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Resumo

Neste trabalho sao estudados métodos mateméaticos e numéricos para problemas inversos
relacionados com a identificacao e reconstrucao de forma, recuperacao de coeficientes de
Robin e fontes a partir de medicoes na fronteira. Numa primeira fase, a identificacao
de formas e coeficientes é estudada num contexto de problemas de valores na fronteira
para a equacao de Laplace, num dominio limitado €2.. A fronteira de €2, é dada pela
reunido de duas curvas fechadas e regulares I' (exterior) e v (interior). Em ~, considera-se
uma condicao de fronteira homogénea do tipo Dirichlet ou Neumann. Demonstra-se que a
partir de dados de Cauchy num conjunto relativamente aberto ¥ C I' é possivel identificar
~ e a condicao de fronteira ai definida. Apresenta-se um critério que permite distinguir a
condicao de fronteira em v a partir de um par de dados de Cauchy em I'. Desenvolvem-se
dois métodos numéricos para a resolu¢ao do problema inverso geométrico (reconstrugao
de ), considerando em v C R? uma condicao de Dirichlet homogénea. O primeiro, é um
método que consiste na separacdo da parte mal posta (por intermédio da resolugao de
um problema de Cauchy) da parte nao linear (método de decomposi¢ao). O segundo, é
um método iterativo do tipo quasi—-Newton que requer a resolucao de varios problemas
directos por cada iterada. Propoe-se a aplicacao do método das solugoes fundamentais
para a resolugdo numérica problemas anteriores (Cauchy e directos) e sdo apresentadas
varias simulacoes numéricas para testar estes dois métodos.

Seguidamente, considerando uma condi¢gao homogénea mista em ~ estuda-se o prob-
lema inverso de identificar o coeficiente de Robin na fronteira v (que agora se supde ser
conhecida) a partir de um par de dados de Cauchy em ¥ C I'. Estuda-se uma adaptagao
dos métodos de decomposicao e quasi-Newton anteriormente propostos e apresentam-se
varias simulagoes numeéricas para testar e comparar os resultados obtidos através destes
métodos.

Os métodos matematicos e numéricos apresentados para o problema de Laplace sao
estudados e implementados para os correspondentes problemas geométrico e de Robin em
elasticidade linear (sistema de Lamé).

Por fim, estuda-se a identificacao de fontes acusticas a partir de medic¢oes na fronteira.
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Mostra-se que, em geral, tal ndo é possivel a partir de varias medigdes na fronteira (para
um nimero de onda dado) e propde-se a utilizagao de medigoes obtidas a partir de varios
numeros de onda. Propoe-se a utilizacao de um método numérico para a resolucao deste
problema linear baseado no funcional de reciprocidade e apresentam-se resultados de

algumas simulagoes numeéricas.



Abstract

In this work we study mathematical and numerical methods for inverse problems related
with the identification and reconstruction of shapes, boundary coefficients and sources
from boundary measurements. The geometric and coefficient problem is studied in the
context of a boundary value problem for the Laplace equation in a non simply connected
bounded domain €2.. The boundary of §2. is the union of two regular closed curves I
(exterior) and 7 (interior). Assuming a homogeneous Dirichlet or Neumann boundary
condition on 7, we show that from a single pair of Cauchy data on an accessible part of
the boundary ¥ C I' we can identify both the boundary condition and the boundary ~.
A criterion is presented to distinguish such situations. We study two numerical methods
to retrieve 7y in the two dimensional case, when considering a homogeneous Dirichlet con-
dition on ~. The first is a decomposition method requiring at a first step the resolution
of a Cauchy problem. The second is a Quasi—-Newton method that requires the resolution
of several direct problems. For both situations, we propose the method of fundamental
solutions as numerical approximation for the Cauchy and direct problems. Several numer-
ical examples are presented and the accuracy and robustness of the methods is discussed.
Considering a homogeneous Robin condition on «, we address the inverse problem that
consists in the identification of the Robin coefficient on 7 (the boundary is now assumed
to be known) from a single pair of Cauchy data on I". An adaptation of the decomposition
and Quasi—-Newton methods is studied and implemented. Several numerical simulations
are presented to illustrate and compare the performance of both methods.

The previously developed mathematical and numerical methods are studied in the
corresponding geometric and coefficient problems for the Lamé system. The last chapter
concerns the identification of acoustic sources from boundary measurements. We show
that, from many boundary measurements, identification may not be possible and we
propose the use of data generated from many wave numbers. To solve this linear problem,
we describe and implement a numerical method based on the reciprocity gap functional.

The method is illustrated with several numerical simulations.
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Introduction

The study of inverse problems in partial differential equations is an area of intensive
research in our days. From the mathematical point of view, these problems are quite
challenging due to their ill-posed nature. In the early work of Hadamard (cf. [46]), ill-
posed problems were believed to be incorrectly posed, "artificial” and that they would
not describe physical systems. Many properly formulated inverse problems arise from
physical systems. The successful non intrusive medical imaging, discovery of oil reservoirs
from seismic measurements (to name a few) are a proof that, despite several mathematical
and computational challenges, we can in fact obtain some meaningful information from
boundary or exterior measurements. Moreover, one should have in mind that, in practise,
a mathematical model (in our case a PDE) is used to describe the physical problem and
tested with real measured data. Assuming that the model describes the physical system

accurately, two natural questions arise:

1) How many measurements must we consider in order to identify the object?

2) If two measurements that are in some sense close to each other were generated by

two objects can we still expect that the objects are “close” to each other ¢

The first is an identifiability question and the second a stability question and are two

of the main theoretical questions for the inverse problem.



2 Introduction

In inverse problems, the existence issue is inherent to its formulation, in two aspects:

i) we assume that the measured data is given (ie. a solution exists);

ii) the measurements are not exact, are affected by noise (ie. a solution that produces

such results does not exist).

Robust numerical methods are also very important. If on one hand we need fast
and accurate numerical solvers on the other the method has to be sufficiently robust
to deal with the ill posedness. If for the robustness issue regularization methods are
usually applied (with good results) the search for a fast accurate (and easy to implement)
numerical solver for the underlying PDE is very important.

The method of fundamental solutions (MFS) is a meshfree numerical method usually
applied to solve certain boundary value problems. The approximation is given by a
linear combination of several shifted fundamental solutions that automatically solve the
PDE (here we shall consider Laplace and Helmholtz equations and the Lamé system)
and therefore one only has to fit the boundary condition(s). The method has the three
aforementioned properties for the addressed problems: is easy to implement, is a fast
solver and for sufficiently regular boundaries and boundary data it produces excellent

results.

In this work we study several inverse problems related to the identification of sources,
boundary coefficients and shape from measurements on an accessible part of the boundary.
The study is complemented with several numerical methods relying on the MFS and
numerical examples are provided to illustrate the feasibility of the methods. The work is

organized as follows:

We start with some useful results or concepts that will be used through the work
(Chapter 2).

In Chapter 3 we study two inverse problems that can serve as a model for detection of
corrosion from boundary measurements. The domain is a two connected set with interior
boundary v and exterior boundary I'. Inside, Laplace equation holds and on I' we have a
Dirichlet condition.

First we address a geometric inverse problem: Assuming a null Dirichlet (inclusion) or
Neumann (cavity) condition on v and considering a pair of Cauchy data on part of ', can
we identify the shape of v and the condition on v from this data ? If the condition on 7 is

assumed to be known then there is a result that shows that if the Dirichlet condition on I' is



not identically constant, a single pair of (compatible) Cauchy data is sufficient to identify
~v. We extend this result and show that under the same assumptions we can identify both
boundary shape 7 and boundary condition on . We present a criterion to distinguish
such boundary conditions from the Cauchy data on I'. The well known expression for the
domain derivative for the Dirichlet problem is derived and as a consequence, the local
Lipschitz stability result.

The second part of this chapter is devoted to the identification of a Robin boundary
coefficient Z on ~ from Cauchy data on I'. This Robin problem is similar to other
Robin problem addressed by several authors in the literature (eg. [50], [33]) and the
identifiability, derivative expression and Local Lipschitz stability results were established
using the same type of arguments.

Chapter 4 is devoted to the MFS and its applications to direct and inverse problems
and is complemented with several numerical simulations. First a theoretical study of the
MFS for the Laplace equation in two connected domains and an application to direct
problems in such domains. Several numerical examples are provided with the twofold
objective of showing the accuracy of the method for several boundary value problems and
to obtain artificially generated boundary measurements for the inverse problem.

The second part is devoted to MF'S based methods for the inverse geometric and Robin
problems. The methods can be divided in two categories: decomposition based methods
and Newton—type of methods.

The first decomposes the ill posedness and non linearity of the inverse problem in two
steps. The ill posedness is addressed by solving the linear Cauchy problem. Although
several authors have used the MFS as Cauchy problem solver (eg. [52], [67]), to our
knowledge, no direct theoretical proofs regarding this numerical approximation have been
provided. We provide such results in section 4.2.1 and establish a connection with the MF'S
approximation for the direct problem. The numerical method for the inverse geometric
problem consists in computing an approximate solution for the Cauchy problem and a
line search method, based on maximum principle results, to reconstruct the shape of
v. Several numerical examples are presented in order to illustrate the feasibility of the
method.

A Levenberg-Marquardt optimization method based on the MFS approximation for
direct problems is proposed for the inverse geometric problem. We implemented the
proposed method and compared the results with those of the decomposition method.
Numerical tests with partial data were also considered.

This study started with the 2006 work [12] and was latter developed and compiled as the
paper [15].



4 Introduction

The decomposition approach provided a simple reconstruction method for the Robin
problem. The Levenberg—Marquardt method was adapted to the Robin problem and a
numerical comparison of both methods is presented (for complete and incomplete Cauchy
data).

The mathematical study of the geometric and Robin (inverse) problems for the elasto-
static problem is addressed in Chapter 5 where the MFS based methods described in the
previous chapter are extended to the Lamé system. This chapter is based on the papers
[13] and [14].

In the last Chapter, we study the identification and reconstruction of acoustic sources

from boundary measurements, following our works [10] and [16].



Preliminary results

This introductory chapter surveys useful results concerning the partial differential equa-
tions that will be used in the following chapters and some discussion about inverse prob-
lems and ill posedness. Since we will be dealing mainly with interior problems, we start

with the definition of domain.

Definition 2.1 We define (interior) domain as an open, bounded and connected set
Q) C R? with regular boundary I' := 99 (at least C!).

We will address the cases d = 2, 3. We recall that on a regular boundary I', the normal
vector n is defined at each point. In this work, we will always assume that the normal
vector points outward with respect to the domain €.

2.1 Poisson equation
Poisson equation or potential equation

Au= fin (2.1)

is the classical example for second order elliptic partial differential equations and it is a

mathematical model to some important physical phenomena. For instance:
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e Gravitation problems: u is the gravitation field generated by the mass distribution

f.

e Conductivity problems: For a body with constant electric or thermal conductivity
K, u is the electric or thermal potential and, for a given source f, we have Poisson’s
equation

Au = f/K.

In absence of sources, that is f = 0, equation (2.1) is called Laplace equation. These

equations may have several solutions and some extra condition(s) must be considered.

The usual boundary conditions for the Poisson equation are:

e Dirichlet:

u=gonl.

This means that the temperature (in thermal conductivity problems) or the voltage

(electrostatic problems) is imposed.

e Neumann:

Ohu =gy on T,

where n is the outward unit normal to the boundary and d,u is the normal deriva-
tive on I". With this condition we impose heat flux (thermal problems) or current

(electrostatic).

e Robin:
Ontt+ Zu =gy on I,

which is a more general boundary condition. We note that, for the Robin coefficient

7 = 0 we obtain the Neumann condition and for Z = oo the Dirichlet condition.

The following are the well known Hopt’s lemma and strong maximum principle for

Laplace equation. For a proof, see [37].

Lemma 2.2 (Hopf’s lemma) Let u € C%(Q) N C°(Q) be a function satisfying Laplace’s
equation in a domain Q with C? boundary. Assume further that u > 0 in Q and that, for

some xg € 0, u(xg) = 0. If the normal derivative Oyu at xo exists then

Ont(zo) < 0.
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Theorem 2.3 (Maximum principle) If u € C*(2) is a solution of Laplace equation in a

connected open set €1, is such that for some xg € )
u(z) < wul(zg), Vo € Q2
then u s constant in €.

A function u € C?(Q) that satisfies Au = 0 in Q is called a classical solution of
Laplace’s equation. However, classical solutions to boundary value problems may not
exist and we must consider weak solutions. In this framework, the boundary conditions
must be understood in the trace sense. For instance, if  is a domain with C? boundary
and u € H?(Q) then, by the trace theorem, the trace

Tu = U|F

is an element in H*2(I') ¢ L*(T') and 7 : H?(Q)) — H?*?(T) is linear, continuous and

surjective. The normal trace of u € H*(1),
Tou = Ont|r

is in H'/2(T") ¢ L*(T") and 72 : H?(Q) — H'/*(I") is also linear, continuous and surjective
(eg. [37]). For u € H'(Q) with Q a domain with C' boundary the trace ru is an element
in H'/2(T") (trace theorem). In this case, if u € HX(Q) where

HA(Q) :={uec H(Q): Aue L*(Q)},

the normal trace 7fu can be defined as an element in H~Y/2(I'). In both situations,
the trace and normal trace are linear and continuous from H'(2) (HL(Q2)) onto HY?(T)
(HY2(I")). We recall that H~'/?(I') can be identified with the dual of H'/?(T") using

L*(T") as pivot space and that the inclusions
HY*() ¢ LA(T) ¢ H V(I

hold. The realization of the duality pairing is just the L?*(T") inner product extended to
HY2(T') x H=Y2(I).

Solutions of Poisson equation can be represented by a sum of convolutions. This leads
to an integral representation of the solution in terms of boundary layers and Newton
potentials with kernel defined in terms of fundamental solutions. We start with some

properties of such solutions.



8 Preliminary results

2.1.1 Fundamental solutions

A fundamental solution for the Laplace equation is a solution of
Ad = —9

in RY, where § is the Dirac delta distribution centered at the origin. A fundamental
solution is not unique and depends on the dimension of the space. When Q C R? (2D

case) we consider

1
O(z) == ~5r log ||

and in the 3D case (Q C R?)

Fundamental solutions are analytic in R? except at the origin, where there is a singu-
larity. We note that a shift of the singularity from the origin to a point y can be obtained

by taking the point source function

Dy (r) = By — ), = € R'\ {y}. (2:2)

This notation is justified by the fact that V,®,(x) # V,®,(z) (despite ¢, (z) = . (y)).
A shift on the fundamental solution is a response to a shift of the mass center on the
Dirac delta. More precisely, A®, = —4, in R? where §, denotes the Dirac distribution

with mass center at y.

2.1.2 Integral representation

Gauss—Green integration by parts formulas are an essential tool in the study of several

boundary value problems. Given u € H*(Q),v € H'(Q2), we have the first Green formula

/Vu - Vudzx —/8nuvdg = —/ Auvdzx
Q r Q

and, if v € H*(Q), the second Green formula

/(Auv — uAv)dx = /(8nuv — uOpv)ds.
0

T
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The reciprocity functional (cf. [31]) is defined by
R(v) := /F(ﬁnuv — uOyv)ds
and by the second formula,
R(v) = /Q(Auv — ulv)dz, Yu,v € H*(Q).
In the particular case Au = Av = 0, we obtain the reciprocity relation

R(v) = 0.

Given some integrable density ¢, the single layer potential is defined by

Le(6)(y) = / &,(1)p(r)des, y € RI\T

T

and the double layer potential by
Me()(5) = [ 00,2y (@)0le)ds, y € BT,
r

We use the notation (Lr(¢))* and (Lr(¢))~ to indicate the restriction of Lr(¢) to o°
and €2 respectively. The same notation will be used for the double layer potential. We

denote by Sff and Kf?L the trace of the single and double layer potentials, ie.,
Slﬂ“t(ﬁb) = TF(LF(Gb))i and Kl?(ﬁb) = TF(MF(Qb))i

and by Nﬁt and fo the normal traces
N7 () := 7 (Lr(9))™ and D (¢) == 77" (Mr ().

Define
Kr(6)(y) = / On, @, (2)6(2) sy, y €T (2.3)

Theorem 2.4 (/34]) Given ¢ € HY?(T) and ¢ € H*?(T) we have,
(a) St (¢) = Sp(¢) (¢) Ni-(9) = F30 + Kt (9)

(b) Ki(¢) = £5¢ + Kr(¥) (d) Dy (¢) = Dr (¥)
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where K} denotes the adjoint of Kr.

Let f be a source with compact support ﬁf and such that ®,f is integrable in R¢.
The Newton potential is defined by the improper integral

V(f)(y) = / &, (2)f (2)de.

R4

When the previous integration is performed on some open set Q C R? we write Vo (f).
Let u~ € H?*(Q2) be such that Au~ = f in Q. Green’s formula yield

u(y) = =Va(f)(y) + (Lr(Onu"))" (y) — (Mp(u”))"(y), y € .
On the other hand, if u* € H(Q") is such that Aut = f in O and
ut(y) = O(ly[™*) A Vu(y) = O(ly[7™*) ly| — oo (2.4)
then (see [34]), if o > 0,
() = —Vae () = (Le(@au)) (9) + (Mr(w*)) (), y € Q.

Thus, if u := xou~ + Xﬁcu+, where o denotes the characteristic function on €2 and

defining the boundary jumps
[ulp ==u"|r —ub|r, [Onu]p:=0nu”|r — Onu’|r
we conclude that

u(y) = =V () () + Lr([0atlp) (y) — Mr([ulp)(y), y € R\ T. (2.5)

We note that this integral representation is unique, in the sense that, if

u(y) = =V (f)(y) + Lr(o)(y) — Mr(¥)(y)

then
[ulp = u”|r —ulf = S (¢) — Kp () =S¢ () + Kt (v) = ¢

and

[Ontilr = Ont” |r = Onul{* = Ny (¢) = D (¥) — N{ (¢) + D (¥) = ¢.

We finish this section with unique continuation principles and Holmgren lemma which

are a useful tool for identification results in inverse problems. Holmgren lemma is a
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classical result and a proof can be found in [37]. Our proof, however, is different and
gives insight to derive similar results for other problems with solutions admitting integral

representations of the form (2.5).

Lemma 2.5 Let u be defined by (2.5) and suppose that Qp C Q and u = 0 in Q°. If
Y C T is a relative (non empty) open set such that

[u]y, = [Onu]x =0

then u = 0 in the connected component of Q '\ ﬁf containing .
Proof. With this hypothesis, we can write

u— 1 7Vel)+ LIns((Ony]) — Mryg([u]) i ©
0 in QCUE

By analyticity of fundamental solutions, this representation implies that u is analytic in
R4\ (Q; U (T'\ ¥)). On the other hand, u = 0 in 0 and by analytic continuation through

3, we conclude that u is also null in the connected component of Q\ Q; containing I'. [

Corollary 2.6 Let u € H?(Q) satisfy

Au=f n
u=0u=0 onX

. =C —C
for a source f, null in an open and connected set 2y C ) such that I' C 9€;. Then,
. =C
u=01n;.
In particular, the unique solution of Laplace equation with null Cauchy data on X is u = 0.

Remark 2.7 We note that the integral representation and Holmgren’s lemma are still
valid for u € HA(Q). In this situation, the normal trace is in H~'/2(I") and the single

layer potential must be considered in the duality sense.

2.2 Helmholtz equation

In this section we give a brief description of the physical context of the Helmholtz equa-
tion and the boundary conditions usually considered in boundary value problems. An

application of Green formulas and the previous properties of potentials yields a similar
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representation formula for a solution of Helmholtz equation. In particular, the Holmgren
lemma is also valid for the Helmholtz case.
The Helmholtz equation
Au+ K*u =0

arises naturally in physical applications related to wave propagation and vibration phe-
nomena. The constant k is called wave number and can be seen as the quotient between
the frequency w > 0 and the speed of the wave propagation c¢. In the presence of an

acoustic source, we have the non homogeneous Helmholtz equation
Au + 5*u = f.

For x = 0, this non homogeneous equation reduces to Poisson equation. Although the
wave number can be a complex function we will consider only the constant and non

negative situation.

Plane waves

Plane waves are functions defined by
v, () = eim'g, de st

where S9! := {z € R? : |z| = 1} and are particular solutions of the homogeneous
Helmholtz equation, ie.,

A+ k2Nv_ -=0in R?
K,d

in all directions d € S%1.

Boundary conditions
For a domain 2 with boundary I', we consider the Dirichlet and Neumann conditions:
e Dirichlet:
u=gonl.

With this condition we are imposing (or measuring) the pressure for the sound wave

at the boundary.

e Neumann:

Opu =gy on I,
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and this corresponds to the prescription of the normal component of the velocity of

the wave at the boundary.

When null pressure is imposed on the boundary we obtain the eigenvalue problem for

the Laplace—Dirichlet operator

{ Au=—r?u in Q)

u=>0 onT

2.2.1 Fundamental solutions

A fundamental solution for the Helmholtz equation satisfies
AD, + k2D, = —§

in R? and the usual expression is (see [34])

1
() := 7 Hy' (w]2]) (2.6)
in the 2D case and ol
e’LH(E
P (1) = ——
(@)= 1

in the 3D case, where Hél) is the first Hankel function. When there is no ambiguity about
the dependence on k, we simply write ®. With this notation, the point source function
P, : R?\ {y} — C defined by

P, (x) = O(y — z)

is analytic and we have
Ad, + k*°®, = -6, in R%

2.2.2 Integral representation

Consider the Newton and the boundary layer potentials with kernel given by the afore-
mentioned fundamental solution and the corresponding trace and normal trace. Then,
the acoustic version of Theorem 2.4 holds (see [34]) and the asymptotic behavior is now
given by the Sommerfeld radiation condition

d—1

lim TT(a—u —iku) =0
r—00 7
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where r = |z| and the limit is assumed to hold uniformly in all directions x/|z|. Thus,
for u satisfying the inhomogeneous Helmholtz equation and the Sommerfeld radiation

condition we have the integral representation

u(y) = =V ()¥) + Lr((Oarlr) () — Mr([ulp)(y), y € RI\T.

The following, is the version of corollary 2.6 for the Helmholtz equation.

Lemma 2.8 Let u € H*(Q) satisfy

Au+r*u=f inQ
u=0,u=0 on X CT

for a source f, null in an open and connected set ﬁ? C Q such that I' C 6@}(3. Then,
. =C
u=01n;.
In particular, the unique solution of the homogeneous Helmholtz equation in ) with null

Cauchy data on X is u = 0.

Considering the single layer potential defined in a duality sense, the integral represen-

tation and the previous lemma are valid for u € HA ().

2.3 Elasticity system

An Hookean or linear elastic body has the property that the stress tensor, o, is zero in the
undeformed state and deforms with a linear stress-strain relationship without dissipation
of energy. Supposing further that the body is isotropic and homogeneous, we have by

Hooke’s law

[O'(u)]ij = [/\(V.U)I + 2ue(u)]ij
where:

e u=(uy...,uq), d= 2,3 is a vectorial function describing the displacement of the

body and V - u is the divergence of the displacement,

e c is the stress-strain tensor of u and is given by

1 /0u; Ou; 1
le(wly; = 2 <0xj " 8xj,) T2 [Vu+ VUT]U

and



2.3 Elasticity system 15

e ) and p are the Lamé coefficients, which are (positive) parameters describing elastic

properties of the body.

The equations of motion of an elastic body under a body force f are given by

0*u

where p is the mass density. When there is no body force and when the body is in
static equilibrium the equations of motion reduce to the Lamé system (or Cauchy—Navier
equation of elastostatics)

V-o(u)=0.

We define
A'u:=V - o(u).

Using the formal identity A = V(V:) — V x VX we can write
A*u=puV - (Vu)+ A+ p)V(V-u)

= pAu+ A+ p)V(V - u),

where Au = (Auy, ..., Aug).

The usual boundary conditions for the Lamé system are:

e Dirichlet:

u=gonl.

This means that the displacement on the boundary is prescribed.

e Neumann:

osu=gonl,

where J%u := o(u)n is the traction vector.

e Robin:
opu+Zu=g;onl,

where the Robin coefficient Z is now a matrix.
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2.3.1 Fundamental tensors

A fundamental solution for the Lamé system is a solution of
A*P = -4l

in RY, where T is the identity matrix. We consider (eg. [34])

A+ 3u A+ oxx; .
®(2)], . = M og|xls; i) 1<i,j<2

in R? and in R3,

A+ 3u 1 A+ p oxxy o
B(z)] =M (s DTRTTY i<,
)y 8MAA+%U<M|”+A+3MMP) ShIs

where 6;; is the Kronecker delta. The point source function ®, is defined as in (2.2).

