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Abstract

In this paper, we characterize the monoid of endomorphisms of the semigroup of all monotone full trans-
formations of a finite chain, as well as the monoids of endomorphisms of the semigroup of all monotone partial
transformations and of the semigroup of all monotone partial permutations of a finite chain.
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Introduction

For n ∈ N, let Ωn be a finite set with n elements. Denote by PT n the monoid (under composition) of all partial
transformations of Ωn. The submonoid of PT n of all full transformations of Ωn and the (inverse) submonoid
of all partial permutations (i.e. partial injective transformations) of Ωn are denoted by Tn and In, respectively.
Also, denote by Sn the symmetric group on Ωn, i.e. the subgroup of PT n of all permutations of Ωn.

Now, suppose that Ωn is a finite chain with n elements, e.g. Ωn = {1 < 2 < · · · < n}. We say that
a transformation s in PT n is order-preserving [order-reversing ] if x 6 y implies xs 6 ys [xs > ys], for all
x, y ∈ Dom(s). A transformation that is either order-preserving or order-reversing is also called monotone.
Observe that the product of two order-preserving transformations or of two order-reversing transformations is
order-preserving and the product of an order-preserving transformation by an order-reversing transformation
is order-reversing. Moreover, the product of two monotone transformations is monotone.

Denote by POn the submonoid of PT n of all partial order-preserving transformations of Ωn. As usual,
On denotes the monoid POn ∩ Tn of all full transformations of Ωn that preserve the order. This monoid
has been largely studied, namely in [1, 24, 26, 30]. The injective counterpart of On is the inverse monoid
POIn = POn ∩ In, which is considered, for example, in [4, 9, 10, 12, 13, 14].

Wider classes of monoids are obtained when we take monotone transformations. In this way, we get PODn,
the submonoid of PT n of all partial monotone transformations. Naturally, we may also considerODn = PODn∩
Tn and PODIn = PODn ∩ In, the monoids of all monotone full transformations and of all monotone partial
permutations, respectively. These monoids were studied, for instance, in [3, 5, 7, 8, 15, 16, 17, 18, 19, 21, 22, 25].

The Hasse diagram in Figure 1, with respect to the inclusion relation and where 1 denotes the trivial monoid,
clarifies the relationship between these various semigroups.

Describing automorphisms and endomorphisms of transformation semigroups is a classical problem. For
instance, they have been determined by Schein and Teclezghi [33, 34] for In in 1997 and for Tn in 1998,
and for the Brauer-type semigroups by Mazorchuk [32] in 2002. Regarding semigroups of order-preserving
transformations, in 1962 Aı̆zenštat [1] gave a presentation for On from which it can be deduced that On has
only one non-trivial automorphism, for n > 2. More recently, in 2010 Fernandes et al. [20] found a description of
the endomorphisms of On and in 2019 Fernandes and Santos [23] determined the endomorphisms of POIn and
of POn. Descriptions of automorphisms of semigroups of order-preserving transformations and of some of their
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Figure 1: Hasse diagram with respect to the inclusion relation

extensions, such as semigroups of monotone transformations or semigroups of orientation-preserving/reversing
transformations, can be found in [3].

In this paper, we give descriptions of the monoids of endomorphisms of the remain semigroups of the
above diagram, namely of ODn, PODIn and PODn, for n > 2. Moreover, we also determine the number of
endomorphisms of each of these semigroups.

1 Preliminaries

Let S be a semigroup. For completion, we recall the definition of the Green equivalence relations R, L, H and
J: for all u, v ∈ S,

uRv if and only if uS1 = vS1,

uLv if and only if S1u = S1v,

uHv if and only if uLv and uRv,

uJv if and only if S1uS1 = S1vS1

(as usual, S1 denotes S with identity adjoined if necessary). Associated to the Green relation J there is a
quasi-order 6J on S defined by

u 6J v if and only if S1uS1 ⊆ S1vS1,

for all u, v ∈ S. Notice that, for every u, v ∈ S, we have u J v if and only if u 6J v and v 6J u. Denote by Ju the
J-class of the element u ∈ S. As usual, a partial order relation 6J is defined on the set S/J by setting Ju 6J Jv
if and only if u 6J v, for all u, v ∈ S. For u, v ∈ S, we write u <J v and also Ju <J Jv if and only if u 6J v and
(u, v) 6∈ J. Recall that any endomorphism of semigroups preserves Green relations and the quasi-order 6J.

Given a semigroup S, we denote by E(S) the set of its idempotents. An ideal of S is a subset I of S such
that S1IS1 ⊆ I. By convenience, we admit the empty set as an ideal. A Rees congruence of S is a congruence
associated to an ideal of S: if I is an ideal of S, the Rees congruence ρI is defined by (s, t) ∈ ρI if and only if
s = t or s, t ∈ I, for all s, t ∈ S. The set of congruences of S, the group of automorphisms of S and the monoid
of endomorphisms of S are denoted by Con(S), Aut(S) and End(S), respectively.

Let S ∈ {On,POIn,POn,ODn,PODIn,PODn}. We have the following descriptions of the Green relations
in the semigroup S:

sLt if and only if Im(s) = Im(t),

sRt if and only if Ker(s) = Ker(t),

sJt if and only if | Im(s)| = | Im(t)|, and

sHt if and only if Ker(s) = Ker(t) and Im(s) = Im(t),
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for all s, t ∈ S. If S = POIn or PODIn, for the Green relation R, we have, even more simply,

sRt if and only if Dom(s) = Dom(t),

for all s, t ∈ S.

