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Abstract

Centrality on graphs aims at ranking vertices in terms of their contribution to
facilitate the communication flow in the network. Tukey depth is one of most
widely used statistical measures to assess the centrality of a point within a cloud
of points in the multidimensional space. In this paper we propose and discuss
how to adapt Tukey depth to develop a novel centrality index for vertices of a
graph. We present some properties of the indices on several classes of graphs,
show that computing the indices is NP-hard, extend the indices to assess the
centrality of group of vertices and give 0/1 linear formulations to calculate them.

Key words: Centrality measures, Median points, Convexity, Unimodal
distribution, Quasi-concave function, Computational complexity, Social
networks.

1. Introduction

(Data) depth functions measure the centrality of a point with respect to a
set of points generalizing ordering ranks for multivariate data. Tukey depth
[1] is one of the most popular depth functions in the literature, and the most
widely used multivariate generalization of the notion of median for univariate
data [2, 3].

If X is a finite set of points of R% and x a point of R? (belonging or not to X),
the (integer version of the) Tukey depth of x with respect to X is the minimum
number of points of X lying in one side of a hyperplane through z. Equivalently,
the Tukey depth of z is the minimum number of points to be removed from X
in order that the convex hull of the remaining points of X does not include x.

A point of maximum Tukey depth is called a Tukey median point. Points
with zero Tukey depth are the points outside the convex hull of X. Points of
X with Tukey depth one are in the border of the convex hull of X. Assuming
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the points of X are in general position, these are the vertices of the convex
hull of X. Points with higher Tukey depths are located in the inner regions
of X. Figure 1 (Left) illustrates the concept of Tukey depth of a point in the
plane with respect to a set X of 10 points of R?. Figure 1 (Right) depicts the
regions with the same Tukey depth with respect to X, ranging from zero (the
set of points outside the convex hull of X) to four (points lying in the innermost
convex region).

Figure 1: X is the set of the 10 red dots (the set of points is the same in both images)
and x € X is represented by the largest red dot. On the left: the line through = delimits a
halfplane containing a subset X’ of X of minimum cardinality. Note that X’ is also a subset
of X of minimum cardinality such that the convex hull of X \ X’ does not contain z. Hence,
the Tukey depth of z equals |X’| = 3. On the right: the regions with the same grey tone
represent sets of points with the same Tukey depth with respect to X. The Tukey depths
range from 0 (points lying outside the outer polygon) to four (points lying in the innermost
polygon, i.e., corresponding to Tukey median points).

In the univariate case the Tukey median of a set of points X of R, i.e., a
point of R with maximum depth [%], corresponds to the usual median of X.

Computing Tukey depth is NP-hard [4].

Tukey depth is a quasi-concave function, which is an important property
to settle a center-outward ranking of points. A function f : R* — R is quasi-
concave if, for every 7 € R, the set X, (f) = {z € R : f(z) > 7} is convex.
Equivalently, function f is quasi-concave if f(Az+(1—A)y) > min {f(z), f(y)},
for 0 < A < 1. Thus, the Tukey depth of any point of a u — v geodesic is greater
than or equal to the minimum value of the Tukey depths of u and v. (For other
properties of depth functions we refer to [5, 6].)

Centrality in graphs aims at ranking vertices in terms of their contribution to
facilitate the communication flow in a network. A number of centrality measures
have been proposed (see, e.g, [7, 8]). Here we propose to adapt the notion of
Tukey depth to graphs to assess the centrality of vertices, by employing the
graph analogues of geodesic and convexity.

The paper is organized as follows. In Section 2 we introduce the new cen-

trality indices for the vertices, which we call Tukey centrality, illustrate these
measures in some classes of graphs including trees, chordless cycles, and grid



graphs, and prove that computing Tukey centrality is NP-hard. Tukey central-
ity naturally extends to groups of vertices. We address this in Section 3. Linear
0/1 formulations to compute Tukey centrality are given in Section 4. Tukey
depth is a quasi-concave function in R%. In Section 5 we draw some implica-
tions resulting from Tukey centrality in the light of quasi-concave’s analogue in
graphs. We finish, in Section 6, summarizing the main aspects of this study and
enumerating some topics to be addressed in future work.

2. Tukey centrality: definitions, examples and complexity

Let G denote a simple graph of order n > 2 (the number of vertices) and size
m > 1 (the number of edges). The corresponding vertex and edge sets shall be
denoted by V(G) and E(G), respectively. The (open) neighborhood of a vertex
v € V(G), denoted by Ng(v), is the set of vertices of G adjacent to v.

If S C V(G) is a subset of vertices, G[S] denotes the subgraph of G induced
by S, i.e., the graph whose vertex set is S and whose edge set consists of the
edges in E(G) that have both endpoints in S. We denote by G — S the graph
obtained by removing S and all edges incident with every vertex in S. For
simplicity we use G — v to denote G — {v}.

