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Abstract

Let p be a positive integer and let A®P) (R, S) be the class of nonneg-
ative integral matrices with entries less than or equal to p, with row-sum
partition R, and column-sum partition S .

In this paper we state a new necessary and sufficient condition for
AP)(R,S) # (). This condition generalizes the well known Gale-Ryser the-
orem. We also present a canonical construction for matrices in AP (R, S).
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1 Introduction

A partition of (weight) ¢ > 0 is a nonincreasing sequence of nonnegative
integers whose sum is t. The number of nonzero elements in \ is called the length
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of A and is denoted by [(A). When A is a partition of weight ¢ we denote \ as a
finite sequence

(/\17 AQ) ey )\l()\))a

where Ay > Ay > ... > Ny > 0.
The conjugate partition of (Ai,..., Ny) is the partition A\* defined by

A= ) 2> 1, A= g, for 1< <A

It is easy to see that (A*)* = .
Let « and [ be partitions of the same weight. We say that « is dominated or
magjorized by 3, a = 3, when

a1+ ... +a; <G +...+ 5, for i > 1.

It is well-known that a < ( if and only if §* < o*.
Let A and p be partitions of the same weight. The union of A and p, A U p,
is the partition obtained by ordering the integers

)\1, c. ,)\l()\),,ul, Ce ,,ul(u),

in nonincreasing order. The union of p copies of A will be denoted [ J' A (see [2]).

In a wide variety of combinatorial problems, matrices whose entries are only
zeros and ones, the (0, 1)-matrices, play a fundamental role. These matrices have
been studied by many researchers. Consequently, remarkable results appeared in
the literature. One of these results is the Gale-Ryser theorem which asserts that
if R and S are partitions of the same weight, then there exists a matrix of zeros
and ones whose row-sum partition is R and column-sum partition is .S if and only
if S < R* (see [1], [3] or [6]).

Let p be a positive integer. We denote by A® (R, S) the class of nonnegative
integral matrices with entries less than or equal to p, whose row-sum partition is
R and column-sum partition is S (R and S are partitions of the same weight).
Mirsky [4, 5] solved the more general problem of finding conditions for the exis-
tence of matrices in A®(R, S).

Theorem 1.1 (Mirsky) [4, 5] Let R = (Ry,...,Ry) and S = (S1,...,S,) be
partitions of the same weight, and let p be a positive integer. Then AP)(R,S) is
nonempty if and only if

m l
pkl+ Y Ri = > 8;>0, k=0,1,....m; [=0,1,...,n.
i=k+1 j=1

In [1], Brualdi showed a necessary and sufficient condition for the existence
of these matrices.



Theorem 1.2 (Brualdi) [1] Let R = (Ry,...,Ry) and S = (S1,...,S,) be
partitions of the same weight, and let p be a positive integer. Then AP)(R,S) is
nonempty if and only if

k m
ZSJ < Zmin{Ri,pk}, k=1,...,n.
j=1 i=1

More recently, using the domination relation between two partitions, Dias
da Silva and Fonseca extended the Gale-Ryser theorem proving a necessary and
sufficient condition for A®) (R, S) # 0 [2].

Theorem 1.3 (Dias da Silva, Fonseca) [2] Let R and S be partitions of the same
weight, and let p be a positive integer. Then

P P *
AP/(R, S) is nonempty if and only if (U S) =< (U R) )

O

In Section 2 we define a new relation between two partitions of the same
weight. This relation allow us to obtain a new extension of the Gale-Ryser theo-
rem. In Section 3, when A® (R, S) is nonempty, we give a canonical construction
for a matrix in AP (R, S). We also present illustrative examples.

2 An extension of the Gale-Ryser theorem

The purpose of this section is to state another necessary and sufficient con-
dition for the existence of matrices in AP (R, S), in the spirit of the Gale-Ryser
theorem (Theorem 2.4). First we generalize the domination relation between two
partitions.

