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MULTIPLICATION IS AN OPEN
BILINEAR MAPPING IN THE BANACH
ALGEBRA OF FUNCTIONS OF BOUNDED
WIENER p-VARIATION

Abstract

Let BV,[0,1], 1 < p < oo, be the Banach algebra of functions of
bounded p-variation in the sense of Wiener. Recently, Kowalczyk and
Turowska [9] proved that the multiplication in BV;[0,1] is an open bi-
linear mapping. We extend this result for all values of p € [1,00).

1 Introduction.

Let A be a Banach algebra with a Banach algebra norm || - || 4. We denote by
B(a,e) the open ball in A centered at a of radius € > 0, that is,

Ba(a,e):={be A:|la—blla <e}.
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We say that the multiplication in A is a bilinear mapping locally open at a
pair (a,b) € A% := A x A if for every € > 0 there exists a § > 0 such that

BA((I - b, 5) - BA((I,(?) ! B.A(bv 5)7
where
Bu(a,e) - Ba(b,e):={c-de A : c€ Bala,e), d € Ba(b,e)}.

Following [9], the multiplications in A is called an open bilinear mapping if it
is locally open at every pair (a,b) € A2

Note that the multiplication might not be an open bilinear mapping even
in very simple situations. For instance, if A = C]0,1] is the algebra of real
continuous functions with the supremum norm

[flloo == sup |f(2)], (1.1)
z€[0,1]

then for the function g = z — 1/2 one has

9° € (Ba(g,1/2))* \ int ((Balg,1/2))*),

where int(S) denotes the interior of a set S (see [3]). Thus, the multiplication is
not an open bilinear mapping in the algebra C[0,1]. This result was extended
in [11] to the case of the algebra C™[0, 1] of n times continuously differentiable
functions.

The aim of this paper is to show that the multiplication is an open biliniear
mapping in the Banach algebra BV,[0,1], 1 < p < oo, of functions of bounded
Wiener p-variation, extending the recent result by Kowlaczyk and Turowska
[9] for p =1 to all values p € [1,00).

Let us recall the definition of functions of bounded Wiener p-variation.
Suppose that 0 < o < 8 < 1. Let Pla, 8] be the set of all partitions P =
{to,...,tm} of the segment [a, (] of the form

a=ty <ty <<ty =p.
Following [13] and [2, Definition 1.31], for a given a real number p € [1,00), a

partition P = {to,...,tm} € Pla, 8] and a function f : [a, 8] = F € {R,C},
the nonnegative number

Varp(f,P, [O[,ﬁD = |f(t]) _f(tj—1)|p
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is called the Wiener p-variation of f on [a, 8] with respect to P, while the
(possibly infinite) number

Vary(f, [, B]) := sup{Var,(f, P, [, 5]) : P € Pla, f]},

where the supremum is taken over all partitions of [«, ], is called the total
Wiener p-variation of f on [«, 8]. Let

BV,[0,1] :={f:[0,1] = F € {R,C} : Var,(f,[0,1] < oo}

be the set of all functions of bounded Wiener p-variation. It is well known
that BV,[0, 1] is a Banach algebra with respect to the pointwise multiplication
and the norm

1£18v, = flloe + (Vary(f, [0,11))", (1.2)

where |||l is given by (1.1) (for instance, this result follows from [6, Theo-
rem 3.7 and Corollary 3.8] with ®(¢) =P, 1 < p < 00).

Theorem 1.1 (Main result). Let 1 < p < co. Then the multiplication in the
Banach algebra BV,[0,1] is an open bilinear mapping.

The paper is organized as follows. In Section 2, following the main lines
of the proof of [9, Theorem 2.4], we show that the multiplication in a Banach
algebra continuously embedded into the Banach algebra B[0,1] of bounded
functions and satisfying natural assumptions (the so-called symmetry prop-
erty, the inverse closedness property and the selection principle) is locally
open at every pair of functions (F,G) such that |F| + |G| is bounded away
from zero. We call such functions F' and G jointly nondegenerate. Further, we
show that the Banach algebra BV,[0, 1] of functions of bounded p-variation in
the Wiener sense and the Banach algebra A, BV0, 1] of functions of bounded
variation in the Shiba-Waterman sense (see [7, 10, 12]) satisfy the hypotheses
of the above result. In Section 3, we extend [9, Lemma 2.1] from the setting
of BV;1[0,1] to the setting of BV,[0,1] with an arbitrary p > 1. We should
note that the passage from p = 1 to an arbitrary p > 1 is not trivial. In Sec-
tion 4, with the aid of the main result of Section 3 and following the scheme
of the proof of [9, Theorem 2.2], we show that an arbitrary pair of functions
(F,G) € (BV,[0,1])? can be approximated by a pair of jointly nondegenerate
functions (F1,G1) € (BV,[0,1])? such that F - G = Fy - G1. In Section 5, we
prove Theorem 1.1 combining the results of Sections 2 and 4. As a corollary
of Theorem 1.1 and [5, Propositions 2.4 and 4.1] we get that the set of all
invertible elements GBV, [0, 1] of the algebra BV, [0, 1] is dense in BV,[0, 1] for
all p € [1,00). We conclude the paper with the conjecture that multiplication
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is an open bilinear mapping also in the Banach algebra A, BV[0, 1] of functions
of bounded variation in the sense of Shiba-Waterman.