The distance between a pair of vertices u,v € V(G), denoted by dg(u,v), is
the length (number of edges) of a shortest u —v path in G. A u— v geodesic is a
u — v path of length dg(u,v). If G is not connected and u, v belong to different
connected components, dg(u,v) = +0oo.

Throughout this paper GG will be a connected graph.

To define centrality measures for the vertices, that are the discrete counter-
parts of the (continuous) Tukey depth, we use the graph analogues of convexity.

Convexity in graphs was addressed in [9]. A subset S of vertices of G is a
(strong) convex set if for any two vertices u,v € S, G[S], the subgraph of G
induced by S, contains every u — v geodesic in G. The (strongly) convex hull of
a set S of vertices is the smallest convex set of vertices that contains S.

Definition 1. The strong Tukey centrality of v € V(G), denoted by STCq(v),
is the minimum number of vertices to be removed from V(G) in order that the
strongly convex hull of the remaining vertices does not include v.

A weak version of convexity in graphs was introduced in [10, 11]. A subset S
of vertices of G is called weakly convex (also called isometric set) if for any two
vertices u,v € S, G[S] contains a u—v geodesic in G, i.e., dgs)(u,v) = da(u,v).
A weakly convex hull of a set S of vertices is a smallest weakly convex set of
vertices containing S.

Definition 2. The weak Tukey centrality of vertex v € V(G), denoted WT'C¢ (v),
is the minimum number of vertices to be removed from V(G) in order that the
weakly convex hull of the remaining vertices does not include v.

The above definitions can be equivalently stated as follows.



Remark 1.

e STCg(v) =n—|W|, where W is a strong convex set of G, not containing
v, of maximum cardinality.

e WT'Cq(v) =n—|W|, where W is a weak convex set of G, not containing
v, of maximum cardinality.

Since every strong convex set of GG is also weakly convex we have the follow-
ing.

Remark 2. WT'Cq(v) < STCq(v) for every vertex v of G.

We call a vertex with maximum strong [weak] Tukey centrality a strong
[weak] Tukey median vertex of G. We call a vertex v of G a strong [weak] border
vertex if STCg(v) =1 [WTCgq(v) = 1].

The following examples illustrate strong and weak Tukey centrality ST Cg(v)
and WTCg(v), for every vertex v, on several graphs. The vertices in the figures
are depicted as colored dots, with a gradient of colors ranging from white for
strong and weak border vertices to red for strong Tukey medians.

We shall omit the subscript G from the above notations whenever no ambi-
guity arises.

Example 1. Figure 2 (Left) and Figure 2 (Right) show the values of the strong
and weak Tukey centrality, respectively, for each one of the n = 6 vertices of
the graph G. Let v denote the vertex located in the center of the graph. Since
V(G) \ {v} is weakly convex in G, WT'C(v) = 1. However, V(G) \ {v} is not
strongly convex since it does not contain one of the geodesics connecting the
two neighbors of v. Hence we need also to remove one of these two neighbors,
which we denote by wu (it is irrelevant which one we remove). The set of vertices
V(G)\ {u,v} is still not strongly convex, since it does not contain the geodesic
connecting the topmost vertex and one of the two bottom vertices. Hence we
still need to remove one of these two neighbors of u, say w. The set G\ {u,v,w}
is now strongly convex in G and therefore ST'C(v) = 3. The disparity between
the STC(v) and WTC(v) values is related with the quasi-concave property that
holds for the strong Tukey centrality but does not hold for the weak case. We
shall address this in the next section.

For geodetic graphs, i.e., graphs having a single geodesic connecting every
pair of vertices, strong and weak Tukey centrality coincide.

Example 2. For the path graph of order n, P, with V = {vy,...,v,} and
E={(vj,viy1):i=1,...,n—1}, STC(v;) = WTC(v;) = min{i,n — i + 1}.
See in Figure 3 the Tukey centrality of the vertices of Py.

In particular, both strong and weak Tukey median(s) of P, have centrality
[5] and consists of one middle vertex if n is odd (Figure 3) and two middle
vertices, otherwise.
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Figure 2: Tukey centrality values of each of the n = 6 vertices of a graph G with the values
of STC(v) depicted on the left side and the values of WT'C(v) on the right side.
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Figure 3: Tukey centrality values ST'C(v) = WT'C(v) of each vertex v of the path graph Py.

Example 3. Paths are tree graphs with exactly two leaves. Stars are trees with
n — 1 leaves, i.e. complete bipartite graphs, K; ,_;, with a singleton bipartite
class. In a star, the strong and weak Tukey centrality are both equal to one, for
leaves, and n — 1 for the remaining vertex, which is (if n > 3) the unique Tukey
median vertex. Figure 4 shows the Tukey centrality of the vertices of the star
K 5.
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Figure 4: Tukey centrality values STC(v) = WTC(v) of each vertex v of the star K1 5.