Consider the following order-reversing full transformation

τ =

(
1 2 · · · n− 1 n
n n− 1 · · · 2 1

)
(a permutation of order two).

Recall that ODn = 〈On, τ〉, PODIn = 〈POIn, τ〉 and PODn = 〈POn, τ〉.
Next, let T ∈ {On,POIn,POn} and M = 〈T, τ〉. Then both T and M are regular monoids (moreover, if

T = POIn then T and M are inverse monoids) and E(M) = E(T ).
Remember also that, for the partial order 6J, the quotients M/J and T/J are chains (with n+ 1 elements

for T = POIn and T = POn and with n elements for T = On). More precisely, if S ∈ {T,M}, then

S/J = {JS0 <J J
S
1 <J · · · <J J

S
n }

when T ∈ {POIn,POn}; and
S/J = {JS1 <J · · · <J J

S
n }

when T = On. Here
JSk = {s ∈ S | | Im(s)| = k},

with k suitably defined.
For S ∈ {T,M} and 0 6 k 6 n, let ISk = {s ∈ S | | Im(s)| 6 k}. Clearly ISk is an ideal of S. Since S/J is a

chain, it follows that
{ISk | 0 6 k 6 n}

is the set of all ideals of S (see [12]).

Observe that T is an aperiodic monoid and that the H-classes of M contained in JMk have precisely two
elements (one of them belonging to T and the other belonging to M \ T ) when k > 2. If k = 1 then such
H-classes are trivial.

In [2], Aı̌zenštat proved that the congruences of On are exactly the identity and its n Rees congruences. See
[30] for another proof. Also, the congruences of POIn and POn are exactly their n+ 1 Rees congruences. This
has been shown, for POIn, by Derech [6] and, independently, by Fernandes [12] and, for POn, by Fernandes
et al. [17]. In short,

{ρITk | 0 6 k 6 n}

is the set Con(T ) of all congruences of T .

Concerning the monoid M ∈ {ODn,PODIn,PODn}, for 1 6 k 6 n, we can define a congruence πk on M
by: for all s, t ∈M , s πk t if and only if

1. s = t; or

2. s, t ∈ IMk−1; or

3. s, t ∈ JMk and sH t

(see [11, Lemma 4.2]). For 0 6 k 6 n, denote by ρMk the Rees congruence ρIMk
associated to the ideal IMk of M

and by ω the universal congruence of M . Clearly, for n > 2, we have

1 = π1 ( ρM1 ( π2 ( ρM2 ( · · · ( πn ( ρMn = ω.
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Furthermore, Fernandes et al. [17] proved that, for n > 2, these are precisely all congruences of M :

Con(M) = {1 = π1, ρ
M
1 , π2, ρ

M
2 , . . . , πn, ρ

M
n = ω}.

Let S be a semigroup and let u be a unit of any monoid containing S such that u−1Su ⊆ S. Then, it is
easy to check that the mapping φu : S −→ S defined by sφu = u−1su, for all s ∈ S, is an automorphism of S,
which is called an inner automorphism of S. If necessary, in case of ambiguity, we represent φu by φuS .

Let us consider again the permutation τ of Ωn (recall that τ ∈ PODn) defined above. Then, for every
S ∈ {On,POIn,POn,ODn,PODIn,PODn}, it is easy to verify that τ−1Sτ = S. Therefore, for n > 2, the
permutation τ induces a non-trivial automorphism φτ of S.

Now, let S be a finite monoid and let G be its group of units. Let e and f be two idempotents of S such
that ef = fe = f . Then, clearly, the mapping φ : S −→ S defined by Gφ = {e} and (S \ G)φ = {f} is an
endomorphism (of semigroups) of S. More generally, let f be an idempotent of S, H a subgroup of S such
that fH = {f} = Hf and ϕ : G −→ H a homomorphism. Then, it is also clear that the mapping φ : S −→ S
defined by φ|G = ϕ and (S \G)φ = {f} is an endomorphism (of semigroups) of S.

On the other hand, observe that, given a semigroup S, an endomorphism φ of S and an idempotent-generated
subsemigroup V of S such that E(V ) = E(S), as idempotents apply to idempotents, we have V φ ⊆ V and so
we may consider the restriction φ|V of φ to V as an endomorphism of V .

Recall that the rank of a transformation s ∈ PT n is the size of its image, i.e. | Im(s)|.

Next, we are going to construct a certain family of endomorphisms for each of the semigroups POIn, POn,
PODIn and PODn.

For k ∈ {2, 3, . . . , n}, consider the following two transformations of On with rank n− 1:

fk =

(
1 · · · k − 1 k k + 1 · · · n
1 · · · k − 1 k − 1 k + 1 · · · n

)
and gk =

(
1 · · · k − 2 k − 1 k · · · n
1 · · · k − 2 k k · · · n

)
.

