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Abstract

Let R and S be two sequences of nonnegative integers in nonin-
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A is defined as the maximum number of 1’s in A with at most one 1 in
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conditions for the existence of a matrix in A(R, S) that realizes all the
minimum ¢-term ranks, for ¢ > 1.
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1 Introduction

Consider the following problem: “We are organizing a social dinner for
the participants of a mathematical meeting. The participants are from n
different countries. We intend to seat the participants in m tables, each
one with a fixed number of seats, so that in each table there are no two
participants with the same nationality. The number of seats is equal to the
number of participants and there is a possible distribution in these condi-
tions. After dinner, there will be a show. Before the show, the host will call
some participants for a joke. The host will choose the maximum number of
participants selecting, at most, one per table and, at most, one per coun-
try. As we do not know when the artists will be ready for the show, the
host will repeat the joke with another group, with the maximum number
of participants, again choosing, at most, one per table and one per country,
but the countries are now different from the countries selected in the first
group. The host will repeat this joke until the show begins, or all countries
were chosen. How can we distribute the participants in the tables so that
after ¢ rounds of jokes the total number of involved participants is as small
as possible?”

The above problem is a classical problem of distributing n elements into
m sets with some constraints. An important tool for solving these kind of
problems are matrices whose entries are just 0’s and 1’s, the (0, 1)-matrices.
In fact, Ford and Fulkerson noted that a (0, 1)-matrix can be regarded as
distributing n elements into m sets: the 1’s in row 7 designate the elements
that occur in the ¢th set, and the 1’s in column j designate the sets that
contain the jth element (see [10]). Therefore, the (0, 1)-matrices are essential
tools in many combinatorial investigations, and hence these matrices are
among those which have received more attention in the last years (see [1,
2, 6, 7, 8]). Consider a (0, 1)-matrix which models a certain distribution of
the participants into the tables. The number of selected participants after ¢
rounds is a combinatorial parameter (properties which are invariant under
arbitrary permutations of its rows and columns) of a (0, 1)-matrix called
t-term rank. The t-term rank of a (0,1)-matrix A, denoted p;(A), is the
maximum number of 1’s in A with at most one 1 in each column and at
most ¢t 1’s in each row. When ¢ = 1, we have the well-known term rank
of A, denoted p(A). Seeing a (0,1)-matrix as the incidence matrix of sets
vs. elements, the ¢t-term rank of a (0,1)-matrix is the maximum number
of distinct elements that we have if we choose at most ¢ elements in each
set. So, a solution for the above problem is a (0, 1)-matrix with prescribed
row and column sum vectors, that realizes all the minimum ¢-term ranks,



for all ¢ > 1, among all (0, 1)-matrices with the same prescribed row and
column sum vectors. In this paper, we focus our attention on this kind of
(0, 1)-matrices, that is, (0, 1)-matrices with prescribed row sum and column
sum vectors having the t-term rank equal to the minimum t-term rank, for
all ¢ > 1, among all (0, 1)-matrices with the same constraints.

2 Background on A(R,S)

Let R = (Ri,...,Rp),and S = (S1,...,Sy) be two partitions of the same
weight (this is, R and S are integral vectors such that Ry > ... > R, > 0,
Si;>...>28 >0and Ri+...+ Ry, = S1+...+S,). The conjugate vector
of R is the partition R* = (R}, R3,..., Ry ) defined by

Ri=[{i: m>i>1, R >j}|.
The vector S is magorized by the vector R*, [15], when
Si+...+S; <R +...+ R}, for 1 <i <min{Ry,n}.

The class of all (0,1)-matrices with row sum vector R and column sum
vector S is denoted by A(R,S). This class has been heavily investigated
(see [1, 2, 5] for details) since the fifties, and many notable results have been
obtained. The aim of this section is to make a brief sketch of these results.

A natural question is to determine when A(R,S) is nonempty. This
problem was solved independently by Gale (see [11]) and by Ryser (see
[14]). In fact, they proved a theorem, now called the Gale-Ryser theorem,
which states that the class A(R, S) is nonempty if and only if S is majorized
by R*.