2.3.2 Elastostatic potentials

Integration by parts formulas are given by:

/ o(u) : e(v)dx — /8;';u -vds = —/ A*u - vdz
Q r Q

for u € H3(Q) and v € H'(Q), where

o(u):e(v) = ZUi,j(u)Gi,j(V)

is the tensorial inner product. The bold notation H?({2) represents the product space
(H? ()",
If u, ve H}(Q),

/(A*u v—u-A'v)dr = /(8flu ‘v —u-0iv)ds.
Q

r

Given some integrable density ¢ = (¢1,...,dq), the single layer elastostatic potential
is defined by

LM@@%:/@A@M@ﬁmyeR“F

r



2.3 Elasticity system 17

understood in the sense

/Fq’y(fﬁ)cb(w)d% = [/F([‘I’y(w)]m%(ﬂf) +o At [Ry(@)]jada(z))de |, 1<j<d (27)

J

The double layer potential is defined by

/8* (z)ds,, y € R\ T,

where

0;,®,(x) = |0, (®,(x)e),| 1<ij<d

i,J

and e; is the i-th vector of the standard basis in R?.
The single and double layer elastostatic potentials behave near the boundary like the
scalar (harmonic) potentials. Using the "bold letters” for the trace and normal trace

notations we have.
Theorem 2.9 (/34]) Given ¢ € HY*(T') and ¢ € H¥?(T') we have,
(a) Si-(¢) = Sp(¢) (¢c) NE(¢) = F50 + Ki(¢)

(b) K (¥) = £53¢ + Kr(¥) (d) D (¥) = Dy (¥)
where K} denotes the adjoint of Kr and Kr is defined as in (2.5).

Let f be a source with compact support Q¢ and such that ®,f is integrable in R?. The
Newton potential is defined by

V(E)(y) = / B, (2)f (x)dx

Rd

where the improper integral is understood in the sense of (2.7). The usual notation Vq(f)

denotes the integration on some open set Q C R%

Theorem 2.10 If
u=—V(f) + Lr(¢) — Mr(¥)

and u satisfies the asymptotic conditions (2.4) with o > 0 then

¢ = [Oqulr A ¥ = [u]r.



18 Preliminary results

We conclude with the elastostatic version of Holmgren’s lemma (also called Almansi’s

lemma).

Lemma 2.11 Given a relatively open set ¥ C T' let u € H*(Q) satisfy

Aru=f in Q
u=0u=0 onXCTl

for a source £, null in an open and connected set ﬁf C Q such that I' C 855. Then,
u=0 in Q.

In particular, the unique solution of Lamé system with null Cauchy data on % is u = 0.

2.4 Inverse problems

The aim of collecting data is to gain meaningful information about a physical system or
phenomenon of interest. If the collected (measured) data dependents on some inaccessible
quantities then it is expected that the data contains, somehow, information about those
quantities of the system. Loosely speaking, in an inverse problem we measure an effect
and want to determine the cause. As opposite, in a direct or forward problem we have a
complete description of a phenomenon (cause) and want to predict the outcome of some
measurements (effect). A first remark is that in the inverse problem, one cannot expect
to obtain information regarding parameters or other quantities that do not make sense in
the actual model. From the mathematical point of view, this means that in the inverse

problem one assumes the existence of an associated direct problem.

2.4.1 Ill-posedness and regularization

In general, direct problems are well-posed and inverse problems are ill-posed (in the sense
of Hadamard). We recall that for an operator F': U — V, where U C X, V C Y and

X,Y are normed spaces the equation

is well-posed if F' is bijective and the inverse F~! is continuous, and ill-posed if at least

one of those conditions does not hold. Thus, (2.8) is ill-posed if:

(1) F is not surjective or
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(2) F is not injective or
(3) F~! exists but is not continuous.

The surjective question in inverse problems is not the right question to ask. In fact, it
is not possible to characterize all the possible outcomes of a given experience. Moreover
measurement errors are expected to occur and equation (2.8) may fail to have a solution
for noisy right hand side data.

The injectivity question addresses whether the model information, ¢, can be uniquely
identified from the value F'¢. This will be the identifiability results presented through
this work.

The third point regards instability which is a common feature of inverse problems.

To further analyze ill-posedness, assume that X, Y are Hilbert spaces and F': X — Y
is linear and compact. Denote by F* : Y — X its adjoint. The self adjoint and compact
operator F*F : X — X has a countable number of non negative eigenvalues (A, )nen with

finite (geometric) multiplicity. The scalars

yi::\/x,ieN

are called singular values of the operator F'. As usual, we consider the order (repeating

the singular value according to the multiplicity of the corresponding eigenvalue)

V12V2>

Theorem 2.12 [n the above conditions, there exists orthonormal sequences (¢,) in X
and (1) in'Y such that

F¢n = Vn¢n7 F*¢n = Vn¢m Vn € N.
For each ¢ € X, we have the singular value decomposition

= ($.0i)x bn+ Qo

n>1

with the orthogonal projection operator Q) : X — ker F' and

F¢ = v, (0, n)x tn-

n>1

Proof. See [36]. O
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Each system (v, ¢y, ¥,) with these properties is called a singular system of F.

Theorem 2.13 (Picard) Let F' : X — Y be a compact linear operator with singular
system (Vp, O, ¥n). The equation

F¢=gn
is solvable if and only if gn belongs to the orthogonal complement (ker F*)L and satisfies
1 2
Z ;| (Gn, i)y |” < o0
i>1

In this case a solution is given by

1
0= — {on i)y &1
i>1 ¢

Proof. See [36]. O

Now consider a perturbation of g, in the direction of v; that is,

A solution to the corresponding perturbed problem is ¢° = ¢ + 6¢;/v; and we have

16° —¢llx _ 1

195 — gnlly v

which can be can large because F' is compact. Thus, a small perturbation on g, can

induce a large perturbation on the solution.

Regularization methods

Regularization methods are methods for constructing a stable approximate solution. Sup-
pose F' is injective and that g, € F(X). Given a perturbation ¢S with a known error

level

||gf1 _gn”Y S )

we want to construct a stable (and reasonable) approximation ¢° to the exact solution of

(2.8), i.e., we want ¢° to depend continuously on ¢2.

Again, we will mainly follow the exposition presented in [36]. We start with the

definition of regularization scheme.
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Definition 2.14 Let X,Y be normed spaces and F' : X — Y be an injective bounded
linear operator. A family of bounded linear operators R, : ¥ — X, p > 0 with the

property of pointwise convergence
lim R, F¢ = ¢,

for all ¢ € X is called a regularization scheme for the operator F'. The parameter p is

called the reqularization parameter.
The regularization scheme approximates the solution of (2.8) by
gbz = Rugfl.

We will now describe one of the most used regularization scheme, the Tikhonov regu-

larization.

Theorem 2.15 Let F' : X — Y be a compact linear operator between Hilbert spaces.
Then, for each p > 0 the operator ul + F*F : X — X s biyjective and has a bounded

verse. Furthermore, if F is injective then
R, = (ul + F*F)" F*
describes a regularization scheme with ||R,|| < 1/2,/f.

The next result shows that the stability is achieved by introducing a balance between
the residual ||F¢ — gn|[3 and the size of the solution ||¢||%.

Theorem 2.16 Let F': X — Y be a compact linear operator (between Hilbert spaces)
and pn > 0. Then for each gn € Y there exists a unique ¢, € X such that

1Fdu = gully + pllullx = ;g)f({lchb — gully + ullolx }-
The minimizer is the unique solution of
(ul + F*F)o = F*gy
and depends continously on gy.

In order to implement the Tikhonov scheme, first we must choose a regularization

parameter. Since the approximate solution satisfies the error bound
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165, = dllx < IRl + [|R.FS — ¢lly

then, typically, the first right hand side term increases and the second term decreases as
i — 0. Thus, depending on ¢, the choice of regularization parameter p must be carefull.
On one hand, accuracy of the approximation asks for a small parameter p and on the

other stability asks for a large parameter p.

Quite often, the choice of regularization parameter u is made by trial and error. There
are also several practical methods for the choice of . The following are two of the most

used.

e Morozov discrepancy principle 'The motivation for the Morozov discrepancy principle
(cf. [72]) is based on the consideration that, for perturbed data ¢, the residual || F¢—gn||y
should not be smaller than the accuracy of the measurements of gy, i.e., the regularization

parameter should be chosen such that
1E, — gally = ¢d

with some fixed parameter ¢ > 1.

e L—curve criterion ~ The L—curve (cf. [65]) is perhaps the most convenient graphical
tool for displaying the trade-off between the size of the regularized solution and its fit to
the given data as the regularization parameter varies. It is a log—log plot of the norm
|F¢% — gb|ly versus ||| x, for > 0. It has an "L” shape and the criterion to choose the
regularization parameter is to find y such that the pair (log (||F¢) — g3 lv).log (|[¢x))

lies on the ”corner” of the curve.

2.4.2 1Ill conditioning in inverse and direct problems
In the following we will consider boundary layer integral operators such as

F: LX) — LT
¢ = La(¢)

When T and I are different boundaries the kernel of this operator (a fundamental solution)

is analytic and F' defines a compact operator.
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Then, solving the integral equation of the first kind,

Fo = gn

is an inverse problem that fits in the previous general framework for linear operators.

It is interesting to note that this might be seen in two different contexts:

(i) in the inverse problem context — for instance in the decomposition method that we

will address;
(ii) in the direct problem context — related to the method of fundamental solutions.

It is clear that (i) is the usual context while dealing with the Cauchy problem. The ill
posedness is an unavoidable feature of the inverse problems. On the other hand, it appears
in (ii), in the context of direct problems, only as our choice for the forward solver. These

two subjects will be related in Section 4.2.

In the classical method of fundamental solutions one may use Tikhonov regularization
techniques to overcome the ill posed nature of the first kind integral equation. This has
been only considered in the discretized framework, in terms of matrices.

In theoretical terms, density results have been used to prove that the range of F is
dense, and therefore show the applicability of the method. It is important to stress here
that the application of Tikhonov’s regularization scheme R,, to the operator F' also allows
to define a pseudo-inverse

R, = (ul + F*F)"'F*

here with the adjoint
F*) = Lp(¥) (onT).

This pseudo-inverse gives the best approximations (in the sense of Theorem 2.16),

Op = Rugn

and will lead to the solution, whenever g, lies in the range of F.






Obstacle identification from a single

measurement for a Laplace problem

In this chapter we study the identification of inclusions or cavities within a conducting
medium €2, by means of external boundary measurements. This is a nonlinear inverse
problem in nondestructive testing and it has been considered in the literature as a math-
ematical model for detection of corrosion phenomena (eg. [28], [50]). In a simplified
model, Laplace equation holds in the medium €2.. Measuring data on some part ¥ C I
of the external (accessible) boundary I', we aim to detect the occurrence of damage on
the inaccessible part of the boundary, v (note that 92, = I' U ). Kaup and Santosa
introduced and tested in [56] (see also [57]) a model borrowed from electrical impedance
tomography based on electrostatic data collection. Other model, based on temperature
and heat flux boundary data, was described by Bryan and Caudill in [28]. This is an
example of thermal imaging.

In the aforementioned literature, two models for the damage due to corrosion in v have

been considered:

(a) The effect of corrosion is modeled by a small perturbation, dv, of 7. The inverse
problem consists in retrieving 0+ from data collected at an accessible part of the
boundary (eg. [28], [57]).
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(b) The corrosion is represented by a non negative exchange coefficient Z in a Robin
boundary condition. The inverse problem is to obtain the Robin coefficient Z on ~

again from data at an accessible part of the boundary (eg. [50]).

In this chapter, the first section is dedicated to the inverse geometric problem that can
model (a) . We start with the statement of the inverse problem (paragraph 3.1.1) and we
study the identification of an inclusion or cavity from a single boundary measurement.
Then, in paragraph 3.1.2, we present a well known result of the domain derivative for
the Dirichlet problem with a twofold objective: first to discuss a local Lipschitz stability
result and second to use the derivative expression for an iterative reconstruction method.

The same organization was considered for the Robin problem related to (b) (second

section).

3.1 Geometric problem

In this section we analyze the identifiability of an inclusion or cavity from a pair of
boundary data and provide a criterion to distinguish them using such data. We start
with the statement of the direct problem. Let w,Q C R? (d = 2,3) be two open, simply

connected and bounded domains such that @ C 2. The boundaries
[':=0Q and v := Ow
are assumed to be C? closed curves. We define the domain of propagation by
Q.:=0\w.

(2. is a doubly connected domain with regular boundary 0. = I" U~y (see Fig. 3.1).

/n

Figure 3.1: Example of a domain of propagation €, C R%
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Consider the following direct problem:

Given g (an input function), measure g, := dyu on 3 C I', where u solves the problem
Au=0 1in €,

u=g onl (3.1)
Bu=0 on~

and B is either the Dirichlet or Neumann boundary operator, ie.:

Dirichlet: B is the operator

Bu = u.
The condition

u=0 onvy

means that w is a perfectly conducting or rigid inclusion.

Neumann: B is the operator

The condition

Ohu=0 on~vy

means that 7 is a perfectly insulating inclusion or a cavity.

For these cases, we denote (3.1) by (Pp) and (Py), respectively.
The following is a well known result (eg. [42], [77]).

Theorem 3.1 If g € H3*(T') then (Pp) and (Py) are well posed, with solution in
H?(Q.).

Remark 3.2 If the regularity of the boundary is C' and g € H'/?(T'), the previous
problem has a unique (weak) solution in H'(£2.). The stronger assumptions v € C? and
u € H?(Q.) will be needed for the domain derivative calculation.

The same conclusions hold if w is a finite union of simply connected and disjoint

domains. In a more general case, we can have rigid inclusions, cavities or a mixture of

both.



28 Obstacle identification from a single measurement for a Laplace problem

3.1.1 Inverse problem

The inverse geometric problem can be stated as:
(IGP): From a single pair of Cauchy data on ¥ C T, identify the inclusion w.

This is well known to be an ill posed and non linear inverse problem. In fact, without
prior assumptions on the boundary data, (IGP) may not even be uniquely solvable. The

following definition will give a framework to address (IGP).

Definition 3.3 Let X C I' be a nonempty and open set in the topology of I'. We define

Gp(T) := {(¢,¢) € H*(T) x HY*(T) A Fu € H*(,) solving (Pp)
with ¢ = ulpr A ¢ = Onulr}

as the space of compatible Cauchy data for problem (Pp). Analogously, we define Gy (T")
as the space of compatible Cauchy data for (Py). We denote by Gp(X) and Gy (X) the
restriction of Gp(I') and Gy (I") to X, respectively.

As a consequence of Holmgren’s lemma, we can identify compatible boundary data
with the solution of (Pp) (or (Py)) via

u (g,0nu) € Gp(2).

In particular, results requiring compatible Cauchy data (in Gp(I")) are also valid for partial
boundary data (in Gp(X)).

Example 3.4 Consider the circular domain of propagation
Q. :={reR*:r <|z| < R},

with 0 < r < R. Let g be a given constant input function on I" and measure the (constant
and non null) data g, = dyu on I', where u is the unique solution of the Dirichlet problem
(Pp). We show that in this simple setting, if we know that w is a centered circle, then
its radius, r, can be explicitly computed from the compatible Cauchy data (g, g,). We

consider the radial function
u(z) == a + blog|z|, x € R?\ {0}

and compute a, b, r by imposing the homogeneous Dirichlet boundary condition on v :=
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0B(0,7) and the Cauchy conditions on I' := 0B(0, R). Thus,

Ohu(r) =g onl br/|x| - z/|x|* =gn onT b= Rgn
u(z) =g onl" & ¢ a+blogR=g &< a=g— RgylogR
u(r) = on vy a-+blogr=0 r = Re~9/(Fgn)

and the last right hand side equation gives an explicit formula to compute 7.

For the general case, the boundary of w is defined by many parameters and a more subtle
analysis for the identification and reconstruction is required. The following lemma will

be needed to establish uniqueness of the inverse problem.

Lemma 3.5 Let 2 be a connected domain with regular boundary I' and consider the

decomposition
F - fo U fl

where Iy and T'y are relatively open and disjoint sets. Then, if Ty = 0, there exists a

unique solution of the mized problem

Au=0 1inQ
u=20 on I'y (3.2)
Opu =0 onTy

in H*(Q)/R. If Ty # 0, the unique solution in H*(SY) is the null function.

Proof. Existence is clear. Considering Green’s formula for v € H?*(2) solving (3.2) we

obtain
HVUH%Q(Q) = / Vu - Vudr = Onuuds — / Auvudz = 0.
0 B Q

Therefore, Vu = 0 in © and we conclude that u = ¢ on Q. For a pure Neumann problem
(Tp = @) this means that the solutions of the mixed problem are only constants. Now if
[y # 0, the condition u|p, = 0 implies u = 0 in Q. O

We now prove that from a single pair of compatible Cauchy data on ¥ we can identify
and distinguish inclusions from cavities and, in particular, we obtain the uniqueness result
for (IGP). Denote by G%(X) (GX(X)) the restriction of Gp(X) (Gy (X)) to the pairs where

the first component is g|s.

Theorem 3.6 If the restriction of g to X is not constant then a single pair of compatible

data (g|s, gn|s) determines uniquely w and allows to distinguish between Dirichlet and
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Neumann b.c., more precisely,
9 () N G4 (T) = 0.

Proof. We start by proving that w is determined by a single pair of (compatible) Cauchy

data. Consider two domains of propagation Q! and Q? with regular boundaries
O =T Uy and 902 =T Uy,

respectively. Take v; = dw; and w; C (2.
Let (g, gn) belong to Gp(X) or Gy (X) for the domains of propagation 2} and Q2. This
means that exists u; € H?(£2) solving (Pp) or (Py) in Q¢ such that

gls = uils = uz|s A gnls = Onus|x = Onusls. (3.3)
Therefore, u; and us have the same Cauchy data on X hence, by the Holmgren lemma,
U] = Ug 1IN 626,

where Q, denotes the connected component of Q! N Q2 that contains I'. Now, 8, =
ru 51 U % with ﬁj C v; and 31 N2 = 0. Assume that Q) # Q2 and without loss of

generality suppose that 75 is open and nonempty.

- I QLNO2 is connected, ie QL NO2 = Q. take 0 = wy \ @y C Q! which is a nonempty
open set with boundary do C 5, U, (see Fig. 3.2, left).

- If Q1 N Q2% is not connected, take o as a (simply) connected component of L\ Q..

Again, 9o C ¥, U~,. (see Fig. 3.2, right).

In both cases, it is clear that Au; = 0 in ¢ and on 7; we have null Dirichlet or
Neumann data. By analytic continuation, u; has also null Dirichlet or Neumann data on
. Hence, we can consider a decomposition do = 7, U7, where we can apply Lemma 3.5.
Thus, u; is constant on the open and connected set o and by analytic continuation, wu, is
constant on €. This implies g|y; = uq|y constant, which contradicts the assumption that

g|s: is not constant. It follows that Q! = Q2.

For the second part of the theorem, notice that since Q! = Q2 then u; = up on Q. = QL.
In particular, if

u1|w =0 A 8nu1|y =0
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then, by Holmgren’s lemma, u; = 0 in €. and again this contradicts the fact that g|s
is not constant. We can thus conclude that the boundary condition on ~ is also fully

identified from the single pair of Cauchy data (g, gn) on X. O

Q.NQ;

N>

Figure 3.2: Examples for the chosen o, when Q! NQ? is connected (left) and not connected
(right).

Remark 3.7 1If we know a priori that w is a rigid inclusion then it follows from the
previous proof that identification can be establish under the assumption that ¢ is not
identically null on 3. Moreover, the result is still valid if w is a union of simply connected,

disjoint open domains.

A criterion to distinguish inclusions from cavities

As previously proved, given a non constant input function, we can distinguish an inclusion
from a cavity from compatible Cauchy data. However, the result does not give a criterion
to distinguish such boundaries conditions. The next result presents, in a classical solution

framework, a criterion for such identification.

Theorem 3.8 Suppose that w is a rigid inclusion or a cavity. Let g € C°(T') be a strictly
positive input function and g, = Onu|r, where w is a classical solution of (Pp) or (Py).

Then, w is a cavity if and only if fr gnds = 0.

Proof. Suppose that w is a cavity and let u be a solution of (Py) in the conditions of the

proposition. By Green’s formula, we obtain

O:/ anudgz/anudg—i—/@nudg: /8nud§: /gndg.
Q% r 5 r r
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Reciprocally, we prove that fr gnds = 0 implies that w is a cavity. By contradiction,
assume that w is a rigid inclusion and let u be the classical solution of (Pp). Since g is

positive, we have by the maximum principle and Hopf’s lemma

Onu < 0 at 7. (3.4)

/8nud§ = —/gndg,
o7 I

and since by hypothesis [, gnds = 0, the last equation gives j; Onuds = 0 which, by (3.4),

By Green’s formula

is impossible. [

3.1.2 Local Lipschitz stability

Let
C .= {'y € C?: exists a simply connected domain w with v = 0w A @ C Q}

be the class of admissible shapes. As usual, 2, = Q\@ denotes the domain of propagation

with C? boundary 9. = T' U~. Consider the nonlinear (injective) operator

F:C— HY*I)

Y Y Gn

where, for given g € H**(I'), (g,9a) € Gp(T).

Consider a perturbation of F'() in the range of F', say F'(+.). In this section we study
the effect of this perturbation in the perturbation of the shape ~, 7.. The main tool is
the domain derivative map F'()V in the direction of some vector field ¥ (eg. [81]). We
start by defining the class of admissible perturbations of ~.

Definition 3.9 A map ¥ € C?(Q,R?) is called an admissible vectorial field if
supp ¥ C O, where O is an open bounded set with regular boundary such that O C .

Given € € R consider a perturbation of the identity U, : 2 — R? defined by
U, =1+¢¥

where W is an admissible vectorial field. For small ||, ¥, is a C? diffeomorphism and we
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define the perturbed domain of propagation
QF =W ().

The boundary of the perturbed inclusion w, is C? and will be denoted by 7.. We note
that QY is the original domain of propagation (2. and therefore wy = w and vy = v (see
Fig. 3.3).

Figure 3.3: A deformation of €2, by the diffeomorphism V..

We prove that, for an appropriate admissible vector field, we have the Lipschitz stability
result
Je>0:[|F(v:) = F(lg-12ry 2 clel-

This is formulated by the next result.
Theorem 3.10 (Local Lipschitz stability) Suppose that ¥ is an admissible vector field
and g € H¥*(I')\ {0}. Then,

F'(y)¥ =0« U(x) Ln,, Ve r. (3.5)

We start by computing the expression of the derivative map F’(y). We will mainly
follow the ideas presented in [6] and [58].
Let u € H?(2) be such that

u=0in O and ulr =g

and define w = uw — u, where u solves (Pp). Thus, w is the unique solution of the

variational problem

{ Find 2z € Hj(£,) such that (3.6)

S(z,v) = — [, V- Vudr, Yo € Hy ()
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with the bilinear form

S(z,v) ::/ Vz.Vudz.

Denote by w. the unique solution of the following variational problem in the perturbed

domain €2
Find z. € H} () such that
Se(ze,ve) = — fﬂe Vi - Vu.dy, Yv. € Hy(QF)

with
Se(ze,ve) ::/ Vz..Vu.dy.
o%

Consider the change of variables y = W.(z) and denote by Jy_ the corresponding Jacobian

matrix. We have
S.(we,v.) = / V(. 0 0.) - (]2 Jyer V(ve 0 W) det Jy.de (3.7)
Q.=w:"(02) .
and

Vu.Vou.dy = / V(ioW,)- (JTg_l Jy-1V (v 0 V,))|det Jy, |dx. (3.8)

1 v
Qf Q=Y (Qg)

On the other hand, the C? diffeomorphism ¥, : Q. — QF induces the isomorphism
[ foW,: H}Q) — HNQ.). We identify w® = w, o ¥, with w. and note that

wo W, =, i.e., u is invariant under this isomorphism.
Lemma 3.11 There exists w* and r(g) both in H}(Q.) such that
w® =w+cw* +er(e) (3.9)
and r(e) - 0 in H}(Q.).
Proof. We start by proving that w® — w in the (equivalent) norm
ull o = IVull 2, -

From equations (3.7) and (3.8) we conclude that w* is a solution of the following variational
problem.
e Find z € Hj(Q,.) such that:

/ | det Jq,5|J\;,r;1 y-1Vz - Vodr = —/ | det Jq,s|J\IT;1 y-1Vu - Vudr, Vv € H(Q).
' ) (3.10)



3.1 Geometric problem 35

On the other hand, for small ||, we have the expansions,
Jy. = +eJy + O(e?),
det Jy, =1+eV - ¥ + O(e?) and
Jyo1 =1 —¢eJy +O0(e?),
from where it follows that
| det Jy|Jy1Jyor =1 =& (Jy + Jg = V- W) +O(?).