This work started as an Undergraduate Research Opportunity Project of
the first author at NOVA University of Lisbon in January-February of 2020
under the supervision of the second author.

2 Local openness of multiplication in algebras
of bounded functions

Let B0, 1] denote the Banach algebra of all bounded functions f : [0,1] — F,
where F € {R,C}, with the norm given by (1.1). We say that functions
f,g € B[0,1] are jointly nondegenerate if
inf z)| +|g(x)|) > 0.
int (@) +1g(a))

Let F[0,1] be a Banach algebra equipped with a norm || - || 7 and continu-
ously embedded into the algebra B[0,1]. We will say that the algebra F10, 1]
satisfies the symmetry property if for every function f € FI0, 1], its complex
conjugate f also belongs to F[0,1] and ||f|| = ||f|l=. It is clear that every
real algebra F[0, 1] has the symmetry property.

Further, we will say that F|0, 1] satisfies the inverse closedness property if
for every f € F[0,1], the inequality

inf |f(z)]| >0

z€[0,1]

implies that 1/f € F[0,1] and

1 _ —2
Hfo < (g, lr@1) sl

Finally, we will say that F[0, 1] satisfies the selection principle if from every
sequence of functions { f,,} satisfying

sup || fr || 7 < o0
neN

one can extract a subsequence {fy,, } that converges pointwise on [0,1] to a
function f € F|0, 1].

Theorem 2.1. Let F[0,1] be a Banach algebra continuously embedded into the
Banach algebra B0, 1]. Suppose that the algebra F|0, 1] satisfies the symmetry
property, the inverse closedness property and the selection principle. Then the
multiplication in F|0,1] is locally open at every pair of jointly nondegenerate
functions (F,G) € (F|[0,1])%.
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PROOF. The proof is analogous to that of [9, Theorem 2.4]. Since F[0,1] is
continuously embedded into B[0, 1], there is a constant C' > 1 such that for
all f e F[0,1],

sup [f@)] < ClfllF (2.1)

z€]

Without loss of generality, we can suppose that ¢ € (0,1). Take

. 1.
§ := min {1, 3 Iér[%)fjl] (|F(x)| + |G(aﬁ)|)} (2.2)
and
K :=2max {||F| |G| 1} (2.3)

Let h € F[0,1] be such that

8

. 2.4
Il < - s (2.4
Consider
FO = F, GO = G, ho =h (25)
and define sequences {F,,}°2 , {Gr}52,, and {h,}>2, inductively by
Gn
Foug = Fyt by - —— 2.6
" FulE +1GAP 2
F,
Gui1:=Gn+hy ———r| 2.7
F,.G,
Ppin = —h2 - (2.8)

"(FP G

We claim that for n € NU {0},

F7LGn+hn:FG+ha
K . K .
1Fallr < 5 +1=27" IGallr < o +1-277,

inf (|F,(2)] + |Gul@)]) > 5 +5-277,
Lt (@) 4 (Gu(@)l) 2 6+



6 T. CANARIAS, A. KARLOVICH, AND E. SHARGORODSKY

(iv)
58

<eom. %
nll 7 < & 128CK©

We will prove these claims by induction. It follows from (2.5) that
FoGo + hg = FG + h.
We obtain from (2.2)—(2.5) that

K K 6°
Flr=IFlr <=, |Gollz=1Glr< =, |holr=Inh o6
[ Follz = |1Fllx < 5 [Gollz = IGllF < 5 [hollz = IRl <e 198C K6’

inf (| F{ + |G = inf (|F + |G > 20.
it (@) +Go(@)]) = int (F()|+ [6(s)]) >
That is, (i)—(iv) are satisfied for n = 0.
Now we assume that (i)—(iv) are fulfilled for some n € N U {0}. Then,
taking into account (2.3), we see that K/2 > 1 and

F,Gp + hn = FG + h, (2.9)

| FallF < g +1-2""< K, (2.10)

||Gn||f§§+1—2—" <K, (2.11)

wér[hf,l] (|Fo(@)| + |Gn(@)]) =6 +6-27" >4, (2.12)
58

hnllr <e-277. T53CKS (2.13)

Let us show that (i)—(iv) are fulfilled for n + 1.
(i) It follows from (2.6)—(2.9) that

Fn+1Gn+1 + hvz+1

U EP A IGP TURP G (IFR +1Ga?)?

[Fal2 H1Ga2 T T (FP G2 T (IFal? + | Gul?)?
— F,Gp + hy = FG + h.