It is easy to check that each of the n− 1 R-classes of transformations of rank n− 1 of On or ODn (recall that
E(ODn) = E(On)) has exactly two idempotents, namely fk and gk, for some k ∈ {2, 3, . . . , n}. See [23, Lemma
2.4]. On the other hand, for i ∈ {1, 2, . . . , n}, let

ei =

(
1 · · · i− 1 i+ 1 · · · n
1 · · · i− 1 i+ 1 · · · n

)
,

which is an idempotent of POIn of rank n−1. It is clear that each of the n R-classes of transformations of rank
n − 1 of POIn or PODIn (recall that E(PODIn) = E(POIn)) has exactly one idempotent, namely ei, for
some i ∈ {1, 2, . . . , n}. Therefore, since JPODnn−1 = JODnn−1 ∪J

PODIn
n−1 (a disjoint union), by the above observations,

JPODnn−1 contains n R-classes exactly with one idempotent and n− 1 R-classes exactly with two idempotents.

Now, let us define a mapping φ1 : PODn −→ PODn by:

1. 1φ1 = 1, τφ1 = τ ;

2. For s ∈ JPODInn−1 , let sφ1 =
(
i
j

)
, where i, j ∈ {1, 2, . . . , n} are the unique indices such that eiRsLej ;

3. For s ∈ JODnn−1 , let sφ1 =

(
k − 1 k
ks ks

)
, where {ks} = Ωn \ Im(s) and k ∈ {2, 3, . . . , n} is the unique

index such that sRfk (and sRgk);

4. IPODnn−2 φ1 = {∅}.
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Clearly, φ1 is a well defined mapping. Moreover, it is a routine matter to show that φ is an endomorphism
of PODn which admits πn−1 as kernel. Furthermore, it is clear that, for every S ∈ {POIn,POn,PODIn}, we
have Sφ1 ⊆ S and so the restriction φ1|S of φ1 to S may also be seen as an endomorphism of S.

Next, recall that a subsemigroup S of PT n is said to be Sn-normal if σ−1Sσ ⊆ S, for all σ ∈ Sn. In 1975,
Sullivan [35, Theorem 2] proved that Aut(S) ' Sn, for any Sn-normal subsemigroup S of PT n containing a
constant mapping. Moreover, we obtain an isomorphism Φ : Sn −→ Aut(S) by defining σΦ = φσS , where φσS is
the inner automorphism of S associated to σ, for all σ ∈ Sn.

Let S ∈ {POIn,POn,PODIn,PODn}.
Let I11 = IS1 ∪{1}. It is clear that I11 is an Sn-normal subsemigroup of PT n containing a constant mapping.

Therefore, by Sullivan’s Theorem, we have

Aut(I11 ) = {φσI11 | σ ∈ Sn} ' Sn.

Now, let Iτ1 = IS1 ∪{1, τ}. Then Iτ1 is a subsemigroup of PT n admitting {1, τ} as group of units. Therefore,
for any automorphism φ of Iτ1 , we must have τφ = τ , whence I11φ = I11 and so the restriction φ|I11 of φ to I11 , as

a mapping from I11 to I11 , is an automorphism of I11 . Hence φ|I11 = φσ
I11

, for some σ ∈ Sn. Let i, j ∈ {1, 2, . . . , n}.
Then (

(n−i+1)σ
jσ

)
= σ−1τ

(
i
j

)
σ =

(
τ
(
i
j

))
φ = τφ

(
i
j

)
φ = τσ−1

(
i
j

)
σ =

(
n−iσ+1
jσ

)
,

whence (n− i+ 1)σ = n− iσ + 1, i.e. iτσ = iστ . So

σ ∈ CSn(τ) = {ξ ∈ Sn | ξτ = τξ},

the centralizer of τ in Sn. Notice that, σ−1τσ = τ (and so σ−1Iτ1σ = Iτ1 ), whence φ is the inner automorphism
of Iτ1 associated to σ. On the other hand, given σ ∈ CSn(τ), we clearly have σ−1Iτ1σ = Iτ1 and so we obtain an
inner automorphism φσIτ1

of Iτ1 . Moreover, it is easy to conclude now that the mapping Φ : CSn(τ) −→ Aut(Iτ1 )

defined by σΦ = φσIτ1
, for all σ ∈ CSn(τ), is an isomorphism. Since τ has bn2 c non-trivial cycles each of which

with length 2, we have
|Aut(Iτ1 )| = |CSn(τ)| = bn2 c! 2b

n
2
c

(see [31, Proposition 23 (page 133)]).
For S ∈ {POIn,POn}, let φSσ = φ1|SφσI11 , considered as a mapping from S to S, for all σ ∈ Sn. Clearly,

{φSσ | σ ∈ Sn}

is a set of n! distinct endomorphisms of S. On the other hand, for S ∈ {PODIn,PODn}, let φSσ = φ1|SφσIτ1 ,

considered as a mapping from S to S, for all σ ∈ CSn(τ). Clearly,

{φSσ | σ ∈ CSn(τ)}

is a set of bn2 c! 2b
n
2
c distinct endomorphisms of S.

For general background on semigroups and standard notations, we refer the reader to Howie’s book [27].

From now on, we consider n > 2, whenever not explicitly mentioned.