In the Ryser’s paper, [14], an algorithm for the construction of a matrix
in A(R, S) is also presented. This algorithm, called Ryser’s algorithm, starts
with an m-by-n (0, 1)-matrix A whose row sum vector is R and whose column
sum vector is the conjugate vector R*. Thus the 1’s occupy the initial
positions in each row of A. The construction begins by shifting S,, of the
last 1’s of certain rows of A to column n. The 1’s in column n are in rows
of A with largest sum, giving preference to the bottommost positions in
case of ties. Reducing by 1 those R; corresponding to the rows that contain
the 1’s placed in column n, we obtain a vector R’ which also satisfies the
monotonicity assumption. We now proceed inductively to construct the
columns n —1,n—2,...,1. Ryser proved that if S is majorized by R*, then
this algorithm can be carried out in order to produce a matrix in A(R,S).



When A(R, S) # (), the matrix A constructed by Ryser’s algorithm is often
called the canonical matriz of A(R,S).

Another fundamental result due to Ryser is the so called Ryser’s inter-
change theorem, 2], which states that given two matrices A, B € A(R, S), A
can be transformed in B by a finite sequence of interchanges. An interchange
is an operation which replaces a 2-by-2 submatrix

10 it 01

0 1 e 1 0]
or vice-versa. Therefore, every matrix in A(R, S) can be transformed by a
finite sequence of interchanges into the canonical matrix A of A(R, S).

Ford and Fulkerson, presented another criterium for the nonemptiness

of A(R,S). Let T(R,S) =T = [t; ;] be the (m + 1)-by-(n + 1) matrix (the
rows are indexed in {0,...,m} and the columns are indexed in {0,...,n}),
such that

l m
thy=kl—> Sij+ > Ri, (for0<k<m, 0<j<n).
j=1 i=k+1
This matrix is called the structure matriz associated with R and S, and
Ford and Fulkerson proved that A(R,S) # 0 if and only if each entry of T
is nonnegative.

Let t be a positive integer. Motivated by the study of combinatorial
batch codes (see [3, 12, 13]), the authors of [5] defined the ¢-term rank of a
(0,1)-matrix A, denoted pt(A).

By the Konig-Egervary theorem (see [2], p.6) p(A), the 1-term rank,
equals the minimum number of lines that cover all the 1’s of A:

p(A) = min{e + f: 3 a cover of A with e rows and f columns}.
In [5] the authors established a generalization of this theorem:

Proposition 1 [5] Let A be an m-by-n, (0,1)-matriz and let t be a positive
integer. Then

pt(A) = min{te + f : 3 a cover of A with e rows and f columns}.

The term rank and the ¢t-term rank are two of several combinatorial
parameters of a (0,1)-matrix. In this paper we turn our attention to the
minimal ¢-term rank of a nonempty class A(R, S), denoted by g(R, S). So,

pr(R,S) =min{p;(A): A€ A(R,S)}.



A formula for computing the p1(R,S) was derived by Haber and sim-
plified by Brualdi [2]. A generalization for ¢t > 1 was stated by Fernandes
and da Cruz in [9]. The formula for computing the p;(R, S), with ¢ > 1, is
obtained using the matrix ® defined as follows: Let [t; ;] be the (m + 1)-
by-(n + 1) structure matrix associated with R and S. Then the matrix
® = [¢y,], also denoted by ®(R, S), is such that

¢k,l = min{til,lJrjz + tk+i2,j1 + (k - Zl)(l - jl)}7

forall 0 < k < m, 0 <[ < n, and the minimum is taken over all integers
i1,19 and j1, jo that satisfy

O0<iy<k<k+ip<m, and 0<ji<I<Ii+j2<n

Proposition 2 [9] Let R and S be partitions of the same weight such that
the class A(R,S) is nonempty. Lett be a positive integer. Then,

pt(R,S) =minfte+ f:0<e<m, 0< f<n, ¢ef=1ter}

In [9] the authors proved the following theorem which, in particular, im-
plies the existence of a special matrix in A(R, S) with ¢-term rank p:(R,S).