Example 4. In general, for a tree graph I',, with n vertices, strong and weak
Tukey centrality of a vertex v equals n minus the order of the largest connected
component of the forest I',, — v (i.e, the subgraph induced by V \ {v}). See
Figure 5.

Example 5. For the chordless cycle C,, we have STC(v) = WTC(v) = | 5], if
n is odd, and STC(v) = WTC(v) +1 = %, if n is even, for all vertices v. In
particular, all vertices are strong and weak Tukey medians (see Figure 6).

Example 6. Consider the 2-dimensional k x £ regular grid with set of vertices
V={(3G(y7):1<i<k, 1<j</{} and set of edges {{(¢,4),(¢,5")} : i — 4| +
lj—J'l=1}
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Figure 5: Tukey centrality values STC(v) = WTC(v) of each vertex v of a tree I'zg.

Figure 6: Strong Tukey centrality values ST'C(v) = 3 (Left) and weak Tukey centrality values
WTC(v) =2 (Right) of each vertex v of the cycle Cé.

Each vertex (i,7) divides the grid into four rectangular subgrids (“quad-
rants”), whose common boundaries are contained in row ¢ and column j.

If we remove (i, j), it is also necessary to remove two of the adjacent “quad-
rants” in order that the set of the remaining vertices is strongly convex. Hence,
for the strong Tukey centrality we get

STC((i,4)) = min{li, (k — i+ 1),k j, k(£ — j +1)},

for every vertex (¢, ) (Figure 7, Left).
For the weak Tukey centrality, when we remove vertex (i, ), to get a weak
convex set, we also need to remove one of the “quadrants”. Thus,

WTC((i,7)) = min(i, k — i+ 1) min(j, ¢ — j + 1),
for every vertex (4, ) (Figure 7, Right).

Example 7. The Zachary’s karate club network is a social network that is
widely used to test and compare centrality measures (see, e.g., [12]) and pro-
cedures to identify community structures in graphs (see, e.g., [13]). The graph
consists of 34 vertices, representing members of a karate club, and edges indi-
cating interactions outside the club between pairs of members (see Figure 8).
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Figure 7: Strong Tukey centrality values ST'C(v) (Left) and weak Tukey centrality values
WTC(v) (Right) of each vertex of v the 2-dimensional regular 5 x 10 grid.

The network derives from a study that Zachary [14] carried out from 1970 to
1972. During that period a conflict between the instructor (vertex 1) and the
administrator (vertex 34) led the members of the club to split with about half of
the members following the instructor (vertices represented by squares in Figure
8) which started a new club.

Figure 9 (Left) and Figure 9 (Right) indicate the values of the strong and
the weak Tukey centrality, respectively, of each one of the 34 vertices of the
Zachary’s karate club network. The instructor (vertex 1) is the Tukey median
vertex of the graph, with strong and weak Tukey centrality equal to 21 and
12, respectively. The administrator (vertex 34) is the vertex with weak Tukey
centrality equal to 8, and has strong Tukey centrality equal to 19. Almost half
of the vertices in the Zachary’s karate club network have strong Tukey centrality
values of 19 or 21, while all the others do not exceed value 3. This behaviour
of strong Tukey centrality replicates the performance of Tukey depth on multi-
modal data where, typically, the highest depth values are assigned to a vast
interior region.

The weak Tukey centrality has a wider range of values and provides a better
discrimination of the centrality of the vertices of a graph. All but four vertices
in the Zachary’s network with highest strong centrality values (greater than or
equal to 19) have weak centrality 1, 2 or 3. The other four vertices correspond
to the instructor WT'C(1) = 12, the administrator W1T'C(34) = 8 and vertices
3 and 33, with WT'C(3) = WTC(33) = 6. The vertex 3 is often misclassified
by community detection approaches that test their performance in Zachary’s
network [15]. The member corresponding to vertex 33 plays in the network a
“role” very similar to the administrator (vertex 34). They are adjacent, have a
large number of common neighbours among the members of the administrator’s
faction (represented by circles in Figure 8) and each has exactly two and one
neighbour among the instructor members faction (represented by squares in
Figure 8).

We saw that for trees I';, with n vertices, where every non-pendant vertex



Figure 8: The Zachary’s karate club network [14], as it appears in [13]. Squares represent
the members of the faction associated with the instructor, vertex 1. Circles represent the
members of the faction associated with the administrator, vertex 34.

is a cut-vertex, strong and weak Tukey centrality of a vertex v equals n minus
the order of the largest connected component of the forest I',, — v. The same
result applies to general graphs.

Lemma 3. The strong and weak Tukey centrality of a pendant-vertex or a
cut-vertex v of graph G with n vertices equals n minus the order of the largest
connected component of G — v.

The next result gives (polynomial-time checkable) characterizations of the
strong and weak border vertices of a graph.