Definition 2.1 Let a and (3 be partitions of t and let p be a positive integer. We
say that o is p-dominated (or p-magorized) by [, writing o =, 3, when

k pk
Zoéi < Zﬁi, Jor k> 1.
=1 =1

Note that to write a <; [ is the same that to write o < (.

In the next result we prove the equivalence between the p-domination relation
of two partitions and the usual domination relation of two specific partitions.
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Theorem 2.2 Let a and 3 be partitions of the same weight. Let p be a positive
integer. Then

P p *
(U a) =< (U ﬁ) if and only if a =, 5.
Proof: Assume that ((J' o) < ((J'3)". Let I > 1 and v = pl. So

pai + ...+ pa < pli + ...+ pB,

and
a+... .+ <pfi+...+05.
Consequently, o <, 5.
Assume that (U’ @) £ (U’B)". Consequently, there is an integer u, with
u=pk+1t#0,k>0,and 0 <t < p, such that
par + ...+ pay, + tegyy > pBy A+ P (1)
If t =0 then ay + ...+ ag > Bf + ... + (. Therefore, a 4, 3
Assume that ¢ # 0 and wu is the least integer that satisfies (1). Now,
por + ..+ pag + (t — Dagpr < pBi+...+pB_

and a4y > pB;. Because 8 > 3, > ..., we have

pay + ...+ pag + pagyr > poL .+ POy,

So,
art .o tap g > B+ B,

Consequently, a £, 3*. O

Corollary 2.3 Let o and 3 be partitions of the same weight. Then
a =, if and only if B =, .
Proof: We have
a =, [ if and only if
if and only if

if and only if
if and only if

(B)
2 U )" (Theorem 2.2)

(U )

) =
<, a*  (Theorem 2.2).

=p
P o) <
s

Q*GEQ

O
The next result is an easy consequence of Theorems 1.3 and 2.2.

Theorem 2.4 Let R and S be partitions of the same weight and let p be a positive
integer. Then

AP/(R,S) is nonempty if and only if S =, R".



3 A canonical construction for matrices in A" (R, S)

Let ¢, m, n and p be positive integers. Let R and S be partitions of ¢ such
that I(R) = m, I(S) = n, and S =<, R* (so, AP (R, S) # 0). In this section we
describe a direct algorithm that constructs a matrix A € A® (R, S). The proof
of the algorithm is a generalization of the proof of the Gale-Ryser algorithm (see
Theorem 3.1.1 in [1]).

Definition 3.1 Lett, m, n and p be positive integers. Let R and S be partitions
of t such that [(R) =m, I(S) =n, and S <, R*.
For each 1 <1 <mn, let d; and b; be the nonnegative integers such that

Sl:dzp+bl, with 0 < b, <Dp.

We denote by Ag the m-by-n matriz, [a;], such that, for 1 < i < m and
1<j<n,
Q5 = bj ZfZ:dJ+1
0 otherwise

O

Example 3.2 Let R = (7,7,6,5), S = (6,5,5,5,4) be partitions of 25 and p = 3.
We have
S <3 R*.

Since
S1=6=2x3+0

we have
d1:23ndblz().

Therefore, the first column of Ag is

S O W Ww

The other columns of Ag are constructed in analogue fashion. Hence,

A_S:

S O W Ww
S O N W
S O N W
S O N W
S O = W



The matrix Ag given in Definition 3.1 is the starting point of our algorithm
and its column-sum partition is S.

Remark 3.3 Since S is a partition we have
S1>85>...>85,.
Consequently, the integers d; of Definition 3.1 satisfy
dip>dy>...>d, >0.