Theorem 3 [9] Let R and S be partitions of the same weight such that the
class A(R, S) is nonempty. Then, there is a matriz in A(R,S) all of whose
1’s are contained in the union of its first e rows and first f columns if and

only if ¢eg =1ty

Our main purpose in this paper is to know if in any nonempty class
A(R, S) there is a matrix that realizes all the minimum ¢-term ranks, for
t > 1. The analogous problem for the maximum ¢-term rank in A(R, S) was
solved in [5]. In fact, the authors proved that in any nonempty class A(R, S)
there always exists a matrix A which realizes all the maximum ¢-term ranks,
for t > 1, and the authors of [9] conjectured that the same happens for all
the minimum ¢-term ranks, with ¢ > 1.

Conjecture 4 [9] If R and S are partitions of the same weigh such that
A(R, S) is nonempty, then there is a matriz A € A(R,S) such that p;(A) =
pt(R,S), for allt > 1

This paper is organized as follows: As we wrote in the Introduction, the
(0, 1)-matrices can be regarded as incidence matrices of sets vs.elements.



So, in the next section, we compute the t-term rank of a matrix using the
Ford-Fulkerson algorithm. Despite what happens with the maximum t-term
rank, in Section 4, we present a class A(R,S) where there is no matrix A
that realizes all the minimum ¢-term ranks, for ¢ > 1. However, with some
restrictions on R and S, we prove that there are classes A(R, S) where such
matrices exist. This is the subject of Section 5. The existence of these classes
depends on the existence of a special matrix with prescribed zeros blocks.
In Section 6, we present an algorithm for constructing (0, 1)-matrices with
these constraints. In Section 7, we give the conclusions of this paper, and
we describe an open problem.

3 Network flows and the t-term rank

Another way to obtain the ¢-term rank of a (0,1)-matrix A = [a;;] is
using network flows. Let G = (X UY,U) be the bipartite direct graph
where X ={1,...,m}, Y ={m+1,...,m+n} and there is the edge (z,y)
of G, with z € X and y € Y, if and only if a,, = 1.

Let Gy = (Zp,Up) be the graph obtained from G putting two new
vertices, s and w, and the edges (s,p), (f,w), for p = 1,...,m, f =
m+1,....,m+n.

Let vg be the map from Uy to {0, 1,...,t} such that

t ifec=s

(e = { |

otherwise.

The t-term rank can also be obtained using the Ford-Fulkerson algorithm
[10]:

1. Let 1 =0.

2. If there is a path P;, in Gy, from s to w,

S, (S,l’il),iﬁil, (xipyh)vyila (l'izayil)awiz?' < Yig s (yihaw)awa

such that
vi((s,2i,)) > 0,

vi((wiy,yip)) =1,  for f=1,...h,
vi((Tipyy,9i,) =0, for f=1,...,h—1,
vi((Yiy,, w)) = 1,
then go to step 3. Otherwise, go to step 4.



3. Let v;+1 be the map from Uy to {0,1,...,¢} such that

( vi((c,d)) —1 if (c,d) € P; and, if there is
le{l,...,h —1} such that
c =z, then d # y;

vir1((e,d)) =4 1 if (c,d) € P; and, there is
le{l,...,h —1} such that
¢ =z, and d =y;

vi((c, d)) otherwise.
Go to step 2, with ¢ + 1.

4. Stop. pt(A) =1i.

Example 5 Let A =

= = =
S O =
S O =

1
0 | . Using the algorithm we can obtain
0

p2(A) as described:

Let X = {1,2,3} be the set of rows of A and 'Y = {4,5,6,7} be the set
of columns of A. Let Gy be the direct graph whose set of vertices, Zy, is {s}U
XUYUW{w} and set of edges Uy is {(s, 1), (s,2), (s,3), (1,4), (1,5), (1,6), (1,7),
(2,4), (3, )} U {(4,w), (5, w), (6,w), (T,w)}.

Let vy be the map from Uy to {0,1,2} such that

2 ifx=s

vo((z,y)) =
1  otherwise.

We begin the algorithm with ¢ = 0 and the path
s,(s,1),1,(1,5),5,(5,w),w.
Let vy be the map from Uy to {0,1,2} such that
2 ifr=sandy#1
vi((z,y)) =9 0 if (z,y) = (1,5) or (z,y) = (5, w)

1 otherwise.



