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1 Introduction

We denote by S(R) the Schwartz class of all infinitely differentiable and rapidly
decaying functions (see, e.g., [13, Section 2.2.1]). Let F denote the Fourier
transform, defined on S(R) by

(Ff) (@) / FOetdt, zeR,

and let F~! be the inverse of F defined on S(R) b

1

—/g(x)eﬂ” dx, teR.
R

(F 9 = 5

It is well known that these operators extend uniquely to the space L?(R).
As usual, we will use symbols F and F~! for the direct and inverse Fourier
transform on L2(R). It is well known (see, e.g., [I3, Theorem 2.5.10]) that the
Fourier convolution operator

Wa) ;== F taF (1.1)

is bounded on the space L?(R) for every a € L>(R).

Let X(R) be a Banach function space and X'(R) be its associate space.
Their technical definitions are postponed to Section [2.1] The class of Banach
function spaces is very large. It includes Lebesgue, Orhcz, Lorentz spaces,
variable Lebesgue spaces and their weighted analogues (see, e.g., [3[0]). Let
B(X(R)) denote the Banach algebra of all bounded linear operators acting on
X (R).

Recall that the (non-centered) Hardy-Littlewood maximal function M f of
a function f € L] (R) is defined by

MA@ = s 1 [ 170,

where the supremum is taken over all intervals I C R of finite length containing
2. The Hardy-Littlewood maximal operator M defined by the rule f +— Mf
is a sublinear operator.

If X(R) is separable, then L?(R) N X (R) is dense in X (R) (see, e.g., [9,
Lemma 2.2]). A function a € L*(R) is called a Fourier multiplier on X (R)
if the convolution operator W°(a) defined by maps L?(R) N X(R) into
X (R) and extends to a bounded linear operator on X (R). The function a is
called the symbol of the Fourier convolution operator W9(a). The set M X(R)
of all Fourier multipliers on X (R) is a unital normed algebra under pointwise
operations and the norm

||a||MX(R) = HWO(G)HB(X(R))'

If, in addition, the Hardy-Littlewood maximal operator M is bounded on the
space X (R) or on its associate space X'(R), then for all a € Mx g,

lalle @) < llallmxe- (1.2)
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The constant 1 on the right-hand side of (1.2) is best possible (see [I7, Corol-
lary 4.2] and [I8] Theorem 2.2]). Since (1.2)) is available, one can show that
M x (r) is a Banach algebra (see [I8, Corollary 2.3] and also [15 Corollary 1]).

Let us define the notion of equivalence at infinity. Following [T, p. 140],
functions a,b € L>(R) are called equivalent at oo if

Jim{fxey-vo8 (@ = B)| o ) = 0 (1.3)
. . . L (R)

In this case we will write a = ~ 7 b. For subsets ¢ and © of L*(R), let &
denote tgloe set of all functions a € @ for which there exist functions b € © such
that a L) b.

Suppose that X (R) is a separable Banach function space such that the
Hardy-Littlewood maximal operator is bounded on the space X(R) and on
its associate space X'(R). It follows from the Stechkin-type inequality (see
Theorem below) that the characteristic function of every segment [a, 8] C R

is a Fourier multiplier on the space X (R) and

sup X]a, < o0. 1.4
—o<a<f<oo H [ex,6] HMX(R) ( )
Inequality (1.4)) implies that that xg\|—n,n] € Mx(r) for every N > 0. Two
Fourier multipliers ¢,d € Mx ) are called equivalent at oo if

lim HXR\[*NN] (C — d)HMX(]R) =0. (15)

N—oc0

M
In this case we will write ¢~ ~ " d. It follows from [I3, Theorem 2.5.10] that
for the space X (R) = L?(R), definitions (1.3)) and (1.5)) coincide. For subsets
¥ and {2 of the Banach algebra M x ), let ¥ denote the set of all Fourier

multipliers ¢ € ¥ for which there exist Fourier multipliers d € (2 such that

Mx (®
AP g,

For a Banach algebra 2 and a subset & C %, let algy & denote the smallest
closed subalgebra of 2 that contains the set &. The notion of equivalence at
infinity was used in [7, Theorem 4.4] to formulate results on the compactness
of commutators aWO(b) —WO(b)al on Lebesgue spaces LP(R, w) with Mucken-
houpt weights. Those results extended previous results on such commutators
from [8, Lemmas 7.1-7.4], [1, Theorem 4.2, Corollary 4.3], [22], Lemma 5.3], [2I]
Theorem 4.6]. Compactness of such commutators is important in the Fredholm
study of the Banach algebras

A(®,¥) = alggx gy {al, W°(b) : a€®, bew}

generated by all operators al and W°(b), where all functions a belong to a
certain C*-subalgebra @ of L*>(R) and all Fourier multipliers b belong to a
certain Banach subalgebra ¥ of My ) (see, e.g., [B5ITLI9]).