Therefore d = (dy,ds, ..., d,) is a nonincreasing sequence of nonnegative in-
tegers, that is, d is a partition. O

Lemma 3.4 Let R and S be partitions of t such that R = (Ry, ..., R,,), where
m = I(R), and R =<, S*. Let g be the sum of the integers in mth row of Ag.
Then

g < R,

Proof: If Ag = [a;;] then, by Definition 3.1, we get

S am = [{r:do=mip+ > b

le{r: dr=m—1}

p—1
= [{r: Se=mp}p+ ) Hr: de=m—1, b, >1}|
=1
p
= Y l{r: S =(m—1p+1}
=1

P
- Z Szkm—l)p-i-l
=1

mp

= > S

I=(m—1)p+1

On the other hand, because R <, S*, we get
mp
i=1

and
(m=1)p

Ri+.. . +Ru1< > S
=1
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Consequently, R, > Z;”pm Dptl Sy = Z;‘Zl mj = G- ]

Definition 3.5 Let d* be the conjugate partition of d (the partition (dy,...,d,)
defined in Definition 3.1) and let

vy =dp+ Z bj, with 1 <i<m.
je{l: 1<i<n, d;=i—1}
O
Remark 3.6 1. Since, foreach 1 <i<m, df =d},, + |{l: d;=1}| and
> by <{l: di =i}lp,
je{l: 1<i<n, d;=i}
(recall that 0 < b; < p) we conclude that
je{l: 1<i<n, dj=i—1}
> dip
= (diy + {l: di=i})p
> dH_lp‘i‘ Z bj
je{l: 1<i<n, d;=i}
= Ui
Thus,
vl > vy > >
2. By definition, v} = dfp + Z b;. Using Definition 3.1, this is
jefl: 1<i<n, dy=i—1}
the sum of the integers in row i of Ag. Therefore, (v],v;,...,v5) is the

row-sum partition of Ag.

3. If k, g are positive integers such that 1 < g < p, then
Sthonprg = Il Si=(k=1)p+ g}

’{l dlzk}‘—i-‘{l dl:k—l, and blZg}\
= di+|{l: dy=k—1, and b > g}|,

and
={l: S;>kp}=({l: d >k} =d.

Thus,

Z Sr=dip+ Y. b=u

=(k—1)p+1 je{l: dj=k—1}



4. Using last remark, when £ is a positive integer, we get

kp
g Si=vi+...F+uy.
i=1

O

Lemma 3.7 Let R and S be partitions of t such that R = (Ry,..., R,,), where
m = Il(R), and R <, S*. Let h be the sum of the integers in the first row of Ag.
Then

R, <h.

Proof: Since S <, R*, we have R <, S*. Using Remark 3.6, this implies that

p
Ry <R <> S =vi=h

i=1

Algorithm to construct a matrix in AP (R, S)

Let R = (Ry,...,Ry,) and S = (S1,...,5,) be two partitions of the same
weight and let p be a positive integer. Assume that S <, R*.

—_

. Begin with the m-by-n matrix Ag, of Definition 3.1.
2. Let £ = [eij] = A_S
3. Let z be the number of rows in E.

4. If 377 | e, = R, then go to step 9, with £/ = C.
Otherwise, if Z?Zl e.; < IR, then go to step 5.

5. Let (r,1) be the greatest pair (by lexicographic order) such that

1<r<z—1, 1<I<n, e;#0, and e, # p.

n
fr,l:min{p_ezl) €rl, Rz_E 6zj}'
Jj=1

7. Let C = [¢;j] be the z-by-n matrix such that

¢ij if (i) € {(rl), (1)}
Cij = €rl — fr,l if (Zj) = (Tl)
€1 + fr,l if (’Lj) = (Zl)



8. If 2?:1 c.; < R, then repeat the process, beginning in step 5, with £ =
[67;]'] = C
Otherwise, if 3 7 | c.; = R., then go to step 9.

9. If z > 2, then we construct the (z — 1)-by-n matrix G' obtained from C
by removing the last row. Repeat the process, beginning in step 3, with

E= [eij] =G.
Otherwise, if z = 2, then put in C' the rows removed in each process of step
9 and stop the algorithm

Before showing that the algorithm constructs a matrix A € AP(R,S) we
illustrate it with two examples.