Subtracting (3.10) from (3.6) for the corresponding solutions and inserting the previous

expansion we get

S(w® —w,v) = 5/ (Jo + Jg — V- UI) V(w + 1) - Vodz + O(?). (3.11)
Qc

Since S is invertible and S(w® — w, e) € H~(,),
lw” = wllgy . < ClIS (W —w, o)|[r-1(,)

for some C' > 0. Defining Cy := ||Jgy + Jg — V - UI||o, we get

[ Ot a =9 w1 Y +7) - Ve < Callle gy + gl

(&

for all v € H}(Q.). From these two inequalities and (3.11),
lw® = wl[my(e < CCulel(lwlmyqn + [l 0,) + O?)

and using [|w®|| g1, < [[wllmyq.) + W — w||g1q,) we obtain, for small |e], the estimate

O(&?)

CC\Ijlg‘
g

— < -~ 7
|w® — wl| g1, 1= CCole|

) < T ey o + lllm@o) +

and we conclude that w® — w in H}(£2,.).

Now, looking at (3.11), w* should be the solution of the variational equation:
S(w*,v) = / (Jo + Jg — V- UI) V(w+a) - Vodz, Vo € Hy(Q,). (3.12)

In fact, to conclude, we show that, if w* is the solution of the previous variational equation
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then .
Hw —v_ w* —0
< Hg(Q)
Since
€ _ O 2
S(w w—w*,v):/ (J\p+J\;,r—V-\IJI)V(wE—w)-Vvd:E+ﬁ
€ €

we have o 2)

Wt —w €

H —w* < CiCyl|w® — wl|gya,) +
€ HE(Q0) le]

and the conclusion follows. O

It is important to note that w* does not depend on the choice of w. In fact, since u = w+u

it follows that w* is the unique solution of the Poisson problem

{ Aw* =V -[(Jy +J§ — V- UV in Q. (313

w*|aQC :0

On the other hand, V- [(Jy + Jg — V- WI)Vu] € L*(9.) and since the boundary of Q.. is
C? we have, by regularity, that w* € H*(Q.) N Hg ().

We now analyze the right hand side of problem (3.13).

Lemma 3.12 We have,

/ (Jg +Jg —V - UI)Vu-Vodr = —/ (¥ - Vu)Avdz, Yv € D(Q,.).
Qe

(&

Proof. We follow [2]. Let ¥ = (¥y,...,¥,;). Given a test function v € H?*({.) consider

the decomposition,

/ (Jg + Jy —V - VI)Vu - Vodx :/ (JyVu) - Vvd:ch/ Vu - (JgVv)dx

— / (V- UI)Vu - Vudz.
Qe

e For the first integral on the right hand side of the previous decomposition we have,

/(J\qu de_Z/ \a/g Vu—dm
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Applying Green’s formula,

d

VU, Vu—dx = / U,V - (Vu—> dr + / V. Vou)Vu-ndg
; Q O Z aﬂc( )
ov ov
—_ Au—r
Z/ (w V(ax3)+ axj)dx

+/ (V- Vou)Vu-nds
Qe

:_Z/ U,;Vu - V( )dw+/ (¥ -Vv)Vu - n ds.
6% o0,

(3.14)

e For the second integral,

/chu.(qu)dm: /(vu \I/Avdx—Z/ ( (a%)vv) dx

+/ (V- Vu)Vu-nds
09

Thus,

/ (Jy + Jg)Vu - Vodr = (Vu - ) Avdz —/ - V(Vu- Vv)dr

c QC c

—|—/ (V- Vou)Vu - nd§+/ (U-Vu)Vu-nds (3.15)
09, G)
On the other hand,

/ (V-UI)Vu - Vodr = —/ V. V(Vu-Vo)dr + / (Vu - Vo) - nds (3.16)
¢ c o

Qe

hence,

/ (Jg +Jg —V-UI)Vu - Vude = (Vu - ¥)Avdz + / (V- Vo)Vu-nds

Qe Qe

+/ \I/-Vu)Vv-ndg—/ (Vu - Vo)V - n dg
29, o0
(3.17)
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and taking v € D(£.),

/ (Jg +Jy —V - UI)Vu-Vodr = —/ (¥ - Vu)Auvdz.
Qe

Qe

By (3.13) and the previous lemma we can write, for v € D(€),.)

S(w*,v):/ (Jq/—l—J\;,r—V'\IJI)VU-VUdSB:—/ (\I/-Vu)Avd:B:/ V(¥ -Vu).Vodz

c c

that is
S(w* — V- Vu,v) =0,Yv € D(,). (3.18)

Define the shape derivative function
w i=w* — V- Vue H(Q.).

From (3.18), we have
Aw' =0 in Q..

Since ¥ = 0 in the open set Q \ O then w’, w* have the same Cauchy data on I
On v, w* = 0 and therefore w'[, = —(¥ - Vu)|,. On the other hand, Vu € H*(Q.),
Onu € HY2(y) C L?(7y) (recall that u € H?(€),.)) and since ul|, = 0 we have

Vu=(Vu-n)n=0dyun on~.

In conclusion, the shape derivative function w’ verifies:

Aw' =0 in Q.
'

w'|r =w*|r =0

(3.19)
8nw’\p = 8nw*\p

w'ly = =(V - n)dqul,

Proof of Theorem 3.10. Define the operator

F'(7)¥ := dyw'|r € HVA(ID).
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From the previous results and the continuity of the normal trace operator we have

— 0, e — 0.

Hw — F(7)v »
H-1/2(T)

3

Suppose that F'(y)¥ = 0, i.e., dyw'|r = 0. Then, w’ has null Cauchy data on I and by
Holmgren’s lemma, w’ = 0 in €. In particular, 0 = w'|, = —(¥-n)oyu|,. If ¥(z)-n, # 0
for some x € ~ then, by continuity, ¥(z) - n, # 0 on some relatively open set o C ~.
Then, we must have dyu|, = 0 and again by Holmgren (recall that u|, = 0), u =0 in Q..
In particular, g = u|r = 0 which contradicts the hypothesis.

Reciprocally, if ¥ - n is identical null on ~ then w'|, = 0 and therefore w’|sq, = 0.

Thus, v’ = 0 in Q. and we conclude that

F/(’}/>\I/ = 8nw’\p =0.

O
3.2 Robin problem
Let Q. be a C! domain of propagation defined as in section 3.1.
Consider the direct problem:
Given g compute g, = dyu on X C I' where u solves the mixed problem
Au =10 inQ.=Q\w
(Pr)§ u=gyg on ' =00 : (3.20)

Ot +Zu=0 on~vy=0w

Again, n denotes the normal vector on «y, pointing outwards with respect to .(or inward,

with respect to w).

Theorem 3.13 If g € HY?(I') and Z € L>®(y) is such that Z > 0 then (Pg) is well
posed, with solution in H'(,).

Proof. Let uw € H'(Q) be the solution of

{Aa:o in Q

u=gq on I
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Considering w = u — u, (Pg) is well posed if and only if the problem

Aw =0 in
w=0 onl" , (3.21)
Ohw+ Zw=~h on-~y

where h := 0,u + Zu, is well posed. Define the subspace
V ={s€ H'(Q,):s|p =0} (3.22)
It is well known that V is a closed subspace of H'(€).) and that

(w,s)y, = | Vw-Vsdr, Vw,s €V (3.23)

Qe

defines an inner product on V. Denote by || - ||y the norm induced by this inner product.
By Poincaré inequality, this norm is equivalent to the norm induced by H'(€2.), hence, V
equipped with this inner product is an Hilbert space.

The variational formulation of problem (3.21) is:

Find w € V such that

S(w,s) = /hsdg, VseV (3:24)
v

where S is the bilinear continuous and symmetric form on V' x V defined by

S(w, s) ::/ Vw-Vsdx+/Zwsdg.
Qe v

Given s € V,
S(s,s) = lIslly + 11V Zs[72¢,) > lsl[

therefore S is V-coercive. It follows from the Riesz theorem that w +— S(w,-) is an

isomorphism between V' and V’. On the other hand, the linear form
S — J(s) = /h8d§
Y
is continuous on V. Therefore, exists a unique w € V such that

S(w,s) = J(s)
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and this concludes the proof. O]

Remark 3.14 The problem (Pg) is not well posed for a general Z € L*(~). For

instance, the following harmonic function in R?\ {0},

u(z) = log(|x),

satisfies
u(z) =0, Ve e I':= 0B(0, 1)

and, on v = 0B(0, p), p > 0,
1
Opu=—— A u=logp
p

where n points inwards with respect to the domain w := B(0, p). Considering p < 1 and

defining
1

~ plogp
we conclude that both the null function and u solves (Pg) in 2. = B(0,1) \ B(0, p) for

g = 0 and the aforementioned function Z.

YA

(<0)

3.2.1 Inverse problem

In this section we study the identification of the Robin coefficient from a boundary mea-

surement on X. A first question that arises is:
Can we identify the shape of w for the mixed problem (Pg) ?

The previous Remark 3.14 and an analysis of the proof of Theorem 3.6 suggests a negative

alnswer.

Example 3.15 (Non uniqueness of the geometric inverse problem for Robin b.c.)
Consider the harmonic function in R? \ {0} defined by

(21,22) = &1 + —5
U (L1, T2) =T1 T —5 5
23 + a3

and the annular domain
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where 0 < p < P (see Fig. 3.4, left plot). On v = dB(0, p), we have

2 1 2 1
anu|,y: p 5 n-€1 /\ U|7:—Mn‘€1-
P P
Hence, u solves the problem
Au=0 in €,
u=g on I'=0B(0,P)

Ohu+ Zyu=0 onv

where ¢ is the restriction of u to I' and

2
-1
Z, = p3 :
P>+ p

The restriction of p — Z, to the interval |1, 3[ is positive and non injective (see Fig. 3.4,

right plot). This means that at least two circular inclusions generate the same Cauchy

data on I'. Hence, no identification is possible for this problem considering the non null

input function g.

(a) Plot of u considering p = 1.9 and P= 4. (b) Plot of Z, as a function of p.

Figure 3.4: Plot of the functions from Example 3.15.

The inverse Robin problem can be formulated as:

(IRP) : Assuming that w is known, identify the Robin coefficient Z from a single pair of
Cauchy boundary data on > C T
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As in (3.3), we denote by Gg(X) the space of admissible Cauchy data on an open set
Y C I, for problem (Pg). Define the class of admissible Robin coefficients

Cr:={Ze€C’):Z>0}.

Theorem 3.16 (Uniqueness for (IRP)) If g is not identically null on T" then a single
pair of compatible data (g, gn) € Gr(X) determines uniquely Z € Cg.

Proof. This result is well known and, for the sake of completeness we present a proof
following [33].

Suppose that exists uy,us € H(£2.) solving (Pg) for Z, Zo € Cp respectively such that

(9|z,5nul|2) = (9\2,311“2\2)-

By Holmgren’s Lemma, u; = us in Q.. Thus, ui|, = us|, and Oyui|, = Onusl,, and we
have
(Zy — Zy)up =0 on ~. (3.25)

Assume by contradiction that Z;(x) # Zs(x), for some x € . By continuity, there
exists a non empty open set ¢ in the topology of ~ such that (Z; — Z3)|, # 0. From
(3.25) we obtain u; = 0 on ¢ and the Robin boundary condition gives dyu = 0 on o.
Using Holmgren’s Lemma we get u; = 0 in €. and in particular g|s, = w;|s = 0, which

contradicts the hypothesis. O

Remark 3.17 Due to sign limitations on Z, the Robin inverse problem can not be

considered linear. In fact, consider the (injective) operator

G :Cr — H YD) (3.26)
Z > Gn

where Cp is the cone of admissible coefficients and, for given and fixed g € H'?(I'), we

have (g, gn) € Gr(I'). It is clear that, in order to have the property

then g = 0 should be considered.
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3.2.2 Local Lipschitz stability

In this section, we follow the ideas in [33] and [50] to compute the directional derivative
of the map G defined in (3.26) and to present a local Lipschitz stability result.
Given Z > 0 € Cy define the perturbation in a given direction R € C%(y),

Z. =4+ eR.

Notice that, for sufficient small |e|, Z. € Cr. Let u € H'(2.) be the unique solution of

Au=0 1in €,
u=y inl
u=0 in~y
and define w = v — uw. We have
Aw =0 in €,
w=70 I

Ohw+ Zw=~h in~y
with h = —0,u. Thus, w is the unique solution of the variational problem

Find v € V such that

S(v,s) = /hsdg, VseV (8:27)
¥

where S is the bilinear form and V' the Hilbert space considered in the proof of Theorem
3.13.

In terms of the perturbed problem, w, = u. — w is the unique solution of

Find v € V such that

Se(v,s) = /hsdq, VseV (3:28)
ol
with
Se(v, s) = / Vv - Vsdr + /(Z + eR)vsds.
Qe v

Subtracting the variational equations (3.28) and (3.27) with the corresponding solutions
we get

S(w. —w,s) = —6/ngsd§. (3.29)
ol
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Lemma 3.18 There exists w' and r(g) both in V' such that
we = w+ew' + er(e)
and r(e) — 0 in V.

Proof. We follow the proof of Lemma 3.11. By the invertibility of S and equation (3.29)
we have

|lwe = wlly < CCrlell[wellv

with C' > 0 and Cg = || R||«-. Since
lwellv < [[we = wllv + [[w]lv

then, for small |¢|,

CCR‘€|
- < —aEl
e —wlly < 3= g llwllv

hence w. — w in V. Let w’ be the unique solution of the variational problem

E—>

Find v € V such that

S(v,s) = —/Rwsdg, VseV (3:30)
ol
We have
S’(wg v w',s) = —/R(wE — w)sds

< gl

hence
|2 -] <ol

€ v

and we conclude that r(¢) = *=* —w’ — 0 in V. O

In conclusion:

Theorem 3.19 The derivative map G'(Z) : C°(y) — H~Y*(T') is given by G'(Z)R =

Opw’, where w' € HY(Q,) is the unique solution of the mixed problem

Auw' =0 n Q.
w =0 on I

Opw' + Zw' = —Ru  on 7y
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Theorem 3.20 (Local Lipschitz stability) Let R € C°(v)\ {0} and g € H'?*(T) \ {0}.

There exists ¢ > 0 such that, for small |¢|,
1G(Ze) = G212y = cle]
Proof. By contradiction, assume that

lim —IG(Z.) ~ G(Z) a2y = 16 (Z)Rll1-172r) = 0.

This means d,w’ = 0 on I'. Applying Holmgren’s Lemma (recall that w’ = 0 on I') we

get w' =0 in .. In particular,
0=0yw+ Zw = —Ru on 7. (3.31)

Since by hypothesis R = 0 then, by continuity, R|, # 0 on some open set o. From (3.31)
we get u = 0 on ¢ and it follows d,u = 0 on ¢ because u satisfies a Robin condition on
v D o. Again by Holmgren, u = 0 in 2. therefore g = u|r = 0, which contradicts the
hypothesis. [

3.3 Conclusions

In this chapter, we addressed two inverse problems:

1. A non linear geometric problem, consisting in the identification of an inclusion or cavity
from a single pair of Cauchy data. It was proved that a single pair of compatible Cauchy
data (g, gn) with non constant g determines the obstacle and the boundary condition
(Dirichlet or Neumann) defined on it. A criterion to distinguish these two situations was
provided. Using the domain derivative, we presented a local Lipschitz stability result for

the determination of inclusions.

2. The identification of a Robin coefficient problem from a single pair of Cauchy data. It
was proved for this non linear problem that for non negative and continuous coefficients a
single pair of compatible data determines the coefficient. A local Lipschitz stability result

was also obtained.

In the next chapter we focus on the numerical approximation for both direct and

inverse problems using methods based on the MFS.



The MFE'S for direct and inverse problems -

Laplace equation

The MFS is a meshfree boundary method and has been mostly considered as a numerical
method for (elliptic) direct boundary value problems since the first papers by Kupradze
and Alekside [64], Oliveira [24] or Mathon and Johnston [69]. Being a boundary method,
it does not require any sort of domain discretization technique. On the other hand,
no singular integration is performed which is an advantage over the boundary element
method. Numerically, the method can be seen as a discretization of a single layer potential
on an exterior artificial boundary. Nevertheless it should be noticed that this connection
only exists as a term in a sequence of boundary layer densities aimed to fit the given
boundary data. In practice, it consists in taking a linear combination of fundamental
solutions centered at some (chosen) exterior point sources and then the coefficients can
be computed by taking into account the boundary condition(s), for instance by collocation
on some boundary points. For the Laplace equation, exponential convergence of the MF'S,
for smooth data and appropriate chosen collocation and source points, has been proven
for circles or its conformal mapped domains (eg. [26], [54], [55], [69]). This optimal
exponential decay of the error O(R™™) has a counterpart of exponential increase of the
condition number O(R"), for a circle of radius R (cf. [61]). This leads to an “uncertainty

principle”, already pointed out for radial basis functions (RBF') approximations (cf. [80]):

47
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we can not get both accurate approximations and low condition numbers.

A review on the MFS for direct problems can be found in the recent thesis [84].

On the other hand the MFS is also being considered as a tool for inverse problems,
mainly for Cauchy data reconstruction. An example of this application can be found in
the early work by Kirsch and Kress [60], twenty years ago, where it was used to fit the
boundary data in an external problem, in the context of obstacle detection for exterior
acoustic inverse scattering problems. A recent application of the method for linear inverse

problems can be found in the references [52] and [67].

In this Chapter we show some theoretical results for the single layer potential to
justify the MFS approximation for direct and Cauchy (data reconstruction) problems.
An application to the direct problems discussed in Chapter 3 is given and some numerical
simulations are presented to illustrate the performance of the method. Concerning the
inverse problems, the MF'S is applied for Cauchy data reconstruction in a decomposition
method and also as numerical approximation for direct problems, in an iterative method.

Numerical results are given in order to compare both approaches.

4.1 The MF'S for direct problems

For simplicity, we start by recasting the problems (Pp), (Py) and (Pg) in terms of a
single boundary value problem. Let Q. = Q\ @ C R be a doubly connected domain of
propagation with C'' boundary. Consider the following (direct) problem:

Given g € HY?(T), solve

Au=0 1in €,
(P)§ u=g onTl (4.1)
Bu=0 on-~y

where B is the boundary operator defined by B := a7! + Z,7, and
e a is a constant coefficient in {0, 1},
e 7/, is bounded and non negative such that Z, = 1.

This problem is well posed in H'(£2.). Notice that, for a = 0 we obtain problem (Pp).
When a # 0 we obtain (Pg) and, in particular, (Py) when Z; = 0.
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To apply the Method of Fundamental Solutions, we consider C! artificial boundaries
Oﬁc =TU ~ outside Q. that will be used to define the point-sources location. These
curves will be called admissible source set.

The complementary set R? \ Q. has two connected components, one exterior Q€ =
R?\ Q and one interior, w. In w, we consider as admissible sets, ¥ = & € C! internal
regular boundary of @ simply connected open set such that ® C w. In the exterior of €,
we define an external boundary [ = 90° € O with QF an open unbounded set contained
in Q€ with a boundary that encloses the domain, Q C R?\ (AZ_C . The artificial domain of
propagation is thus defined by Q, := Q \ @ where Q := R?\ QC (see Fig. 4.1).

N C

Q

Figure 4.1: A doubly connected domain €2, and an artificial boundary ru 7.
Consider the single layer representation
u = Ly + Lz1p. (4.2)

Notice that the singularities of u are placed outside €, and that Au = 0 in R?\ (I U7R).
Thus, to approximate the solution of (P) using the single layer representation we have to

consider the integral equations
Spp¢+Sra =g A BL:ag + BLyY = 0. (4.3)
where we used the notation for the single layer potentials
Srfgé = 1 Lpo.

However, in general, such equations are not solvable. Nevertheless, we prove that, in a
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proper functional space containing the boundary data (g,0), the set

{ (Snfgb + Spat, BLeo + BLw) }

is dense. Although the steps of the density proof are similar, there are some slightly
differences between the 2D and 3D cases. This is related to the different asymptotic

behavior of the fundamental solutions in 2D and 3D.

Lemma 4.1 Given ¢ € R and g € HY(T) the exterior problem

Au =0 in Q° C R
u=yg on T (4.4)
u(x) = clog|z| +O(1) |z] — o0

s well posed in Hlloc(ﬁc). In R?® the same conclusion holds if u satisfies
u() =0(z[™1), |z — o0

instead.

Proof. See [34]. O

We focus on the 2D case. Given a boundary T, Z € L>(7T), define the closed space
w0 = {o € 101 [ 2ot =0}
It is clear that Z = 0 implies Hy/>(T) = HY2(T) and
/T Z(@)ds, £ 0 —> HYX(Y) = HY(T)/R

by taking

b e 1/2
O T [ A < 1),

for each ¢ € HY/2(Y).
By duality, we define the space Hgl/Q(T) consisting of 1 € H~/2(Y) such that

/Z(x)w(:c)dgx = 0.

Y

We note that, for Z € L>*(T) \ {0} non negative, the dual of le/Q(T) can be identified
with H,'/(7T).
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Consider the operator
M(T,7) : HV(T) x HV2(7) — HY(T) x H72(y)

defined by
M(T,7) (¢, ¢) =

Sr,f Sty ¢ (4.5)
BL: BL; v | '

Equations (4.3) can now be written in the form

M(L,7)(¢,4) = D(T',7) (4.6)

where

g
DT, vy) = .
(T, 7) [0]
Theorem 4.2 The restriction of M(T,~) to Hy "*(T) x H; "*(®) is injective.

Proof. Let (¢,¢) € Hy*(T) x H{Y*(3) be such that M(T',v)(¢, 1)) = 0. Denote by u
the single layer potential defined in (4.2). Then,

[ulpg = [uly =0, ¢ =[Oatls, ¢ = [Ouuls, (4.7)

where 1™ is the restriction of u to Q. and u* the restriction of u to R? \66 On the other
hand,
MT,7)(p, ) =0= (u=0onl" A Bu=0onv).

To prove the injectivity we show u = 0 in R?\ (f U7) from where it follows that the
jumps ¢, 1 are null. We split the proof in the analysis of three problems:

e In Q, C Q, u~ satisfies the well posed problem in H'(Q,)

Au=0 1in €,
u=0 onTl (4.8)
Bu=0 on-~

hence v~ =0 in €2, and, by analytic continuation, v~ =0 in Qc. In particular,

u |z = u |5 = 0 and since u is continuous across I' U7, we must have u*|z =

u+|§ =0.
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e Regarding the unbounded component Q€ we consider the well posed problem in

H},(Q°) )
Au=0 in Q€
uw=0 on I = 90° (4.9)
u(y) = clogly| + O(1)  [y[ — o0

with

c= —% (/f é(x)ds, + /ﬁ?ﬁ(:t)d%) :
“1/2,5

Now ut satisfies this exterior problem with ¢ =0 (recall that ¢ € H; '°(T), ¢ €
H;'/*(7)) therefore, u™ = 0 in QC.

e For the exterior and bounded component @, the well posed problem in H'(©)

Au—0 ind
" e (4.10)
u=20 on 7y = 0w
is satisfied by u* and this gives u™ = 0 in ©.
Thus, v =0 in Q. UQC UG =R2\ (T'U7) hence, ¢ = ¢ = 0. O

Since M(T',7) is a bounded linear operator between Hilbert spaces, we use the property
(eg. [78])
R(M(T,7))" = ker(M(T,7)"),

where M(T",v)* is the adjoint of M(T", ), to establish the density result. We start with

the expression for the adjoint operator.

Lemma 4.3 The adjoint of M(T, ) is given by

Sf‘,r af(ﬁ7 + SfﬁZa

M(T,v)" =
() [ Ssr al5 ., + 55,7,

Proof. We have

<BLf¢aT/)>H1/2(7)xH71/2(7) :/<aany —|—Za(y))[q)y(x)gb(x)dgxz/)(y)dgy

o

:/AWM+a@wmwmwwmm
_A/W%+a@mmwwmmwm

= <7—f‘ ((aMW + LWZa)w) ’¢>H1/2(f)XH*1/2(f)
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therefore (BLg)* = mr(aM, + Ly Z,) = aKz , + Sp Z,. Using the same argument we get
(Srﬁ)* = Sf%F. ThU.S,

Theorem 4.4 The operator M(L',~) has dense range in H}/Q(F) X HZ/Q(’y).