The aim of this paper is to show that if ¥ is an arbitrary unital Banach sub-
algebra of M x () and (2 is a certain unital Banach subalgebra of M x () that
consists of “nice” Fourier multipliers, then ¥y, is a unital Banach subalgebra of
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Mx (w)- Similarly, we will show that if @ is an arbitrary unital C*-subalgebra
of L*°(R) and © is a certain unital C*-subalgebra of L>°(R) that consists of
“nice” functions, then @, is a C*-subalgebra of L>°(R). We plan to use these
results in the study of algebras A(Pf, ¥q).

Let C§°(R) be the set of all infinitely differentiable complex-valued func-
tions on R with compact support. We say that a Banach subalgebra (2 of
M xRy consists of “nice” Fourier multipliers if u{2 C {2 for every u € C§°(R),
where uf2 := {ua : a € 2}. Analogously, we say that a C*-subalgebra © of
L>(R) consists of “nice” functions if u@ C O for every u € C§°(R).

Theorem 1 (Main result) Let X (R) be a separable Banach function space
such that the Hardy-Littlewood maximal operator M is bounded on X (R) and
on its associate space X'(R). If ¥ and 2 are unital Banach subalgebras of
Mxwy such that uf2 C 2 for every u € C5°(R), then ¥q is also a unital
Banach subalgebra of Mx (w).-

Let R = RU {oo} and R = [—o0, +c] be the one-point and the two-point

compactifications of the real line. Let C'x (R) and Cx (R) denote the algebras
of continuous Fourier multipliers and let SO% g, and 3’5} gy be the algebras
of slowly oscillating Fourier multipliers. It follows from their definitions given
in Section [2| that they consist of “nice” Fourier multipliers. As a corollary of

the above result, we immediately get the following.

Corollary 1 Let X(R) be a separable Banach function space such that the
Hardy-Littlewood mazimal operator M is bounded on X (R) and on its asso-
ciate space X'(R). If ¥ is a unital Banach subalgebra of Mx w) and

2¢€ {CX (R)» Cx (R)a SO?{(R)? algMX(R) {SO}(R)v CX(@)}» g\63)((]1&)} ’

then Wq is also a unital Banach subalgebra of Mx (w)-
We will also derive the following corollary from the above result.

Corollary 2 If & is a unital C*-subalgebra of the algebra L (R), and
2 & {C(&), C(R), SO°,alg ) {SO°, C([®)} }

then @5, is a unital C*-subalgebra of L™ (R).

Let QC and PQC be the C*-algebras of quasicontinuous and piecewise
quasicontinuous functions on R, respectively (see, e.g., [25]). The above corol-
lary is implicit in [7, Section 5] in the particular cases of the algebras PQC%.

and QU o (50°.c®)"

The paper is organized as follows. In Section [2| we recall the definitions of
a Banach function space and its associate spaces, the Stechkin-type inequality
for Banach function spaces, which permits to define the algebras of continu-
ous Fourier multipliers C'x (R) and Cx (R). Further we recall the definitions
of algebras of slowly oscillating functions SO, with A € R and SO°. To de-
fine the Fourier multipliers counterpart of SO, and SO°, we need to impose
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more regularity conditions and consider three times continuously differentiable
functions admitting slowly oscillating behavior at A € R. These algebras are
denoted by 5’03 and SO =50, N 503 It turns out that each function in
S O‘;{ sa Fourier multiplier on X (R) and we can define the a‘lgebras SOy x(r)
and SO, X (R) of Fourier multipliers slowly oscillating at A € R as the closure of

SO3 and S O?/{, respectively. Finally, we define SO<> and %gf(R) by analogy
w1th SO°.
In Section [3] we prove Theorem [1} For a given Cauchy sequence {c,} in