Hence, (i) is satisfied for n + 1.
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(ii) Since FJ0, 1] is a Banach algebra satisfying the symmetry property, we
obtain from (2.10) and (2.11) that
|||Fn|2 + |Gn|2H}' < HFn Ellf + ”Gn Gin”}'
< Eull7lFnllz + [|Gull 2 I1Gnll 7
= |Ful|% + |Gn]|% < K2 + K? = 2K2. (2.14)
It follows from (2.12) that for every = € [0, 1],

0% < (|Fa(@)] + |Gn(@)])* = |Fn(@)? + 2| (2)] - |G (2)] + |G ()
< 2(‘Fn(x)|2 + |Gn($)|2)
Hence 52
Jnf (B @ + (G, @)) > 5. (2.15)

Taking into account that F[0,1] is a Banach algebra with the symmetry prop-
erty, it follows from (2.6) and (2.10)—(2.11) that

1

F, SNFallz + 1l 7 |Gull 7 | w27
Frialle < Il + Wiall=1Golz | g

F

K
< (2 . 2”) T bl (2.16)

1
x|
[Fnl? +1Gnl? || 7

Since F|0, 1] has the inverse closedness property, we deduce from (2.14)—(2.15)
that

1 2
- - < inf Fn 2 Gn 2 Fn 2 Gn 2
"Fn|2+|Gn|2 - (mér[%),l]< ()" + |Gn(2)] )) I1Fnl” + Gl 7
2\*. , B8K2
< (52) 2K* = TR (2.17)

Combining (2.16)-(2.17) with (2.13) and taking into account that e € (0,1)
and C > 1, we obtain
3 58

K 8K
F, R P, b T E R e —
| Fro1llr < 5 + + 5 € 1293C K6

K I
<G HI-2T T

It follow from (2.2)—(2.3) that 6 <1 < K/2. Therefore

54 S (6N 5 1 5§ 1
=— (=) €= s=-—=<=. 2.1
16K3 16 (K) =168 128 2 (2.19)

(2.18)
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In view of (2.18)—(2.19) we obtain

K K
[ Fntrll7 < D) +1-2"42 1l = 5 T

Analogously it can be shown that
K
1Gnaillr < 5 +1- 27"t

Thus, (ii) is fulfilled for n + 1.
(iii) Since F[0,1] is a Banach algebra and € € (0,1), it follows from (2.6),
(2.1), (2.11), (2.13), (2.17), and (2.19) that for = € [0, 1],

| |G ()]
[Fn(2)? + |Gn(2)?

[Fn(2)] < [Fnpa(2)] + [hn(2)

1
<|F, Cllhall Gl 7 | o—5—
< 1P @)+ Cllll Aol | |
58 8K?
< |F, .QTn K-
S [Fr(@)l +Ce - 27" e mr 54
64
F, 2 n.
)

Hence

|Fry1(z)| > |Fo(x)] — 277725, 2 €0,1]. (2.20)
Analogously,

|Gri1(z)] > |Fu(2)| — 277725, z€0,1]. (2.21)

We conclude from (2.12) and (2.20)—(2.21) that

inf (|F, G, > inf (|F, G —2.27"72%§
zér[}m] (| +1(@)] + | +1($)|) = xen[lo,l] (| ()] + | (x)l)

>§4+6-27"—§5.27"1=§545.20"n"1

Hence (iii) is fulfilled for n + 1.
(iv) Since F10, 1] is a Banach algebra with the symmetry property, ¢ € (0,1)
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and C > 1, it follows from (2.8), (2.10)—(2.11), (2.13) and (2.17) that

2
Ihnsallz < [l Fall 71 Gll 7

1
e
1
[Fnl? + G

8\, (8K%\®
< o, - -
= (E 2 1280}(6) K ( 54 )

68
128C2 K6
58
128C'K6°

F
2

= [lhn| FEnll A1 Gnll

F

_ 62 . 2727171 .

<g-27h.

Hence (iv) is fulfilled for n + 1.
Thus, we have verified properties (i)—(iv) by induction for all n € NU {0}.
In view of (ii), the terms of the sequences {F,}52, and {G,, }22, have uni-
formly bounded norms. By the selection principle, there exist a subsequence
{F, 132 of {F}72o and a subsequence {G,, }32, of {G,}52, such that for
every z € [0, 1],

lim F, (2) = f(2),  Jim G, () = g(a), (2.22)

k— oo

where f,g € F[0,1]. Tt follows from (2.1) and (iv) that for all z € [0, 1],

8
lim by ()] < C lim [|hy |7 <

n—oo

€ . —n
T28CK0 A2 " =0 (2.23)

In view of (i) and (2.22)—(2.23), we obtain for x € [0, 1],

F@)g() = lm Fo (2)Go, (@) = Jim (Foy (2)Go, (&) + Py (1))

k—o0
= F(x)G(z) + h(z). (2.24)
Since
Fl&) ~ F(x) = lim (Fy, (@) ~ F(2) = lim > (Fyo(x) - Fy(z)
3=0

= Z(Fn+1(l') - Fn(l')),

n=0
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F0,1] is a Banach algebra with the symmetry property, ¢ € (0,1) and C > 1,
we obtain from (2.6), (2.11), (2.13), (2.17), and (2.19) that

If = Fllz <> 1 Fus1 — Full7

n=0

> 1
<3 Il #IGall7 H
2 Fo T Gl

F

- &8 8K?
< .9, K-
= ;OE 128CKS o

e M &
= —. 2™ . 2.25

C 16K° T;) =€ (2.25)

Analogously we can show that
lg— Gl < <. (2.26)

So, for every h € FJ0,1] satisfying (2.4), there exist f and g in F]0, 1] such
that (2.25) and (2.26) hold, and F'G + h = fg (see (2.24)). This means that

Brio)(F - G,n) C Brio)(F,€) - Bro,1)(G,e)

with n:=¢- %. Hence, the multiplication in the Banach algebra F[0, 1]
is locally open at the pair (F,G) € (F[0,1])2. O O

Corollary 2.2. Let1 < p < co. Then the multiplication in BV,|0, 1] is locally
open at every pair of jointly nondegenerate functions (F,G) € (BV,[0,1])2.