2 Endomorphisms of ODn, PODIn and PODn
We begin this section by recalling the following results by Fernandes et al. [20] and Fernandes and Santos [23]
above mentioned.
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Theorem 2.1 ([20, Theorem 1.1] and [23, Theorem 3.3]). For n > 2, let T ∈ {On,POIn,POn} and φ : T −→ T
be any mapping. Then φ is an endomorphism of the semigroup T if and only if one of the following properties
holds:

1. φ is an automorphism and so φ is the identity or φ = φτ ;

2. if T ∈ {POIn,POn} and φ = φTσ , for some σ ∈ Sn;

3. there exist idempotents e, f ∈ T with e 6= f and ef = fe = f such that 1φ = e and (T \ {1})φ = {f};

4. φ is a constant mapping with idempotent value.

And, their corollaries:

Corollary 2.2 ([20, Theorem 1.2] and [23, Theorems 3.4 and 3.7]). Let n > 2. Then:

1. the semigroup On has 2 +
∑n−1

i=0

(
n+i
2i+1

)
F2i+2 endomorphisms, where F2i+2 denotes the (2i+ 2)th Fibonacci

number;

2. the semigroup POIn has 2 + n! + 3n endomorphisms;

3. the semigroup POn has

3 + n! + (
√

5)n−1
((√

5+1
2

)n
−
(√

5−1
2

)n)
+
∑n

k=1(
√

5)k−1
((√

5+1
2

)k
−
(√

5−1
2

)k)∑n
i=k

(
n
i

)(
i+k−1
2k−1

)
endomorphisms.

Now, let T ∈ {On,POn} and take M = 〈T, τ〉. Since T is an idempotent-generated semigroup (see [1,
24]) and E(T ) = E(M), then a restriction to T of any endomorphism of M may also be considered as an
endomorphism of T . On the other hand, Lemma 2.3 below establishes that this last statement is also true for
T = POIn (and M = PODIn).

Let us consider the following elements of POIn:

x0 =

(
2 · · · n− 1 n
1 · · · n− 2 n− 1

)
and xi =

(
1 · · · n− i− 1 n− i n− i+ 2 · · · n
1 · · · n− i− 1 n− i+ 1 n− i+ 2 · · · n

)
,

for i ∈ {1, 2, . . . , n − 1}. Then {1, x0, x1, . . . , xn−1} is a (semigroup) generating set of POIn. Moreover, these
transformations satisfy the following equalities:

1. xix0 = x0xi+1, for 1 6 i 6 n− 2;

2. xi+1xixi+1 = xi+1xi, for 1 6 i 6 n− 2;

3. x0x1 · · ·xn−1x0 = x0.

See [12]. Observe that xi+1xi, x0xi+1 ∈ JPOInn−2 for all 1 6 i 6 n− 2.

Lemma 2.3. Let n > 2 and φ be an endomorphism of PODIn. Then POInφ ⊆ POIn.

Proof. First, notice that 1φ is an idempotent and so 1φ ∈ POIn.

Let n = 2. Then τ is the only non-order-preserving element of PODI2. Suppose that τ = sφ, for some
s ∈ POI2. Hence s =

(
1
2

)
or s =

(
2
1

)
(these are the only non-idempotents of POI2) and so ∅φ = (s2)φ =

(sφ)2 = τ2 = 1 and ∅φ = (s3)φ = (sφ)3 = τ3 = τ , which is a contradiction. Thus POI2φ ⊆ POI2.
Next, let n = 3. In order to obtain a contradiction, suppose there exists i ∈ {0, 1, 2} such that xiφ 6∈ POI3.

Then JPODI32 φ ⊆ JPODI3m , for some m > 2.
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If π2 ( Ker(φ) then ρPODI32 ⊆ Ker(φ), whence |IPODI32 φ| = 1 and so xiφ is an idempotent, which is a
contradiction. Hence Ker(φ) ⊆ π2 and so φ is injective in JPOI32 ∪ {1, τ}. Therefore m = 2, τφ = τ and
IPODI31 φ ⊆ IPODI31 .

Suppose i = 0. Since x0x1x2x0 = x0, we have x0φx1φx2φx0φ = x0φ 6∈ POI3, whence x1φx2φ 6∈ POI3 and
so x1φ ∈ POI3 or x2φ ∈ POI3. Since τx0x1τ = x1 and τx2x0τ = x2, we have τ(x0φ)(x1φ)τ = x1φ ∈ JPODI32

and τ(x2φ)(x0φ)τ = x2φ ∈ JPODI32 . If x1φ ∈ POI3 then x1φ = τ(x0φ)(x1φ)τ 6∈ POI3, which is a contradiction.
If x2φ ∈ POI3 then x2φ = τ(x2φ)(x0φ)τ 6∈ POI3, which is again a contradiction. Thus i 6= 0 and so
x0φ ∈ POI3.

Now, from x0φx1φx2φx0φ = x0φ ∈ JPOI32 , we may conclude that x1φx2φ ∈ POI3 and so, since x1φ 6∈ POI3
or x2φ 6∈ POI3, we have x1φ, x2φ 6∈ POI3.

Since x21 and x22 are idempotents with rank 1, then (x1φ)2 and (x2φ)2 are also idempotents and their rank
must be 1 or 0. On the other hand, we may routinely check that{

x ∈ JPODI32 \ POI3 | x2 is an idempotent of rank 1 or 0
}

=

{(
1 2
3 2

)
,

(
2 3
2 1

)}
,

whence {x1φ, x2φ} =

{(
1 2
3 2

)
,

(
2 3
2 1

)}
and so x1φ = (x2φ)−1 = x−12 φ. Since Ker(φ) ⊆ π2, it follow that

x1Hx
−1
2 , which is a contradiction.