&g, we consider a corresponding associated sequence {d,} in {2 such that

M
d, "~ ¢, for all n € N. Although {d,,} might not be a Cauchy sequence in

2, we can choose a convenient subsequence {d,, } and then consider a sequence
hi == vi(dn,,, — dn,) such that vy —1 € CF°(R) and [|hg||pmy e = O(27%)
as k — oo. This allows us to conclude that the sequence defined by ¢1 1= d,,
and pg11 = @1 + Z?:l h; is a Cauchy sequence in 2. Since {2 is complete,

M
its limit ¢ belongs to (2. Finally we show that ¢ o ¢, where c is the limit

of {¢,} in ¥. Thus ¢ € ¥y, and ¥y, is complete. We are indebted to one of
the referees, whose suggestions allowed us to obtain a stronger main result
and considerably simplify our initial arguments of its proof. We conclude this
section with the proof of Corollary [2}

Finally, in Section {4} for a unital C*-algebra @ of L*°(R) and a unital
Banach subalgebra ¥ of M x gy, we study the subalgebras

MO™(®) = {al + K(X(R)) : a € &}, CO™(¥) := {W°(b) + K(X(R)) : b € ¥}

of the Calkin algebra B™ (X (R)) := B(X(R))/K(X (R)), where (X (R)) is the
ideal of compact operators in the algebra B(X (R)). We show that the intersec-
tion of MO™(®) and C(’)W(QI/SO%(R)) is equal to {cI + K(X(R)) : ¢ € C}. This
result generalizes the main result of our recent paper [12].

2 Preliminaries
2.1 Banach function spaces

The set of all Lebesgue measurable complex-valued functions on R is denoted
by M(R). Let M (R) be the subset of functions in M(R) whose values lie
in [0,00]. The Lebesgue measure of a measurable set E C R is denoted by
|E| and its characteristic function is denoted by xpg. Following [3, Chap. 1,
Definition 1.1], a mapping p : 9T (R) — [0,00] is called a Banach function
norm if, for all functions f,g, f, (n € N) in 9+ (R), for all constants a > 0,
and for all measurable subsets E of R, the following properties hold:

(A1) p(f) =0& f=0ae, plaf)=ap(f), p(f+9) <p(f)+pl9),
(A2) 0<g< fae = p(g) <p(f) (the lattice property),
(A3) 0< fut fae = p(fu)Tp(f) (the Fatou property),
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(A4) |E| < 0o = p(xg) < o0,
(45) |E| < oo = / f(z)dz < Cpp(f)
E

with Cg € (0,00) which may depend on E and p but is independent of f.
When functions differing only on a set of measure zero are identified, the set
X (R) of all functions f € M(R) for which p(|f|) < oo is called a Banach
function space. For each f € X (R), the norm of f is defined by

11y = o(IF1)-

Under the natural linear space operations and under this norm, the set X (R)
becomes a Banach space (see [3, Chap. 1, Theorems 1.4 and 1.6]). If p is a
Banach function norm, its associate norm p’ is defined on 9™ (R) by

J(g) = sup{ [ r@gterds e @), p<f><1}, g €M (R).

The associate norm p’ is itself a Banach function norm [3, Chap. 1, Theo-
rem 2.2]. The Banach function space X’(R) determined by the Banach func-
tion norm p’ is called the associate space (K6the dual) of X (R). The associate
space X'(R) is naturally identified with a subspace of the (Banach) dual space
(X (R)]".

2.2 Stechkin-type inequality and Banach algebras C'x (R) and Cx (R) of
continuous Fourier multipliers

Let V(R) be the Banach algebra of all functions a : R — C with finite total
variation

n
Via) := SUPZ la(t:) — a(ti-1)],
i=1
where the supremum is taken over all finite partitions
—00 <ty <t < <ty < +00
of the real line R and the norm in V(R) is given by

lallv := llall Lo ®) + V(a).

Theorem 2 Let X(R) be a separable Banach function space such that the
Hardy-Littlewood mazimal operator M is bounded on X(R) and on its as-
sociate space X'(R). If a € V(R), then the convolution operator W°(a) is
bounded on the space X(R) and

IWO(a)llsx @y < exllallv (2.1)

where cx is a positive constant depending only on X (R).
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This result follows from [I4, Theorem 4.3].