PROOF. We have to verify the hypotheses of Theorem 2.1. The definitions of
the norms (1.2) and (1.1) immediately imply that the Banach algebra BV, [0, 1]
is continuously embedded into the Banach algebra B[0, 1] (with the embedding
constant 1) and that the algebra BV, [0, 1] satisfies the symmetry property. It
follows from the Helly-type selection theorem [2, Theorem 2.49] with ®(¢) = 7,
1 < p < o0, that BV, [0, 1] satisfies the selection principle.

Let us show that BV,[0,1] has the inverse closedness property. Take a
function f € BV,[0,1] such that

inf >0 2.27
nf [7(a)] (227)
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and a partition P = {to,...,tn} € P[0,1]. Then f(t;) # 0 for j € {0,...,m}
in view of (2.27) and
S 1P | f) — ft-) [
Var,(1 = SN A=)
(/101D =2, |7 57~ 7 2| i)
< (xé%fl ) Var,(f, P, [0,1]).
Therefore

—2p
Var,(1/f,[0,1]) < ( inf |f(m)> Var,(f, [0,1]). (2.28)

z€[0,1]

On the other hand,

~1
11/ flloc = sup [1/f(x) :< inf |f(x)|) : (2.29)
z€[0,1]

z€[0,1]

Combining (2.28) and (2.29), we arrive at the following:
11/ £ll5v, = 11/ flls0 + (Vary(1/£.]0,1)))"/"
—1 -2
< (L 1r@1) + (Lant 17@1) (Ve (. 0.1)"”

z€[0,1]

< (g, 1761) (o + (Va1 0,1 7)

z€[0,1]

—2

= (Lint, @) 1L, (2.30)
z€[0,1]

Thus BV,[0, 1] satisfies the inverse closedness property. It remains to apply

Theorem 2.1. O O

Let us show that the hypotheses of Theorem 2.1 are also satisfied in the
case of Banach algebras of functions of generalized variation in the Shiba-
Waterman sense. Shiba [10] introduced the class A, BV[0, 1] with 1 < p < oo,
extending the concept of the bounded A-variation in the sense of Waterman
[12]. Let A = {A\:}22; be a nondecreasing sequence of positive numbers such
that >~ 1/\ ——|—ooandlet1<p<oo A function f:[0,1] - F € {R,C} is
said to be of bounded A,-variation in the Shiba-Waterman sense if

Vap, (£,10,1) Z HOE e,
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where the supremum is taken over all finite families {I;}?" ; of nonoverlapping
intervals on [0, 1] and f(I;) := f(sup ;) — f(inf I;). Let A,BV0, 1] be the set
of all functions f : [0,1] — F € {R,C} of bounded A,-variation. Kantorowitz
[8, Theorem 1] proved that A, BV[0,1] is a Banach algebra with respect to the
pontwise multiplication and the norm

1£lla,5v = [ flloe + (Vapa, (£, 10,1])"/". (2.31)

Corollary 2.3. Let 1 < p < co. Then the multiplication in the Banach algebra
A,BV[0,1] is locally open at every pair of jointly nondegenerate functions
(F,G) € (A,BV]0,1])2.

PROOF. As in the proof of the previous corollary, we have to verify the hy-
potheses of Theorem 2.1. The definitions of the norms (2.31) and (1.1) imme-
diately imply that the Banach algebra A,BV[0, 1] is continuously embedded
into the Banach algebra B|0, 1] (with the embedding constant 1) and that the
algebra A,BV[0,1] satisfies the symmetry property. The selection principle
for the algebra A,BV[0,1] is proved in [7, Theorem 3.2].

If f e A,BV|0,1] satisifies (2.27), then for every interval I C [0, 1],

|1/ H)(D) S( inf |f($)|>_ [F(D)]-

z€]0,1]

Therefore

Vara,(1/7, 10, 1)) < ( in f(fv)l) Vapa, (£.[0,1]). (2.32)

z€[0,1]

Combining (2.32) and (2.29), similarly to (2.30), we obtain

2
11/ 7 s, < (it 1)) 51, v

Thus A,BV0, 1] satisfies the inverse closedness property. It remains to apply
Theorem 2.1. O

3 Key lemma

The aim of this section is to prove an extension of [9, Lemma 2.1] for the
Banach algebras BV,,[0, 1] with arbitrary p € [1, 00).
Let us start with several elementary inequalities.
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Lemma 3.1. Let 1 < p < oo. Then
(1+2)P <1+p2P~ 'z foral =€]0,1]. (3.1)
PrROOF. Integrating both sides of the inequality
(1+tPt <27t teo,1]

from 0 to x, one gets

1
Latap-1) <oy,
p
which is equivalent to (3.1). O
Lemma 3.2. Let 1 <p < oo. Then
(a+Db)P < aP +max{p,2} 27"  for all a,be€[0,1]. (3.2)