Thus xiφ ∈ POI3 for all i ∈ {0, 1, 2} and so POI3φ ⊆ POI3.
Now, consider n > 4. Let `,m ∈ {1, 2, . . . , n} be such that JPODInn−2 φ ⊆ JPODIn` and JPODInn−1 φ ⊆ JPODInm .

Then ` 6 m.

We begin by assuming that ` > 2.
In order to obtain a contradiction, suppose there exists i ∈ {0, 1, . . . , n− 1} such that xiφ 6∈ POIn.
Suppose i = 0. Since x0x1 · · ·xn−1x0 = x0, we have x0φ(x1φ · · ·xn−1φ)x0φ = x0φ 6∈ POIn and so there

must be j ∈ {1, 2, . . . , n − 1} such xjφ 6∈ POIn. If j = n − 1 then xn−2x0 = x0xn−1 implies xn−2φx0φ =
x0φxn−1φ ∈ JPODIn` and so xn−2φ 6∈ POIn, since ` > 2 and x0φ, xn−1φ 6∈ POIn. On the other hand, we also

have xn−1xn−2xn−1 = xn−1xn−2, whence xn−1φxn−2φxn−1φ = xn−1φxn−2φ ∈ JPODIn` , which is a contradiction,
since ` > 2 and xn−2φ, xn−1φ 6∈ POIn. Therefore j ∈ {1, 2, . . . , n − 2} and so we have xjx0 = x0xj+1. Hence
xjφx0φ = x0φxj+1φ ∈ JPODIn` . Since ` > 2 and x0φ, xjφ 6∈ POIn, we deduce that also xj+1φ 6∈ POIn. On

the other hand, we also have xj+1xjxj+1 = xj+1xj , whence xj+1φxjφxj+1φ = xj+1φxjφ ∈ JPODIn` , which is
again a contradiction, since ` > 2 and xjφ, xj+1φ 6∈ POIn. Thus i 6= 0 and so x0φ ∈ POIn.

Let i ∈ {1, 2, . . . , n− 1} be the smallest index such that xiφ 6∈ POIn.
If i > 2 then xi−1x0 = x0xi and so xi−1φx0φ = x0φxiφ ∈ JPODIn` , which is a contradiction, since ` > 2,

x0φ, xi−1φ ∈ POIn and xiφ 6∈ POIn. Hence i = 1. From x1x0 = x0x2, we get x1φx0φ = x0φx2φ ∈ JPODIn`

and, as x0φ ∈ POIn and x1φ 6∈ POIn, we deduce that x2φ 6∈ POIn. On the other hand, we also have
x2x1x2 = x2x1, whence x2φx1φx2φ = x2φx1φ ∈ JPODIn` , which is again a contradiction, since ` > 2 and
x1φ, x2φ 6∈ POIn.

Thus xiφ ∈ POIn for all i ∈ {0, 1, . . . , n− 1} and so POInφ ⊆ POIn.

Now, let ` 6 1.
Suppose that Ker(φ) = πk, with k 6 n − 2, or Ker(φ) = ρPODInk , with k 6 n − 3. Then φ is injective in

JPOInn−2 and so |E(JPOInn−2 )| 6 |E(JPOIn` )| 6 n, which is a contradiction, since |E(JPOInn−2 )| =
(
n
n−2
)
> n, for

n > 4.

Hence Ker(φ) ∈
{
ρPODInn−2 , πn−1, ρ

PODIn
n−1 , πn, ρ

PODIn
n = ω

}
. Clearly, if Ker(φ) ∈

{
ρPODInn−1 , πn, ρ

PODIn
n

}
then POInφ ⊆ POIn. Therefore, let us admit that Ker(φ) ∈

{
ρPODInn−2 , πn−1

}
. Then IPODInn−2 φ = {f}, for

some idempotent f ∈ JPODIn` , and m > 1 (recall that JPODInn−1 φ ⊆ JPODInm ), since φ is injective in JPOInn−1 .

Let e1, e2, . . . , en be the n distinct idempotents of JPODInn−1 considered in Section 1 (i.e. ei is the partial
identity with domain Ωn \ {i}, for i ∈ {1, 2, . . . , n}).
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Let i ∈ {1, 2, . . . , n}. Then f = ∅φ = (∅ei)φ = ∅φeiφ = f(eiφ), whence Dom(f) ⊆ Dom(eiφ). Since
(∅, ei) 6∈ Ker(φ) then f = ∅φ 6= eiφ and so Dom(f) ( Dom(eiφ).

On the other hand, for 1 6 i < j 6 n, we have eiej ∈ IPODInn−2 , whence f = (eiej)φ = eiφejφ and so
Dom(f) = Dom(eiφ) ∩Dom(ejφ).

