for
i €{1,2,...,n}. Hence | Dom(e;p)| = 1 for i € {1,2,...,n} and so m = 1. Thus J 9PI¢ C JPOPIn C POT,,
and so POInqb C POL,, as required. O

We may now deduce from Theorem 2.1 the following descriptions of the endomorphisms of OD,,, PODZI,
and POD,,:

Theorem 2.4. Forn > 2, let M € {OD,,, PODZI,,,POD,} and ¢ : M — M be any mapping. Then ¢ is an
endomorphism of the semigroup M if and only if one of the following properties holds:

1. ¢ is the identity or ¢ = ¢ and so ¢ is an automorphism;
2. if M € {PODI,,POD,} and ¢ = oM, for some o € Cs,, (T);

3. if M € {PODZI,,POD,} and there exists a non-idempotent group element h of M such that 7¢ = h,
1 = h? and (M \ {1,7})p = {0};

4. there exist a non-idempotent group element h of M and an idempotent transformation f of M with rank

1 such that hf = fh = f, 7 = h, 1¢ = h% and (M \ {1,7})¢ = {f};

5. there exist idempotents e, f € M with e # f and ef = fe = f such that {1,7}¢ = {e} and (M \{1,7})¢p =
{f};

6. ¢ is a constant mapping with idempotent value.

Proof. Obviously, if Property 1, 2 or 6 holds then ¢ is an endomorphism of M. On the other hand, if Property
3, 4 or 5 holds then, as observed above in a more general context, ¢ is an endomorphism of M. In fact, this
is immediate for Property 5. On the other hand, in the case of Property 3 or 4, h? # h, h? is an idempotent
and h3Ch?, whence ¢| §1 : {1,7} — {h% h} is an isomorphism of groups. Moreover, for Property 3, we
have immediately ({h? h} = {0} = {h% h}(. Regarding Property 4, since hf = fh = f, we clearly have
f{h?,h} = {f} = {h% h}f. Therefore, in all cases, ¢ is an endomorphism of M.

Conversely, assume that ¢ : M — M is an endomorphism. Let T' € {O,, POZ,,PO,} be such that
M = (T, 7). Then, as mentioned above, ¢|7 : T'— T is an endomorphism of 7T'.

We start by supposing that ¢|7 is an automorphism of 7. Then 1¢ = 1 and, since 1H7 implies 1¢H7¢, it
follows that 7¢ = 7. In fact, if 7¢ = 1 then (1,7) € Ker(¢) and so 7, C Ker(¢), which contradicts that ¢|p is
an automorphism of T, whence 7¢ = 7.

Let s be any element of M \ T'. Then s7 € T. Hence, if ¢|7 = idr then

s¢ = (sT7)p = (sT)pT) = (ST)T = 8

and if ¢|7 = ¢7 then
s¢ = (st7)p = (s7)pT7d = (T(sT)T)T = TST = (3)P)\s-
Thus ¢ = idjs or ¢ = ¢}, and so ¢ is an endomorphism verifying Property 1.
Next, suppose that T € {POZ,,PO,} and ¢|r = ¢L, for some o € S,,.



Let s € JI 5. Then s¢ = s¢l = s¢197, = (Z)qi)”l = o000 = 0. Hence JI ,¢ = {0}. If n = 2 then
Mop=JI o= {(Z)} On the other hand, 1f n 3 then ¢ is not injective in JI_,, whence Ker(¢) Z 7,2 and
so pM, C Ker(czS), from which follows again IM ,¢ = {0}
Now, notice that ¢ is injective in J! |, Whence Ker(qS) C pM . If n = 2 then it follows immediately that
Ker(¢) = m = mp—1. So, take n > 3 and let s € JMl \JI' , and t € JI' | be such that s}t. Then s¢pHt¢ and
80 s¢ = t¢, since t¢p = 197, € JI = JM. Hence pM , C Ker(gb) and so we deduce again that Ker(¢) = m,_1.