With ¢ = 1, the path
5,(s,1),1,(1,6),6, (6, w),w

s a path which meets the conditions of step 2. Let vy be the map from Uy
to {0,1,2} such that

2 difx=sandy#1

va((z,y)) =q 0 if (z,y) € {(1,5),(1,6), (5, w), (6,w), (s,1)}
1 otherwise.
With i = 2, the path
5,(5,2),2,(2,4),4, (4, w), w

is a path which meets the conditions of step 2. Let v3 be the map from Uy
to {0,1,2} such that

2 if(zy)=(s3)
Ug((llf,y)) = 0 i (l’,y) € {(1,5),(1,6),(5,10),(6,’(0),(8, 1)7(274)5(4aw)}
1 otherwise.

Since with i = 3 there is no path which meets the conditions of step 2,
then

4 A counterexample for conjecture 4

Let R = (6,5,4,3,3,2,2,1,1)and S = (7,3,3,2,2,1,1,1,1,1,1,1,1,1, 1).
The structure matrix, T, associated with R and S is
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in each column, that are equal in

p1(R,S) =1%3+3=6,

p6(R,S) =6%1+9=06%0+15=15.

Suppose there is a matrix A € A(R,S) such that p;(A) = p;(R,S), for
i1 =1,2,3,4,5,6. Since ¢1 9 = t19, if we compare the 51+ 9 with 5%7+ j,
for all pairs (4,7), 0 < i <9 and 0 < j < 15, for which ¢;; = t; ;, then we
conclude that 5xi+j > 5x149. By Proposition 2, ps5(R,S) = 5x1+9 = 14.
By Theorem 3, the 1’s of A can be covered by one row and nine columns.



Using the fact that all columns of A have at least a nonzero entry and A
has five columns with at least two nonzero entries, then with one row we
must cover all 1’s of six columns of A. The unique row of A with at least 6
nonzero entries is the first. Consequently, we can assume that the first row
of A is

(000000000111 11 1].

Let C be the matrix obtained from A by removing the first row and the
last six columns. Since ¢25 = t25, if we compare 3 * 2 4+ 5 with 3 x i + j,
for all pairs (¢,7), 0 < i <9 and 0 < j < 15 for which ¢; ; = t; ;, then we
conclude 3 x i+ j > 3 %2+ 5. By Proposition 2, p3(R,S) =3%2+5=11.
By Theorem 3, the 1’s of A can be covered by two rows and five columns.
Using the above arguments, the 1’s of C' can be covered with one row and
five columns. Note that C' has nine columns, and five of them have at least
two nonzero entries. This implies that the row that covers the 1’s of C' also
covers the 1’s in the last four columns of C'. Only the first and the second
rows of C have at least four nonzero entries. Let D be the matrix obtained
from C by removing the last four columns.

The matrix D has five columns and eight rows. Moreover, the row sum
vector of D is G1 = (1,4,3,3,2,2,1,1) or G2 = (5,0,3,3,2,2,1,1) and the
column sum vector of D is H = (7,3, 3,2, 2).

Since p1(R,S) = 1x3+3 = 6, as above, the 1’s of A can be covered with
three rows and three columns. We have two cases:

If the row sum vector of D is Gy = (5,0,3,3,2,2,1,1) and its column
sum is H = (7,3,3,2,2), using the above arguments, all 1’s of D will be
covered with one row and three columns. This is impossible because five
columns of D have at least two nonzero entries.

If the row sum vector of D is G; = (1,4,3,3,2,2,1,1), and its column
sum is H = (7,3,3,2,2), using the above arguments, all 1’s of D will be
covered with two rows (the first row of D is one of these two rows) and three
columns. This is impossible because four columns of the matrix obtained
from D by removing the first row have at least two nonzero entries.

Therefore, no matrix in A(R, S) realizes all the minimum i-term ranks,
for ¢ > 1.