Lemma 4. Let v be a vertex of G. Then

1. STC(w) =1 iff dg—v(u,w) =1, for all u,w € Ng(v).
2. WI'C(v) =1 iff dg—o(u, w) <2, for all u,w € Ng(v).

Proof: Let us prove the first claim. Assume that STC(v) = 1. Then V(G)\{v}
is strongly convex in G, which implies dg_, (u,w) = 1, for all u,w € Ng(v). To
prove the converse assume that STC(v) > 1. Then there are vertices u,w €
V(G) \ {v} and a geodesic connecting these vertices that contains v. Hence we
can find vertices v/, w’ € Ng(v) and a geodesic connecting these vertices also
containing v. This implies dg_,(u/,w") > 1 and the result follows.
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Figure 9: Strong Tukey centrality values STC(v) (Left) and weak Tukey centrality values
WTC(v) (Right) of each vertex of v of the Zachary’s karate club network [14].

Let us now prove the second claim. If WT'C(v) = 1, G —v is weakly convex,
which implies dg—,(u, w) = dg(u, w), for all u,w € V(G —v). If v,w € Ng(v),
we have dg_, (u, w) = dg(u, w) < 2. Conversely, if WT'C'(v) > 2, V(G) \ {v} is
not weakly convex in G. Hence we can find u,w € V(G) \ {v} such that every
the geodesic connecting these vertices also contains v. Then we can also find
vertices u/,w’ € Ng(v) such that every geodesic connecting these vertices must
contain v and the result follows. [J

For the complete graph of order n, K,, all vertices are strong and weak
border vertices, that is, we have the following result.

Remark 5. STC(v) = WT'C(v) =1 for allv € V(K,).

We have noted previously that Tukey depth is a quasi-concave function in R?,
i.e., for every pair of points u, w € R¢, the Tukey depth of any point of a (unique)
u—w geodesic is greater than or equal to the minimum value of the Tukey depths
of uw and v. The strong Tukey centrality satisfies in graphs a robust version of
this property. Specifically, in every graph, the intermediate vertices along all
u — w geodesics have strong Tukey centrality values that are greater than or
equal to the minimum between STC(u) and STC(w). Equivalently, in every
graph G, the set £.(STC) = {v € V(G) : STC(v) > 7}, with 7 = 1,... k,
where k is the Tukey centrality of a strong median vertex, is strongly convex.
We will say that the strong Tukey centrality is a (strong) quasi-concave function
in graphs. The proof that the strong Tukey centrality is strongly quasi-concave
is given below.

Lemma 6. Let G be an arbitrary graph. If v lies in a u — w geodesic of G,

STC(v) > min{STC(u), STC(w)}.

Proof: Let W be a largest strongly convex set not containing v. Then we have
STC(v) = n — |W|. Since one of these vertices, u or w do not belong to W
(otherwise v € W), the strong Tukey centrality of one of these vertices is at
most n — |W| and the result follows. O



For the weak Tukey centrality, for vertices v lying in u — w geodesics, it may
happen that WT'C(v) < min{WTC(u), WT'C(w)}. In the 2-dimensional 5 x 10
grid graph represented in Figure 7 there are several u—w geodesics where, for all
interior vertices v, WT'C(v) < min{WTC(u), WT'C(w)} (see Figure 7, Right).
We will develop this further in Section 5.

We close this section proving that computing STC(v) and WT'C(v) is NP-
hard. We do this using the NP-hardness of the maximum clique and of the 2-club
problems, respectively. Given a graph H and a positive integer k, the maximum
clique and the 2-club problems ask whether there is a subset of vertices S C
V(H) of size at least k such that H[S], the subgraph of H induced by S, has
diameter at most 1, for maximum clique, and at most 2, for the 2-club problem,
ie., dgs)(u,v) < 1, resp. 2, for all u,v € S. Maximum clique and the 2-club
problem are both NP-complete [16, 17] and [18], respectively.

Lemma 7. Computing strong and weak Tukey centrality of vertices of a graph
are NP-hard.

Proof: Given graph H and integer k, add a vertex v to V(H) and connect v
to every other vertex of H. Let H be the graph thus obtained. The result now
follows from the fact that the size of a maximum clique is equal to | H| —STCg(v)
and the size of a maximum 2-club in H is equal to |H| — WTCg(v). O

3. Generalizing Tukey centrality to groups of vertices

The centrality of groups of more than one vertex was introduced by Everett
and Borgatti [19] to answer questions such as “how central is the engineering
department in the informal influence network of this company?” or “among
middle managers in a given organization, which are more central, the men or
the women? ”.

Group centrality has been used in different contexts, e.g., to study group
features in peer relationship network of school-age children from kindergarten
to 2nd grade [20]; to analyse the impact of radiotherapy on cancer patients [21];
to assess conservation strategies for networks of marine protected areas [22]; to
locate facilities, in a balanced manner, in spatial networks [23].

In [19], Everett and Borgatti proposed what they called “proper general-
ization of the corresponding individual measure” for each of three well known
centrality measures: degree, closeness and betweenness [24]. “Proper gener-
alization” measure means that when applied to a group consisting of a single
vertex, the measure yields the same answer as the individual version.