Take `i ∈ Dom(eiφ) \ Dom(f), for i ∈ {1, 2, . . . , n}. If there exist 1 6 i < j 6 n such that `i = `j then
`i ∈ (Dom(eiφ)∩Dom(ejφ)) \Dom(f) = ∅, which is a contradiction. Hence, `i 6= `j for all 1 6 i < j 6 n and so
{`1, `2, . . . , `n} = {1, 2, . . . , n}. Now, since `i 6∈ Dom(f) for all i ∈ {1, 2, . . . , n}, we conclude that Dom(f) = ∅,
i.e. f = ∅, and Dom(eiφ) ∩ Dom(ejφ) = ∅ for all 1 6 i < j 6 n. Moreover, we have |Dom(eiφ)| = m > 1 for
i ∈ {1, 2, . . . , n}. Hence |Dom(eiφ)| = 1 for i ∈ {1, 2, . . . , n} and so m = 1. Thus JPODInn−1 φ ⊆ JPODIn1 ⊆ POIn
and so POInφ ⊆ POIn, as required.

We may now deduce from Theorem 2.1 the following descriptions of the endomorphisms of ODn, PODIn
and PODn:

Theorem 2.4. For n > 2, let M ∈ {ODn,PODIn,PODn} and φ : M −→ M be any mapping. Then φ is an
endomorphism of the semigroup M if and only if one of the following properties holds:

1. φ is the identity or φ = φτ and so φ is an automorphism;

2. if M ∈ {PODIn,PODn} and φ = φMσ , for some σ ∈ CSn(τ);

3. if M ∈ {PODIn,PODn} and there exists a non-idempotent group element h of M such that τφ = h,
1φ = h2 and (M \ {1, τ})φ = {∅};

4. there exist a non-idempotent group element h of M and an idempotent transformation f of M with rank
1 such that hf = fh = f , τφ = h, 1φ = h2 and (M \ {1, τ})φ = {f};

5. there exist idempotents e, f ∈M with e 6= f and ef = fe = f such that {1, τ}φ = {e} and (M \{1, τ})φ =
{f};

6. φ is a constant mapping with idempotent value.

Proof. Obviously, if Property 1, 2 or 6 holds then φ is an endomorphism of M . On the other hand, if Property
3, 4 or 5 holds then, as observed above in a more general context, φ is an endomorphism of M . In fact, this
is immediate for Property 5. On the other hand, in the case of Property 3 or 4, h2 6= h, h2 is an idempotent
and hHh2, whence φ|{1,τ} : {1, τ} −→ {h2, h} is an isomorphism of groups. Moreover, for Property 3, we
have immediately ∅{h2, h} = {∅} = {h2, h}∅. Regarding Property 4, since hf = fh = f , we clearly have
f{h2, h} = {f} = {h2, h}f . Therefore, in all cases, φ is an endomorphism of M .

Conversely, assume that φ : M −→ M is an endomorphism. Let T ∈ {On,POIn,POn} be such that
M = 〈T, τ〉. Then, as mentioned above, φ|T : T −→ T is an endomorphism of T .

We start by supposing that φ|T is an automorphism of T . Then 1φ = 1 and, since 1Hτ implies 1φHτφ, it
follows that τφ = τ . In fact, if τφ = 1 then (1, τ) ∈ Ker(φ) and so πn ⊆ Ker(φ), which contradicts that φ|T is
an automorphism of T , whence τφ = τ .

Let s be any element of M \ T . Then sτ ∈ T . Hence, if φ|T = idT then

sφ = (sττ)φ = (sτ)φτφ = (sτ)τ = s

and if φ|T = φτT then
sφ = (sττ)φ = (sτ)φτφ = (τ(sτ)τ)τ = τsτ = (s)φτM .

Thus φ = idM or φ = φτM , and so φ is an endomorphism verifying Property 1.

Next, suppose that T ∈ {POIn,POn} and φ|T = φTσ , for some σ ∈ Sn.
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Let s ∈ JTn−2. Then sφ = sφTσ = sφ1φ
σ
I11

= ∅φσ
I11

= σ−1∅σ = ∅. Hence JTn−2φ = {∅}. If n = 2 then

IMn−2φ = JTn−2φ = {∅}. On the other hand, if n > 3 then φ is not injective in JTn−2, whence Ker(φ) 6⊆ πn−2 and
so ρMn−2 ⊆ Ker(φ), from which follows again IMn−2φ = {∅}.

Now, notice that φ is injective in JTn−1, whence Ker(φ) ( ρMn−1. If n = 2 then it follows immediately that
Ker(φ) = π1 = πn−1. So, take n > 3 and let s ∈ JMn−1 \ JTn−1 and t ∈ JTn−1 be such that sHt. Then sφHtφ and
so sφ = tφ, since tφ = tφ1φ

σ
I11
∈ JT1 = JM1 . Hence ρMn−2 ( Ker(φ) and so we deduce again that Ker(φ) = πn−1.

Then, we have τφ 6= 1φ and, since 1φ = 1φ1φ
σ
I11

= σ−11σ = 1 = 1φ = (τ2)φ = (τφ)2, it follows that τφ = τ .

Let i, j ∈ {1, 2, . . . , n} and take s ∈ JPOInn−1 such that eiRsLej . Then sφ1 =
(
i
j

)
and, since en−i+1RτsLej ,

we get (τs)φ1 =
(
n−i+1
j

)
. Hence(

(n−i+1)σ
jσ

)
= σ−1

(
n−i+1
j

)
σ =

(
n−i+1
j

)
φσ
I11

= (τs)φ1φ
σ
I11

= (τs)φ =

τφsφ = τ(sφ1φ
σ
I11

) = τ
((

i
j

)
φσ
I11

)
= τσ−1

(
i
j

)
σ =

(
n−iσ+1
jσ

)
and so (n− i+ 1)σ = n− iσ + 1, i.e. iτσ = iστ . Thus σ ∈ CSn(τ).