PROOF. If a = 0 then (3.2) holds because b* < b. Suppose a > 0. If b < a,
then it follows from Lemma 3.1 that

b\” 1 b
(a+b)P=ad? |1+—-) <aP|[1+p2P" -
a a

= aP +p2P1aP b < aP + p2P 0. (3.3)

If b > a, then
(a+b)P < (2b)P = 2PHP < P + 2P < aP 4 2Pb. (3.4)
Estimate (3.2) follows from (3.3) and (3.4). O

Corollary 3.3. Let 1 < p < oo and u,v € C be such that |u — v|,|v| < 1.
Then
|u — [P > |ulP — max{p,2} 2P~ |v]. (3.5)

PRrROOF. Using (3.2) with @ = |u — v| and b = |v|, one gets
[ul” < (Ju— vl + [v])? < [u—vf” + max{p, 2} 2"~ Ju],
which immediately implies (3.5). O

The following lemma is a special case of the desired result for functions
with values in the segment [0, 1].
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Lemma 3.4. Let 1 < p < oo and let f € BV,[0,1] be such that f : [0,1] —
[0,1]. For any € > 0 there exist n > 0 such that if

0<z1<x2<--<2p <1 and f(zj)<mn, j=1,...,m, (3.6)
then
- 1/p
Z (jp1) — flaxj)P <e. (3.7

PRrROOF. Choose a partition 0 = y; < y2 < --- < y,, = 1 such that

Z|f (Ye+1) — flyr)|P > Var,(f,[0,1]) — %.

Set
1 eP
n_mm{ ’n(p+2)21’+1}'
Suppose (3.6) holds. If [y, yx+1] contains some of the points x4, ..., Ty, let
Jr=min{j: z; € [y, yp41]}, Jr:=max{j: z; € [yr, Yr+1]}-
Note that since f > 0, one has
(Fu))? + (flyrs1))? > (max{f(yr), fur+1)1)" > [F (Y1) — Flyn)]P

Then using Corollary 3.3, one gets

[f (@) = fe) P + 1 (@j41) = fl@g )P+ + [ o) = flen-)f
+ 1f Wrt1) = flza )P

Ji—1
> (f(y))" — max{p, 2} 20 f(az) + Y |f(@g40) = F@p)lP + (f (yrsn))”
J=Jk
— max{p, 2} 2" f(x,,)
Ji
> |f(yrar) = flye)l? — max{p, 2} 2P0 + Y |f(wj41) — flap)]P — P
J=Jk
Ji

> [ fyer1) = )P = (0 + 2020+ Y [f(@j) = f ()],

J=Jk
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where we take f(z;,+1) = 0 if J, = m. In the last inequality above, we have
used the following inequality

max{p,2} +1<p+2.

Summing over k from 1 to n — 1, one obtains

Varp(f, [O’ 1])
> S k) — F@)lP — (0= D@+ 2200+ 3 [ f(2j01) — f(a))P
k=1 Jj=1

eP eP —
> Varp(f, [07 1]) E - E Z xJJrl x])|p>

which proves (3.7). O

We are now in a position to prove the main result of this section. For p =1
the following lemma was proved in [9, Lemma 2.1].

Lemma 3.5 (Key lemma). Let 1 <p < co and f € BV,[0,1]. For anye >0
there exist § > 0 such that if

O0<zi <z < - <zp <1 and |f(z;)] <6 for je{l,...,m},

then
1/p

m—1
ST ) — Sl | <e
j=1

PrROOF. There is nothing to prove if f = 0. So, we assume that f # 0. Let
M = ||flloos fo:= ﬁ f. Let u and v be the real and the imaginary parts of
fo. Hence fo = u+ iv. Consider the functions

wy = uy = max{u,0} = M%, wy =u_ = (—u)y = MT_U =u; —u

and w3 = vy, wy = v_. Then fo = w; — wy + (w3 — wy4) and
0<w <|follo=1 for 1€{1,2,34}.

Since |ay — by | < |a — b| for all a,b € R, one also has

Var, (wy, [0,1]) < Var,(fo,[0,1]) = Var,(f,[0,1]) for 1€ {1,2,3,4}.

1
Mp
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Take an arbitrary ¢ > 0. It follows from Lemma 3.4 that for every [ €
{1,2,3,4}, there exists 7; > 0 such that

0<z <22 < <2y, <1 and wiz;)<m, j=1...,m

imply
1/p
€

> lwi(wjgr) — wilz;) P <

m—1
Let n:= M min{n, : 1=1,2,3,4}. If
0<z <z2<- <2, <1 and |f(z;)|<n j=1,....,m
then

1
< —n<m j=1,...,m,
1S m

and it follows from the above that

wy(z;)

m—1 p m—1 1/p
Faj) = f)lP | =MD folzj) = folzy)lP
Jj=1 j=1
4 e 1/p
<M Z Z w(zj11) — wi(w;)|”
€
vy e
1=1
which completes the proof. O

4 Approximating in BV,|[0,1] an arbitrary pair of
functions by a pair of jointly nondegenerate functions

Let us start this section with two simple lemmas.