Tukey centrality provides, in a very natural way, a proper generalization to
groups of vertices.

Definition 3. The strong [weak] Tukey group centrality of a proper subset
S C V(G), denoted STC(S) [WTC(S)], is the minimum number of vertices
(including S) needed to be removed from V(G) so that the strong [weak] con-
vex hull of the remaining vertices does not intersect S.

10



From the above definition we have STC(S) = n—|W| [WTC(S) = n—|W|],
where W is a strong [weak] convex set of G of maximum cardinality that does
not intersect S. In particular, the strong [weak] Tukey group centrality of the
singleton {v} corresponds to the strong [weak] Tukey centrality of vertex v, i.e.,
Tukey centrality is a proper generalization measure.

In a tree graph I';, with n vertices, the strong [and weak] Tukey centrality
of a proper set of vertices S equals n minus the order of the largest connected
component of the forest I'y, — S (i.e, the subgraph induced by V(I',,) \ {S}).

Note that if W is a strong [weak] convex set and W N .S = (), then for every
veS, STC(v) < |V(G)\W| [WTC(v) < |V(G)\ W|]. Thus, the following
holds.

Lemma 8. For every vertexv € S, STC(v) < STC(S) [WTC(v) < WTC(S)].

We can therefore write

max STC(v) < STO(S)  [max WIC(v) < WTC(S)] (1)

Examples may be given to show that the lower bound of (1) can be achieved,
with S # {v}.

For the path graph P, with V' = {v1,...,v,} and E = {(vs,vi41) : @ =
1,...,n — 1} (Py is represented in Figure 3), if S = {v1,..., v}, with k < 3,
STC(S) = STC(v)[= WTC(vy) = WTC(S)]. Any subset of S that includes
vk also has strong [weak] Tukey centrality equal to STC (vg)[= WTC (vg)].

Any proper subset of vertices of a star graph (the star graph K; 5 is displayed
in Figure 4), with n > 3, that includes the internal vertex (the unique non-leaf),
has the same strong [weak] Tukey centrality (n—1) as that of the internal vertex.

Any subset of the set of vertices of a path of length at most |51 included in
the chordless cycle C), (see Figure 6) has the same strong [weak| Tukey centrality
as that of any of its individual elements.

For the strong group Tukey the following upper bound on ST'C(S) can be
proved.

Lemma 9. STC(S) <) g STC(v).

Proof: For each v € S let W, be a strong convex set of G of maximum cardinal-
ity, such that v ¢ W,,. In particular, STC(v) = |V (G)\W,]|. Set Wg = NyesW,.
Then Wy is a strong convex set and S N Wg = (). Moreover,

V(G) \ WS = V(G) \ (ﬁvESWv) = Uyes (V(G) \ Wv) .
Therefore,

STC(8) < [V(G)\ Ws| < 3 IVIG)\ W] = 3 STCW). O

veS veS

The upper bound on STC(S) given by Lemma 9 can be achieved. This is
the case, for instance, when S is any set of leaves of a tree.

11



Combining lemmas 8 and 9 we can conclude that the value of the strong
Tukey centrality of a group of vertices is at least the centrality value of the
most central of its members and cannot exceed the sum of the individual Tukey
centrality values.

For the weak group Tukey centrality it may happen that

WTC(S) > Y WTC(v).
ves

This is case, for instance, if u and v are ‘antipodal’ vertices of the cycle Cy, where
WCT(u) = WCT(v) = 1, while WCT({u,v}) = 3. This is a consequence of
the fact that the intersection of weak convex sets may not be a weak convex
set. However, since every strong convex set of GG is also a weak convex set, we
have the following remark which extends Remark 2 for the Tukey centrality of
groups.

Remark 10. WT'C(S) < STC(S) for every proper subset S of V(G).

We illustrate the group Tukey centrality in the Zacharys karate club network.

Vertices 1 and 34, corresponding to the instructor and the administrator,
respectively, are the vertices of maximum weak Tukey centrality. Together
they have maximum strong and weak Tukey centrality, STC({1,34}) = 29 and
WTC({1,34}) = 19, among all subsets of two vertices. The set {1, 33} has the
second highest value both for strong and for weak centrality, STC({1,33}) = 28
and WTC({1,33}) = 15. The “role” similarity in the network between the ad-
ministrator (vertex 34) and the member corresponding to vertex 33 have been
previously noted. This is well captured by the Tukey centrality of the group
formed by vertices 33 and 34 together, STC({33,34}) = STC(33) = STC(34) =
19, i.e., there is no gain in centrality from having the two members together com-
pared to the centrality of each individual member. The strong Tukey centrality
of the vertices corresponding to the instructor members faction (represented by
squares in Figure 8) and to the administrator member faction (represented by
circles in Figure 8) are equal to 21 and 19, respectively, which are the numbers
of members in each of the corresponding factions. This is equivalent to say that
each of the two sets is strongly convex.