Therefore, we conclude that φ = φMσ for some σ ∈ CSn(τ), and so φ is an endomorphism verifying Property
2.

Now, assume there exist idempotents e, f ∈ T with e 6= f and ef = fe = f such that 1φ = e and
(T \ {1})φ = {f}.

If τφ = e then, for any s ∈M \(T∪{τ}), we have s = τ(τs) and τs ∈ T \{1}, whence sφ = τφ(τs)φ = ef = f
and so φ is an endomorphism verifying Property 5.

On the other hand, admit that τφ 6= e. Let h = τφ. Then h 6= e and h2 = (τφ)2 = (τ2)φ = 1φ = e, whence
h is a non-idempotent group element of M and so h 6∈ T .

Let s be a constant transformation of M . Then s, sτ, τs ∈ T \{1} and so fh = sφτφ = (sτ)φ = f = (τs)φ =
τφsφ = hf . Since f ∈ T and h 6∈ T , the equality f = fh (or f = hf) allows us to conclude that f has rank 1,
if T = On, and that f has rank 1 or f is the empty transformation, if T ∈ {POIn,POn}.

Now, let s ∈M \ (T ∪ {τ}). Then s = (sτ)τ and sτ ∈ T \ {1}, whence sφ = (sτ)φτφ = fh = f .
Hence if M ∈ {PODIn,PODn} and f = ∅, then τφ = h, 1φ = h2 and (M \ {1, τ})φ = {∅}, and so φ is an

endomorphism verifying Property 3. If M ∈ {ODn,PODIn,PODn} and f is an idempotent of rank 1, then
τφ = h, 1φ = h2 and (M \ {1, τ})φ = {f}, and so φ is an endomorphism verifying Property 4.

Finally, we admit that φ|T is a constant mapping with idempotent value. Let s ∈ T \ {1}. Then (1, s) 6∈ πn
and (1, s) ∈ Ker(φ). Hence Ker(φ) = ω, i.e. φ is also a constant mapping with idempotent value, thus verifying
Property 6.

As an immediate corollary, we have:

Corollary 2.5. For n > 2, let M ∈ {ODn,PODIn,PODn}. Then Aut(M) = {id, φτ}.

Let T ∈ {On,POIn,POn} and take M = 〈T, τ〉. Notice that, at the time when Theorem 2.1 was proved
it was already known that Aut(T ) = {id, φτ}, for n > 2. However, for the monoid M , it was known until now
that Aut(M) = {id, φτ} but only for n ≥ 10. See [3, Theorem 5.4].

Now, we will count the number of endomorphisms of ODn, PODIn and PODn.
As above, let T ∈ {On,POIn,POn} and M = 〈T, τ〉.
We begin by calculating the number of endomorphisms of M satisfying Property 4 of Theorem 2.4.
Let h be a non-idempotent group element of M . Then | Im(h)| > 2 and h is an order-reversing transformation

such that h2 is an idempotent and hHh2. Note that h has fixed points if and only if | Im(h)| is odd and, in this
case, it has exactly one.

On the other hand, we may also conclude that, for 2 6 i 6 n, the number of non-idempotent group elements
of M belonging to JMi is equal to |E(JTi )|.
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Let h be a fixed non-idempotent group element in M and let

F (h) = {f ∈ E(JM1 ) | hf = fh = f}.

Then the number of f in M satisfying hf = fh = f and f ∈ E(JM1 ) is |F (h)|, and so the number of
endomorphisms of M satisfying Property 4 of Theorem 2.4 such that τφ = h is |F (h)|. Notice that, fh = f if
and only if h fixes the image of f . Then, if | Im(h)| is even, we know that h does not have fixed points and so
|F (h)| = 0. If M ∈ {ODn,PODIn} then, for each j ∈ Ωn, there exists exactly one idempotent f of M such
that Im(f) = {j}. Moreover, for j ∈ Ωn, if jh = j and f is the idempotent of M such that Im(f) = {j}, then
hf = f . Thus, if | Im(h)| is odd and M ∈ {ODn,PODIn}, it is also clear that |F (h)| = 1.

Now, let M = PODn and suppose that | Im(h)| = i is odd. Then i ≥ 3. In the following, we will show that

|F (h)| = 2
i−1
2 . Put

h =

(
A1 · · · Aj · · · A i+1

2
· · · Ai−j+1 · · · Ai

ai · · · ai−j+1 · · · a i+1
2
· · · aj · · · a1

)
,

where A1, A2, . . . , Ai are the kernel classes of h in order maxAr < maxAr+1 for r ∈ {1, . . . , i − 1}, and
j ∈ {1, . . . , i−12 } and ak ∈ Ak for k ∈ {1, . . . , i}.

Clearly, a i+1
2

is the fixed point of h. Suppose that f ∈ F (h). Then Im(f) = {a i+1
2
}. Since f is an idempotent,

a i+1
2
∈ Dom(f). From the equality hf = f , we deduce that Dom(f) ⊆ Dom(h) and x ∈ Dom(f) if and only if

xh ∈ Dom(f), for all x ∈ Ωn. Therefore, A i+1
2
⊆ Dom(f).