Lemma 4.1. Let 1 < p < oo and f € BV,[0,1]. Then f possesses a limit from
the left and from the right at each point. Moreover f has a most countably
many discontinuities.

This statement can be proved as in the case p = 1 (see, e.g., [4, Proposi-
tion 1.32 and Corollary 1.33]).
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Lemma 4.2. Let 1 <p < oo, p>0, and [ : (a,b) = C be such that

inf < p.
o |f(@)] <p
Then y
sup [f(z)] <p+ sup (Var,(f,[a, 8]) " (4.1)
z€(a,b) [a,8]C(a,b)

PROOF. There exists zg € (a,b) such that |f(zo)| < p. Consider an arbitrary
x € (a,b). Let I, C (a,b) be the segment with the endpoints = and z(. By [2,
Proposition 1.32(c)],

‘f(x) - f($0)| S (Va“rp<f7 II))I/p S sup (V&I‘p(f7 [avﬁ]))l/p'
[o,8]C(a,b)

Hence

1f@)] < [f(zo)l +  sup  (Vary(f, [, B))"”

[@,8]C(asb)

1
<p+ sup (Varp(fv [a,,@])) /p'
[o,8]C(a,b)

Since z € (a,b) is arbitrary,

1
sup |f(@)| <p+ sup (Vary(f,[a,8))"7,
z€(a,b) [@,B]C(a,b)

which completes the proof. O

The next theorem says that an arbitrary pair of functions in (BV,[0,1])?
can be approximated by a pair of jointly nondegenerate functions with the
same product.

Theorem 4.3. Suppose that 1 < p < oo. For every € > 0 and every pair of
functions (F,G) € (BV,[0,1])? there is a pair of jointly nondegenerate func-
tions (F1,G1) € (BV,[0,1])? such that F -G = Fy - Gy and

||F—F1||BVP < g, ||G—G1HBVp < e.

PRrROOF. The idea of the proof is borrowed from the proof of [9, Theorem 2.2].
Fix € > 0. By Lemma 3.5, we can find some ¢ > 0 such that for every partition

0§x1<x2<"'<x77L§17
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we have
m—1 1/p
. €
|F(z;)] <dforjed{l,...,m} = Z |F(zj41) — F(x;)[? <5 (4.2)
i=1 8
and
m—1 p
. €
|G(z;)| <dforjed{l,...,m} = Z |G(xj41) — G(zj)P <5 (4.3)
Jj=1 8
Take
. e 1
n:=ming 8, —, = sup (|F(z)|+|G()]) . (4.4)
24° 2 z€[0,1]

By the representation theorem for open sets on the real line (see, e.g., [1,
Theorem 3.11]), the interior of the set {z € [0,1] : |F(x)| + |G(x)| < n} is the
union of at most countable collection of disjoint open intervals. Let Ay be the
collection of those open intervals U = (a,b), a < b, in this union such that

inf (IF(@)| +|G@)]) < 3.

We claim that there are only finitely many intervals in Ay. Indeed, assume
the contrary:

A():{Ui:(ai,bi) 1N, q <bi}.

Without loss of generality, we can assume that b; < a;41 for every ¢ € N. Let
H :=|F| 4 |G|. By the definition of the infimum, for every i € N, there exists
x; € (a;,b;) such that H(z;) < n/2. On the other hand, there is at least one
point y; such that b; < y; < a;41 and H(y;) > 7. Hence

Var,(H, [0,1]) > Z \H (y;) — H(z:)|P > Z (77 B g)p S

which is impossible since H = |F| + |G| € BV,[0,1]. Thus, for some N € N,

we have
A() = {(al, bl), ey (CLN, bN)}
Let

pi= min{g’zlgij\/'} (4.5)
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and let A be the part of Ay consisting of the intervals (a;, ;) such that

inf, (F(@)] + [G@)]) < (4.6)

z€(ai,b;

Relabelling (a;, b;) € A if necessary, we can assume

A= {(a17b1)7 ey (an,bn)}v

where n < N.
For i € {1,...,n}, put

c g
C; max {xes(ﬂifbi) ‘ (55)‘7 24')1} y Ug max {mes(}zl},)bi) | (l‘)‘7 24774} ( )

It follows from definitions (4.7), (4.4) and the definition of the collection A
that .
Ay < =

lréliagxn max{c;,d;} < 54

(4.8)

Taking into account the definition of the collection A and (4.4), we see that for
every i € {1,...,n}, every interval [, 5] C (a;, b;) and every its partition a =
1 < -+ < Ty = f, one has |F(z;)| < and |G(z;)| < ¢ for j € {1,...,m}.
Then (4.2)—(4.3) imply that

n

sup  Var,(F,[o, f]) < (i)p (4.9)
ety T \48) 7 -
sup  Vary(G,[a,f]) < (@) . (4.10)

i=1 [Ot,ﬁ]c((l“bl)

It follows from Lemma 4.2, definition (4.5), estimates (4.9)—(4.10), and the
inequality

(t+7)P <P 4 7P), 67 >0 (4.11)
that
n p n P
Z( sup |F<m>|> sZ(w sup (Varp(FJoz,B]))””)
i—1 \Z€(ai,b;) i—1 [e,B]C(as,bs)
g;%’1((48€N)P+[aﬁ]scu(gi’bi)\/arp(F,[a,ﬂ]))

< (i)p7 (4.12)
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and

n p
EN\P
Z(QB},’M)'G(@') < (57) -

IA
N
/N
[N~}

R o
N———
= .