We finish this section noting that Tukey depth could also be extended to
assess the depth of a set of points in R%. More precisely, if X is a finite set of
points of R? the Tukey depth of S C X is the minimum number of points that
should be removed from X so that the convex hull of the remaining points of
X does not intersect S. In this context, the analogue of Lemma 8 for group
Tukey depth follows directly from the above definition. Moreover, since the
proof of Lemma 9 only depends on the fact that the intersection of convex sets
is a convex set, the equivalent of Lemma 9 for group Tukey depth for clouds of
points also holds. Thus, if X is a finite set of points of R? and T'D(S) denotes
the Tukey depth of a proper subset S of X, we have the following.

maxTD(z) < TD(S) < > TD(x).

es
* zeS
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4. Linear 0/1 formulations to compute Tukey centrality

It is straightforward to settle models to derive strong and weak Tukey cen-
trality values using 0/1 variables x, associated to vertices u € V(G), where
2, = 1(0) means that vertex u is (not) removed from V(G).

The strong Tukey centrality of a proper S C V(G) is the optimal value of
the 0/1 linear problem:

STC(S) =min Y x, (2)
wev
Tu+ 2w > xs, s €V(G):d(u,s)+ d(s,w) = d(u, w) (3)
z, =1, ves (4)
z e {0,1}" (5)

Equation (4) forces all vertices v € S to be removed. Inequalities (3) ensure
that if vertex s, that belongs to an u—w geodesic, is removed, then u or v should
also be removed. Constraint (5) establishes the range of variables z, and the
objective function (2) defines STC(v) to be the minimum number of vertices
removed.

The weak Tukey centrality of S C V(G) is given by (4), (5) and

WTC(S) =min Y (6)
ueV
Cﬂu-l-me Z ms_|Suw|+1a (7)
SESuw

with Sy C {s € V(G) : d(u, s) + d(s,w) = d(u,w)}
minimal such that G — Sy, has no u — w geodesic.

Since Sy, is a set of vertices whose removal eliminates all u — w geodesics,
each inequality (7) states that if all vertices of S, are removed, then u or w
should also be removed.

Interestingly, Kratica et al. [25] give 0/1 formulations for the convex domi-
nating and weakly convex dominating set problems, that allow to conclude that
i) inequalities (3) may be replaced by

Ty + Ty > T, s € N(u) : d(u, s) +d(s,w) = d(u,w) (8)

i.e., only the vertices s which are neighbours of u have to be considered, for the
strong Tukey centrality model (see also Remark 13); and ii) inequalities (7) may
be replaced by

TutTw 2 Y egu Ts =[Syl + 1, (9)
with S%, = {s € N(u) : d(u, s) + d(s,w) = d(u,w)},
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ie., only S¥, = Suw N N(u), the set of vertices belonging to u — w geodesics
which are neighbours of u, has to be considered for the weak Tukey centrality
model (see also Remark 14).

To obtain the strong and weak Tukey for a vertex v it is enough to consider
S = {v}.

As stated above, computing strong and weak Tukey centrality are NP-hard.
Moreover, it may well be intend to determine the centrality of all vertices or
of several subsets of vertices of the graph. The valid inequalities arising from
Lemma 6, Remark 10 and from the Remark 11 below may be added to the
formulations in order to accelerate the computation of the Tukey centrality.

Remark 11. Ifv € V(G) and W is a strong convex set of mazimum cardinality
such that v € W then STC(v) = STC(S), where S := V(G)\W. In particular,
STC(S) = |S| is an upper bound for STC(u), Yu € S. A similar conclusion
holds for the weak version too.

5. Tukey centrality and quasi-concave functions in graphs

We showed in Section 2 that the strong Tukey centrality satisfies the fol-
lowing property (Lemma 6). If v is an interior vertex of any u — w geodesic in
an arbitrary graph G, then STC(v) > min{STC(u),STC(w)}. We said that
strong Tukey centrality is a quasi-concave function in graphs and noted that
this property does not hold, in general, for the weak Tukey centrality. We now
look at this matter in a more comprehensive way.

Consider a real function f defined on V(G). We say that f is strongly
[weakly] quasi-concave in G if, for every pair of non-adjacent vertices u,w and
for every vertex v that lies in every [at least one] u — w geodesic in G, f(v) >
min{ f(u), f(w)}. Note that, if f is quasi-concave, for every pair u,w € V(G),
a u — w geodesic exists such that for all intermediate vertices u’,w’ and every
v’ in the geodesic v’ — w’, f(v') > min{f ('), f(w’)}. We will say that a u — w
geodesic that satisfies this hereditary property is f-concave. Thus, if f is strongly
[weakly] quasi-concave in G, for all pair u,w € V(G), every [at least one] u —w
geodesic is f-concave.