Example 3.8 1. Asin Example 3.2, let R = (7,7,6,5), S = (6,5,5,5,4) and

p=3. So,
3333 3
— 32221
ST100000
00000
Thus,

Za4j:0, R4:5

Using the algorithm, the pair (2,5) is the greatest pair (by lexicographic
order) such that ags = 1 # 0 and ay5 = 0 # p = 3. Thus, we get

fos =min{3 —0,1,5 -0} = 1.

So, the matrix C' is equal to

S O W W
S O N W
S O N W
S O N W
_— o O W

By step 8 and because 25:1 csj = 1 < Ry = 5, we repeat the process,
beginning in step 5, with the matrix £ = C.

Now, we obtain fy4 = 2 and a new matrix
333 3
C =

o O W
S O N
S O N
N O O



By step 8 and because Z?=1 cyj = 3 < Ry = 5, we repeat the process,
beginning in step 5, with the matrix £ = C.

Now, we obtain f;3 = 2 and a new matrix

SO W W
S O N W
N OO W
N OO W
_ o O W

By step 8 and because Z?:1 cyj = 5 = Ry = 5, we go to step 9. So, we
remove the last row of C' and we repeat the process, beginning in step 3,
with the matrix

333 3 3
E=1322000
000O0O

Repeating three times the algorithm (steps 5 to 8), we obtain the matrix

C:

w o W
N O W
S O W
S O W

2
0
1

By step 8 and because Z?Zl c3j = 6 = R3 = 6, we go to step 9. So, we
remove the last row of C' and we repeat the process, beginning in step 3,

with the matrix
o 333 3 2
10 000 0]

Repeating three times the algorithm (steps 5 to 8), we get the matrix

33100
02{00232]

By step 8, because Z?:1 cyj = 7= Ry = 7 we go to step 9. Because the
number of rows in this matrix is two, the algorithm stops. We put in the
last matrix the rows removed in each iteration of step 9 and we have the
matrix

S W O W
SO O W
N O N
N O WO
e =)

10



Schematizing

3333 3 3333 3

32221 32000

00000 00000

00000 002 2 1
(3333 2] 33100
00000 00232
3200 1 32001
0022 1| 00221

Thus, the matrix A constructed by this algorithm is the matriz

w

3

S w O
N O N~

0
2
0

2. Let R=(8,7,6,6), S=1(9,9,9) and p

=~

A_S:

O o

0 0

3
0
2

— = N

= 4. In this case,

O o=
O o=

Schematizing, by the algorithm we have

4 4 4

(R TN
O = o
[l N
—| O
—| O

o] W
= O

4
1

0

4_

47 440
0 30 4
1 14 1
4 | 11 4

Thus, the matrix A constructed by this algorithm is the matrix

A~



Now, we will prove the algorithm.

Lemma 3.9 Let R and S be partitions of t such that R = (Ry,...,Ry), where
m = l(R), and R =, S*. Let C = [c;;] be the first matriz obtained from Asg,
using the algorithm, whose mth row-sum is R,,. Then

1. If1 <j<l<n, then

2. If 1 <j<l<m, then

3
3

Cjn = Clh-
h—1 h—1

3. Let C'" be the matrix obtained from C by removing the last row. Then, there
is a partition S" = (S1,...,S)) of S1 + ...+ Sp — Ry, such that C' = Ag.

Proof: Let Ag = [a;].

1. Let 1 < j <1 <n. We will prove that
m—1 m—1
Z Chj = Z Chi- (2)
h=1 h=1

Let r and s be the largest integers such that a, ; # 0 and as; # 0. Using the
definition of Ag/, we know that » > s. We have to consider several cases:

Case 1: a,; = ¢,; and a,; = c,;. Using the construction of C' and the
definition of Ag, we have ¢;; = a;; and ¢;; = a;;, for t =1,...,m. Thus,
m—1 m—1
Sj = Chj Z Cpl = Sl.
h=1 h=1

Case 2: a,; = ¢, ; and as; # cs;. In this case, using the construction of C
and the definition of Ag/, we have ¢, ; = as; > as; > ¢5y, Cij = a;; =p >
¢y, fori=1,...,5—1. Then

m—1 m—1
Chj > E Chl-
h=1 h=1

Case 3: a,; # ¢,j and as; = ¢y Inthiscase r > s, ¢, = a1 = p = ¢y,
fort =1,...s =1 and ¢;; = a,; = p > as; = cs;. Since ¢;; = 0, for
t=s4+1,...,m—1, we get (2).