Then, we have 7¢ # 1¢ aund7 since 1¢ = 1¢197, = oo =1=1¢ = (12)¢ = (7¢)?, it follows that 7¢ = 7.
1 .
Let 4,5 € {1,2,...,n} and take s € JZLD_OII" such that e;RsLe;. Then s¢1 = (;) and, since e,_;j;1R7sLe;,

we get (78)p1 = (”_;H). Hence

((n—z:-i-l)a) — o (n z+1)0_ _ (n H—l) = = (7 S)¢1¢Cf11 = (18)p =

Jo J J
ros = r(snoq) =7 (()5) =70 (o = (")

and so (n —i+1)o =n—io0+ 1, ie. ito =io7. Thus o € Cs, (7).
Therefore, we conclude that ¢ = qﬁg/f for some o € Cg, (7), and so ¢ is an endomorphism verifying Property
2.

Now, assume there exist idempotents e, f € T with e # f and ef = fe = f such that 1¢p = e and
T\ {1)6 = {1}.

If 7¢p = e then, for any s € M\ (TU{7}), we have s = 7(7s) and 7s € T'\ {1}, whence s¢ = 7¢(rs)p =ef = f
and so ¢ is an endomorphism verifying Property 5.

On the other hand, admit that 7¢ # e. Let h = 7¢. Then h # e and h? = (7¢)? = (7%)¢ = 1¢ = e, whence
h is a non-idempotent group element of M and so h & T.

Let s be a constant transformation of M. Then s, s7,7s € T\ {1} and so fh = s¢7¢ = (s7)p = f = (15)¢ =
Tpsp = hf. Since f € T and h ¢ T, the equality f = fh (or f = hf) allows us to conclude that f has rank 1,
if T'= O,, and that f has rank 1 or f is the empty transformation, if T' € {POZ,,, PO, }.

Now, let s € M\ (I'U{7}). Then s = (s7)7 and s7 € T'\ {1}, whence s¢ = (s7)p7¢p = fh = f.

Hence if M € {PODZ,,POD,} and f =0, then 7¢ = h, 1¢ = h? and (M \ {1,7})¢ = {0}, and so ¢ is an
endomorphism verifying Property 3. If M € {OD,,,PODZ,,,POD,} and f is an idempotent of rank 1, then
T¢=h,1¢ =h% and (M \ {1,7})¢ = {f}, and so ¢ is an endomorphism verifying Property 4.

Finally, we admit that ¢|p is a constant mapping with idempotent value. Let s € T'\ {1}. Then (1,s) & 7,
and (1,s) € Ker(¢). Hence Ker(¢) = w, i.e. ¢ is also a constant mapping with idempotent value, thus verifying
Property 6. O

As an immediate corollary, we have:
Corollary 2.5. Forn > 2, let M € {OD,,,PODI,,POD,}. Then Aut(M) = {id, ¢ }.

Let T € {0,,,POZ,,PO,} and take M = (T, ) Notice that, at the time when Theorem 2.1 was proved
it was already known that Aut(7") = {id, ¢"}, for n > 2. However, for the monoid M, it was known until now
that Aut(M) = {id, ¢"} but only for n > 10. See [3, Theorem 5.4].

Now, we will count the number of endomorphisms of OD,,, PODZ,, and POD,,.

As above, let T € {O,,, POZ,,PO,} and M = (T, ).

We begin by calculating the number of endomorphisms of M satisfying Property 4 of Theorem 2.4.

Let h be a non-idempotent group element of M. Then | Im(h)| > 2 and h is an order-reversing transformation
such that h? is an idempotent and h3Ch?. Note that h has fixed points if and only if | Im(h)| is odd and, in this
case, it has exactly one.

On the other hand, we may also conclude that, for 2 < ¢ < n, the number of non-idempotent group elements
of M belonging to JM is equal to |E(J])|.



Let h be a fixed non-idempotent group element in M and let

F(h)y={f € E(J))| hf = fh=[}.

Then the number of f in M satisfying hf = fh = f and f € E(JM) is |F(h)|, and so the number of
endomorphisms of M satisfying Property 4 of Theorem 2.4 such that 7¢ = h is |F'(h)|. Notice that, fh = f if
and only if h fixes the image of f. Then, if | Im(h)| is even, we know that h does not have fixed points and so
|F'(h)] =0. If M € {OD,,, PODZ,} then, for each j € €2, there exists exactly one idempotent f of M such
that Im(f) = {j}. Moreover, for j € Q,, if jh = j and f is the idempotent of M such that Im(f) = {j}, then
hf = f. Thus, if [Im(h)| is odd and M € {OD,,, PODI,}, it is also clear that |F'(h)| = 1.