Similarly to the Tukey depth for points in R? (see Figure 1, Right), a strong
[weak]| quasi-concave function f in graph G, defines in V(G) a hierarchical or-
dering structure of nested strong [weak] convex sets of increasing centrality,
Y:(f) = {v e V(G): flv) > 7}, with 7 ranging in the set of values of f,
such that ¥,(f) € X (f) if 7 > 7/. The graph G can be depicted with the
vertices arranged in as many layers as the number of different values of f, with
the vertices having values min,cy (g f(v) and max,cv () f(v) occupying the
lowest and highest layers, respectively. Vertices belonging to X,/ (f) \ X-(f)
are located in the layer immediately above of the layer containing the vertices
of X (f)\ 2 (f), where 7 > 7/ > 7" are consecutive values of f. In this
representation, every [at least one] u — w geodesic does not go under the low-
est layer where u or w are located. Moreover, in this setting, the f-concave
u — w geodesics have a concave downwards shape, connecting vertices located
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in layers with indices greater than or equal to min{f(u), f(w)}, illustrating the
quasi-concave essence of function f in G.

The nested structure of the strong convex sets X, (STC) can be easily vi-
sualized in the graphs of figures 2 - 7 and 9, as sets of vertices depicted with
gradient of colors ranging from white to red.

The weak Tukey centrality is strongly quasi-concave in a number of graphs
including trees, chordless cycle C), and the complete graph K,,, but not weakly
quasi-concave in general. In the graph of Example 1 (Figure 2, Right), the
interior vertices of the geodesics that connect the two topmost vertices with
weak Tukey centrality equal to two, have weak centrality one.

Betweenness and closeness are two well known centrality measures based on
geodesics [24]. Betweenness counts the number of geodesics through each vertex.
Closeness is the inverse of the mean distance from a vertex to all other vertices.
Both measures are strongly quasi-concave in certain graphs such as chordless
cycles, complete graphs, path graphs and stars. In general, betweenness is not
quasi-concave in trees (see Figure 10, Left). For closeness we can prove the

® @
® @ © ® @ ©
® o® ® .
@ ® e © ©
® @ & ®
® ®
® ®
® ®
(OO ® @

Figure 10: Betweenness centrality values (Left) and closeness centrality values multiplied by
10* and rounded to the unity (Right) in a tree with n = 20 vertices (the same as I'zg in Figure
5).

following.
Proposition 12. Closeness centrality is quasi-concave in trees.

Proof: Let I' be a tree with n vertices and let d(u) denote the sum of distances
from wu to the other vertices. A vertex u is a median if d(u) < d(v), for every
vertex v. Thus, the median vertices are the vertices of maximum closeness
centrality. The result now follows directly from the two following facts that
are valid for trees [26]. i) A tree has either exactly one median, or exactly two
medians joined by an edge. ii) If v is a median of a tree, there are no more than
| 5] vertices in any connected component of the forest I' — v. Hence, function
d increases along any path starting at v toward a leaf vertex, which shows that
closeness centrality is quasi-concave in trees. [

The (approximated) closeness centrality values for each one of the 20 vertices
of the tree I'yg of Example 4 are shown in Figure 10 (Right).
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Another centrality measure, which is related with closeness, is centroid cen-
trality [27]. The centroid of a graph is a vertex that minimizes the maximal
distance from other vertices in the graph. Centroid centrality ranks vertices
according to their distance to the centroid, and assigns to the centroid the max-
imum centrality. Since, for trees, a vertex v is a centroid iff v is a median [26],
the proof of Property 12 also holds for centroid centrality allowing to conclude
that it is a quasi-concave function in trees.

In general, assuming that flow only moves along geodesics, if the centrality
function is quasi-concave, it is possible to select intermediates to conduct the
flow between any two agents which are at least as central as the less central
of the two agents. This may be, in certain contexts and for certain centrality
functions, a desirable hierarchical property to achieve. When the property fails,
the identification of modules inducing subgraphs where the centrality function
is quasi-concave may be considered.

The weak Tukey centrality is not quasi-concave in the Zachary’s network.
It assigned the highest centrality to the vertices representing the instructor
(WTC(1) = 12) and the administrator (WT'C(34) = 8), and values 1, 2 or 3
to all intermediate vertices of all geodesics between these two vertices. This
may suggest a clustered structure in the Zachary’s network with the (“mode”)
vertices representing the instructor and the administrator belonging to different
modules. When considering the two separate communities, we note that the
weak Tukey centrality is strongly quasi-concave in the subgraph induced by
the vertices corresponding to the group that followed the instructor (vertices
represented by squares in Figure 8), and is weak, but not strongly, quasi-concave
in the subgraph induced by the vertices corresponding to members associated
with the administrator’s faction (represented by circles in Figure 8). If the
members corresponding to vertices 28 and 32 would have joined the instructor,
the weak Tukey centrality would be strongly quasi-concave in the graphs induced
by each of the two resulting communities.

The lemmas below characterize strong and weak quasi-convex functions f
defined in graphs G, in terms of the values of f and distances between pairs of
vertices in G.