Proof. To prove the density we show that the restriction of the adjoint M(I",v)* to
H, P (T)xHY?(3) is injective. Let (¢,¢) € Hy /() xH?(F) such that M(T,7)*(¢, 1) =
0. Define the boundary layer

uw=Lr¢p+ (aM,+ L,Z,)
ie.,

/ o(2)®, (2)de, + / @)D, By (1), + / Zu(@)p(2)®y (2)dss, y € B2\ (TUA).

5

It is clear that u is harmonic in R?\ (['U~) and since by hypothesis (¢, 1) € ker M(T',7)*,
we have v = 0 in I and 5. On the other hand,

[ulp =0, [Onulr=0¢, [uly=—ay A [Onul,= Z. (4.11)

To show that ¢ = 1) = 0 we follow the proof of Theorem 4.2.

e First notice that the well posed exterior problem (4.9) (now the constant is
= (fp o(x)ds, + f Z.(2)Y(x)ds,)) is satisfied by u™ with ¢ = 0. By analytic

contlnuatlon, it follows that uJr =0 in Q° hence, u*|r = 0 and dyu™|r = 0.

e From Aut = 0 in @ and u™ = 0 on 7 = 0w we conclude that u*|, = 0 and

Onut|, = 0.

e Using the jump relations (4.11), we get v~ |p = 0, u™ |, = —ayp and Ophu™ |, = Z,2.
Thus, u~ satisfies the well posed problem in H'(,)

Au =0 1in €,
u=0 onl (4.12)
Bu=0 on-~y



54 The MFS for direct and inverse problems - Laplace equation

hence, u™|, = 0 and Opu™|p = Opu™ |, = 0.

We conclude that ¢ = 0, atp = 0 and Z,» = 0 and it follows (recall that a € {0,1} is

constant and Zy = 1)

b=1=0.

Remark 4.5

1. It follows from the previous results that the constants must be added to the ap-
proximation for the 2D case. This is justified by the asymptotic behavior of the
fundamental solution in the (unbounded) domain 0°. Instead, if we consider for
instance Q€ bounded this restriction can be dropped. Although theoretically sim-
pler, this choice leads to (for instance, when T does not enclose the domain ) worst

numerical results.

2. In the 3D case, the asymptotic behavior for the exterior problem is automatically
satisfied by the fundamental solution. In this case, the previous injectivity and
density results hold in the whole functional spaces and can be obtained using the

same arguments.

3. The above results are also valid when €. is a multiply connected domain. In this

case, an artificial curve must be considered inside each component of w.

4.1.1 Numerical implementation

We now describe the implementation of the MFS approximation for (P). For numerical
computations we must consider a discrete version of (4.6). In particular, only a finite
number of source points y1,...,Ym € Tu ~ can be considered. For simplicity we drop the
constants.

Consider the discretization of the single boundary layer given by

ﬂ:Zaquyj, Oél,...,Oéme]R, yJEfU:}/\ (413)
j=1

and the corresponding discretization of (4.5), M(T,~) : R™ — L3(T') x L2(7) given by
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vl Dy, |r ®,,. I

M(T,7) =
(@0a®y, + ZoPy,)ly - (a0nDy,, + ZaPy, )|
Thus, the system (4.6) in this discrete form is given by

—~

M(T,y) (e, ..., am) = DT, 7). (4.14)

We now establish an injectivity result similar to Theorem 4.2.
Theorem 4.6 M(F,'y) is injective.

Proof. We show that if X = (aq,...,q4,) € kerM(F,’y) then X = 0. Let u be the

harmonic function in R?\ {y;,..., 4} defined above. Since

—~

M,y (g, ..., ) = (ulr, Bu)

then X € ker M (I, v) means that u solves the well posed problem (P) for g = 0. Therefore

u =0 in €2, and by analytic continuation,

u=0in R\ {y,...,ym}.

The conclusion follows from the fact that {®,,,...,®,, } is a linearly independent set in
R A{y1, - ym}- O

However, it is clear that a density result of the range of M(T',~) in L*(I')x L2(v) can not be
obtained. In fact, the adjoint operator of MV(F, 7) is given by /T/I/(F, V) LAT)x L2 () —
R™, with
Lr()(y1) + (aMy + Ly Za) () (y1)
—~ . Lr(¢)(y2) + (aM, + L Z,) (V) (y
M(F,’Y) (¢7¢): F( )( 2) ( v v )( )( 2)

L (¢)(ym) + (@My + Ly Za) () (Ym)

maps to a finite dimensional space.

For the numerical implementation of the MFS we consider the discretized version of
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M(T,~) and D(T,~) given by

®y, (1) a @y, (1)
M(F7 ’)/) = (I)yl (Inl> q)ym (mnl)
aOn®y, (21) + Zo(2]) Py, (2]) -+ aOn®y,, (1) + Za(2]) Dy, (7])
L aﬁnq)yl (x:ryl,g) + Za(l‘%g)@m ('r’ryl,z) U aanq)ym (IE%Q) + Za(x%2>q)ym (x;YLQ) i
and ~ _
g(at)
9(zy,)
D(T',v) = !
(T',7) 0
0
on some collocation points %, ... ,xfu el z],... , o7, € v and source points yi,...,Ymn €
I'u”y. When n; + ny =: n = m the coefficients «y, ..., a, € R can be computed by

solving the linear system

M(T, )X =D(I',v) (4.15)

or using the Tikhonov regularization
(1l +M(T', 7)™M(T', 7)) X = M(T', 7)"D(T’, 7)

for overdetermined systems (n > m).

4.1.2 Numerical simulations
Dirichlet boundary condition

We illustrate the accuracy of the Method of Fundamental Solutions with four numerical
examples regarding (Pp). The accessible part of the boundary, I', is 9B(0,3.5). On this

part of the boundary, we consider the input function
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The boundary of the inclusion is given by the parametrization :

Example 1 (Ellipsis):

7 (t) = (=1,-1.3) + (1.6 cost,sint), 0 <t < 27w

Example 2 (Star):

Y2(t) = (1,—1.0) + (1.0 4 0.3 sin4t)(cos t,sint), 0 <t < 27

Example 3 (Bean):

v3(t) = (0.8 + 1.8sint cost/2)(cost,sint), 0 <t < 2w

Example 4 (Kite):

a(t) = (—1.2,0.5) + (0.9 cost 4+ 0.3 cos 2t — 0.2,sint), 0 <t <27

The numerical approximation for the direct problem using the MFS is given by (4.13)
where the coefficients «; are the solution of the linear system (4.15). The matrix of
this system, M(I",v), is obtained by considering 1300 equally spaced collocation points
o xhse €T, 2], ... x50 € v and the same amount of source points. The external
source points were uniformly distributed on I' = 9B (0,4.5) and for the internal source

points we considered

¥ ¥
0.1 Tit12 — L2

Y YN, v
‘xz’+1 — | Tit11 — i

y =) ci=1,...,649. (4.16)

This distribution of source points is represented in Fig. 4.2 (black dots).

Since the numerical solution, u, satisfies Laplace’s equation in €2, then, by the maxi-

mum principle, we can control the error

|Eg, (2)] = [u(z) —u(z)], © € Q.
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N

(a) Example 1.

. . 4 * . . ] . ° 4
: (‘y ; - | :
* . -4 . ) -4
(¢) Example 3. (d) Example 4.

Figure 4.2: Geometry of the domains. The black dots represent the source points (direct
problem).

by the error on the boundary, |Esq, |. In Figs. 4.3, 4.4, 4.5 and 4.6 we present the values
of |Er| on the left and |E.,| on the right, for the previous examples.

Finally, the ill conditioned feature of the method is illustrated on Table 4.1 where we
present the evolution of the condition number condM(I",v) and the maximum of the
error on the boundary in terms of the number of collocation points. In this table we may
notice that despite early high condition numbers, the MFS presents increasing accurate

approximations.
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Figure 4.3: Absolute error on the boundary (direct problem).
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Figure 4.4: Absolute error on the boundary (direct problem).
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(b) Error on 7.
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Absol ute Error
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Figure 4.5: Absolute error on the boundary (direct problem).
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Figure 4.6: Absolute error on the boundary (direct problem).
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Collocation Points conde (M(I',7v)) Max|Eyq,

100 5.3 x 1033 1.8 x 1072
500 1.3 x 10* 1.8 x107°
1000 3.3 x 10%? 7.5 x 1078
1300 5.2 x 10 6.1 x 10711
1500 1.1 x 10%! 6.1 x 1071
2000 7.7 x 10%! 6.1 x 10~

Table 4.1: Evolution of the condition number and the error on the boundary with the
number of collocation points, for example 2.

Robin boundary condition

Regarding the MFS simulations for the direct Robin problem we present three examples.
The boundary of the domain Q. is I' = 9B(0, 3.5) and v is a centered ellipsis. The artificial
boundary is [’ = 0B(0,4.5) and 7 is also an ellipsis (see Fig. 4.7). The input function is

g=1

The considered Robin coefficient is (see Fig. 4.8):

e Example 1 (constant):
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—

Figure 4.7: Geometry of the domain for the Robin problem. The blue line represents the
boundary of df2. and black dots the location of the point sources (direct problem).

e Example 2 (smooth):

Zy(t) = 0.9 +sin®tcos (1/2), 0 <t <2

e Example 3 (non-smooth spline):

( t+1 0<t<Z
"l 2
= 4+
1+ 2 s<t<m
Z3(t) = A—7 4t
3 — (cm+1) 7T§t<37”
Sﬂ-ﬂ—.f—t
1-—2— I <i<or
\ T

In Figs. 4.9, 4.10 and 4.11 we present the absolute error on the boundary. On I' the
absolute error is given by

() - g(a), x €T

and on 7,

|3nui + ZZUZ|, xr € Y

where wu; is the MFS approximation of the solution of the i-th example. We can see that
for the smooth coefficients, the boundary error is small. For the non smooth example,
we get a bigger boundary error precisely at the non smooth points (Fig. 4.11, right).
This is due to the fact that the non smoothness is transferred to the normal derivative

appearing on the boundary condition and the approximation is sought in terms of smooth
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1 1.5
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0.5
0.25 0.5
i 2 3 4 5 6 ! i 2 3 4 5 6 !
(b)ZQ (C)23

Figure 4.8: Considered Robin coefficients.

basis functions. This problem can be overcome by enriching the approximation space with
appropriate particular solutions (adapted to the ”corners”). This is beyond the scope of

this work.
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Absol ute Error Absol ute Error
6-10""°
5-10° 8107
4-107%%) 6-10""
i
S15 |
310 i 4.10°%2
2.10°%°
-12
1-10° 15 l 2-10
lﬂ t | t
1 2 3 4 5 6 1 2 3 4 5 6
(a) Absolute error on T'. (b) Absolute error on 7.

Figure 4.9: Error on the boundary - Example 1 (direct problem).
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(a) Absolute error on T (b) Absolute error on +.

Figure 4.10: Error on the boundary - Example 2 (direct problem).

Absol ute Error Absol ute Error
1.2-10% 0.001

1-107 0. 0008

8-10"*2

0. 0006

6-10 12

410" 12 0. 0004

2.10°12 0. 0002 Jk

t t
1 2 3 4 5 6 i 5 3 i : 5
(a) Absolute error on T'. (b) Absolute error on 7.

Figure 4.11: Error on the boundary - Example 3 (direct problem).
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4.2 A MFS based decomposition method for the in-

verse geometric problem

We now consider the problem of retrieving the shape of the inclusion from the Cauchy

data (g, gn) on I'. Two difficulties are expected to occur:
1. IlI posedness and
2. non linearity of the inverse problem.

The decomposition methods for these inverse problems consists in addressing the afore-

mentioned difficulties separately:

e First (Ill posedness): Computation of a solution of Laplace’s equation (in an appro-

priate domain) that fits the given Cauchy data.

e Second (Non linearity): Reconstruction of v using the solution computed in step

one.

For the first step we apply the MF'S. This can be seen as an adaptation of the Kirsch Kress
Method (cf. [60]). On the original formulation of the KKM (in the context of acoustic
scattering) the boundary layer was defined on an artificial boundary inside the obstacle
and the density was computed by fitting the available far field pattern data. However,
for interior problems, we have two types of data to fit: Dirichlet and Neumann boundary
data. This motivates the MFS adaptation of the KKM that consists in using the single
boundary layer representation on two artificial curves instead. An external, T c ﬁc, and
an internal, ¥ C w. The theoretical results for this MF'S approximation are presented in
the first paragraph. The numerical implementation is described in the second paragraph

and in the third, we present some numerical simulations.

4.2.1 The MFS for the inverse (Cauchy) problem
Consider the single layer potential
u= Ly(¢) + Ly (¢)

where f, ~ are two artificial boundaries defined as in the beginning of section 4.1. On
the boundary I" we have to fit the Cauchy data (g, gn), which we will assume to be in
HY2(T') x H~Y2("). Thus, using the previous integral representation, we obtain the
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integral equations,

Sp(@) +5r7() =g A Npp(9) + Nra(¥) = gn.

In other words, defining the boundary operator K(I',T) : H-Y2(T') x HY2(§) —
HY2(I') x H=Y2(T') by

Stz Srs 1)
KT, T)(p,0) = | b 7 4.17
e[ 550 1[2] n
we obtain the equations

where
n , g
DYI,T) =
9n
Remark 4.7 Like in the MF'S system for the direct problems (4.6), this system may not
be solvable, even for compatible Cauchy data (g, gn). However, if both (4.6) and (4.18) are

solvable then, considering the same artificial boundaries on both cases, the same densities
will satisfy these systems and the first line of M(I', ) is equal to the first line of K(I',T").
In the limit situation v =T, if B = 7 then M(I',T") = IC(I',I") (see Fig. 4.12).

region of interest region of interest

Figure 4.12: Limit situation where the operator matrix arising from the direct MFS (on
the left), M(T", ), formally tends to M(I',I"), the matrix arising from the KKM, used as
a Cauchy solver in a different region of interest (on the right).

The next injectivity and density results concerns the two dimensional situation and
again we consider the identification H%(T) = H"(T)/R when [ Z(x)ds, # 0.

Theorem 4.8 Let ¥ C ' be an open set in (the topology of) I'. The restriction of the
operator K(3,%) to HY2(T)/R x H-Y2(3)/R is injective.
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Proof. We follow the proof of Theorem 4.2. Consider two potentials (¢, 1) € H;l/z(f) X
H2(3) such that K(Z,)(¢,1)) = 0. For such potentials, denote by u the harmonic

function in R?\ (f U#) represented in terms of the single boundary layer on NS 5, ie.,

u=Lp(¢) + L5(¢).
Since by hypothesis (¢, 1) € ker (X, X) then,

Au=0 inR2\ (T U7)
u=20 on X
Oqgu=0 onX

Using Holmgren’s lemma and analytic continuation, we conclude that uw = 0 in the open
connected set .. Thus, the traces u” |3, u” |5 and normal traces Opu” |5,0nu” |5 are null.

On the other hand, the boundary jumps across T and ~ are given by

and therefore, u*| and u"|5 are null. In particular, for ¢ = —5=( [z ¢pds, + f:{ ds,) =0
and g = 0, u™ solves the well posed exterior problem (4.4) hence u™ = 0 in Q€. We have

also u™ = 0 in @, because of the continuity of the jump on 7. Therefore,
OnuT | = Oputlz =0
and it follows that ¢ = ¢ = 0. m

It is clear that the previous injectivity result is still valid for a boundary layer defined
on a single artificial boundary [ c R? \ Q. It is only for the density result that the extra

artificial boundary 7 is needed.

Lemma 4.9 The adjoint of K(I',T') is given by

N K-
IC(F,F>* — [ SF,F r.r ] )

S’?{,F K’S/,F
Proof. The adjoint can be computed following the proof of Lemma 4.3. ]

Theorem 4.10 The matriz operator K(I',T') has dense range in H/?(T')/R x H=Y/%(T").

Proof. Again, we follow the proof of Theorem 4.2. Let ¢ € H; /*(T), v € HY*(T') be
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densities such that IC(I",T")*(¢, )= 0. Define the function

u = Lr(¢) + Mr(¢),

a combination of single and double layer potentials defined on I". Now, since Au = 0 in
R2\T and u = 0 on Tu ~ then by analytic continuation of the unique null solution of
the interior and exterior problems ( ¢ = —5- [ #(z)ds, = 0), we obtain u =0 in R? \ T
Then ¢ = [Onulp= 0, 1 = —[u|= 0 and the result follows. O

Remark 4.11 Again, the constants can be dropped by taking a bounded QC. For the
3D case, there is no need to add the constants and the results can be proved using the

same arguments.

4.2.2 Numerical implementation

We start with the implementation of the first step (linear part) of the decomposition

method. Consider the discretization of the single layer given by

m
ﬂ:ZajCDyj, ap,...,am €R Yy, €eTUY
j=1

and K(I,T) : R™ — L3(T") x L2(T) defined by
~ ) . P
K(T,T) := nlr mle |
anq)yl‘l“ anq)ymh“

Lemma 4.12 Given an open set X C I' in the topology of ', the restriction 16(2, Y) is

an injective operator.

Proof. We show that if X = (a1,...,am) € ker K(2,%) then X = 0. Let @ be the

harmonic function in R\ {y1, ..., yn} defined above. Since

IC(E, E)(al, e ,am) = (ﬂ|2, f)nﬂ|g)

then X € ker IE(E, ¥)) means that the Cauchy data (u|s, Ontt|s) is null. Applying Holm-

gren’s lemma and uniqueness of the analytic continuation we obtain

u=01in R\ {y1,..., Um}-

The conclusion now follows from the fact that {®,,,...,®,, } is a linearly independent
set in RE\ {y1,. .., Ym}- O
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For the choice of ¥ C w we must consider some a priori information regarding the

location and dimension of w. We consider
7y =0B(cr)

and use the following method to obtain ¢, an approximation of the inclusion’s centroid.

Approximation of the centroid

Let f # 0 be a nonnegative and integrable function defined in w. The barycenter (centroid,

when f is constant) of w, ¢ = (¢, ¢2), is given by

[, zifdx
[, fdx

C; =

Using Green’s formula, we can compute the coordinates of the centroid by

fw(nivi(x) — 2;000;(7))ds,

€= f7 On;ds

where v;(x1,22) = #3_,/2 and n; is the i-th component of the normal to 7.

Considering the reciprocity functional

R(v) = /F(gnv — gOnv)ds

we have

R(v) = —/ uAvdx—/anuvdg
c 2l

where we used Au = 0 in 2, and v = 0 on 7. In particular, considering an harmonic test

function v, we have

R(v) = — / Onuvds
v
and we compute an approximation ¢ = (¢y, ¢2) of the centroid by

R

(4.19)

In discrete terms, ¢ is a weighted sum of points in @. Considering a positive C°(T) input
function g, by Hopf’s lemma
Ont], < 0.
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Thus, we have a convex linear combination of points in @. Therefore, the sum is an

element in the convex hull of w.

Remark 4.13 In general, we can not obtain ¢ and r > 0 from the boundary data, such
that 0B(¢,r) C w. For some particular cases, the formula (4.19) provides a point ¢ inside

w. However, the radius r must be provided.

For the numerical implementation of (4.18) we consider the discretized version of K(T',T)
and D*(I',T") given by

Dy, (21) - Dy, (1) g(x1)
o, (z, e o " N
K(F,F) — Y1 (SC ) Ym ('T ) and DH(F,F) — g(.fC )
On®y, (21) -+ OnPy,, (1) In(71)
i an®y1 (:L’n) N anq)ym (xn) ] gn(ajn)
on some collocation xy,...,z, € I' and source points yi,...,ym € Tu ~. Since mea-

surement errors are expected to occur, we apply the Tikhonov regularization scheme and

solve

(uI + K(T, D)*K(T,T")) X,, = K(I',T)*D™(T", T") (4.20)

where p > 0 is the regularization parameter.

Using the approximation u provided by the first step we can now compute the shape

of the inclusion as the level curve
u1(0) = {z € Q\ & : u(x) = 0}.

We note that, since the input function g is positive then, by the maximum principle, the
(classical) solution u of (Pp) is strictly positive in Q.U T and therefore v = v~1(0). In
this framework, the numerical method for locating v consists in searching for the zeros
of u on a domain containing . The considered domain is bounded by I' and the inner
artificial curve 7. The search is performed along segments joining I" to 7 (see Fig. 4.15,
left plot).
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Measured data and noise

Denote by

the vector of measurements on the observation points x; € I' generated (artificially)
from the numerical solution of the direct problem using the MFS. In order to simulate

measurement errors, it is common to consider pointwise relative noise, using
m. :=m-+ [»szmz]z

with random values ¢; such that,
max |g;| < €. (4.21)

In this situation, 100¢ is the percentage level of relative pointwise noise. This pointwise
noise is a sort of noise simplification since it means that the noise follows the solution,
and almost no noise will be considered at the locations for which m; is small. To better
simulate noise, we also need to consider some amount of absolute noise, using the notion

of norm noise. Instead of m¥ we will consider

[e.e]

m® = m o+ ||m[oo[ei];

where the random values ¢; satisfy (4.21).

Thus, even at the points where m; is small we can have perturbations as high as in
the largest values of m (see Figs. 4.13 and 4.14). For both cases, 100 will be called noise
level or more simply pointwise or norm noise. When ¢ = 0, we obtain m which will be

called the vector of noise free data.

0.8

20 40 60 80

Figure 4.13: Example of noise free data.
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(nfo)i (Mo) i
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
20 40 60 80 ! 20 40 60 80 !
(a) 10 % of pointwise noise. (b) 10 % of norm || - ||oc nOise.

Figure 4.14: Example of the above data with noise.

4.2.3 Numerical simulations

To test the proposed algorithm we consider the four domains defined at the beginning of
section 4.1.2 and the data vector m2® at 60 equally distributed points on I', for several
levels of noise €. We start with two comparative examples where is it clear when we
have an inclusion or a cavity. In these examples the geometry of the domain corresponds
to the first (ellipsis) and third (bean) examples. Since the considered input function
g = 1 is positive then, from Theorem 3.8 we have a cavity if and only if the generated
Neumann data g, satisfies fr gnds = 0. This is clear in Table 4.2 where the previous
integral is numerically computed using the trapezoidal rule with 60 points for Neumann
data affected by several levels of noise.

To apply the MFS approximation to fit the Cauchy data, we considered the external
artificial curve I' = 9B(0,5.5) and the internal 7 = 8(c,r), where ¢ is computed by
(4.19) using the trapezoidal rule (with 60 points). The radius was r» = 0.3. The MFS
approximation, u, was obtained by solving the system (4.20) at 120 equally distributed
source points on /I;Uﬁ, 60 collocation points on I' and choosing the regularization parameter
i accordingly to the L—curve criterion.

To retrieve the shape of the inclusion we considered, for ¢ € [0, 2], the restriction of
u to the segment defined by the points I'(t) and 7(¢), that is, the function

ve\) == a((1 = NT() + M), A €]o,1].

On the nodes \; = 0.01¢ we search for (1 — X\;)T'(¢) + X\i«7(¢) such that vy(\;+) is the small
positive value. The curve is reconstructed by repeating this process for several values of
t.
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Exact data 5% norm noise 10% norm noise
Ex. 1 (inclusion)  24.8 24.8 24.2
Ex. 1 (cavity)  7.9x 107" —3.3x 1072 3.6 x 107!
Ex. 3 (inclusion) 8.6 8.6 8.6
Ex. 3 (C&Vity) 8.8 x 1077 4.5 x 1073 —8.9 x 1072

Table 4.2: Distinguishing an inclusion from a cavity by the value of [, gnds.
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V1. 05(A)

Figure 4.15: Left— segment defined by two points on I' and 7, (black dots). Right—
solution of the inverse problem along the line of the left plot. The red dot is the computed
approximation.

On the following plots we present the numerical reconstructions for the aforementioned
domains. The red dots represents the computed approximation and the full blue line the
curve to reconstruct. The black dot is the computed centroid ¢; and the black dashed line
the internal artificial curve. First, we plot the results obtained for noise free data (Figs.
4.16 and 4.17). On the right plot of Fig. 4.16 we can see some difficulties to reconstruct
the non convex part of ws.