Now, let M POD,, and suppose that |Im(h)| =i is odd. Then i > 3. In the following, we will show that

[F(h)| =23 Put

, Ay A e Aigl e Ay e A
- a‘l PEEEEY a/’L—]+1 PEEY al‘gl PR aj PEEEEY al ’
where Ay, Ag, ..., A; are the kernel classes of h in order max A, < max A, for r € {1,...,i — 1}, and

je{l,...,%} and a € Ay for k€ {1,...,i}.

Clearly, @it is the fixed point of h. Suppose that f € F'(h). Then Im(f) = {a%}. Since f is an idempotent,
ai+1 € Dom(f). From the equality hf = f, we deduce that Dom(f) C Dom(h) and = € Dom(f) if and only if
h € Dom(f), for all z € ,,. Therefore, A% C Dom(f).

Let j € {1,...,5'}. Suppose that A; N Dom(f) # @ and let z € A; N Dom(f). Then a;—j11 = (4;)h =
zh € Dom(f), and so A; C Dom(f). As a; € A; C Dom(f), then (A;—j+1)h = a; € Dom(f), and so
Ai_j+1 € Dom(f). Hence A; U A;—j1 € Dom(f). Similarly, we can show that if A;_; 1 N Dom(f) # @ then
we also have A; U A;_; 11 € Dom(f). Thus for each palr (],z —j+1), we have (4; U Ai_jn) C Dom(f) or
(A U A;—j+1) NDom(f) = @ As we hav

—1

27 ways. Thus |F(h)| =
Next, for 1 < ¢ < n, recall that:

L EJP)| = ("5Y) (see [29, Corollary 4.4]);

2. |E(JPOT)| = ("), i.e. the number of partial identities of rank i;

3. |E(JTO) =0 (D) (5 (see [23, Lemma 3.6]).

Therefore, being
0 if ¢ is even
0;=1«1 if i is odd and M € {OD,,, PODL,}
2% ifiis odd and M = POD,,

then the number of endomorphisms of M satisfying Property 4 of Theorem 2.4 is
n (nti-1 n(nti-1 254 ntoiy
Loy ()0 = 2 (M) 0 = 203 (4;1), it M = ODy;
n (n 125+ ] .
2. X ics (z)al =i ( )8 =2 i1 (21+1) if M ="PODLy;

3. ZZ ZZk z( )(k;z_z 11)8 721 3Zk z( )(thZ 11)a 72 Zk 21+1( )(]ijll)22 it M= POD

Regarding the number of endomorphisms of M € {PODI,,POD,} satisfying Property 3 of Theorem 2.4,
clearly, it coincides with the number of non-idempotent group elements of M, which coincides with the number
of idempotents of T" with rank greater than or equal to two. Therefore, the number of endomorphisms of M
satisfying Property 3 of Theorem 2.4 is
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L. |E(POLZ,)| — |E(JT )| — |[E(JTOT)| = 2" —n — 1, if M = PODL,;

2. |E(PO,)| —|E(JTO)| = |E(JT )| = |[E(POL)| — S5y () (5) —1 = e, —n2"1 — 1, where e, is defined
by the recurrence relation e, 1 = 1+ 5(e, — e,—1), with initial conditions ey = 1 and e; = 2, or explicitly

by en = 1+ (vV5)"! ((@)” - (@)") (see [28)), if M = POD,,.

Thus, by applying also Theorem 2.1 and Theorem 2.4, we obtain:
LL_lJ n+21
1. |End(OD,)| = |End(0,)| + X2 (373):
2. |End(PODL,)| = | End(POL,)| — nl + [2)0218) + (2" —n— 1)+ S22 (1)

Sk (1) (351)2"

Lnl

3. |End(POD,)| = | End(PO,)| — n! + | 2]12L5) 4+ (e, —n2! — 1) + 30,3
Finally, in view of Corollary 2.2, we have:
Corollary 2.6. Letn > 2. Then:

1. the semigroup OD,, has
-1 2
24 0 () P + ST (322)
endomorphisms, where Fa; o denotes the (2i + 2)th Fibonacci number;

2. the semigroup PODI, has

n n—1
142" +3"—n+ 5] 23] 4 ZiL:f : (21’7—11)
endomorphisms;

3. the semigroup POD,, has

L (2l n2n g 26, 4 S0 (er — DX, ()T + ST S () (22

endomorphisms.
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