12



Case 4: a,; # ¢,; and ag; # cg.

Suppose that » = s = m. This implies that a,_;; = a,_1; = p. Since
Am,j > amy 7 0, by the algorithm (steps 5 and 6) we have

Cr1; > ¢y and ¢y =c¢y=p, fori=1...,r—2.

So, we get (2).

Suppose that » = s < m. Since a,; + a,—1; > a,; + a,_1; > p and the
fact that if ¢,_1; # a,—1; = p then ¢,_1; # a,—1; = p, we conclude that

Crjt+Cro1j > Cutcgand ey =cy=p, fori=1,...,7—2. So, we get
(2).
Assume now that r > s. Since¢;; =p,t =1,...,r=2,if r > 542 then we

get (2). If r =s+1 and ¢,; = p, then (2) holds. If r = s+ 1 and ¢,; < p
then ¢, ; = 0, and once again (2) holds.

2. Let 1 < j <l < m. We will prove that

n

Z th Z Z Clh- (3)

h=1

Using the algorithm we know that when 1 < k& < m and ¢; < ag; implies
that ¢;; =0 < ay, for t =k+1,...,m —1. Since Y ,_, ajn > > ;_, a we
conclude (3).

3. Using the proof of the second statement and statements 1. and 2. the third
statement is easy to prove. 0

Theorem 3.10 Let R and S be partitions of t such that R <, S*. Then the
algorithm constructs a matriv A € AP)(R,S).

Proof;If m = 1, since Ag has column-sum partition S and Ry = Sy + ... + Sy,
then Ag € AP)(R,S).
We now assume that m > 1. Since S <, R* we have R <, S*. By Lemmas
3.4 and 3.7 and Remark 3.6, we conclude that
vy, < Ry, <oy

m

Thus, the step 4 of the algorithm can be carried out until we obtain a matrix
C having the mth row-sum equal to R,,. By lemma 3.9, there is a partition
S" = (u,...,u,) such that the matrix left in rows 1,2,...,m — 1 of C is Ag.
Now we will show that (Ry,..., Rm_1) =5 (S")*. Let (5')* = (u,...,u} ).
We first observe that
Ri+...4Rn1=(S14+...+S)—Rn=ui+...+u, .

1

13



Let (f,1) be the last entry of Ag changed by the algorithm. Using Definition
3.1 (the definition of matrix Ag) we know that d; = f or d; = f — 1.

Let k be an integer with 1 < k <m — 1.

We consider two cases.

Case 1: If f > k then the algorithm did not change rows 1,...,k of Ag.
Using Definition 3.1 we have

k n n k
Zpu}k = Zmin(kp, w;) = Zmin(kp, S;) = Zp St
i=1 i=1 i=1 i=1

Since R <, S*, we conclude that

kp k
i=1 i=1

Case 2: f < k. If vy, > R, then the last row of Ag changed by the
algorithm would be greater than k. So, f > k (impossible). Consequently,
Viyr < R

Suppose that d; = f — 1. Using Definition 3.1 we get

k n
Zp ul = Z min(kp, u;)
i=1 i=1

= > min(kp.Si—p)+ Y min(kp, S —b)+

ic{r: d>f+1} ic{r: dr=f}

+ Z min(kp, S;) + Z min(kp, S; — b;)+
ie{r: dp=f-1, r<li} e{r: dr=f-1, r>l}

+ min(kp, S; —a) + Z min(kp, S;), (4)

ie{r: d.<f-2}

where

a=R,, — oop+ > bt > b;

i€{r: dr>f+1} ie{r: dr=f} ie{r: dr=f-1, r>l}

Now we are going to rewrite each summand of (4) in terms of min(kp, S;):