5 Special partitions R and S

Let R = (Ry,...,Ry) and S = (S1,...,S,) be partitions of the same
weight such that A(R,S) is nonempty. In spite of what we saw in the last

10



section, there are special partitions R and S for which there is a matrix
in A(R,S) that realizes all the minimum ¢-term ranks, for ¢ > 1. In this
section, we describe some of those partitions. So, the next result is our main
result:

Theorem 6 Let R = (Ry,...,Ry) and S = (S1,...,S5n), with m > 2,
n > 2, be two partitions of the same weight such that A(R,S) is nonempty.
Let t be a positive integer. If the minimum integers f, f' such that ¢o 5 =t 5
and ¢1p =t p satisfy 1 < f < f'<mn, Sy =8Sp1=...=8,=1, and
for all1 < k <t, pp(R,S) € {k+ f',2k + f}, then there exists a matriz
A€ A(R,S) such that

pr(A) = pr(R,S9), for k=1,...,t
We start with the following lemma:

Lemma 7 [1] Let (Ry,...,Rn) and (Si,...,Sn) be two partitions of the
same weight, and let [c; ;] be an m-by-n nonnegative integral matriz. There
is a nonnegative integral matriz A = [a; ], satisfying

0<a;j<cyj, forie{l,....m}and je{l,...,n},

n
Zam‘ =R;, forie{l,...,m},
j=1

and

Z%J’ =S;, forje{l,...,n},
i=1
if and only if, for all I C{1,...,m} and J C {1,...,n},

Z Cij > ZS] —ZRZ'.

i€l jed jeJ il

Let T' = [t; ;] be the (m + 1)-by-(n+ 1) structure matrix associated with
Rand S. For 0 <a <b<m,and 0 < ¢ < d < n, define the nonnegative

integer g p.c.d as

Vaped = min{li djs + tatizetso + lorisg + (@ —i1)(d —c—ja)+
+(b—a—iz)(c—j1) + (a—i1)(c— 1)},

11



where the minimum is taken over all integers i1,13,%3 and ji,j2,73 that
satisfy
0<nn<a<a+ia<b<b+iz<m

and
0<jii<c<c+ja<d<d+j3<n.

To compute a matrix in the conditions of Theorem 3 we can use the
modified Ryser algorithm (see [4] or Section 6) or the known algorithms from
the network flows (see [10]). The following proposition is a generalization of
Theorem 3.

Proposition 8 Let R = (Ry,...,Ry) and S = (S1,...,S) be two parti-
tions of the same weight such that A(R,S) is nonempty. Let e,e, f, f' be
integers such that 0 < € < e <m and 0 < f < f' < n. Then there is a
matriz in A(R, S) of the form

X Y |4
A w Oe—e’,n—f’ . (1)
U Omfe,f’ff Omfe,nff/

if and only if
Vereifpr 2 e, +te g

Proof. The proof follows the steps of the proof of theorem 3.5.8 in [2]. Let
C be the m-by-n matrix such that

Je’,f Jel’f/_f J€/7n_f/
C = [Ci,j] = Jefe’,f Jefe’,f’ff Oefe’,nff’ >
Jm—c.f Om—c,y—f Om—en—p

where Jy,,, denotes the u-by-v matrix whose entries are all equal to 1. By
Lemma 7, there is a matrix in A(R, S) of the form (1) if and only if

Z Cij > Z‘Sj - ZRz’, (2)

i€l jed JjeJ il

forall I C{1,...,m}and J C {1,...,n}.

For I C{1,...,m}and J C{1,...,n}, we write I = I} U I U I3 where
L C{1,....¢}, I, C {4+ 1,...,e} and I3 C {e +1,...,m}, and we
write J = Jy U Jo U Jg where J; C {1,...,f}, Jo C{f+1,...,f'} and
J3 C{f' +1,...,n}. We agree to take complements of Iy, I, I3, Ji, Jo,

12



and J3 with respect to {1,...,¢'}, {/+1,...,e}, {e+1,....m}, {1,..., [},
{f+1,...,f'},and {f' +1,...,n}, respectively. Then (2) is equivalent to

||| J1| + ]| J2] + [ 5] + [L2[ ] + [L2]]J2| + [13]]J1] >
> > 8- ). R
JEJ1UJ2UJ3 i€l UL U3

for all I; C {1,...,¢'}, b C{e'+1,...,¢e}, I3 C {e+1,...,m}, J; C
{1,...,f} o C{f+1,....fand J3s C {f' +1,...,n}. Let ky = |I1],
kQ = ’,[2|, k3 = |Ig‘, ll = ‘J1|, lg = ’JQ‘ and lg = |J3’ Since R and S are
nonincreasing, it follows that the last inequality is equivalent to