For Lebesgue spaces LP(R), 1 < p < oo, inequality is usually called
Stechkin’s inequality (see, e.g., [8, Theorem 2.11]).
Let Cx(R) (resp., Cx(R)) be the closure of the set C(R) NV (R) (resp.,

C(R)NV(R)) with respect to the norm of M x (g). Fourier multipliers in Cx (R)

and in Cx (R) will be called continuous Fourier multipliers.

2.3 Slowly oscillating functions

For a set E C R and a function f : R — C in L=(R), let the oscillation of f
over E be defined by

osc(f, E) :=esssup |f(s) — f(¢)|.

s,teE

Following [2, Section 4] and [21], Section 2.1], we say that a function f € L>(R)
is slowly oscillating at a point A € R if for every r € (0,1) or, equivalently, for
some r € (0,1), one has

lim osc (f, A+ ([~z, —rz]U[rz,z])) =0if XA € R,
e 0t .
JEIEOO osc (f,[~z, —rz] U [rz,z]) =0 if A = oo.

For every A € R, let SOy denote the C*-subalgebra of L (R) defined by
SO, = {f € Cy(R\ {)\}) : f slowly oscillates at )\},

where Cy(R \ {\}) := C(R\ {\}) N L®(R).

Let SO° be the smallest C*-subalgebra of L>°(R) that contains all the C*-
algebras SO, with A € R. The functions in SO° are called slowly oscillating
functions.

2.4 Banach algebra SO? and SO3 of three times continuously differentiable
slowly oscillating functions

For a point A € R, let C3(R \ {\}) be the set of all three times continuously
differentiable functions a : R\ {A} — C. Slightly extending definitions in [22]
Section 3] and [2I Section 2.3], consider the commutative Banach algebras
SO3 of functions a € Cy(R\ {A\}) N C3(R\ {\}) such that
lim (DYa)(z) =0, k=1,2,3,
T

and
3

1 .
lallsog =3 7l1D3all oy < o0
j=0
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where (Dya)(z) = (x — A)d/(z) for A € R and (Dya)(z) = xzd/(z) for A = oc.
The following Banach algebras were introduced for A = oo in [22 Section 3]
and for arbitrary A € R in [21], Section 2.3]:

503 == 50, N SO3.

Lemma 1 ([12, Lemma 2.6]) For every A € R, the set SO3 is dense in the
C*-algebra SOy.

2.5 Slowly oscillating Fourier multipliers

The following result leads us to the definition of slowly oscillating Fourier
multipliers.

Theorem 3 Let X(R) be a separable Banach function space such that the
Hardy-Littlewood mazimal operator M is bounded on X (R) and on its asso-

ciate space X'(R). If A € R and a € S’b/i, then the convolution operator W°(a)
is bounded on the space X (R) and

WO (a)llBx @) < sxllallsos,
where sx is a positive constant depending only on X (R).

This theorem is proved [16, Theorem 2.5] for the smaller algebra SO3. In

fact, for the algebra E'\O/?)’\ the proof is the same. It is based on [16, Theorem 3.4],
which in turn essentially uses [22) Lemma 2.2, Corollary 2.8].

Let SOy x(r) (resp., :576)\7)((]1@)) denote the closure of SO} (resp., /§6§\)

in the norm of Mx ). Further, let SO}}(R) (resp., 3\0/}(]1{{)) be the smallest
Banach subalgebra of M x ) that contains all the Banach algebras SOy x(r)

(resp., gé,\’X(R)) for A € R. The functions in SO}(R) and géj((R) will be
called slowly oscillating Fourier multipliers.

3 Proofs of the main results
3.1 Proof of Theorem [I]

It is easy to check that the set ¥y, is a unital normed subalgebra of the
Banach algebra M x (g). It remains to show its completeness.