Regarding data with noise, we present, for the first example, a comparison between the
reconstruction obtained for data with pointwise and norm random noise. The considered
Tikhonov regularization parameter was g = 5 x 1076 and g = 5 x 107° for data with
pointwise and norm noise, respectively (see Fig. 4.18).

The fitting of the Cauchy data by the MFS was, slightly better for the pointwise case.
This can be seen in Figs. 4.19 and 4.20 where we plotted the absolute error for the
Dirichlet and Neumann data (with 5 % of noise) fitting. We obtained stable results, for
data with 5 % (Fig. 4.21) and 10 % (Fig. 4.22) of noise, for both shape and location

(centroid). The quality of the reconstructions is identical in both cases.
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3 3
2 2
1 1

(a) Example 1. (b) Example 2.

Figure 4.16: Reconstruction of the shape considering noise free data.

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1

(a) Example 3. (b) Example 4.

Figure 4.17: Reconstruction of the shape considering noise free data.
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(a) Data with 5 % of pointwise noise.

Figure 4.18: L—curve for the first example.
for regularization parameter.
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(b) Data with 5 % of norm noise.

Figure 4.19: Dirichlet data fitting with the MFS.
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(b) Data with 5 % of norm noise.

Figure 4.20: Neumann data fitting with the MFS.
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s

RYdh
VRSV,

(a) Data with 5 % of pointwise noise. (b) Data with 5 % of norm noise.

Figure 4.21: Reconstruction of the ellipsis from noisy data.
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-1
-2
-3
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(a) Data with 10 % of pointwise noise. (b) Data with 10 % of norm noise.

Figure 4.22: Reconstruction of the ellipsis from noisy data.
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For the other examples we obtained the results showed in Figs. 4.23 (left), 4.24, 4.25
and 4.26 for 5 % and 10 % of norm noise. For the second example the reconstruction
is worst. In this case the approximation of the centroid was ¢y = (1.15, —1.15) and the
reconstruction is not very sensitive to the location and dimension of the internal circle (see
Fig. 4.23, right plot for a simulation with a different internal circle). The third example
shows that the results are more stable when the inclusion is centered with the accessible

part of the boundary T'.

Figure 4.23: Comparison between the reconstruction of 7, using the proposed internal
curve (left) and 7, = 0B(c2,0.5) (right). Noise level: 5%.
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Figure 4.24: Reconstruction of v, from noisy data (Noise level: 10 %).

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2

(a) Data with 5 % of noise. (b) Data with 10 % of noise.

Figure 4.25: Reconstruction of 3 from noisy data.
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1 1
2 2
3 -3
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
(a) Data with 5 % of noise. (b) Data with 10 % of noise.

Figure 4.26: Reconstruction of v, from noisy data.

We obtained stable results, taking into account the perturbation introduced in the
data. The proposed method was easy to implement and required little computational
effort.

4.3 Iterative reconstruction of the inclusion by a Quasi—

Newton method

In this section we describe an iterative method to reconstruct the shape of the inclusion.
It is based on the optimization of both density and shape and relies on the directional
derivative of the map F'. The MFS will be used as numerical solver for the arising direct
problems.

Consider the non linear equation:
Find the boundary =, such that

F('YO) = 0n (4-22)

where g, = Oyu|r and wu is the solution of (Pp), for some given and fixed g # 0. Using

the directional derivative of F', we obtain the following linearized equation on ¥

F'(%)¥ = gn — F(70).

A Newton type of method can thus be implemented by solving the previous equation (for
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given ~yg) and using the update
Tnew = Yo + \Ijl’yo

where V|, is the restriction of the admissible vector field ¥ to the boundary ~,.

However, Newton type of methods applied to ill posed problems tends to, at a first
stage, produce a (rapidly) decrease on the norm of the residual but then, increases again.
Our approach is to consider the inverse problem formulated instead as the non linear
optimization problem

argmin, . co||[F'(7") — Ol gr-1/2(ry (4.23)

where C is a class of admissible shapes containing the solution of (4.22). The uniqueness
result for the inverse problem implies that the previous minimization problem has a unique
solution, namely the solution of (4.22).

For simplicity, we suppose that w is a C? star shaped inclusion with respect to the

origin. Therefore, the boundary v = dw belongs to the class
C = {r(t)(cost,sint) € Q:r € C*([0,27],RT) A r(0) =r(2m)}.

Such class will be the class of admissible shapes. The class of admissible vector fields on

the boundary ~ will be
W,q :={h(t) (cost,sint) : h € C*([0,27],R) A h(0) = h(2m)}.

The perturbation of the boundary ~(t) = r(t)(cost,sint) € C in the direction of
U(t) = h(t)(cost,sint) € W,q is thus given by

Ye(t) = r(t)(cost,sint) + eh(t)(cost,sint), t € [0, 27].
With this notations, the directional derivative of F' at v € C,
F'(7) : Wog — HVA(T)

is the map given by F’(v)(¥) = duu/|r where v/ € H'(,) is the solution of the well posed
problem

Au' =0 in €.

u =0 on I

w =—(V-n)dyu on -~y
We show some important properties of F’(7).

Lemma 4.14 F'(v) is injective.
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Proof. Suppose that F'(~y)¥ = 0, for some ¥ € U ;. By Theorem 3.10 it is sufficient to
show that
Ve ey, ¥(z) Ln, = V=0

Considering the above parameterizations, the normal vector to  at t € [0, 2] is given by

r'(t)(—sint,cost) — r(t)(cost,sint)

n; =
()2 + r(t)?
and ()t
0=V(t) n, = — () = h(t)r(t) =0, Vt € [0,2n7].
()% 4 r(t)?
From this we can conclude that h = 0 (since by hypothesis r > 0), ie., ¥ = 0. O

In the following, we identify C with
C3[0,27)" := {r € C*([0,27],R") : 7(t)(cost,sint) € QA r(0) = r(27)}

and ¥,, with
C210,27] := {h € C*([0,2x],R) : h(0) = h(27)}.

The bounded operator F’(7) can be continuously extended to the closure of C2[0,27] in
L*([0,27]), hence to the whole L?([0,27]). This extension will still be denoted by F'(7).

Since the injection ' : H='/?(T') — H~3/%(T") is continuous, the linear operator
F'(y) = F'(y) : L2([0, 20]) — H~¥*(D)
is bounded.
Lemma 4.15 The adjoint of F'(v), F'(y)* : H¥*(T') — L2([0, 2x]) is given by
(F'(7)"9:)(t) = r(t)On,u(r(t))On,u” (r(t))

where u* € H?*(Q.) is the solution of the well posed problem (Pp) with input function
g. € H¥2(T).

Proof. Let u* € H*(Q.) be the solution of the aforementioned problem. We have
(ge, FX (NN a2 0y xpr-3r2r) = /Fg*anU’dc

— /u’ Lutds — (u*,Gnu'>H3/2(7)XH,3/2(7) +/8nu*u’d<.
r .
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Using the boundary conditions for v’ and u* we get

(G P/ (V)R gs/2 0yt -5/2(r) = / ()1 ()0, () O, (1)

O

Corollary 4.16 If exists a relatively open set o C v where the normal trace Oyu does
not vanish then, F'(v) has dense range in H=3/*(T).

Proof. We show that the adjoint F’(v)* is injective. Let g, € H*?(T') be such that
F'(7)*g. = 0. Since r > 0 then, by the previous Lemma,

OnuOyu® =0 on 7. (4.24)

Thus, we must have d,u* = 0 on ¢ and by Holmgren (notice that we also have u* = 0 in
v), u* =0 1in .. In particular,

0= u*]p = Jx-
[

Remark 4.17 The above hypothesis on the normal trace is not too restrictive. In fact,
by Holmgren’s theorem, the normal trace of u does not vanish on any relatively open

subset of 7.

For numerical purposes, the sets of admissible shapes and vector fields are represented

in terms of the (finite dimensional) space defined by the Fourier modes, ie.,

N N
Cn = {ra(t)(cost,sint) €ENirg>0Ary(t) =y + Zaj cos (jt) + Zaj+N sin (jt)}

= =1
and
N N
= {ha(t)(cost, sint) : ha(t) = o + ZC(]‘ cos (jt) + Z @iy sin (jt)}
=1 =1
respectively, with a = (ag,...,aony) € R?MFL. We now formulate the minimization

problem (4.23) as a non linear least squares problem. Given a vector of (eventually noisy)

data m = [m;] on the observation points z; € I', the objective function is

Fobj(Oé> =

N —

Z(Fi(a) —m)* = o (F(a) —m)" (F(a) — m)
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where Fj(a) = F(a)(z;) = Onta(x;),

Au, =0 in QY
Uy = ¢ onI'

Uy = 0 on Yo

and 7, is parameterized by 7,(t)(cost,sint) € Cy. The minimization problem is thus

Yor = argmin, e Fopj(a).

We apply the Levenberg-Marquardt (LM) method for this minimization problem.
Given an admissible curve v, € Cy, the update step ¥,, € ¥Y in the LM method is
given by (see appendix)

(HL+ T (@)I(a))as = =T () (F(ar) — my).
Lemma 4.18 The Jacobian matriz J(«) is given by

J(a) = [Ont)(x))] .

1)

where u; solves

Au; =0 in QY
u; =0 on T
u; = —(Ve, -n)Opltq, 0N Vg

with e; the jth vector of the standard basis of R*N 1.

Proof. Given a parametrization r,(t)(cost,sint) of 7, € Cy consider, for sufficient small

le|, the perturbation . € Cy of ~,, defined by
To(t)(cost,sint) 4 ehe, (t)(cost,sint).

Thus oF
(ks = 55

(l’) — lim E(a + Eej) — E(Oé)
¢ e—0 g

= (F'(7a)We,) ()
and the result follows. O

Thus, at each step of the method, we have to solve 2N + 2 problems (one related to
uq and 2N + 1 problems related to the Jacobian) and we use the MFS for these problems.
Numerically, those 2N + 2 problems correspond to 2N + 2 systems of linear equations

having in common the same system matrix.
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Remark 4.19 Regarding the updated shape v,,., = Vo + V4, some care must be taken
in the choice of ;1 > 0 to assure both descent direction and that ~,,, is admissible. The
first is assured by the algorithm and the second requires the introduction of some control
structures in the algorithm. The latter situation can be easily implemented but will not
be taken into account since increases computational time and for the tested examples

revealed to be unnecessary.

4.3.1 Numerical simulations

In order to test the minimization algorithm we consider the previous four examples.
For comparison with the decomposition method, we use the same measured data and
computed centroid ¢;.

Each direct problem is numerically solved with the MFS approximation. We con-
sider T' = OB (0,5.5) and internal artificial curve obtained by a reduction of the internal
boundary by a factor of 0.9. The number of collocation and source points is 120.

We start the iterative process from 4(®) = 9B(¢;, 1) and the iterations are computed

according to the following strategy (cf. [11]).
Algorithm 1
1. Give an initial curve
2. Compute the updates in Cp, with the LM method

3. Use the last curve from step 2 in step 1 and repeat the process in Cy,,
with Ny > Nj.

This strategy avoided the convergence to some local extrema. We used the spaces
Co (circles) and C4. This choice of (low dimensional) spaces is related to a trade off
between quality and stability. Higher number of Fourier modes increases the quality
of the reconstruction (for data without noise) but increases also the instability on the
reconstruction (worst reconstructions for noisy data).

As stopping criterion we use the empirically chosen value 1072 in the relative evolution

of the objective function, that is we stop at the first a,,., such that

Fobj (aold) - Fobj (anew) < 10_2
Fopi(aora) -

We use the full red line to represent the initial curve and the red dashed lines for the
intermediate iterations. As usual, the approximation is represented by a red dotted line

and the exact by a full blue line.



86 The MFS for direct and inverse problems - Laplace equation

The first test regards data without noise. For the reconstruction of the ellipsis, we
computed 8 iterations in C;. As we can see in Fig. 4.27 (left), we obtained a good
reconstruction.

Regarding the second example, the non convex part is now fully recovered and 8
iterations were computed in C; (Fig. 4.27, right). In both cases, no gain was obtained by

starting in Cy.
3 3

2 2

1 1

0 0 /i\ —

Figure 4.27: Reconstruction of 7, (left) and 75 (right) in C4 for data without noise.

For the third simulation, we started in Cy where 4 circles where computed. Using the
last circle, the algorithm computed 6 curves in C4 (see Fig. 4.28).

The reconstruction of the kite was also good and in this case it took only 4 iterations
in C4 to obtain the result presented in Fig. 4.29. No gain was obtained by starting in Cy.

As expected, the iterative method performed better than the decomposition method

for data without noise.
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Figure 4.28: Reconstruction of 3 in Cy (left) and Cy (right) for data without noise.
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Figure 4.29: Reconstruction of 74 in C4 for data without noise.
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For noisy data and concerning the reconstruction of the ellipse, we compare the results
for 5 % of pointwise and norm noise. In this case, the results are similar (see Fig. 4.30)
and 5 iterations were computed for the pointwise noise simulation and 6 for the norm
noise simulation both in C;. We tested also for 8 % and 10 % of noise and 7 iterations
were computed in Cy4, for both cases (Fig. 4.31). The reconstructions are stable with the

increase of noise and also better when comparing with the decomposition method.

3 3
2 2
1 1
0 0
1 1
o 2
3 -3
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
(a) 5 % of pointwise noise. (b) 5 % of (norm) noise.

Figure 4.30: Reconstruction of v, in Cy.

To further illustrate the stability of the method we present in Fig. 4.32, for the second
simulation, the evolution of the reconstruction in C; with the noise levels of 5 %, 10%,
15 % and 20 %. For 5 % we computed 4 iterations (Fig. 4.32, (a)) and obtained an
approximation with relative error 0.068 (in terms of the L? norm). Again 4 iterations
were computed for 10 % (Fig. 4.32, (b)) and we obtained an approximation with 0.066
of relative error. When the noise level is 15 % we obtained 0.118 of relative error at the
fourth iteration (Fig. 4.32, (c)). Finally, 3 iterations and 0.174 of relative error for 20 %
of noise (Fig. 4.32, (d)).

On the third simulation we tested the algorithm with data affected by 5 % and 10 %
of noise. For both situations, we started with an approximation by circles and computed
4 iterations in Cy (Figs. 4.33 and 4.34, left). In C, the numerical procedure stopped at
the 5th iteration (Figs. 4.33 and 4.34, right).
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(a) 8 % of noise. (b) 10 % of noise.

Figure 4.31: Reconstruction of vy in Cy.
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[

N

Pt o [
-1
-2
-3
71 0 1 2 3 -3 2 -1 0 1
(a) 5% of noise. (b) 10% of noise.

(¢) 15% of noise. (d) 20% of noise.

Figure 4.32: Reconstruction of v in Cy.
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Figure 4.33: Reconstruction of v3 in Cy (left) and C4 (right). Noise level: 5 %.
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Figure 4.34: Reconstruction of v3 in Cy (left) and C4 (right). Noise level: 10 %.
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The kite was also well recovered from lower noisy data. With a level of 5 % and 10 % it
required 5 iterations to obtain the results plotted in Fig. 4.35. The poorer reconstruction

with higher noisy data, in the right plot, is expected.

'
[

N

w

-3 -2 -1 0 1 2 3 -3 -2 -1 o] 1 2 3

(a) 5 % of noise. (b) 10 % of noise.

Figure 4.35: Reconstruction of v4 in Cy.

We now test the same method, but assuming that only part of I' is accessible for
measurements. The location of the inclusion will be included in the minimization scheme
as unknown, that is we have two more unknowns corresponding to the coordinates of ¢;.
Starting from the unitary circle, the first step is to determine the location and dimension
using circles as approximating curves. The next step is to recover the shape in Cy.

The following tests concerns the second example and the kite shaped inclusion. The
number of observation points is still 60, and the location is represented on the figure by
green dots. Starting with noise free data, we first consider, for the second example, 60
uniformly distributed observations on [0, 7/2]. In this interval we were able to retrieve the
location ¢o = (1.02, —1.11) (recall that co = (1, —1)) and dimension by computing 4 circles
(Fig. 4.36). However, the shape was not recovered by this data. Taking the observation
points on [37/2, 27| instead, we were able to obtain a fairly good approximation of the
shape with 7 iterations in Cy (Fig. 4.37, right).

For the kite, we were able to determine the location ¢y = (—1.16,0.48) (¢4 = (—1.2,0.5))
from observations on [0,7/4] by computing 4 circles (Fig. 4.38). However, we were
not able to reconstruct the shape from this boundary data. A good approximation was
achieved by taking observation points on [0, 7] and the algorithm stopped at the fourth
iteration in C4 (Fig. 4.39, right).
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Figure 4.36: Reconstruction of 7, in Cy from incomplete noise free data.

a,
)
/

w

Figure 4.37: Reconstruction of v, in Cy (left) and C4 (right) from incomplete noise free
data.
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Figure 4.38: Reconstruction of 74 in Cy from incomplete noise free data.

Figure 4.39: Reconstruction of 4 in Cy (left) and C4 (right) from incomplete noise free
data.
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From noisy data on the first quadrant, we were still able to retrieve the location (this
time ¢, = (1.05,—1.08)) and approximate dimension of 7, with four circles (Fig. 4.40).
Taking observations on [37/2,27] we obtain a good approximation of the shape (Fig.

4.41). In this case, the algorithm computed 4 circles and 5 shapes in Cy.

Figure 4.40: Reconstruction of v, in Cy from incomplete noisy data. Noise level: 5 %.

The location of the kite was retrieved from noisy data on [0,7/2] by computing 6
circles (Fig. 4.42). Considering data on [0, 7] we were able to obtain the approximations
plotted in Fig. 4.43.
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Figure 4.41: Reconstruction of ~, in Cy (left) and C4 (right) from incomplete noisy data.

Noise level: 5 %.
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Figure 4.42: Reconstruction of 4 in Cy from incomplete noisy data. Noise level: 5 %.
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Figure 4.43: Reconstruction of 74 in Cy (left) and C4 (right) from incomplete noisy data.
Noise level: 5 %.

Overall we obtained very accurate and stable results. Despite being slower, the iter-
ative approach provided better results when comparing with the decomposition method.
We used the centroid approximation provided by (4.19) but it is clear from the incomplete

data simulations that no such a priori information is required.

4.4 The MFS applied to the inverse Robin problem

4.4.1 Decomposition method

The decomposition method for the inverse geometric problem can be easily adapted to
the Robin inverse problem.

The first step is the same (fitting of the Cauchy data) and is treated using the MF'S,
as described in section 4.2.1.

The second step is easier than the non linear problem arising in the inverse geometric

problem. In fact, since 7 is known, then

7 _ Onuly

(when u # 0) (4.25)

u|7

and an approximation of Z can be explicitly computed by

- _anmv

Z = (when u # 0), (4.26)

Uly
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where u is the solution of step 1. Next result shows that for an appropriate input func-
tion g € C°T), the expression (4.25) has no singularities. We start with the following

maximum principle (see [37]).

Theorem 4.20 Let 9Q. € C?, g € C°(T") a positive input function, Z an admissible

coefficient and u a classical solution of (Pr). Then,
w > 01in .

Corollary 4.21 We have
ul, > 0.

Proof. Tt follows from the previous Theorem that u(x) > 0, Vo € ~. If u(xy) = 0 for
some xy € v then, using Hopf’s lemma, we must have d,u < 0 at such point, which is a

contradiction with the fact that u satisfies a Robin boundary condition at ~. [

Next result is based on the two previous results and gives a condition to distinguish a

Neumann problem (Z = 0) from a general Robin problem.

Corollary 4.22 In the conditions of Theorem 4.20 we have
Z=0& / gnds =0
r

where gy = Ogu|r and u is the classical solution of (Pg).

Proof. If Z = 0 then we have the Neumann problem (Py) and it follows, from Green’s
formula that [, gnds = 0.

Now let [, gnds = 0. From Green’s formula and using the Robin condition,

0= /gndgz —/anudgz /Zudg. (4.27)
r 5 v

Since by the previous corollary, u > 0 on v and by hypothesis Z > 0 we conclude that
Z =0. m

Remark 4.23 In the particular case where Z # 0 is known to be constant, using (4.27),

the coefficient can be computed instead by

/gnd§
7Z =L (4.28)

/ udg
Y
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4.4.2 Numerical simulations

To show the feasibility of the method we present several numerical simulations regarding
the three examples considered in section 4.1.2. To apply the MFS approximation for the
Cauchy problem we considered 60 collocation points on the boundary I' and 120 source
points on the artificial boundary curve defined by [ =0B (0,5.5) and 7 = 0.9.

We start with the reconstruction from noise free data on 60 equally distributed ob-
servation points on I'. The red dots denotes the reconstruction given by (4.26) and the
blue line is the exact coefficient. As we can see in Figs. 4.44 and 4.45 we obtained good
results with this fast method.

2
3.4
1.75
32 1.5
1.25
3 gy iy agpriogptes 1
0.75
2.8
0.5
26 0.25
0 1 2 3 4 5 6 0 1 2 3 4 5 6
(a) Zl (b) Z2 .

Figure 4.45: Reconstruction of Z3 from noise free boundary data.

To test the robustness of the method we introduce several levels of random norm noise
on the measured data.

The reconstruction of the constant coefficient for data with 5 % and 10 % of noise is
presented in Fig. 4.46. For both cases we obtained, via L—curve, the Tikhonov regular-

ization parameter u = 1072, If the a priori information that Z; is constant is assumed
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then using (4.28) we get the approximations Zy = 2.94 and Z; = 2.86 for the previous

levels of noise.

4 4
3.75 3.75
3.5 3.5
o.ﬁ°
° L)
3.25) - 3.25 S %
L) (J [

(a) 5 % of noise. (b) 10 % of noise

Figure 4.46: Reconstruction of Z; from noisy data.

For the non constant and smooth coefficient Z; we present in Fig. 4.47 the recon-
structions for several levels of noise. Starting from the top left (Fig. 4.47 (a)) we have an
approximation with 1.2 % of relative (L?(vy) norm) error for 5 % of noise. The regulariza-
tion parameter was p = 5 x 1073, On the top right plot (Fig. 4.47 (b)), the regularization
parameter was the same and the approximation for 10 % of noise has a relative error of
2.3 % . On the bottom the regularization parameter was j = 3 x 1072, From left to right,
we have the reconstructions for both 15 % and 20 % of noise, respectively. On the first

case, the reconstruction has a relative error of 1.7% and on the second case, 5.3 %.

Regarding the non smooth Robin coefficient Z3 the regularization parameter was u =
1073 for both simulations presented in Fig. 4.48. On the left, the approximation for 5 %

of norm noise and on the right, the approximation for 10 % of noise.
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(¢) 15 % of noise. (d) 20 % of noise.

Figure 4.47: Reconstruction of Z; from noisy data.

We now consider the situation where only part of the boundary I' is accessible for
measurements. The number of observation points is still 60 (uniformly distributed) but

over some specific arcs.

For the smooth coefficient Z; we consider the arcs [0, 7/2] and [r/2, 37 /2] and show,
in Fig. 4.49, the accuracy of the MF'S fitting of the (noise free) Cauchy data in the first
case. The absolute error on [0, /2] is small, where the maximum value is 3 x 107® for the
Dirichlet condition and 5 x 10~® for the Neumann condition. Outside this interval, the
error grows and reaches 0.027 which, still, is a good result. This approximation enabled a
good reconstruction of Z, (Fig. 4.50, left). We note that the part where the reconstruction

is worst is contained in the part where no Cauchy data was considered.
On the right plot of Fig. 4.50 we have the reconstruction for noise free data on the
arc [r/2,3m/2]. This time, we were able to retrieve almost the whole coefficient.
Regarding the reconstruction of the non smooth coefficient we present in Fig. 4.51 the
results for noise free data on the arcs [57/4,37/2] (left) and [7/2, 7] (right). In the first
case we obtain a good approximation for Z3 whereas on the second quadrant, almost an

exact recovery was achieved.
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(a) 5 % of noise. (b) 10 % of noise.

Figure 4.48: Reconstruction of Z3 from noisy data.

Absol ut e Error Absol ut e Error
0. 025 0. 025
0.02 0. 02
0. 015 0. 015
0.01 0.01
0. 005 0. 005
T2 3 4 5 6 ! T2 3 4 5 6 !
(a) Dirichlet (b) Neumann

Figure 4.49: Error of the Cauchy data fitting from partial data.

Testing the same examples with 5 % of noise we obtained stable results for Z,. The
regularization parameter was g = 1072 and on the left plot of Fig. 4.52 we show the
reconstruction for data on the arc [0,7/2] and on the right, data in the second and third
quadrants.