k1ly + kylo + kyls + kaly + kalo + ksly >

f+l2 J+ls e e m
> Z S + Z S + Z S — Z R; — Z R — Z R;,
j=f+1 j=f'+1 i=e/—k1+1 i=e—ko+1 i=m—ks+1

holding for all integers ki, ko, and k3, with 0 < k; <€ < e’ +ky <e <
e + k3 < m and all integers I1,ls, and I3, with 0 < [y < f < f+ 1 < f/ <
f' + 13 < n. The last inequality is equivalent to

ti,r — kals — ksla — k3l3 > 0, (3

~—

where K1 ={1,...,k1}, Ko ={e’+1,...,¢/ + ko}, Ks ={e+1,...,e+ks},
K=K UKyUKs, L = {1,...,l1}, Lo = {f+1,...,f+l2}, Ly =
{f'+1,...,f'+13}, L=L1ULyULs. Let A be any matrix in A(R, S) and
partition A according to the diagram

Li|Li| Ly |Ly| L3 | L3
K | (0) (0) (0)
K, (1) (1) (1)
O] O [0 .
K, (1) (1) (1)
KO0 [~ -0
K3 (1) (1) (1)

Then (3) counts 0's and 1’s in submatrices of A as shown above, where —(1)
means the negative of the number of 1’s in the submatrices of A indicated.

On the other hand, the expression ty, /41, + te/ ks, f+is T teths,l; COUNtS
0’s and 1’s as shown below:
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Ly | L | Ly | Ly | Ly | Ls
K, [ 3(0) | 2(0) | 2(0) | (0) | (0)
Ky 2(0) | (0) | (0) (1)
Ky 12(0) | (0) | (0) (1
Ky | (0) (1) | @) ]2(1)
K3 | (0) (1 | @) [21)
K3 (1) | @) [2(1)]2(1) | 3(1)

In the matrix, 2(0) means twice the number of 0s in the corresponding sub-
matrices of A, 3(0) means three times the number of 0's in the corresponding
submatrices of A, 2(1) means twice the number of 1’s in the corresponding
submatrices of A, and 3(1) means three times the number of 1’s in the
corresponding submatrices of A.

It now follows that

Uy s F tertho, frlo + tetha ity — (Er,L — kal3 — ksly — kals) (4)

counts 0's and 1’s in submatrices of A as indicated in the matrix diagram.

Ly 1 Ly | Ly | L3 | L3
Ky [2(0)] 2(0) |(0)] (0)
Ky 2(0)](0)—(1)](0) | —=(1)
Kz | (0) (0) (1 | @ .
Ky | (0) | —(1) (1) | @)
K3 1| @) [2@1)]2(@1)
K3 O] @O [21)]2(@)

Hence, (4) equals

tef ey — (€ —k)(f —h) = (€ = k) (f' = f —1a) — (e — €' = ko) (f — o).

Therefore (3) holds if and only if Yer c.f. pr > te f + ter p. [ |

Proposition 9 Let R = (Ry,...,Ry) and S = (S1,...,Sy), with m > 2,
n > 2, be two partitions of the same weight such that A(R,S) is nonempty.
Let f, f' be integers such that1 < f < f' <nand Sy = Spp1=... =85, = 1.
If ¢o 5 = ta s and @1y =ty p, then

< ~—

Vi = g+ o

14



Proof. Let p be an integer such that f < p <n. Then,

m p
tl,pzp—l-ZR ZS —t1f+(p f) Z Sj.
i=2 j=1 J=f+1
Since Sy = Syy1 =... =S5, =1 then
tip =t

Let s be an integer such that f < s < n. Then,
t23_25+ZR Zs_t2f+2s— Zs
Jj=1 J=f+1

Since Sy = Syy1 =... =S5, =1 then
tos =12+ (S — f)
By definition,

VYr2.p,p = min{ti, oy + Uiy frjp + L2 o+

+(A—i)(f = f—je)+ (2 —-1—ia)(f —j1) + (1 —i1)(f —j1)},

where the minimum is taken over all integers i1,12,73 and ji,j2,73 that
satisfy
0<i1<1<1+<2<2+i3<m

and
0<H<f<f+ip<f<f+j<n.