Take a Cauchy sequence {c,, }°; in ¥y, and an associated sequence {d,, }°2 ;
in {2 such that

Aim || xE\ v (en — d”)HMX(R) =0 (3.1)

for all n € N. It follows from (1.4)) that

Dx = sup [[xe\ vyt ) < 20 (3.2)
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Since {c, }52 4 is a Cauchy sequence, one can find a strictly increasing sequence
of natural numbers {n;}7° ; such that for all k € N,
1 1
||C"k+1 — Cny ||/\/1X(R) < E " Qk+1-
In view of and , we obtain for all N > 0 and all k£ € N,

1
HXR\[*N,N](CTUCJA - an)HMX(R) < Dx Han+1 — Cny, HMX(R) < 73 okt (34)

(3.3)

By (3.1), there exists a strictly increasing sequence {M}, }2° | of real positive
numbers such that for all £ € N and all N > M,

1

- v N (Cnies = A )| ag ey < 3277 (3.5)
1

Ixi-novy (ene = dni) | iy < 373057 (3.6)

It follows from 7 that for all £ € N and all N > My,
HXR\[—N»N] (dnk+1 - d”k)HMX(R) < HXR\[—N»N] (an_H - d"l«+1)HMX(R)
+ [Ixr\ v (Cnpgn — C"k)HMX(R)

+ HXR\[—N,N](an - dnk)HMX(]R)

1
<Wo (307)
Take
gk = dnk+1 - dnk € 0. (38)

Set Ny = 0. For every k € N take a number N > max{M}, Ny_1 + 1}. Let
or € C§°(R) be such that gi(t) > 0fort € R, i (t) = 0 for t € R\ (N, Ny +1)

and
/ on(t)dt = 1.
R

on(z) == / on(t)dt, ©>0,
0

and then consider its even extension:

Set

vp(z) == vp(—2z), = <O0.

It is easy to see that the function vy is infinitely differentiable, vg(z) = 1 for
x € R\ [N —1, N + 1], vg(z) = 0 for € [—Nj, Ni] and vy, is monotone on
[-Ni —1,—Ng] and on [Ny, Ni, + 1]. Therefore V(vi) = 2 and ||ug ||y = 3. Set

hk = VrJk- (39)
Since gy, € £2 and v, — 1 € C§°(R), we have
hi = (vk — 1)gi + gr € £2.

Taking into account the fact that vg(z) = 0 for € [—Ng, Ni], we deduce
from Theorem [2] that

||h’k7||MX(]R) = HUkXR\[*NkﬁNk]gk HMX(R)
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< H'Uk ||MX(]R) HXR\[*NIC,Nk]gk HMX(]R)

< exllvellv [[xey v 95 [ e

= 3ex [Py - N md 96y, (3.10)
Let
k
o1 :=dny, Qrt1:=¢1+ Zhj, keN. (3.11)
j=1

Now let n,m € N. Without loss of generality we can assume that n > m. It

follows from (3.7)—(3.8]) and (3.10)—(3.11) that

n—1 n—1 no! 1
S < 3 Ikl < 3ex Y g
k=m

k=m Mx (r) k=m
. 3cx 1— (1/2)n—m 3cx
- gmitl 1-1/2 om '

llon — SDWLHMX(]R) =

which implies that {4}, is a Cauchy sequence in M x ().
Hence, there exists the limit

p:= lim @ € 2 C MX(R)'
k— o0

Let ¢ be the limit of the Cauchy sequence {¢,,}22; in the Banach subalgebra
¥ of Mxw). Hence
c= lim ¢, €¥ C Mx®)-
k—o0

Let
5 = [l = @) = (n, — W)llatyy, - FEN.
Then
lim 6, =0 (3.12)
k—o0

and for all k € N and N > Ng,
X\ vN1 (€ = D) | gy, S IXERVENNOnk = Al e
+ HXR\[*N,N] (dny, — ‘P’f)HMX(]R)
+ 0 [|xe\ ¥ v g - (3.13)
Ith>2and N> Ny > Np_q +1, then
XR\[-N,N]Uj = XR\[-N,N] for je{l,....k—1}. (3.14)
It follows from (3.8)-(3.9), (3.11), and that

k-1
Xe\[=N,N] (dny — ©k) = XR\[=N,N] | dnpe — 1 — Z hj
i=1
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= XR\[-N,N] | dny, — ZUJ 1 — ;)
k-1
= Xr\[-N,N] | dny, — Z nje1 —
=0. (3.15)

Combining (3.2)), (3.6, (3.13) and (3.15)), we have for k > 2,

1
||XR\[—Nk,Nk](C - @)HMX(R) < 3 ok+1 + Dxdy.