The results for the non smooth coefficient Z3 are presented in Fig. 4.53. The regular-
ization parameter was 5 x 1073 and on the left we have the result for noisy data on the
arc [5m/4,3mw/2]. On the right, the reconstruction for data on [7/2, x].
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(a) [0,7/2]. (b) [m/2,3m/2].
Figure 4.50: Reconstruction of Z5 from partial noise free boundary data.
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(a) [5m/4,3m/2]. (b) [7/2,7].

Figure 4.51: Reconstruction of Z3 from partial noise free boundary data.

(a) [0,7/2]. (b) [7/2,37/2).

Figure 4.52: Reconstruction of Z, from partial noisy boundary data. Noise: 5%
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0 1 2 3 4 5 6 0 1 2 3 4 5 6

(a) [b7/4,3m/2]. (b) [7/2,7].

Figure 4.53: Reconstruction of Z3 from partial noisy boundary data. Noise: 5%

Overall we obtained very accurate and stable results using this decomposition method
for the inverse Robin problem. We now compare these results with an iterative approxi-

mation for the inverse problem.

4.4.3 TIterative reconstruction of the coefficient by a Quasi—Newton
method

Consider the inverse Robin problem formulated in terms of the non linear equation: Given
a compatible pair (g, gn) € Hgr(I') with g # 0, determine Z € Cg such that

G(Z) = gn

where G is the non linear and injective map defined in (3.26). Following section 4.3, we

consider the linearized equation
G'(Z)R = gn — G(2),

where R belongs to the set of admissible directions R,y = C°(y) and Z € Cgr. The
directional derivative of G at Z, G'(Z) : C°(y) — H~Y/%(T"), is the (injective) linear map
defined by (see Lemma 3.18)

G'(Z)R = Onu/,
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where u' € H'(,) is the unique solution of

Au' =0 in €,
v =0 on[

Ont + Zu' = —Ru on 7y

We extend this bounded linear map by continuity to the whole L?(v) and denote it by
G' (7).

Lemma 4.24 The adjoint of G'(Z), G'(Z)* : HY?(I') — L?(v) is given by

G'(2)"(g+) = (uu”)l5.

where u* € HY(Q.) is the solution of the well posed problem (Pg) with input function
g. € HY2(T).

Proof. We follow the proof of Lemma 4.15. Let u* € H'(.) be the solution of the

aforementioned problem. We have

(G G/(Z)R>H1/2(F)XH71/2(F) = /8nu,g*d§ = (u/, anU*>]1r1/2(1“)><H71/2(1“)
Tr
- <U*, anu,>H1/2(F)><H71/2(,y) + <Ul, anU*>H1/2(F)XH—1/2(,Y) .

Using the boundary conditions for ' and u* we get

<g*’G/(Z)R>H1/2(F)><H_1/2(F) Z/Ruu*dg

~

]

Corollary 4.25 If exists a relatively open set o C v where the trace of u does not vanish
then, G'(Z) has dense range in H~/*(T).

Proof. We show that the adjoint G'(Z)* is injective. Let g. € HY?(') be such that

G'(Z)*g. = 0. By the previous Lemma, we must have
uu* =0 on 7. (4.29)

Thus, the hypothesis on the trace of u implies u*|, = 0 and since u* satisfies a Robin

condition on v we must have u* = d,u* on o. This implies u* = 0 in €2, and the conclusion
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follows. L

Consider the representation of Cg and R, in terms of the Fourier modes, ie.,

Cny = {ZCy € C([0,27]) : Zo > 0N Zo(t) = ap + Zaj cos (jt) + Zaj+N sin (jt)}

J=1 J=1

(4.30)

and

RY, = {Ra € C°([0,27]) : Ra(t) = o + Zaj cos (jt) + Z%”FN sin (jt)} (4.31)

j=1 j=1

respectively, with o := (ag,...,asy) € R®2VF*1. We now formulate the non linear least
squares problem. Given a vector of (eventually noisy) data m = [m;] on the observation

points x; € I', the objective function is

Au, =0 in Q.
Ug = ¢ on I

Onllq + Zauy =0 on 7y

The minimization problem is
Zo = argming e, Gop;(v).

Lemma 4.26 The Jacobian matriz in the update step for the LM method, J(«), is given
by

where ug solves

Au; =0 in Q.
u;-:O on I

/ !
O + Zouj = —Reuq  0m 7y

with e; the jth vector of the standard basis of R*N 1.
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Proof. We follow the proof of Lemma 4.18. Given Z, € Cy consider, for sufficient small
g, the perturbation of Z,, defined by

ZZ = Jo + 6Rej € Cy.

Then,

[J()]i; = (.’JUZ) = lim

At each step of the method, we have to solve 2N + 2 problems (one related to u, and
2N + 1 problems related to the Jacobian) and again we use the MFS for these problems.
For the updated coefficient 7,
the LM method to assure that Z,,_,

at 200 equally spaced points on [0, 27| and denote by Ctr the vector containing this data.

some care must be taken in the choice of ¢ > 0 in

new

> 0. To implement this restriction we evaluate Z,,,,_,,
The update is considered valid if, besides the control conditions of the LM, we have also
min Ctr > 0.

4.4.4 Numerical simulations

We test the iterative algorithm for the previous three examples. In order to compare with
the results of the decomposition method, we use the same boundary data. The strategy
presented in Algorithm 1 will be used to compute the approximations.

We start from the initial guess Z(® = 1 and compute several approximations in C,

(horizontal lines) until the stopping criterion

Gobj(Zold> - G<Znew)

<1072
Gobi(Zola) o

is reached. Then, from this last function, the approximations are computed in C4 again
until the stopping criterion is reached.

In order to compute the MF'S approximation for the arising direct problems we consider
the same artificial curves used for the decomposition method and 120 collocation and
source points.

We start by presenting the results for complete boundary data without noise. In
Figs. 4.54 and 4.55 we present such results. As always, the dashed red lines represents
the iterations, the red dotted line the final iteration and the blue line the goal. For the
constant function Z;, 5 iterations were computed in Cy. For this example, no updates

were obtained in C4. For the reconstruction of Z, and Z3 in Cy no significant updates were
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obtained whereas in C4 5 iterations were computed.
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(a) Zi. (b) Za.

Figure 4.54: Tterative reconstruction of the Robin coefficient in C, from noise free boundary
data.
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Figure 4.55: Iterative reconstruction of Z3 in C4 from noise free boundary data.

For the reconstructions from noisy data we plot the last approximation (red dotted
line) and also the approximation obtained with the decomposition method (green dotted
line).

Concerning Z;, we present in Fig. 4.56 the comparison for 5 % of noise (left plot) and
10% of noise (right plot). In both cases, 5 iterations were computed in Cy and 3 in Cy. As
we can see, the results obtained with the iterative method are slightly better.

For the smooth function Z,, the results are equivalent. Here, 4 iterations were com-
puted in C4 for both levels of 5 % (Fig. 4.57, left) and 10% (Fig. 4.57, right) of noise.

The results for the non smooth function were also equivalent. In this case, 4 and 3
iterations were computed in C4 for 5 % and 10 % of noise, respectively. The reconstructions
are presented in Fig. 4.58 where on the left we have the results for 5 % of noise and on
the right, for 10 %.
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(a) 5 % of noise. (b) 10 % of noise.

Figure 4.56: Iterative reconstruction of Z; in C4 from noisy boundary data.
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(a) 5 % of noise. (b) 10 % of noise.

Figure 4.57: Iterative reconstruction of Z5 in C4 from noisy boundary data.

We present one last numerical simulation. It regards the reconstruction of Zy from
incomplete boundary data. The set of data was collected at 60 uniformly distributed
points on the arc [0, 7/2]. On the left of Fig. 4.59 is the reconstruction for noise free data
and on the right for 5 % of noise. Again we notice that the function is well recovered
in the first and second quadrants and also on the upper half of the fourth quadrant. In
this part, the results are similar whereas on the other part of the interval the results are
different. The considered data is not enough to provide a satisfactory approximation of

the function in the third and part of the fourth quadrants.
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(a) 5 % of noise. (b) 10 % of noise.

Figure 4.58: Iterative reconstruction of Z3 in C4 from noisy boundary data.

(a) Noise free. (b) 5 % of noise.

Figure 4.59: Iterative reconstruction of Z5 in C4 from data measured on the arc [0, 7/2].

From the above numerical results we see that the iterative method provides good and
stable results. However, no considerable gain was obtained when comparing with the

decomposition method.

4.5 Conclusions

In this chapter we presented theoretical results concerning the MFS approximation for
both direct and inverse problems. To support the theoretical results for the direct prob-
lems several numerical examples were presented for problems (Pp) and (Pg). Concerning
the inverse geometric and coefficient problems two methods were proposed: A decom-
position based method (non iterative) and a Levenberg-Marquardt based method. The
proposed non iterative method is simple and requires little computational cost. However,

for the geometric problem, it requires some a priori knowledge of the location (and di-



4.5 Conclusions 111

mension) of the obstacle. Moreover, some information of the solution’s behavior inside 2
has also to be considered in order to apply the proposed method for the non linear part.
On the other hand, the iterative method does not require such a prior: information but
the computation cost is bigger. The numerical examples show, as expected, that the iter-
ative method provides better reconstruction results. From these numerical experiences we
also observed that the location and dimension of the inclusion can be accurately retrieved

(using the iterative method), even from noisy and incomplete boundary data.

For the inverse Robin problem, the numerical examples show the same type of results
for both non iterative and iterative approaches. In this case the boundary v is known
hence the decomposition method for this problem is simpler. On the other hand, the
numerical results confirms that, as expected, the (exact) information on v should provide

good reconstruction results using this decomposition method.






Identification and MF'S reconstruction of

obstacles - linear elasticity

In this chapter we address the identification and reconstruction of elastic inclusions or
cavities inside an elastic body €2 from a single pair of displacement and traction boundary
data. Following the electrostatic and thermal models we study an inverse geometric
problem consisting in the identification and reconstruction of the inclusion’s shape and
a coefficient inverse problem which addresses the reconstruction of an elastic exchange
coefficient (Robin coefficient). Regarding identification in the geometric inverse problem
we refer the early works [20] and [22]. Since then several works for geometric inverse
problems in linear elasticity containing reconstruction methods have been presented. It
is the case of the reconstruction of elastic inclusions using linear sampling methods (cf.
[59]), and level set methods (cf. [18]). Following the Chapter 4, we propose two methods
for the reconstruction of the elastic inclusion. A decomposition method based on the MFS
approximation for the inverse elastic Cauchy problem and a Quasi Newton optimization
method.

Since most of the theory and methodology developed for the Laplace equation is still

applicable in the elastic problem, we will mainly give a sketch of the proofs.

113
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5.1 Geometric problem

Consider an isotropic and homogeneous elastic body Q C R¢ (d = 2,3) with inclusions
or cavities represented by w. Again, we assume that 2, w are open, bounded and simply
connected sets such that @ C Q. The boundaries I' = 9Q and v = Ow are C? closed
curves and the domain of elastic propagation is defined by . := Q \ @.

Consider the following problems

A*u=0 1in Q.
u=g on 0N =T (5.1)
Bu=0 ondw=rv

where g is given and B is either the Dirichlet or Neumann boundary operator. Following
the notation introduced in Chapter 3 such problems will be denoted by (Pp) and (Py),
respectively. Regarding the well posedness of the direct problem we have the next result

(see [34] for a proof).
Theorem 5.1 Given g € HY%(T'), problems (Pp) and (Py) are well posed with unique

solution in H?(£2.).

5.1.1 Inverse problem

In this section we study the elastic geometric inverse problem (IGP). As in the scalar

case, the problem can be formulated as
(IGP): From a single pair of Cauchy data on 3 C T, identify the elastic inclusion w.

Let 3 C I' be an open set (in the topology of I') and denote by Gp(X) and Gy (%)
the space of compatible Cauchy data for (Pp) and (Py), respectively. To establish the
uniqueness of (IGP) we start with the vectorial version of Lemma 3.5.

Denote by Rq the set of rigid displacements, R, in an open connected set (2. In 2D,
R = Span{(L 0)7 <07 1)7 (_x27 .1'1)}
and in 3D,

R = Span{(lv 07 O)J (07 17 0)7 <07 07 1)7 (_x27 L1, 0)7 (07 —s3, x2)7 (333, 07 _'rl)}
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Lemma 5.2 Let §) be an open and connected set with reqular boundary I' = TyUT, where

[y, 'y are open and disjoint. If Tg # 0 then, the mized problem

A'u=0 1in
u=0 on Iy (5.2)
dju=0 only

has a unique solution in HY(Q), the null vector. If Ty = 0, the solutions belong to Rq.
Proof. Since for u € HY(Q)

NIV - 0y + 20l ) = [ G- uds — [ A'u-uds
r Q

then, if u solves (5.2), the right hand side of the previous equation is null and therefore
we must have ||e(u)||p2) = 0. This implies that u € Rg. If T'g # 0 then, in 2D, we must
have u = 0 in 2. For the 3D case, since there exists at least three non collinear points on

'y where u vanishes, the same conclusion holds. O

Theorem 5.3 If g|s € R then a single pair of compatible data (g|s,gnl|s) determines
uniquely w and

GH(X)NGx (%) =10.

Proof. Consider two (different) domains of elastic propagation with the same exterior
boundary I'. If, for each domain, the solution of (Pp) or (Px) generate the same Neumann
data on ¥ then, using the same arguments presented in the proof of Theorem 3.6, exists
an open and connected set with boundary contained in I' where one of the solutions
must be a rigid displacement. Since this contradicts the hypothesis we conclude that
the two domains of elastic propagation must be the same, that is .. In particular, if
(gls, gnls) € G5(X) NG5 (X) then the solution of (Pp) has null Cauchy data on v and
again we obtain a rigid displacement solution. Since this contradicts the hypothesis, the

second part of the result follows. Il

5.2 Robin problem

Let €. by a domain of elastic propagation with C* boundary 9Q = I' U~. Consider the

following direct problem.
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Given an input function g on I', compute g, = dju on I', where u is such that

A*u=0 in €,
(Pr) { u=g on Q=T (5.3)
dju+Zu=0 ondw=r

and Z is an L*>(y) semi positive definite diagonal matrix, ie., Z = diag(zy,...,zq4) with

d = 2,3 and each z; € L*(y) is non negative.
Theorem 5.4 If g € HY2(T') then (Pr) is well posed with solution u € H(),).

Proof. The bilinear form

(W,8)y = / e(w) : e(s)dx, Yw, s eV

c

defines an inner product in the closed space
V .= {S € H' () : s|r = O} )

Endowing this space with the norm induced by the scalar product, we have by Korn’s
inequality that this norm is equivalent to the norm induced by H*(€2,). Thus, the bilinear
form on V x 'V

S(w,s) == /Qca(w) : e<s)dx+/zW-sdg

o

satisfies
S(5.8) = NIV sl + 2ullslfy + [ 25 sds

gl
We note that for a diagonal (semi positive definite) matrix Z we have the relation

Zs-s=7Z"%s. 7% >0

whereas for a general semi positive definite matrix, Zs - s may be negative. Thus, the

bilinear form S can be written as
S(s,s) = AV - S||%2(QC) + 2ulls| 3 + ||Z1/2S||%2('y) > 2u|s|3,

that is, S is V-coercive. The result can now be established following the same steps of
the proof of Theorem 3.13. Il
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5.2.1 Inverse Robin problem

Our goal is to identify Z (assuming that «y is known) from a pair of Cauchy dataon ¥ C T'.
We start with an example that shows that for a general diagonal coefficient this may not

be achieved from a single boundary measurement.
Example 5.5 Consider the annular domain of propagation
Q={zeR:1<z|]<r}

with » > 1 and the function

A +4p
=

u(e) = (~aa(p+ 2 2). a1~ 2 ), p (5.4)

This function satisfies, for g = u|r and Z,, = diag(2u, ),

A*u=0 in €,
ou+Zyu=0 in~vy=0w

In particular, ¢ > 0 can not be identified from the single pair of boundary data (g, d}u)

onlI.

Let Gr(X) denote the space of compatible Cauchy data on the (relatively) open set
¥ C IT" and define the class

C:={zl:2€C’(y) A 2>0}.

Theorem 5.6 If g|s. is not the null vector and Z is known to be in C then a single pair

of data (g, gn) € Gr(X) determines uniquely Z.

Proof. We follow the proof of the scalar case. Given two coefficients 211, 251 € C generating
the same Cauchy data (g, g,) on X, exists u € H*(€),) solving (Pg) for both coefficients.

In particular, we must have

(21 — 2z2)u =0 on .

Now, if z; is not equal to zo then, by continuity, there exists a relatively open set
o C v where z; is different from 2z, and, following the scalar case, this contradicts the

hypothesis. O
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5.3 The MFS approximation for direct problems in

linear elasticity

Let Q. be a C! artificial domain of propagation containing (the C!' domain) 2. Consider

the single layer representation
= Lp¢ + Ly

where 8@0 =Tu ~ is the admissible source set and the densities ¢ and 1 belong to
H-'/2(T') and H~'/2(%), respectively. We define the operator B := at? + Zat,, where
a € {0,1} is constant and Zo = [. Z; is a semi positive definite diagonal matrix with

entries in L*>°(7y). Consider the boundary operator
M(T,5) : HV(T) x H2(3) — HY2(D) x H ()

defined as in (4.5). Again we focus on the 2D case and we denote by HzY*(Y) and
Hy Y () the vectorial versions of the spaces defined on Chapter 4. Thus,

Mz, VA(0) 2 HA(T) /R,

a

_1/2(T) ~ Hfl/Q(T)/Rdza

a

where
0 ifZ,=0

dy, = 1 ifz1=0V2=0

a

2 otherwise
Theorem 5.7 The restriction of M(I',v) to H; Y2(T) x H! 2(3) is injective.

Proof. By hypothesis, the trace operator on [ and the boundary operator B on 7 applied
to the single layer potential defined on 9€2, (with densities ¢ € H; /*(T), v € H;*(F))

is null. Since the asymptotic behavior of this single layer representation is

log[z]e + O(1), [z] — o0

A+ 3u 9
= d d R
c O 20 (/¢<+/@/}C)€

then, by hypothesis, ¢ = 0. Following the proof of Theorem 4.2 we can now establish that

with

this single layer representation must vanish in R?\ 92, and we conclude that the densities

on such representation are also null. O

Theorem 5.8 The operator M(L',~) has dense range in H;/z(lﬂ) X HZ/Q(V).
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Proof. We prove that the restriction of the adjoint M(T',~)* to Hﬂ_l/Q(f) X le/az(/v\) is

injective. Following the proof of Lemma 4.3, the adjoint is given by

M) = | SEr Beg F5rZe
S@y[‘ &Kfyﬂ + SfﬁZa

If (,9) € Hy /*(T) x Hy/*(7) are such that M(T,7)*(¢,%) = O then, defining
u=Lr¢+ (aM, +L,Z,)¢

and following the proof of Theorem 4.4 we obtain u =0 in R?\ (I' U~). By the jump

relations

=0, [Fulr=¢ [, =-ay A [Oul, = Zu
we conclude that ¥ = ¢ = 0. O]

The remarks 4.5 remain valid for this vectorial boundary value problems. In the next
section we give a description of the implementation of the MFS approximation for these

problems.

5.3.1 Numerical implementation

Consider the problems

A*u=0 in Q.
(P)y u=g on T (5.5)
Bu=0 onvy

where g € HY2(I') is given and B is the boundary operator considered in the previous

section. Let .
u=>» &, q (5.6)
j=1

where a; = (a1, ... q;) € R and y; € T UA.

Theorem 5.9 The operator M(T,~) : R>™ — LX(T) x L2(v) defined by

M(T,7)(au, ..., an) == (|, BA)

where 0 is given by (5.6) is injective.

Proof. Tf (au, ..., o) € ker M(T',7) then @ solves (P), for g = 0. Since this problem is

well posed in H'(.) then u =0 in €, and by analytic continuation, u = 0 in the open
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set R4\ {y1,...,¥m}. The conclusion follows from the linear independence of the vectors
{éym 62'}. L]

Imposing the conditions

(U(x; ), Bu(z])) = (g(x7),0)

on some collocation points z} € I' and z] €  we obtain the linear system of equations
M(T', )X = D(T', )

which has d x n equations and d x m variables where d = 2,3 is the dimension of the
space, n the number of collocation points and m the number of source points. When the

system is overdetermined (ie., n > m) we consider the Tikhonov solution
(pl 4+ M(L,v)"M(TL, 7)) X = M(T, 7)"D(T', 7)

instead.

5.3.2 Numerical simulations
Dirichlet boundary condition

To illustrate the accuracy of the MFS approximation on the boundary 0f). for (Pp) we
present three numerical examples. The Lamé constants are A = u = 1 and the accessible
part of the boundary, I', is 0B(0,3.5). On this part of the boundary, we consider the

input function
g(x) = .
The boundary of the elastic inclusion is given by the parametrization (see Fig. 5.1):
e Example 1:

71 (t) = (1.2 + 0.2sin* (2¢))(cos t,sint), 0 <t < 27

e Example 2 (bean):

1.4+ 1.3cost + 0.1sin (2t)
14 0.8cost

Y2(t) = (—1,—-1) + (cost,sint), 0 <t < 2w

e Example 3 (kite):

v3(t) = (—=1.2,—0.5) + (—=1.1 + 0.9 cost + 0.3 cos (2t), 1.1sint), 0 <t < 27
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The MFS approximation was computed considering 1300 equally spaced collocation
points i, ... 2t € T, 2],...,2ds, € 7 and the same amount of source points. The
external source points were uniformly distributed on I =0B (0,4.5) and for the internal

source points we considered the strategy suggested by (4.16).

(a) Example 1.

. .
-4 . . -4
. M M .

(b) Example 2. (c¢) Example 3.

Figure 5.1: Geometry of the domains and distribution of point sources (direct problem).
On I' we consider the absolute error
[u;(x) — gi(z)|, © € 0, i =1,2

and on 7,
[u;(z)|, € 0, i =1,2

where u = (uy, us) is the approximation given by the MFS.
In Figs. 5.2 and 5.3 we present the absolute error of the approximation, on I' and ~,
respectively. The absolute boundary errors for the bean example can be seen in Figs. 5.4

and 5.5. Figs. 5.6 and 5.7 represent the same for the kite example.
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(a) First coordinate. (b) Second coordinate.

Figure 5.2: Absolute error on I' - First example (direct problem).
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Figure 5.4: Absolute error on I' - Second example (direct problem).
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Figure 5.6: Absolute error on I' - Third example (direct problem).
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Robin boundary condition

Regarding the elastic Robin problem (Pg) we present two examples. The Lamé constants

are A = = 1 and the domain of propagation is the annulus
Q.={zeR*: 1<|z| <35}
As admissible source set we considered the boundary of
Q. ={zeR?: 08 < |z| <45}.

The Robin coefficients are

e Constant coeflicient:
Z, = 3.

e Smooth coefficient:

Zy = (0.9 +sin (2t) cos® t)I, 0 < t < 2.

The input function is g(x) = = and we used 600 uniformly distributed source and collo-

cation points to compute the MFS approximation. On I' we consider the absolute error
|ui(x) — gi(x)], x €T, i =1,2

and on 7,
|Osu(z); + Zu;(x)|, x €y, i=1,2

where u = (uy, uz) is the approximation given by the MFS.

Regarding the constant coefficient, the absolute error on I' is of the order of 1073
(Fig. 5.8) and, on =, the Robin condition applied to the MFS solution has an (absolute)
error of the order of 107! (Fig. 5.9). For the second example the error on the boundary

is higher, as can be seen in Figs. 5.10 and Fig. 5.11.
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Figure 5.8: Error on I' - Example 1 (direct problem).
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Figure 5.10: Error on I' - Example 2 (direct problem).
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Figure 5.11: Error on 7 - Example 2 (direct problem).

5.4 Application of the decomposition method to the

elastic geometric inverse problem

In this section we present the adaptation to the elastic case of the decomposition method
presented in section 4.2. We recall that the first step of the proposed method consists in
fitting the Cauchy data using a single layer potential. We start with some results that
justify this (MFS) approximation for the Cauchy problem in linear elasticity.

Let K(I',T) : H-V/2(T') x H-Y/2(3) — HY(T') x H-V2(T),

Syt Srs
KE1)(6.6) = [ o ] [ ’ ]
0 A

be the trace and normal trace on I' of the elastic single layer representation
u = Lqo + Lsv
where T' U 7~ is an admissible source set.