_|_

3 8

/N ~
[\}
»-Jk‘m
3
N—
ks
N—
~
~
hsj

IN

+E_° (4.13)

and, similarly,

n 1/p
. €
(Z di) < 5 (4.14)
F(z), xz¢ U(al—,bi), (4.15)
S

g(x) = i=1 (4.16)

It follows from (4.7)—(4.8) and (4.15) that

F — f|loo = max su F(x)— (¢; +d;
1P~ fle = s [F(@) — (e i)

13 13 13
. ) < -~ I .
< jpax 2(ei+di) <2 (24 * 24) 6 (4.17)
and
Vary(F = f;[0.1) <3 sup  Vany(F = (ci +do), o, 8])
i—1 la.B]C(as,b;)

n

+ 3 Tim [F(x) = (e + di) P

i—1 Tay



MULTIPLICATION IS AN OPEN BILINEAR MAPPING 21

Z lim |F(z) — (¢; + dy)|?

z~>b_

< Z sup  Var,(F, [o, 5])

—1 [a,B]C(ai,bi)

—|—ZZ bup )|—|—cz+d)
i—1 *€(ai,b; )
<> sup  Vary(F [, B]) + 47 (c; + di)P. (4.18)
i—1 l@.B1C(ai,b;) i=1

Combining (4.17)—(4.18) with (4.9) and (4.13)—(4.14), we see that

IF — fllay, = IIF = fllo + (Var,(F — f£,[0,1]))"/"

_—— (4.19)
Analogously, it follows from (4.7)—(4.8) and (4.16) that

F
IG — gloe = max  sup {2%?

1<i<n z€(ai,bi)

G(zx) —

<m<wmw+wwmwpww

1<i<n \ ve(aib) w€(aibs) we(aibi) Ci T di

(0 355)
< max (d; +
1<i<n c; +d;

< 2 max d;
1<i<n

2e €
< — = —. 4.2
— 24 12 (4.20)

Ifi e {1,...,n} and [, 8] C (ay, b;), then taking into account inequality (4.11)
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and definitions (4.7), we get

Var,, <G (1 - fdi) ,[a,/ﬁ])

§2”‘1{ sup |G(x)[" - Vary, (1— - Wﬁ])

z€[a,B] ¢ + dz ’

F(z) [P
Var, (G, o, 8]) - 1—
+ arp( [0‘ B]) x:ﬁfﬁ] ‘ ¢ +d; }
sup |G(z)[\”
z€(ai,by)
< 2p{ T et d - Var,(F, [a, f])
sup |[F(z)[\”
+ Var, (G, [, 8]) - | 1 + welas o)
P s (& Ci+di

<2F { (ci(_i:d)p\/arp(F, o, B]) + Var, (G, [, B]) <1 + ci —Ci—idi>p}

< 2P Var, (F, [a, B]) + 4P Vary (G, (o, f]). (4.21)

Further, definitions (4.7) imply that for i € {1,...,n},

: F(z) \|" . F(z) \|"
1 G 1- lim |G 1-—
i foto (1= 25 )| + i Jote) (1~ 255

F p
<2 sup |G(x)|P- sup |1-— (z)
z€(ai,b;) z€(ai,bi) i +d;
P
< 2dP (1 + ) < PTGl < 4Pl (4.22)
Ci +d;

It follows from (4.21)—(4.22) that

Varp(G—g,[O,l])Szn: sup  Var, (G (1— a ),[mﬁ])

i—1 leB]C(ai,b;) ¢ +d;
S F(z) \ |
+ 1 G 1—
; xirzlf (ﬁ) ( C; + dz)
S F(z) ) P
+ lim |G 1—
; fl’bf (@) < c; +d;
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<2y sup  Vary(F [o, )
i—1 l.BlC(ai,bi)
+4Py " sup  Vary(G,[a, B]) + 47 Z dv. (4.23)
= [@.B1C (i b)

Combining (4.20) and (4.23) with (4.9)—(4.10) and (4.14), we see that

IG = gllsv, = |G — glloe + (Var,(G — g,[0,1])) /"
1/p
€ P
S (PG () e re)
1/p
P _ _ 4
12+ + +4<Zd>

g
-+ = . 4.24
<4+3<5 ( )

It follows from (4.19) and (4.24) that f,g € BV,[0,1], whence

/\

= [f+ gl € BV,[0,1].

In view of Lemma 4.1, the set J of jumps of & is at most countable. Let 05 and
int(S) denote the boundary and the interior of a set S C [0, 1], respectively.
Consider the sets

Sy ={x€0,1]: h(z) <n}, B,:={xe|0,1]:h(z)>n}.

Note that in view of the choice of 1 in (4.4), the set B, is nonempty. Then we
have 9(S,) \ J C B,,. Consider the set

Jy = 0(S,) \ By C J.