This inequality, (3.2) and (3.12)) yield that for every € > 0 there exists a
number s € N such that for all N > Ny,

X\ (€= )| gy S O X\ NN (€= ) gy <

which implies that

1\}E>n [[xr\ -~ N (€ — ¢ )HMX(IR) =0

M
that is, ¢ AP . Thus ¢ € ¥, and the algebra ¥y, is complete. O
3.2 Proof of Corollary [2]

By [13 Theorem 2.5.10],

Mp2w) = L(R) (3.16)
with equal norms. Hence, by Corollary ' for X(R) = L?(R), we conclude
that &7, ) for I e (R, R} @5100 and o* -, are unital

®

alng(m){SoLg(R)v r2(R)}
Banach subalgebras of L*°(R). It is clear that, in fact, they are unital C*-
subalgebras of L>°(R).
It is well known that

Cr2(I) =CI) for Ie{R,R}. (3.17)

Thus &,y are unital C*-subalgebras of L>(R) for I € {R,R}.

Equality (3.16]), inequality (1.2)) and Lemmaimply that SOy r2r) = SOx
for all A € R. Then

Thus ¢So<> = P%po is a unital C*-subalgebra of L>(R). It follows from
D GI8) that
alng R {5022(11@ , Cre (E)} = alng(R){SO°7C(R)}.

This observation implies that &* ala{S0° C(T)) is a unital C*-subalgebra of the
algebra L>(R). O



12 Cl4dudio A. Fernandes et al.

4 Calkin images of Fourier convolution operators with symbols
equivalent at infinity to slowly oscillating Fourier multipliers

4.1 Calkin images of multiplication operators and Fourier convolution
operators

Let X(R) be a separable Banach function space and IC(X(R)) be the closed
two-sided ideal of compact operators in the Banach algebra B(X(R)). For a
unital C*-subalgebra @ of the algebra L>°(R), we consider the quotient algebra
MO (D) consisting of the cosets

[al]" :=al + K(X(R))
of multiplication operators by functions in &:
MO™(@) :={[al]": a € P} ={al + K(X(R)): a€ P}

For a unital Banach subalgebra ¥ of the algebra M x (g), we also consider the
quotient algebra CO™(¥) consisting of the cosets

[WO)]™ := WO(b) + K(X(R))
of convolution operators with symbols in the algebra ¥:
CO™(W) .= {WOB)]™: be ¥} ={W°b)+K(X(R)): be W}

It is easy to see that MO™(P) and CO™ (¥) are commutative unital Ba-
nach subalgebras of the Calkin algebra B™ (X (R)) := B(X(R))/K(X(R)). It is
natural to refer to the algebras MO™(®) and CO™(¥) as the Calkin images of
the algebras

MO(®) = {al : a € } C B(X(R)), COW) = {W°(b):bec ¥} C B(X(R)),

respectively. The algebras MO(®) and CO(¥) are building blocks of the alge-
bra of convolution type operators

algp xry) {al,W°(b) : a€®, be W},

the smallest closed subalgebra of B(X(R)) that contains the algebras MO(P)
and CO(¥).

We proved in [12] Theorem 1.1] that if X (R) is a separable Banach function
space such that the Hardy-Littlewood maximal operator M is bounded on the
space X (R) and on its associate space X'(R), then for an arbitrary unital C*-
subalgebra @ of L>®°(R),

MO™(®) N CO”(SO}}(R)) = MO"(C), (4.1)
where
MO™(C) :={[cI]" : ceC}. (4.2)

The aim of this section is to extend formula (4.1), substituting the algebra
S O}(R) by the algebra Wsog((m) with an arbitrary unital Banach subalgebra ¥

of MX(R)~
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4.2 Known results about limit operators on Banach function spaces

Let X(R) be a Banach function space. For a sequence {A, },en of bounded
linear operators on X (R), let

s-lim A,
n—oo

denote the strong limit of this sequence, if it exists. For A,z € R, consider the
function

ex(x) = e,

Let T € B(X(R)) and let h = {hy}nen be a sequence of numbers h,, > 0
such that h, — +oco as n — co. The strong limit
Ty = s-lim eh"Te,;lI
n—o00 "
is called the limit operator of T related to the sequence h = {hp}nen, if it
exists.

We refer to [23] and [24] for the method of limit operators and its vari-
ous applications in operator theory. This method was successfully applied in
many works devoted to the study of convolution type operators with slowly
oscillating data (see, e.g., [A20,21]).