The following result is the version of Theorems 4.8 and 4.10 in linear elasticity and

can be established using the same analysis of the boundary jumps.
Theorem 5.10 We have:

1. The restriction of K(Z,3) to H-V(T)/R2 x H-/2(7)/R? H-V2(T) x HY2(F) in
3D) is injective and
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2. K(I',T') has dense range in HY/2(I')/R? x H~V2(I') (HY*(T') x H~(T") in 3D).

We now consider the discretization of the single layer potential given by
m
u = Z (I)yj Q;
j=1

where y; are source points on Ty 7 and each «; belongs to RY. In order to fit the
(eventually noisy) Cauchy boundary data (g, gy,) using this combination of fundamental

solutions we compute the coefficients «; by solving the Tikhonov system

(ul + K(I, 1)*K(I', T)) X = K(I', [)*D™(I, T")

with
[ B, (x) - B, (1) | [ g(21) |
ke | B ) |y e(e)
@y (x1) - 03Py, (21) gn(@)

~

for some regularization parameter p > 0. We consider the external source set I' =
B(0,5.5) and the internal ¥ = B(c, 0.3) where c is such that 7 C w.

For the second step of the method, we use the same segment search scheme (see Fig.
4.15 | left) for the norm function |u| and we stop at the point where the norm is the
smallest. It is important to note that, even with a more regular input function g, the
inclusion

v Cu }(0)

is, in general, strict.

5.4.1 Numerical simulations

The following reconstructions concerns the three domains considered in the Dirichlet
problem (see section 5.3.1). We considered 120 source points, 60 collocation points and 60
observation points (measured data). As always, the red dots indicates the reconstruction

and the full blue line the shape. The dashed black line represents the artificial boundary
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7.
We start with exact measured data on the whole I'. For this case we obtained the

reconstructions presented in Figs. 5.12, 5.13.

()
_

w
N
-
o
-
N
w

Figure 5.12: Reconstruction of the elastic inclusion for the first example using the decom-
position method (noise free data).

We repeated the method for two levels of noise (norm) in the data: 5% and 10 %. For
the first example, the regularization parameter was 107> and 10~* for the levels of 5%
and 10% of noise, respectively (Fig. 5.14).

The reconstruction of the bean shaped inclusion (example 2) does not detect the non
convexity of the inclusion. Even for 5 % level of noise, the non convex part of the geometry
is not retrieved (see Fig. 5.15).

For the kite (example 3) we obtained good results for the first level of noise (Fig. 5.16,
left) but for the level of 10 % the reconstruction is worst (Fig. 5.16, right).
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~
/

(a) Example 2. (b) Example 3.

-3 -2 -1 0 1 2 3 -3 -2 -1

Figure 5.13: Reconstruction of the shape considering noise free data.

(a) 5% of noise. (b) 10% of noise.

Figure 5.14: Reconstruction of v; from noisy data.
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1 1
2 2
3 -3
I | 0 1 2 3 R B | 0 1 2 3
(a) 5% of noise. (b) 10% of noise.

Figure 5.15: Reconstruction of 7, from noisy data.
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(a) 5% of noise. (b) 10% of noise.

Figure 5.16: Reconstruction of 73 from noisy data.

The last simulations concerns the shape reconstruction from partial boundary data.
We considered 60 observation points on several parts of the boundary whose location is
represented by the green dots on the following graphics. For the bean, we tested the
method with boundary data on the arcs [7,37/2] and [r/2,37/2]. For the kite, we tested
on [0,7/2] and [0, 7]. Figs. 5.17, 5.18 show the reconstructions obtained for such examples
in the case of exact boundary data. Finally we tested the method to reconstruct the bean

shape from (incomplete) data with 5 % of noise (Fig. 5.19).
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Figure 5.17: Reconstruction of v, from incomplete noise free data.
3
\ | \
1
0 1 2

Figure 5.18: Reconstruction of 3 from incomplete noise free data.
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Figure 5.19: Reconstruction of 7, from incomplete noisy data (noise level: 5%).

Overall we obtained good and stable results using this decomposition method. Even
for incomplete data, we were able to recover some parts of the boundary. As observed
in the scalar case, these parts depends on the location of the measurement points. For
instance, observation points only on the first quadrant enables an accurate reconstruction

of the first quadrant part of the object.

5.5 Application of the optimization method to the

elastic geometric problem

In this section we describe the application of the Levenberg—Marquardt method combined
with the MFS approximation for direct problems to reconstruct the location and Fourier

modes of a given (C?) elastic inclusion.

Let F : C — HY?(T) be the map defined by F(v) := 9}u where v € C is an admissible
shape and u is the solution of (Pp). In this framework, the inverse problem is equivalent

to the non linear ill posed equation
F(7) = gn.

Given an admissible vector field ¥ we have, for small |¢|, the following expansion.
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Lemma 5.11 For a perturbation of the boundary v given by v. = v+ eV(y) we have
F(1.) = F(y) + eF'()V +er(e)
where F'(7)W := 0xu’ € H™Y2(T) and u’ € H'(Q.) is the unique solution of

A*u' =0 mn §2.
=0 on T (5.7)

u/
u =-Vu¥ on-y

Proof. We use the same change of variables argument of the scalar case and we give just
a sketch of the proof.

Let u € H%*(Q2) be such that u=0in O and u =g on I'. We consider w := u — u
and w. € H}(QF) the unique solution of A*w, = —A*u in Q¢. In variational terms we

have that w and w, is the solution of

Find v € H}(€,) such that
S(v,s) = —/ Tr(o(1)Vs)dz, Vs € H(9,)
Qe

and

Find v. € H} () such that
S.(v.,s.) = — / Tr(o(8)Vs.)dy, Vs. € H(QF)
QF

respectively, where

S(v,s) ::/ Tr(o(v)Vs)dz,

S:(ve,8) := /QE Tr(o(ve)Vs.)dy

and Tr denotes the trace of a matrix. Considering the change of variables y = V() we

obtain

S.(w.,s) = / Tr(o(w. 0 W)V (s. 0 U.))|det.Jy. |dz
Qe=T.71(Q8)

and

/ Tr(o(R)Vs.)dy = / Tr(o(uo U.)V(s: o ¥.))[det Sy, [dz.
e Qe=w. Q)

c
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Using the expansions for Jy_, J\Ijj and |detW.| in the previous equations we obtain
(see [70])

S(w® —w,v) = 5/ Tr(o(V(w® +0)¥)Vv)dz + O(e?), Vv € Hy(Q)

C

from where it follows that F'(v)¥ = diw*|r where w* € H}(€.) is the unique solution of

the variational problem

Find v € H}(£,) such that
S(v,s) = [, Tr(c(V(w +w)W)Vs)dr, Vs € Hy(Q,)

Since u = w + u then, the directional derivative F’(y)V is the normal trace on I" of

u = w" — Vu¥ € H'(Q,)

and this is the unique solution of (5.7). O

To apply the Levenberg-Marquardt method we consider the set of admissible shapes
Cn = {ra(t)(cost,sint) + (a,b) € Q:r, >0, t € [0,27]}

and vector fields

U = {r,(t)(cost,sint) + (a,b), t € [0,2n]}
where, for a = (ag,...,an), To(t) = ag + Zjvzl ajcos (jt) + Zjvzl ajinsin (jt). The
objective function F,; is given by

1
Fuy(a,b,0) = S|F(a,b,0) —m[*

where m is the vector of measured data on some observation points z; € I', F(a, b, o) is

the vector with entries Fj(a,b, o) := 05 0(qp,0)(7;) and ugp o solves

— ; b
A'ugpe =0 in QO
Ugpa = 8 on I’

Ugba = 0 Oon Ya.b,a

The boundary 7,4, is parameterized by r,(t)(cost,sint) + (a,b) € Cx. The update step
W a1,b1,00) € \If(]l\; is given by

(:uI[ + JT(a7 b, Oz)J(CL, b, a))(a17 b1, as) - _JT(a7 b, a) (Fj<a’ b, a) - mj)j



136 Identification and MFS reconstruction of obstacles - linear elasticity

where
Ia,b,a) =[O (:)],
and
A*u; = 0 111 Qg,b,O&
u; — on I
u; = _vua,b,a\pej' on Ya,b,«

with e; the jth vector of the standard basis of RV 3.

At each step of the minimization method we have 2N + 4 direct problems to solve
and we use the approximation given by the MFS. Regarding the regularization parameter

p > 0 we follow the strategy applied for the scalar case (see remark 4.19).

5.5.1 Numerical simulations

We test the proposed iterative method with the four examples considered for the decom-
position method. Each direct problem is numerically solved with the approximation given
by the MFS. We consider I' = 9B (0,5.5) as exterior artificial boundary and the internal
artificial curve is a reduction of the internal boundary by a factor of 0.9. The number of

collocation and source points for the numerical implementation of the MFS is 120.

The initial shape is v(*) = 9B(0,1) and the first iterations are computed in Cy until
the stopping criterion (which is the same used for the scalar case) is reached. The process

is continued in Cy.

We used the same representation scheme (dots, dashed lines, colors) in the following

plots. The first plots concerns noise free measurements on the whole I'.

For the reconstruction of the first shape, we computed 3 iterations in Cy and we
obtained the location and dimension of the object (Fig. 5.20, left). The shape was
perfectly recovered in C, with 5 iterations (Fig. 5.20, right).

Regarding the reconstruction of the bean we obtained the location with 5 iterations

in Cy and the reconstruction of the shape with 8 iterations in C, (Fig. 5.21).
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Figure 5.20: Reconstruction of v, in Cy (left) and C4 (right) from data without noise.

Figure 5.21: Reconstruction of v, in Cy (left) and C4 (right) from data without noise.
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For the kite it took 4 iterations in Cy to detect the location and also 4 for the shape
reconstruction (Fig. 5.22).

Figure 5.22: Reconstruction of 3 in Cy (left) and C4 (right) from data without noise.

We now compare the results of both methods for noisy data. The reconstructions
obtained with the decomposition method are represented by green dotted lines and for

the iterative we use red dotted lines.

For the levels of 5% and 10 % of noise we were able to retrieve the location and dimen-
sion of wy with 3 iterations in Cy (left plots of Figs. 5.23, 5.24). For the reconstruction
of the shape in C; we computed 3 iterations for both levels of noise (right plots of Figs.
5.23, 5.24).

In Figs. 5.25 and 5.26 we plotted the reconstruction of the bean shaped inclusion for
the considered levels of noise. In both situations we computed 4 iterations in Cy. For the
approximation of the shape in C4, 3 and 4 iterations were computed for 5% and 10% of

noise, respectively.

For the kite we plotted the same tests in Figs. 5.27 and 5.28. In this case 4 iterations

were computed in Cy and in C4 for both levels of noise.
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Figure 5.23: Reconstruction of v in Cy (left) and C4 (right) from data with 5% of noise.
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Figure 5.24: Reconstruction of v, in Cy (left) and C, (right) from data with 10% of noise.
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Figure 5.25: Reconstruction of v in Cy (left) and C4 (right) from data with 5% of noise.

Figure 5.26: Reconstruction of v, in Cy (left) and Cy (right) from data with 10% of noise.
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Figure 5.27: Reconstruction of v3 in Cy (left) and C4 (right) from data with 5% of noise.
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Figure 5.28: Reconstruction of 3 in Cy (left) and C, (right) from data with 10% of noise.
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The last tests concerns the comparison between the two methods for data measured on
part of the boundary I'. Starting with exact data, we first consider the bean reconstruction
example from 60 uniformly distributed observations on [m, 37/2]. In absence of noise, we
obtained the results presented in Fig. 5.29 where 4 iterations were computed in both C,
and C4. Considering observation points on [7/2,37/2] we computed 5 and 10 iterations

in Cy and Cy, respectively (Fig. 5.30).

P00000"
L d

«

Figure 5.29: Reconstruction of 79 in Cy (left) and C4 (right) from incomplete noise free
data.

For the kite, the observations points were on [0, 7/2] and [r/2,37/2]. Figs. 5.31 and

5.32 shows the results of the reconstructions on Cy and Cjy.

The last two plots (Figs. 5.33 and 5.34) compares the results of the bean shape

reconstruction from incomplete data with 5% of noise.
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Figure 5.30: Reconstruction of v, in Cy (left) and C4 (right) from incomplete noise free
data.
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Figure 5.31: Reconstruction of 73 in Cy (left) and C4 (right) from incomplete noise free
data.
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Figure 5.32: Reconstruction of 3 in Cy (left) and C4 (right) from incomplete noise free
data.
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Figure 5.33: Reconstruction of v, in Cy (left) and C4 (right) from incomplete data with
5% of noise.
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Figure 5.34: Reconstruction of 42 in Cy (left) and C4 (right) from incomplete data with
5% of noise.

Overall, we obtained good reconstruction results of both location and shape with this
iterative method. When comparing with the decomposition method, the results shows
similar reconstructions except for the non convex part of the shape, where the iterative
method performs better. For incomplete boundary data we still notice that the accurately
recovered part of the geometry corresponds to the location of the observation points.

In some cases, the iterative method performed worst that the decomposition method.
This might be explained by the fact that in C4 the location is still an optimization variable.

This means that two more variables are considered and thus the instability increases.

5.6 Decomposition method for the inverse Robin prob-

lem

Following the scalar case, after computing the MFS approximation for the Cauchy prob-

lem, 1, we can retrieve the coefficient 21 € C explicitly by

This is a componentwise reconstruction and, in the elastic problem, we can not assure that

these equations have no singularities. Instead we will consider the implicit formulation

Find z € C : ||0ju + 21|12, = 0.
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By taking some points x; € v we transform this problem into an optimization problem,
by considering, for instance, a finite number of Fourier modes for the representation of z
and the objective function
1 - * ~ 2
G(OZ) = § Z Z(anu C € + Zal - ei)

i=1 j=1

where z, € Cy and Cy is the space defined in (4.30). Using the Levenberg-Marquardt
method to solve the minimization problem, we obtain, by computing the derivative of the
Robin boundary condition with respect to the coefficient, the (vectorial) entries of the

jacobian matrix J(«),
J(Oé)@j = Rejﬁ(iﬂi)

where R, € R[, and e; is the jth vector of the standard basis of R*¥*!. We note that
the computation of the jacobian does not require the resolution of any type of boundary

value problem. We now test this method for the two examples considered in section 5.3.2.

5.6.1 Numerical simulations

To fit the Cauchy data using the MF'S we considered 60 collocation points on the boundary
I' and 120 source points on the artificial boundary curve 0B(0,5.5) U 0B(0,0.7). In
the following reconstruction figures, the red dots represents the reconstruction using the
optimization scheme in the space Cy.

For noise free boundary data on the whole I', the two coefficients Z; and Zs were well

recovered using both methods (Fig. 5.35).
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(a) Z. (b) Zo.

Figure 5.35: Reconstruction of the Robin coefficient from noise free boundary data.

However, for data with 5 % of noise the explicit reconstruction presents several insta-

bilities related to the zeros of u on . This can be seen in Fig. 5.36, where we plotted
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the reconstruction given by each component for the constant coefficient. For Z,, the

numerical reconstruction was completely ruined by the instabilities.

Using the minimization method instead we obtained good reconstructions with a single
iteration. Still for data with 5% of noise, we obtained, for Z; and Z,, the left and right

plotted results in Fig. 5.37, respectively.
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Figure 5.36: Reconstruction of Z; with the explicit formulation (data with 5 % of noise).
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Figure 5.37: Reconstruction in C, from data with 5 % of noise.

The last test concerns the reconstruction of Zs, considering (the same amount of)

observation points located on [0,7]. For noise free data, the reconstruction using the

explicit method was affected by singularities. For the minimization method we obtained

good results (Fig. 5.38).
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Figure 5.38: Reconstruction of Z, from incomplete noise free data.

5.7 Conclusions

In this chapter, we studied of two inverse problems in linear elasticity: A geometric inverse
problem and a Robin coefficient inverse problem. These are similar to the problems
studied in Chapter 3 and an application of the numerical methods proposed in Chapter 4
was presented. The MFS provided good approximation results for the studied boundary
value problems in linear elasticity and the decomposition method performed well, giving
stable and accurate reconstructions.

For the geometric problem we tested a Newton type of method to retrieve the location
and shape of the object. We were able to obtain good approximations of the location and
dimension of the obstacle even for incomplete boundary data. The reconstruction of the
shape was stable and again, for incomplete data, the part of the boundary that is best
reconstructed corresponds to the location of observation points.

For the Robin problem, the adaptation of the decomposition method presented extra
numerical difficulties and an optimization method was proposed. This approach does not
affect the fast performance of the decomposition method and presented stable results. We
note also that like in the scalar case, a Newton type of method could also be implemented.
This was also numerically implemented and tested. Comparing both methods we obtained

similar results and therefore we did not presented this approach.



Identification and source reconstruction from

boundary data

The identification and reconstruction of sources from boundary measurements is a non
destructive evaluation problem with several applications in imaging that has been often
addressed in the literature. One of the most simplest settings is modeled by the Poisson
equation. It is well known (eg. [38]) that, in this context, several boundary measurements
do not allow identification of the right hand source term.

Depending on the underlying physical problem there might be some extra source
information that, in conjunction with boundary data, enables the identification.

This is the case of: classes of characteristic functions defined on star shaped domains
(eg. [51], cf. [75]); classes of point sources (cf. [39]); linear/affine classes of sources (eg.
[10]). However, in many practical situations, this extra information may not be available

or measurable (at least in a non destructive testing framework).

In this chapter, we investigate the identification of acoustic sources from boundary
measurements. We start by showing that, in general, many boundary measurements are
not sufficient to fully identify a source. For some particular cases, identification is possible

from a single boundary measurement and some linear/affine classes are presented.

149



150 Identification and source reconstruction from boundary data

For the general case, the identification is achieved by considering many boundary mea-
surements generated by different frequencies. In particular, it is showed that compactly
supported sources (with support contained in the domain) can be identified from many
partial boundary data.

We propose a numerical method based on the reciprocity gap functional (cf. [31], [19],
for the Helmholtz equation see e.g. [1, 35]) to retrieve the source. The last part of the

chapter is devoted to test this method for several numerical examples.

6.1 Direct and inverse problem

Let Q C R be a simply connected domain with C! boundary I'. Given a source f € L?(2)

and g € H'?(T") consider the direct problem of computing g, := dnu|r, where u solves

P) { Au+r*u=f inQ (6.1)

u=gq on I'

It is well known that if —x? is not an eigenvalue for the Laplace-Dirichlet operator
then (P) is well posed in H*(Q) (eg. [34]). Henceforth we shall assume this eigenvalue
setting.

The inverse problem consists in the identification of the source term f from a pair of
(compatible) Cauchy data (g,gn) on ¥ C T

We start to address the uniqueness for the inverse problem, considering a fixed wave

number x > 0.

6.2 Restricted identifiability with a single wave num-

ber

In this case, the identification of f from compatible Cauchy boundary data is not possi-
ble. The following example illustrates the difficulties in the identification for this inverse

problem.

Example 6.1 Let Q = B(0,1) and consider the function defined by

u(z) == —|z* + 2lz)* — 1.
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Then,
u(z) =0

rel =00=
Ot = (n-x)(—4lz]* +4) =0

On the other hand, since
Au = —16|z|* +8

then, for the non null source
f = —16|z* +8

we have
Au=f in
u=>0 on I
Oqu=0 onT

and this source f can not be identified from a pair of Cauchy data on I". Moreover, taking

foi=f+ru#0
we have Au + k?u = f,. in Q with both trace and normal trace null on the boundary T'.

Furthermore, we note that sources belonging to the subspace (A + 2I)(H3(Q)) C L*(2)
can not be identified from the boundary data.

On the other hand, increasing the number of boundary measurements does not increase
the information concerning the source. In fact, let f € L?(f2) and, for each g € HY/?(T)
consider v, w € H'(2) such that

{Av+/<;21):f in {Aw+/@2w:0 in
and

v=20 on I' w=g onI'

Then, u = v + w where w is the solution of (P) and in particular
In = On(v+w) = Ohv + Opw. (6.2)

Thus, even with access to all possible boundary measurements, identification is not pos-

sible. It is clear that some extra information regarding the source must be considered.

We note that, from (6.2), it is sufficient to consider only the input function g = 0.

This motivates the definition of the map

A:L2Q) — HYAI)

6.3
f — In (63)
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where g, = Oyu|r and u solves (P) considering g = 0.

Remark 6.2 The operator A is linear and continuous. Is non injective because
(A + K21 (HZ(S)) C ker A.
As a consequence of boundary regularity results, for a domain  with C? boundary the
kernel of A is in fact the whole (A + k2I)(HZ()).
Moreover, we have the following density result.

Lemma 6.3 The range of A is dense in H='/?(T).

Proof. We prove that the adjoint of A, A* : HY/?(I') — L%(Q) is injective. We claim
that the adjoint is defined by A*(g,) := u, where u, € H'(f2) is the unique solution of

Uy = G on I

{ Au, + k*u, =0 in Q

from where it follows,

Uy = N (g:) = 0= g. = ui|r = 0.

To prove the claim we note that,

(00 M ey vy = [ 9:0ns = [ (b= A + [ b
r

T
= / u*fdl’ = <U*, f>L2(Q) ’
Q

6.2.1 Identification in linear/affine classes

We now present a type of class where identification from boundary data is possible and

derive a method to retrieve the source by solving a higher order direct problem.

We recall that \ is an eigenvalue of the bilaplacian for the domain € if exists a non

trivial solution of the fourth order problem

A’u—du=0 in
u=20 on I
Ogtt =0 on I
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Define the closed subspaces

Hasp2r = {u € L*(Q) : Au=+ k*u = 0}.

Lemma 6.4 If k* is not an eigenvalue of the bilaplacian and the boundary I' = 0 is
C? then,
L*(Q) = Hawer @ (A + &2I)(Hg ().

Proof. Let f € L*(Q2) and note that by the classical regularity (eg. [42]) results, A(f)(=
Ou) € HY2(T') where u € H%*(Q) is the solution of (P) for null input function. Since x*

is not an eigenvalue for the bilaplacian, the fourth order problem

A% — k' =0 inQ
v=>0 on I' (6.4)
Onv = A(f) on I’

is well posed in H?(2). In particular u —v € H?*(2) and since by construction, v = u = 0
and O,v = Jyu both on T’ we have u — v € HZ(2). Thus, defining

wi=u—v (6.5)
we can write
f=A+r)u=(A+r)v+w) = (A+r)v+ (A+rDw € Ha_per + (A + KA (HF(Q))

and therefore L*(Q) = Ha_.2r + (A + 21 (HF(Q)).

To complete the proof we show that
U € Ha_per N (A + K21 (HF(Q)) = u = 0.

If u € Ha_w2r V(A + k21 (HZ(Q)) then Au — k*u = 0 and u = Av + x%v on Q, for some
v € HZ(Q). Thus,

0= Au— x*u = AA + K1) (v) — K2(A + K21)v = A% — kY

and since v € HZ(2) and k* is not an eigenvalue of the bilaplacian we conclude that v = 0
in  and it follows that u = Av + k?v = 0. O
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Remark 6.5 Note that for a domain  with C? boundary,
Haveer™ = (A + &21)(HF ().
To see this, let v € HAﬁz[L. Then,
/qudx =0, Yu € Haqp2;.

Let ' € H*(Q)) and v € H'(2) be a solution of

{AU/+/€2U/:U in q {Au—l—/«?u:O in
an

v =0 onI U = Opt’ onTI

respectively. Since u € Ha .27,

0= /qud:c = /Q(u(Av’ + k%)) dx :/ (uAV' + K*w') da. (6.7)

Q

Using Green’s formula we can write

/ ulAv'dr = / Auv'dx + / (U0 — Opqu’) ds = —/ r2uv'de + 1|0V 72 r)-
Q Q r Q

Substituting this identity in equation (6.7) we obtain
HanU/H%%r) =0

from where it follows that 9,v" = 0 on I" and therefore v € (A + k2I)(HZ(Q2)).

Reciprocally, we show that if v € (A + &*I)(H§(Q)) then v € Hy, ., Let
v=Aw+ k*w € (A + k2 I)(HZ(2)) and v € Ha,x2;- Then,

/uvdx:/u(Aw—HiZw)dx:/qudx+/<a2/uwdx: —/<o2/uwdx—|—/ K uwdr =0
Q Q Q Q Q Q

and the result follows.

In particular, for the Poisson equation (k = 0) the above direct sum is in fact a sum of

orthogonal subspaces (cf. [38]).

We now show that, under the same conditions of the previous result, Ha_,2; can be
identified with H'/2(I).
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Lemma 6.6 If the conditions of the above Lemma are satisfied, the map

U:HY2T) —  Ha_.er
a0 —  Av+ k20

where v solves (6.4) for the input data (0, g1) is a linear homeomorphism.