Let j ∈ {1, . . . , i−12 }. Suppose that Aj ∩ Dom(f) 6= ∅ and let x ∈ Aj ∩ Dom(f). Then ai−j+1 = (Aj)h =
xh ∈ Dom(f), and so Aj ⊆ Dom(f). As aj ∈ Aj ⊆ Dom(f), then (Ai−j+1)h = aj ∈ Dom(f), and so
Ai−j+1 ⊆ Dom(f). Hence Aj ∪ Ai−j+1 ⊆ Dom(f). Similarly, we can show that if Ai−j+1 ∩ Dom(f) 6= ∅ then
we also have Aj ∪ Ai−j+1 ⊆ Dom(f). Thus, for each pair (j, i − j + 1), we have (Aj ∪ Ai−j+1) ⊆ Dom(f) or
(Aj ∪ Ai−j+1) ∩ Dom(f) = ∅. As we have i−1

2 of these pairs, it follows that the domain of f can be chosen in

2
i−1
2 ways. Thus |F (h)| = 2

i−1
2 .

Next, for 1 6 i 6 n, recall that:

1. |E(JOni )| =
(
n+i−1
2i−1

)
(see [29, Corollary 4.4]);

2. |E(JPOIni )| =
(
n
i

)
, i.e. the number of partial identities of rank i;

3. |E(JPOni )| =
∑n

k=i

(
n
k

)(
k+i−1
2i−1

)
(see [23, Lemma 3.6]).

Therefore, being

∂i =


0 if i is even

1 if i is odd and M ∈ {ODn,PODIn}
2
i−1
2 if i is odd and M = PODn,

then the number of endomorphisms of M satisfying Property 4 of Theorem 2.4 is

1.
∑n

i=2

(
n+i−1
2i−1

)
∂i =

∑n
i=3

(
n+i−1
2i−1

)
∂i =

∑bn−1
2
c

i=1

(
n+2i
4i+1

)
, if M = ODn;

2.
∑n

i=2

(
n
i

)
∂i =

∑n
i=3

(
n
i

)
∂i =

∑bn−1
2
c

i=1

(
n

2i+1

)
, if M = PODIn;

3.
∑n

i=2

∑n
k=i

(
n
k

)(
k+i−1
2i−1

)
∂i =

∑n
i=3

∑n
k=i

(
n
k

)(
k+i−1
2i−1

)
∂i =

∑bn−1
2
c

i=1

∑n
k=2i+1

(
n
k

)(
k+2i
4i+1

)
2i, if M = PODn.

Regarding the number of endomorphisms of M ∈ {PODIn,PODn} satisfying Property 3 of Theorem 2.4,
clearly, it coincides with the number of non-idempotent group elements of M , which coincides with the number
of idempotents of T with rank greater than or equal to two. Therefore, the number of endomorphisms of M
satisfying Property 3 of Theorem 2.4 is
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1. |E(POIn)| − |E(JPOIn1 )| − |E(JPOIn0 )| = 2n − n− 1, if M = PODIn;

2. |E(POn)| − |E(JPOn1 )| − |E(JPOn0 )| = |E(POn)| −
∑n

k=1

(
n
k

)(
k
1

)
− 1 = en−n2n−1− 1, where en is defined

by the recurrence relation en+1 = 1 + 5(en− en−1), with initial conditions e0 = 1 and e1 = 2, or explicitly

by en = 1 + (
√

5)n−1
((√

5+1
2

)n
−
(√

5−1
2

)n)
(see [28]), if M = PODn.

Thus, by applying also Theorem 2.1 and Theorem 2.4, we obtain:

1. |End(ODn)| = |End(On)|+
∑bn−1

2
c

i=1

(
n+2i
4i+1

)
;

2. |End(PODIn)| = |End(POIn)| − n! + bn2 c! 2b
n
2
c + (2n − n− 1) +

∑bn−1
2
c

i=1

(
n

2i+1

)
;

3. |End(PODn)| = |End(POn)| − n! + bn2 c! 2b
n
2
c + (en − n2n−1 − 1) +

∑bn−1
2
c

i=1

∑n
k=2i+1

(
n
k

)(
k+2i
4i+1

)
2i.

Finally, in view of Corollary 2.2, we have:

Corollary 2.6. Let n > 2. Then:

1. the semigroup ODn has

2 +
∑n−1

i=0

(
n+i
2i+1

)
F2i+2 +

∑bn−1
2
c

i=1

(
n+2i
4i+1

)
endomorphisms, where F2i+2 denotes the (2i+ 2)th Fibonacci number;

2. the semigroup PODIn has

1 + 2n + 3n − n+ bn2 c! 2b
n
2
c +

∑bn−1
2
c

i=1

(
n

2i+1

)
endomorphisms;

3. the semigroup PODn has

1 + bn2 c! 2b
n
2
c − n2n−1 + 2en +

∑n
k=1(ek − 1)

∑n
i=k

(
n
i

)(
i+k−1
2k−1

)
+
∑bn−1

2
c

i=1

∑n
k=2i+1

(
n
k

)(
k+2i
4i+1

)
2i

endomorphisms.
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[2] A. Ya. Aı̆zenštat, Homomorphisms of semigroups of endomorphisms of ordered sets, Uch. Zap., Leningr.
Gos. Pedagog. Inst. 238 (1962) 38–48. Russian.
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