‘We have
[0,1] = B, U S, = B, Uint(S,) U Jy, (4.25)

where the sets By, int(S,) and J,, are pairwise disjoint.
We claim that the set

Jy i ={y € Jy: h(y) <n/2}

is finite. Indeed, since J; C J, C J, the set Jp is at most countable. Assume
the contrary, that is, that the set J; is infinite. Let Jj = {y;}52; and y; <
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yj+1 for all j € N. Then for every j € N, there exists z; € B, such that
Y21 < Tj < Y25+41- Therefore

Vary (1, 0,1]) = Y [(@;) = Alyzi-)l” 2 > (n=13) = +oc,
j=1 j=1
which is impossible since h € BV,[0,1]. Thus, the set J; is finite.
Consider the (obviously, finite) set
0._ s . —
Jy ={y € J;: h(y) =0}
Let k be the cardinality of Jg. Define the functions F1, Gy : [0,1] = F € {R,C}

by
f(x), xe[0,1]\ Jy,

Fi(x) := c 0 (4.26)
2 CS I
and
Gi(z) :=g(z), =e€]0,1]. (4.27)
It is clear that
flz)=9g(x)=0, z¢€ JS. (4.28)

It follows from (4.15)—(4.16) and (4.26)—(4.28) that
F(z)G(z) = f(v)g(x) = Fi(z)Gi(z), x€[0,1]. (4.29)
Moreover,
1By = fllv, = 1B = flloo + (Vary(F1 — £, [0,1])"

G S am

Combining (4.19) and (4.30), we arrive at the following:

Te €
IF" = Fllay, < |F = fllav, +If = Fillav, < o+ g =e (4.31)
In view of (4.24) and (4.27), we have
|G = GillBy, = IG = gllBv, <e. (4.32)

For a set S C [0, 1], let

1(8) = inf. (1Fy ()] + |G (2)]).
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Then it follows from (4.26)—(4.28) that

b= 1(B) = ing (1f(@)] + lg(@)]) = 0> 0, (433
. n
I=1 %) = f > = 4.34
2= I\ )= il (I +lgw)l) = 5 >0, (4.34)
o s 0y _ :
= IO\ ) = min, (5001 + b)) >0 (4.5
(recall that the set J; \ J) is finite), and
L=1(J0) > — >0 (4.36)

— 24k

By the definition of the collection A and definitions (4.15)—(4.16) and (4.26)—
(4.27), we have

Iy:=1 (int(Sn) \ (U(ai, bi)>>

= inf (IF(@)| +|G@)]) = p>0 (4.37)
zeint(Sy)\(Ur_y (a:,b:))

(see (4.5) and (4.6)) and, in view of (4.7), we see that

Pae} T 1<i<n z€(a;,b;

Ig =1 <U(ai7bi)> > min _inf )(If(x)ng(I)D

19
> min (¢; +d;) > ——
> min (e +di) > 1o

> 0. (4.38)
It follows from (4.25) and (4.33)—(4.38) that
> i ; .
I([0,1]) > 11;1)12(}@ >0
Thus, functions Fi, Gy € BV,[0, 1] are jointly nondegenerate. Combining this

observation with (4.29) and (4.31)—(4.32), we arrive at the conclusion of the
theorem. ]

5 Proof of the main result and final remarks

Proof of Theorem 1.1

Take an arbitrary pair (F,G) € (BV,[0,1])?. Fix € > 0. It follows from Theo-
rem 4.3 that there exists a pair of jointly nondegenerate functions (Fy,Gy) €
(BV},[0,1])? such that

F-G=F - G (5.1)



26 T. CANARIAS, A. KARLOVICH, AND E. SHARGORODSKY

and
||F—F1||va < 6/2, HG—G1||va < 6/2. (52)

By Corollary 2.2, there exists a § > 0 such that
Bpv,j01)(F1 - G1,6) C Bpy,j0,1)(F1,€/2) - Bpy,j0,1](G1,€/2). (5.3)

Combining (5.1)—(5.3), we arrive at the following:

Bpv,01)(F - G,6) C Bpy,01)(F1,€/2) - By, j0,1)(G1,¢/2)
C By, 0,1)(F;¢€) - Bpy,[0,1)(G,€).

Thus, the multiplication in the Banach algebra BV,[0, 1] is locally open at the
pair (F,G). Since (F,G) € (BV,[0,1])? is an arbitrary pair, we conclude that
the multiplication in BV, [0,1] is an open bilinear mapping. O

Combining Theorem 1.1 with [5, Propositions 2.4 and 4.1], we arrive at
the following.

Corollary 5.1. Let 1 < p < oo. Then the set of all invertible elements
GBV,[0,1] of the Banach algebra BV,[0,1] is dense in BV,[0,1].

Let 1 < p < oo and A,BV[0,1] be the Banach algebra of all functions of
bounded variation in the Shiba-Waterman sense. We conclude the paper with
the following.

Conjecture 5.2. The multiplication in the Banach algebra A,BV[0,1] is an
open bilinear mapping.

In view of Corollary 2.3, to confirm this conjecture, one has to prove that
every pair of functions (f, g) € (A,BV[0,1])? can be approximated by a pair of
jointly nondegenerate functions (f1,¢1) € (A,BV|0,1])? such that f-g = fi-g1.
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