Proof. The map is well defined, linear and injective because the fourth order problem
(6.4) is well posed. Let g, be a sequence in H'/2(I") such that

gn — 0 in HV*(I).

Since the problem
A0, — k*v, =0 in Q
v, =0 on I’ (6.8)
OnVn = gn onI

is well posed in H?(R),
v, — 01in H?().

On the other hand, the Helmholtz operator A + &I : H*(Q2) — L*(2) is bounded. Thus,
U(g,) = Av, + k*v, — 0 in L*(Q)

which proves the continuity of W.

Let u be in Ha_,2; C L*(R2). Since by hypothesis —x? is not an eigenvalue of the
Laplace—Dirichlet operator, the problem

Av+r2v=u in
(Pu){

v=20 on [

is well posed in H}(Q). Moreover, since the boundary is C?, by regularity, the above
problem is well posed in H?(2). Thus, d,v € H'/?(T") and the map

U — Op¥

is well defined. It is easy to see that this map is the inverse of W.

Now if
u, — 0 in L*()
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then, by the well posedness of (P,,) in H%(2), we have
v, — 01in H*().
By the continuity of the normal trace we conclude that
U (uy,) = Oqun, — 0 in HY2(T).

]

This last two results show that we must consider the classes of sources where the
second projection, @ : L*(Q) — (A + &*I)(HZ(Q)), ie, the projection onto ker A, is

known. For instance, given F' € L*(Q), consider the affine (linear, if F' = 0) class
Cr:= {fELZ(Q):Af—/QZf:F}.

Theorem 6.7 The restriction of Q to Cg is constant. Moreover, if a source f is known

to be in the class Cp then a single boundary measurement (0, A(f)) on I' is sufficient to
identify f.

Proof. From the decomposition
f=h+(A+rDw € Ha_p2 ® (A + &*1)(H(Q)) (6.9)
we obtain, for f € Cp,
F=(A-rDf=(A-rDh+ (A —r"Hw = (A% — k' Tw. (6.10)

Since w € HZ(Q) then w is known (because all the input data is known), unique and
independent of the choice of f. Thus, Q@ maps C(F) C L*(Q) to the singular set
{(A + k2I)w}. Moreover, since (A + k2I)v is uniquely determined by A(f), we conclude
that f is uniquely determined by this data. O

We note that in the decomposition (6.9), h = (A + x?I)v where v solves (6.4). Setting
wy = v+ w,

we have

f = Aw; + K*wy
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and wy can be computed from the available information. More precisely, for f € Cr, wy

is the unique solution of the fourth order problem

Awp — ktwy=F inQ
wy =10 on I
Onwy = A(f) on T’
6.3 Identification of sources using multiple frequen-

cies.

In the previous section we have established that, for some fixed wave number, the iden-
tification of sources can be established in some particular cases. For the general case, we
propose the use of several wave numbers to generate multiple boundary data and use such
data to retrieve the source. We start with some notation.

Given f € L*(Q2) and k > 0 we denote by ¢~ the Neumann boundary data on T,
generated by the solution of

P.) { Au, + K*u, = f in (6.11)

U, =0 on I

in the C! simply connected domain 2. The linear map f + ¢~ will be denoted by A,.

Define, for  in some open interval I, the map

hm Al f) = g (6.12)

Theorem 6.8 The knowledge of (6.12) on some open interval I C R determines f, in
the L*(Q) sense.

Proof. Suppose that, for some fi, fo € L*(),
Aﬁ(fl) = A,{(fg),VK € 1. (613)
Using Green’s formula with test functions v € Ha.2; we have

/invdx = /FA,«V(fz’)vdg i=1,2.

Since (6.13) holds, the previous identity implies

/(fl — fo)vdr = 0,Yv € Hayu2g
Q
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and the result is a consequence of the density of (J, ., Hayx2s in L?(Q). For instance,

considering plane waves v,_ 2 € Ha.2; as test functions we have
/(fl — fo)v, qdx = 0,Vk € I, Vd € §41.
Q b

Therefore the Fourier transform of (f; — fa)xq (where yq stands for the characteristic
function of the domain 2) gives zero evaluated at £ = rd. This means that the Fourier
transform is null in the set I x S9~! and, by analyticity, is null everywhere. The isometry

in L? implies f; = fo, a.e. [

6.4 Identification of a source from partial boundary
data

So far, we have addressed the identification of sources from boundary measurements,
assuming full access to the boundary I'. We prove that for compactly supported sources
with support @ C €2 the Cauchy data on a part of the boundary determines uniquely the
full data.

Consider the following problem of data completion: Given a pair of data (gs, ¢%) find

(9r\s, gp\x) on I'\ X such that exists u € H'(Q) satisfying, for known &,

(A+r*Du=finQ, u= { 9= (6.14)

on X 9o — g5 on X
gr‘\g OHF\E ’

gry on '\ X

Theorem 6.9 If f is a compactly supported source with support w C ) then the afore-

mentioned Cauchy data completion problem has at most one solution.

Proof. Suppose that this problem has two solutions i.e., that exists w; satisfying (6.14) for
a compactly supported source f; with w; C {2 and the pair (g%\U7 giﬁi‘a), 1 = 1,2. Defining
v = u; — U, We have

(A+K* v =fi — f,in Q,

0 on X 0 on X
v= 1 2 N aﬂv = 1,n 2,n
I\ ~ I\ O1 [\X Ir\z — 9r\z ©On [\ x

Since f, — f» is still a compactly supported then (A+x%I)v = 0 in the open set Q. := Q\©,
where @ denotes the support of f; — fo. Notice that v has null Cauchy data on X C 0f2,

hence, by Holmgren’s lemma, v = 0 in an open, connected set (NZC such that I' C 8(28. In
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particular, v has null Cauchy data on I and we conclude that, on I'\ ¥ C T,
1,n 2n
9%\2 = 9%\2 A 9ris = Ir\s-
O

Remark 6.10 As a consequence of theorems 6.8 and 6.9 we conclude uniqueness for the
inverse source problem even from partial boundary data, when the source is compactly

supported and an interval of frequencies is used.

6.5 Numerical implementation for the direct prob-

lem

To approximate the solution of (P,) we use the MFS-D (cf. [9]). Let

Un(2) =Y Y i (@ —yy) (6.15)

i=1 j=1

where @, is the fundamental solution (2.6). This expansion is justified by the following

properties.

Lemma 6.11 (/9]) Let T be an admissible source set. Then,
(a) span{®.(e —y)lq:k €Ay €T} is dense in L*(Q) and
(b) span{®,.(e —y)|r :y € I'} is dense in LA(T).

As usual, T will be the boundary of a regular domain Q such that Q c Q.

We denote by ©p the set of frequencies
{K1,. .. kn}
and by = the set of source points, that is
E={yi- Ym}

with y; € L. Using the above expansion to approximate the solution of (P,) we obtain

the system
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SN (2 - wD)ag @,z — ) = flz) wEQ

i=1 j=1

D i@y —y) =0 yt el

i=1 j=1

In order the compute the coefficients «; ; € C we consider some collocation points z;
and y]r on the domain and boundary (respectively) and solve the corresponding linear
system when the number of coefficients equals the number of equations. When number

of equations is higher, we apply the least squares method.

Remark 6.12 If a particular solution of
Auf + r*ul = f

is known, then u, = ul’ + uff where uf solves the problem

(6.16)

U, = —u, on I

{ Aull + K2 =0 in Q

In this case we only have to compute an approximation for the above homogeneous prob-
lem and we consider the MFS approximation (see section 4.1.1 for the numerical imple-

mentation procedure).

6.5.1 Numerical examples
We now test the aforementioned method for (P,). We consider the domain
Q= B(0,2)
and three sources. The first and second sources are defined by
fi(zy, 29) := cos (2?) sin (23)

and
2 3

eill(@1—0.5,22—0.8)]|2 + e10]|(x1/1.5,22/0.8+1.2)||?

f2($1,1’2) =

respectively. They are smooth functions and the second has two peaks: an elliptic and a

circular. For a plot of these sources see Fig. 6.1.
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1

Figure 6.1: Plot of the sources in (2.

The third source is a combination of four points sources, namely
fa(z) == =26(x — ¢1) + 66(x — c2) — 46(x — ¢3) — B (x — ¢4)
with centers
c1 = (1,0), c2=(0,1), ¢ =(—1,0) and ¢4 = (0,—0.5).

In order to obtain an approximation for f; and f; using the MFS-D we considered
the expansion (6.15) with
©Op=1{1, 2, ..., 15}

and 150 source points on T = 0B(0,4). The collocation points were 1927 with the
distribution suggested by Fig. 6.2.

0000000000000 0000000000 )

0_4. .

Figure 6.2: Distribution of collocation and source points. The black dots represent source
points, the red dots represent collocation points and the full blue line is the boundary of
the domain.



162 Identification and source reconstruction from boundary data

For the third example we note that

ul (1) = 20, (x — ¢1) — 6@ (z — ) + 4P (z — ¢3) + 5Pp(z — ¢4)

K

is a particular solution of the non homogeneous Helmholtz equation with right hand side

Js-

The MFS approximation for (6.16) was computed considering 150 collocation and

source points.

We now present error plots to show the accuracy of the numerical method. We consider

the absolute error,
| f(x) = (AU + KU s)(2)], 2 € Q

for the source approximation and the error on the boundary
[urs(L'(1))]

where I'(t) := 2(cost,sint), t € [0,27] is the parametrization of the boundary I

In Figs. 6.3 and 6.4 we plot these error graphics for the first and second numerical

examples, respectively. For the third example, we plot the boundary error in Fig. 6.5.

Absol ute Error

L ill
5x 10 1 6-10°° r ‘ H\\

N ' ‘H il \( ‘
/ ::iz- [U/\ f W \H u v

Figure 6.3: Absolute error for the approximation of f; (left) and the approximation of
the boundary condition (right).
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Figure 6.4: Absolute error for the approximation of fy (left) and the approximation of
the boundary condition (right).
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Figure 6.5: Absolute error of the boundary condition approximation for the third example.

6.6 Reconstruction of a source using the reciprocity

gap functional

Since the map A is linear, considering a representation fv: > o;®; of the source f, we

can compute the coefficients «; directly by solving, for instance, the linear system

Z O{Z'A,i((p

(6.17)

for several frequencies k. However, in a more favorable situation we choose a basis with

the eigenvalue property
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and A.(®;) = Oqu; where u; = uf +1/(k? — k)®; and

Aufl + k*uf =0 inQ
1
ul = — ®, onl

K2 — K?

Often, the number of basis functions is big and this approach is computational expen-

sive. We consider instead the following weak formulation.

Given a source f € L?(QQ), the reciprocity functional at v, g(m) — pined jg

R(URE) = /Fﬁnuﬁ(x)em”'gdgm

where u,, solves (Py). From Green’s formula we have

/Q f(z)e™=tde = R(v, ) (6.18)

and from the proof of Theorem 6.8, the knowledge of R(v, ;) for all x € I in all directions

d € S' gives an identification of f in the L? sense.

We now use this weak form to reconstruct the source. First, a representation of f in

some finite dimensional space must be considered. We take

ny mi

f: ZZO@‘J‘U)%%’ )\z € I/\/C\Z (= Sl

i=1 j=1

but it is clear that other basis functions could be considered. The justification for this

representation is based on the density result (eg. [8])

L*(Q) = span{vyz, A € [ AT € S1}.

For numerical implementation purposes we consider n measurements A, (f), ..., A, (f)
and c?l, . ,cim € S'. The n; x m; coefficients a; ; € C are computed by solving the linear
system of equations

(ul + A*A)X = A*B

A= { / ei(’\im'aﬁ’“"i’“)dx} , B= { / An(f)ei”“’“‘fkdc}
Q (nxm)%(n1xm1) r (nxm)

with
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for some regularization parameter pu.
In the domain 2 = B(0,2) we have

. 2m 2 ~
/ ei()\ix-EjJr/ix-dk)dx — / / ei(Ai(pCOSO,psin 0)-¢;+k(pcos H,psina)-dk)pdpde
Q 0 0
27 R
0

with

—4-4ie 0O 0TI (14 o (0.0 2.d) =~ 7
¢(0, N\, ¢, Cjk) = Co(0.i.8,dx)2 i Go(, A, di) 70

2 otherwise

and (o(6, A\, ¢;, c/l\k) = 2(c/l\k,1/-£ +¢j1\;) cos b + 2(6/[/@216 +Cj2A;)sind. On the other hand,
) N 2 ) ) N
/A,Q(f)e““'d’“dg = 2/ (cos 6, sin 0) - Vau, (2 cos 8, 2 sin §) (2 cos0.2sn6)-di gg
r 0

and we use the trapezoidal rule with 80 points to approximate both integrals on 6.

Remark 6.13 We note that if f = 2?:1 a;0., and the centers ¢; are known, then this
method allows also the reconstruction of the intensities a;. In fact for this particular type

of sources, the intensities satisfy the system of equations

Zaiv&g(ci) =R(v, 3), VK € I A de S (6.19)
i=1

6.6.1 Numerical examples

The following numerical tests concerns the reconstruction of f;, f; and f3. For each case,

we considered
N =03+i,i=0,...13

Ci,...,Cy and c/l\l, e ,67100 both uniformly distributed on S*. We tested the method for
up to six measurements (with and without noise) and considered 80 uniformly distributed
observation points on I'.

For the first example, assuming noise free data, we plotted the reconstructions using
one two and three boundary measurements. Starting with a single measurement corre-
sponding to the frequency x = 1.5 we obtained the results in Fig. 6.6. On the left we have
the real part of f; and on the right the imaginary part. Fig. 6.7 a) presents the recon-

struction considering two measurements x = 1.5, 3.5 and Fig. 6.7 b) three measurements.



166 Identification and source reconstruction from boundary data

5x 1078
2 Im(f 1(x1,%2)) 0
-5%x10°8

-2

0.5
Re(f1(x1.%2) 0

(a) k=15 (b)y k=15

Figure 6.6: Reconstruction of f; considering noise free data obtained from a single mea-
surement.

Still considering three boundary measurements for k = 1.5, 3.5, 5.5 we observe that the
noise does not affect much the reconstructions. This can be seen in Fig. 6.8 where we
plotted the reconstruction for several levels of noise. The regularization parameter was
i = 1073 for data with 3 % of noise, = 1072 for 5 % and 8 % of noise level and p = 1071
for 10 %.

1 1 »
Re(f1(x1,%)) O'E(’) e W ; 2 Re(f1(x1,%2)) 0.':'6 !
R : 7 ] -05

(a) k=15, 3.5 (b) k=15, 3.5, 5.5

Figure 6.7: Reconstruction of f; considering noise free data obtained from several mea-
surements.
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Re(f1(x1,%2)) O-% 2

-05

(a) 3 % of noise.

1

Re(f(x1,%2)) 0 2
0

(c) 8 % of noise.

Re(f1(x1,%)) 0-56
-05

(b) 5 % of noise.

Re(f1(x1,%2)) 0-50
-05

(d) 10 % of noise.

Figure 6.8: Reconstruction of f; considering data with several levels of noise, obtained

from three measurements.
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The source fs is fairly retrieved using two (noise free) boundary measurements (Fig.
6.8, plot (b)). With three measurements, the shape and location of the peaks were well
recovered (Fig. 6.8, plot (¢)) and with six the full source is well approximated (Fig. 6.8,
plot (f)).

If we consider noisy data, we obtain, with three measurements, a good reconstruction
of the location and peaks shape. In this case we plot in Fig. 6.9 the reconstruction for
data with 5 % of noise. The regularization parameter was p = 1071

To better visualize the location and shape of the peaks we show in Fig. 6.10 three
contour plots. Plot (a) is the contour plot of fs while plots (b) and (c) are contour plots

of the (real part) computed approximations from noise free and noisy data, respectively.

For the last example, taking three (noise free) measurements we were able to identify
the number and location of the point sources (Fig. 6.12, plot (b)). However, this is more
clear with four measurements (Fig. 6.12, plot (c)). In order to see the negative part of
the function presented in Fig. 6.12, plot (d) we show the inversion of this graphic with
respect to the plane xoy (Fig. 6.12, plot (e)).

The same test was performed considering noisy data obtained from four measurements

(see Fig. 6.13). Using a built in function to locate extrema we obtained
¢1 = (0.94,-0.022), ¢, = (0.011,0.98), ¢3 = (—0.97,0.006) and ¢; = (—0.0005, —0.47).

Since
f3 = —2001,0) + 660,1) — 4d(—1,0) — 50(0,0.5),

the point sources are being well recovered. This can also be seen in the contour plots of
Fig. 6.14. Using these locations and following remark 6.13 we obtain, for k = 1.5 and the
aforementioned directions c?l, e ,6/1\100, a 100 x 4 system which, solved in a least squares

sense gives the intensities

ap ~ —2.09+3x 10712 Gy ~ 6.2 —4x 10713

a3 ~ —4.02 4+ 3 x 1071% Gy~ —4.9—2x 1071%

Q
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. 0.75
Re(f5(X1,%2) 0.5
0.25

2

~ 15
Re(f,(X1,%2) 1
05

2 Re(f(x%)

(c) k=1.5, 3.5, 5.5 (d) k= 1.5, 3.5, 5.5, 7.5

3

~ 2 -
Re(f2(x1,%2)) Re(f (x,%2)) 2

(e) k=1.5, 3.5, 5.5, 7.5, 9.5 (f) k= 1.5, 3.5, 5.5, 7.5, 9.5, 11.5

Figure 6.9: Reconstruction of f, considering noise free data obtained from several mea-
surements.
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_ 1.
Re(To(X1,%2) 1
05

Figure 6.10: Reconstruction of f; considering data with 5% of noise obtained from three
measurements.

L n L
-1 -1 L] 1 2

(b) Noise free.

(c) 5% of noise.

Figure 6.11: Contour plot regarding the reconstructions of f; considering three boundary
measurements.
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20
Re(T 00 10
-10

40
- 20 20
Re(fa0a00) = 2 Re(-fiux) 0 2
-20 1

(¢c) k=1.5, 3.5, 5.5, 7.5 (d) the same as (c)

Figure 6.12: Reconstruction of four points sources considering noise free data obtained
from several boundary measurements.

Figure 6.13: Reconstruction of four points sources considering data with 5% of noise
obtained from four boundary measurements.
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L n L L L L L h
-2 -3 0 1 2 -2 -1 o 1 2

(a) Noise free. (b) 5 % of noise.

Figure 6.14: Contour plot regarding the reconstruction of four points sources (red dots)
considering data obtained from four boundary measurements.

6.7 Conclusions

In this Chapter we studied the identification of acoustic sources from boundary measure-
ments. It was established that identification (in the L? sense) can be obtained if the
boundary data generated by all the frequencies on some open interval is known. Sev-
eral numerical simulations showed the feasibility and stability of the method based on
the reciprocity functional. With a few number of boundary measurements we were able
to identify some properties of the source and in some cases we obtained good recon-
structions. This can be useful if one wants to identify a class where the source belongs.
Depending on such class, a single boundary may be sufficient (eg. point sources) and
other (more efficient) methods can be applied. Since our method requires integrations on
the boundary, the number and location of the observation points must provide accurate
numerical integrations. Thus, for incomplete boundary data, a completion method must

be implemented first.



Final remarks and future work

In the first part of this work we addressed the identification and reconstruction of shapes
and (Robin) coefficients from a single boundary measurement. The MFS based decom-
position method performed well for simply connected inclusions and we aim to develop a
method to reconstruct a non connected inclusion. No numerical tests have been carried
out for this situation but it is clear that with the proposed line search some shadow effects
may lead to poor reconstructions.

We provided an example that shows the non identifiability of both shape and coeffi-
cient from a single measurement. This is still an open problem even for several boundary
measurements. Recently Rundell showed in [79] a local identifiability result for this prob-
lem using two appropriate measurements (in the 2D case). Following the ideas developed
in Chapter 4, we want to study the application of the MFS based decomposition method
to this inverse problem and eventually to a similar acoustic setting.

In a second part of the work we applied the developed methods and techniques to
similar inverse problems in the context of linear elasticity. The methods performed well
and the main difficulties were the results based on the maximum principle and Hopf’s
lemma. Although several numerical tests suggest that some of the results hold, we were
not able to establish the corresponding theoretical results. In particular, we are interested
in developing a criterion to distinguish elastic cavities from inclusions and in the imple-
mentation of a numerical method to retrieve multiple inclusions or cavities. Other line
of work will be transmission problems in linear elasticity. In particular we are interested
in the identification of elastic inclusions with different (and unknown) elastic properties
of the domain of propagation. Despite some examples that show the difficulties in the
identification of both Lamé parameters and elastic inclusion, we obtained good numerical
results for this problem.

Regarding the sources inverse problem, we will study the application of the MF'S for
the Cauchy problem as a data completion method, in order to use the integral method
to retrieve compactly supported sources from partial data. A possible extension to the

elastic case will also be investigated.
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Appendix
Levenberg—Marquardt method for non linear

least squares problems

Given a vector function F : R” — R™ with m > n we want to solve the following global
optimization problem

z* = argmin, Fy,; ()

where the objective function Fi; is

with F(z) = (Fi(z),..., Fn(z)). The methods for such optimization problems are itera-

tive and usually enforce a descent condition,

Fopj(wpy1) < Fopj(a)

in order to avoid the convergence to a maximizer. These descent methods can be described

as:
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Algorithm 2
Give xzg
hj :=search direction(xy)
oy =step length(hy,xy)

Tyt i= Tp + aghy

Supposing that F has continuous second order partial derivatives, we can write
F(z +h) = F(z) + J(z)h + O(|h]?) (6.20)

where

o) = |G @)

is the Jacobian. In terms of F;, the gradient is given by

Fy;(w) = J(x) F(x)

and the Hessian by

m

Fi (@) = 3@ @) + Y R@)F (@),
i=1
From the Taylor expansion (6.20) we have, for small |h|, the linear approximation
F(z+ h) =~ ((h) :== F(x) + J(x)h.
Inserting this approximation in the definition of F,;,; we have
Fopj(x +h) ~ L(h) := %é(h)Té(h) = Fou(2) + B J(2) "F(z) + éhTJT(x)J(x)h. (6.21)
The gradient and Hessian of L are

L'(h) = J(z) "F(z) + J(2) ' I(x)h A L"(h) = I(z) I(z)

respectively. If J has full rank then L admits a unique minimizer h,,;,, solution of the
equation
L' (hin) = 0.
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If instead we solve the penalized system
L,(hlm) + M]Ihlm =0, 1% >0

we obtain the Levenberg-Marquardt method (LM). The damping parameter p > 0 has

several effects:

e For all u > 0 the coefficient matrix is positive definite and this ensures that h,,;, is

a descent direction.
e For large values of i, A, is a short step in the descent direction.

e If ;1 is very small then we have a Newton method and we get a good step when the

approximation is near z*.
e Can be used to implement constrains in the optimization problem.

The initial choice of p is usually given by
p=rmax{ay}

where 7 is given (typically 7 = 103) and A©® = J(z0) "J(z). During the iterative process
the updating is controlled by the gain ratio

 Fayi(w) = Fopj(z + him)
= TL0) = L)

according to the strategy:
Algorithm 3
If p>0
pi=pxmax{1/3,1—(2p—1)3};v:=2
else
W= X v i=2v
endif

If p > 0, then x,e, := £+ hy,, is an admissible iteration and the dumping parameter is
decreased. Otherwise, the iteration is not admissible and the penalized system is solved

for a higher value of pu.



178 Appendix

As stopping criteria we use, for a given tolerance tol,

Fobj <$new) - Fobj (.Z')
Fopj ()

< tol
where x, x,., are two consecutive admissible iterations. Finally the condition k > k.
to avoid infinite loops. In conclusion:
Algorithm 4 Levenberg--Marquardt method
Begin

Given: 2y, kmax, tol, 7:=1073

k=0, v:=2; x =120 A:=]"(2)J(2); g:=J"(2)F(z)

found :=false; p = Tmax{a;}

While (not found) and k < kpax

k:=k+1; Solve (A+ pl)hy, =—g

Tpew ‘= T + hlm

_ Fob,j (z) — Fobj<xnew)
L(0) = L(hum)

If p>0

I (Fo(new) — Forg(2))/ Forg () < tol
found:=true

else
T = Tnew
A =TT (@)0(2); g =17 (2)F(x)
p=pxmax{1/3,1— (2p—1)3}; v:=2

endif

else
h=puXv; v:.=2U

endif
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endWhile

End
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