14



2.

ie{r: dr>f+1}

2.

ie{r: d.>k+1}

>

i€{r: dr>f+1}

min(kp, S; — p)+

2.

ie{r: f+1<d,<k}

min(kp, S;) —pl{i: k>d; > f+1}|+

>

ie{r: dr=k>f+1}

( Z min(kp, S;)—
ie{r: dp=f}
Yoo if k>f
° Z min(kp, S; — b;) = ie{r: do=f}
ie{r: dr=f}
Z min(kp, S;), if k=Ff,
\ ic{r: d,=f}
o Z min(kp, S; — b;) = Z min(kp, S;)—
ie{r: dr=f—1, r>I} ie{r: dp=f—1, r>I}
> b
ic{r: dr=f—1, r>l}
and
e min(kp,S; —a) = min(kp, S;) — a.
Consequently,
kp n
> wr=> min(kp,S;) = Ru +pl{i: di = k+1}H+ > b
i=1 i=1 ie{r: dy=k}

either k > f or k = [.
Thus,

15
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kp n
Z uf = Z min(kp, S;) — Ry + vy ;.
i=1 =1

Suppose that d; = f. Using Definition 3.1 we have

kp n
Z u; = Z min(kp, u;)
i=1 i=1

ie{r: dr>f+1} ic{r: dp=f, r<l}

+ Z min(kp, S; — p)+ Z min(kp, S; — b;)+
ie{r: dp=f, r>l} ie{r: dp=f—1, r>l}

+min(kp, Si—b—a)+ > min(kp,S) (5)

ie{r: d,<f-2}

a = Ro—| > o+ Y w+ Y

ie{r: d;>f+1} ie{r: dp=f, r<l} ic{r: dp=f, r>l}
R
€{r: dp=f-1, r>1}

As before, we are going to rewrite each summand of (5) in terms of min(kp, S;):

o Z min(kp, S; — p) =

ie{r: d.>f+1}

= Z min(kp, S; — p)+ Z min(kp, S; — p)

i€{r: dr>k+1} i€{r: k>d>f+1}

= > min(kp,S) —pl{i:k>di>f+1H+ D b

ie{r: dr>f+1} ie{r: dp=k>f+1}

16



o Z min(kp, S; — b;) =

ie{r: dr=f, r<i}

Z min(kp, S;)— Z by, if k> f

ie{r: dp=f, r<i} ie{r: dr=f, r<i}

> min(kp, Sy), if k=f,

e{r: dp=f, r<i}

. Z min(kp, S; — p) =

ic{r: dr=f, r>1}

( > min(kp, S;))—pl{i i > 1, di= f}|, if k> f

ie{r: dr=f, r>I}

_ Z min(kp, S;)—p|{i:i>1, d; = f}|+

ie{r: dp=f, r>I}

\ ie{r: dp=f=k, r>l}

. Z min(kp, S; — b;) = Z min(kp, S;)—

ie{r: dp=f-1, r>l} ie{r: dp=f—-1, r>1}

Z b'ia

ie{r: dp=f—-1, r>1}

and

min(kp,S;)) —a—0b, if k> f
® min(kp, Sl - bl - CL) =
min(kp, S;) — a, it k=f

Consequently,

kp

* R
g u; =
i=1

17



\

Zmin(k‘p, Si)) — Ry +pl{i:di > k+ 1}+
i=1

> it k> f

1e{r: dr=k>f+1}

> " min(kp, $;) — R + pl{i : di > k+1}|+
i=1

> b+ > bith, if k=f.

e{r: dp=f, r<li} ie{r: dr=f, r>1}

Thus,

and
O

kp n
Z U/: = Z mln(kp, Sz) — Rm + 'UZ+1
i=1 i=1

v
™
=
|
=
3

[V
Ind
=

we conclude that (Ry,..., Ry—1) =, (5')*. Therefore, the theorem follows.
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