Lemma 13. f is a strongly quasi-concave function in G iff for every u,w €
V(G), with w ¢ N(u), and every v € N(u) such that f(v) < min{f(u), f(w)},
inequality d(u, w) < d(v,w) + 1 holds.

Proof: The condition is clearly necessary. To prove sufficiency suppose that f
is not strongly quasi-concave and let P be an a — b geodesic in G that includes
an interior vertex where f takes a value less than the minimum between f(a)
and f(b). Let v be a vertex in P that has the lower f value, and define u and w
to be the two vertices in the a— v geodesic and in the v —b geodesic, respectively,
that are at minimum distance from v, and such that f(u), f(w) > f(v). Clearly,
these two vertices exist and the geodesic (u — -+ — v — - -+ — w) has all interior
vertices (if there are vertices other than v) with f value equal to f(v). O
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Lemma 14. f is a weakly quasi-concave function in G iff for every u,w €
V(G), withw & N(u), there is a vertezv € N(u) such that f(v) > min{ f(u), f(w)}
and d(u, w) = d(v,w) + 1.

Proof: The condition is clearly necessary and, for d(u,w) = 3, it is also clearly
sufficient. Suppose d(u,w) > 3 and consider a vertex v in the conditions of the
lemma. The induction hypothesis ensures the existence of a v — w geodesic,
where every vertex v’ that lies in the geodesic satisfies f(v’) > min{ f(v), f(w)}.
Since f(v) > min{f(u), f(w)}, the geodesic resulting from adding edge {u,v}
to that geodesic, is a u — w geodesic with all interior vertices having f values
no less than min{ f(u), f(w)}, and the result follows. O

6. Conclusion and future work

In this paper we adjust Tukey depth, which is a well-known data depth
function that measures the centrality of an arbitrary point w.r.t. a finite set of
points in R?, to assess the centrality of the vertices of a graph. Tukey centrality
scores vertex v to be all the more central as the smaller is a maximum cardinality
convex set not including v. In graphs there are two established concepts of
convexity. A proper subset S of vertices of a graph G is strong [weak] convex if
every pair of vertices of S are connected in the subgraph induced by S by all [at
least one of] the geodesics that connect the two vertices in G. Strong and weak
convexity give rise to different measures of centrality, which we call strong Tukey
centrality and weak Tukey centrality. The former is more strict than the latter
as it requires for a set to be convex that all geodesics in the graph between two
vertices of the subset remain in the induced subgraph. Thus, strong centrality
ranks vertices no lower than weak centrality.

The two centrality measures properly generalize to groups of vertices, and
we show that the centrality of a group cannot be less than the centrality of any
of its members and strong Tukey centrality of a group cannot exceed the sum
of the individual strong centrality of its members. Interestingly these bounds
also apply for the group Tukey data depth.

We show that computing Tukey centrality is NP-hard, but closed formulas
exist that allow centrality to be easily calculated for certain classes of graphs, in-
cluding trees. We give 0/1 linear formulations to compute the centrality indices
and derive some valid inequalities that may be used to accelerate computation.

Tukey depth is a quasi-concave function, which means that the set of points
with Tukey depth greater than or equal to any 7 € R is convex. In graphs this
reads as the set of vertices with centrality values greater than or equal to 7 € R is
strongly [weakly] convex. Equivalently, the centrality of all intermediate vertices
of every [at least one] geodesic that links a pair of vertices u,w is at least the
minimum between the centralities of © and w. We say that a centrality function
that satisfies this property in a graph G is strongly [weakly] quasi-concave in G.
We show that strong Tukey centrality is strongly quasi-concave in every graph.
We also show that weak Tukey centrality and other well-known geodesic based
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centrality measures (closeness, betweenness and centroid centrality) are weak
quasi-concave in certain classes of graphs, but not in general graphs.

We finish by listing some topics that we believe are worth addressing.

e In what concerns group Tukey centrality, it would be interesting to find,
among groups of vertices having the same cardinality, which group has
the maximum centrality. This gives an indication on how much centrality
weight can be achieved by a group with a given number of members. In
the Zachary’s karate club network we found that the group formed by
the instructor and the administrator has strong centrality which is almost
equal to the order of the whole network.

o« We saw that for certain classes of graphs Tukey centrality can be easily
computed. Finding other classes of graphs where Tukey centrality can be
calculated in polynomial time, and developing strategies to accelerate the
computation of centrality, such as effective valid inequalities and heuristic
procedures, would be interesting.

e There are graphs where the weak Tukey centrality is not weakly quasi-
concave. In such graphs (e.g., the Zachary’s network) we found that there
is a large number of vertices with high strong Tukey centrality, which
reproduces the achievement of Tukey depth on multi-modal data where,
the highest depth values are assigned to a vast interior region. In such
cases it may be appropriate to consider a partition of the vertex set in
such a way that each cluster induces a subgraph where the weak Tukey is
strongly or weakly quasi-concave.

These are issues that we intend to address in future work.
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