In our recent works [IOIII12] we calculated the limit operators for all
compact operators, all Fourier convolution operators with symbols equivalent
to zero at infinity, and all Fourier convolution operators with slowly oscillating
symbols, respectively, which act on Banach function spaces.

Lemma 2 ([10, Lemma 3.2]) Let X(R) be a separable Banach function
space and K be a compact operator on X (R). Then for every sequence {hp }nen
of positive numbers satisfying h, — +00 as n — co, one has

s-limep,, Ke;lf =0
n—o00 "

on the space X (R).

Lemma 3 ([I1, Theorem 2]) Let X(R) be a separable Banach function
space such that the Hardy-Littlewood maximal operator M is bounded on the
space X(R) and on its associate space X'(R). If b € Mx ) is such that

M
b A 0, then for every sequence {hn}tnen of positive numbers satisfying
h, — +00 as n — 0o, one has

s-limey,, Wo(b)e;jl =0

n—oo

on the space X (R).

To formulate the last auxiliary result, we have to recall the notion of fibers
of maximal ideal spaces. For a commutative C*-algebra 2, let M (2() denote
its maximal ideal space. If B is a C*-subalgebra of 2l and A € M (%8), then the
set

M) :=={§ € M) : | = A}
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is called the fiber of M () over A € M(B). Hence for every C*-algebra & C
L>°(R) with M(C(R) N®) =R and every t € R, the fiber M,(®) is the set of
all multiplicative linear functionals (characters) on @ that annihilate the set
{feCR)N®: f(t) = 0}. As usual, for all a €  and all £ € M(P), we put
a(§) == ¢(a).

Theorem 4 ([12, Theorem 5.2]) Let X (R) be a separable Banach function
space such that the Hardy-Littlewood mazximal operator M is bounded on the
space X(R) and on its associate space X'(R). If b € SO% gy then for every

& € M, (S0°) there exists a sequence {hytnen of positive numbers such that
h, — +00 as n — oo and

s-lim e, WO(b)e, ' T = b(¢)1

n—oo

on the space X (R).

4.3 Application of the method of limit operators to the study of Calkin
images

Now we are in a position to prove the main result of this section, which extends
[12] Theorem 1.1] (see also [I9, Lemma 4.3]).

Theorem 5 Let X(R) be a separable Banach function space such that the
Hardy-Littlewood mazimal operator M is bounded on the space X(R) and on
its associate space X'(R). If @ is a unital C*-subalgebra of L°(R) and ¥ is a
unital Banach subalgebra of Mx wy, then

MO™($) N CO™ (WSOO

) = MOT(©), (4.3)
where MO™(C) is defined by (4.2).

Proof By Corollary WSO;}(R) is a unital Banach subalgebra of M x ). Since

the function eg = 1 belongs to @ and Wsog((m) , we see that the set of all constant

functions is contained in @ and in LDSO;(R)~ Therefore

MO™(C) C MO™(®) N CO™ (@SO; (R)) . (4.4)
Let A™ € MO™(#)NCO™ (Wgog((m). Then A™ = [aI]™ = [WO(b)]™, where

M
a € &, b € ¥ and there exists d € SO?((]R) satisfying b g Therefore,
there is an operator K € (X (R)) such that

al =W°(b) + K. (4.5)

By Theorem [4] for every & € M., (SO°) there exists a sequence {hy,}nen of
positive numbers such that h,, — +o0o0 as n — oo and

s-lim en, Wo(d)e, ' T = d(¢)I. (4.6)
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M M
Since b~ ~F d, we have b — d X, Then, by Lemma
s-lim ey, WO(b— d)e, ' T = 0. (4.7)

n—oo

Equalities (4.5)—(4.7)) and Lemmaimply that
el 17 _ o1 0 —1
al = iilgrol en, (al)e, T 22&16%(1/1/ (b) + K)e, 1
T 0( 7 ,—1 T 0y _ ay,—1 T —1
= iggehnw (d)ehn1+§l££rolehnw (b d)ehanLiBg}ehnKehnI
— d(©)1I.

Hence [aI]™ = [d(&)I]" € MO™(C) and
AAO”@%OCO”(Qgp

X (R)

Combining (4.4) and (4.8), we arrive at (4.3)). O

)CMW@) (4.8)
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