Therefore, we conclude that:

o If iy =0, then ¢;, 14, = ton = 0;

o If iy =1, then t;, 144, = t1,f;

o If ip =0, then t144, f4+j, = t1,¢;

o If ip =1, then 144, p4+j, = ta  + Jjo.

So, we obtain four cases:

15



Case 1. If i1 =0 and i3 = 0, then
Prapp = 0+t p +tatis g + 0+ (F = 51) + (f =)
Since ta f = ¢2 ¢ <0+ topis i +2(f — j1), we get
Vo5 2 g + o g
Case 2. If i1 = 0 and i = 1, then
Yraif,p = 04t f + jo 4 toyis s + (f — f — J2) + 0+ (f — 51).
Since t1 g = ¢1,p < 0+ toyiy gy + (f — 1), we get
V1o 5 =t +ta g
Case 3. If i1 = 1 and i = 0, then

V1o pr =t + b +tagig g + 04+ (f —41) +0.

Since to f = ¢o p <ty pr + togis g + (f —J1), we get

Yo 2ty + oy
Case 4. If i1 =1 and i3 = 1, then

Yra.p.pr =t g +tap + j2 +tagig g +0+040.

Consequently,

Vraigy 2t ttag

Lemma 10 Let e, €, f, f', k, and | be nonnegative integers such that
1<k<l,ke+f<ke+f,andle+ f>1e'+ f'. Thene <eand f < f'.

16



Proof. Since ke + f < ke/ + f’, and le + f > le/ + f’, we have
kle—e) < fl—f<lle—¢).
If e < ¢’ then e — ¢/ < 0. Using the inequality 1 < k < [ we get
k(e —e') >1l(e—¢).
Contradiction. So, ¢/ < e. Consequently, e — ¢’ > 0 and
O<k(e—é)<f —F
Therefore, f < f'. [

Proof of Theorem 6. If ¢ = 1, the result follows. Let ¢ > 1. Suppose
there is no matrix A € A(R, S) such that

pr(A) = pp(R, S), for k=1,...,t

Let [ be the greatest integer such that 1 <! <t and there is a matrix D in
A(R, S) with

p1(D) = p1(R,S),...,p—1(D) = p—1(R, 5), and pi(D) # pi(R, S).
Let B be a matrix in A(R,S) such that
pu(B) = pi(R, S) < pi(D).
So, there is an integer k, with 1 < k < [, such that
pr+1(B) = pe1(R, S), ..., p(B) = pi(R, 5),

and
pe(B) # pr(R, S) = pi(D).
Consequently,

pe(B) > pr(D), and pi(D) > pi(B).

By Proposition 2, there are nonnegative integers a, b, ¢, d, such that
pr(R,S) =kb+c, ppc=the, and pi(R,S) =la+d, pga = tad-

Then 1 <k <, kb+c< ka—+d, and [b+ ¢ > la + d. Using Lemma 10,
we get a < b and ¢ < d. By hypothesis,a =1,b=2,c= f and d = f.

Using Proposition 9, we have

raigp = b+t

17



By Proposition 8, we conclude that there exists a matrix @ in A(R, S) all of
whose 1’s are contained in the union of its first 2 rows and first f columns
and, in the union of its first row and first f’ columns. Thus, by Proposition
1

Contradiction. Therefore, there exists a matrix A € A(R,S) such that
p(A) = pr(R,S), forall k=1,... t.
|

6 An algorithm for constructing matrices with fixed
zeros blocks

Let R = (Ry,...,Ry) and S = (S1,...,S,) be partitions of the same
weight. Let €/, e, f and f’ positive integers such that 0 < e’ < e < mand 0 <
f < f' < n. Denote by Aes ¢t ¢ (R, S) the set of all matrices of A(R, S) all of
whose 1’s are contained in the union of the first ¢’ rows and first f’ columns
and, in the union of the first e rows and first f columns. In the last section
we studied the existence of a matrix in Aw .7 (R, S) then it would be of
interest to find a way to construct matrices in Ae e.r (R, S). Assuming
that Ae c.r (R, S) is nonempty, in this section we present an algorithm
for constructing a matrix in Ae c.¢ ¢/ (R, S). This algorithm generalizes the
algorithm stated by Brualdi and Dahl in [4] for constructing a matrix in
Ae r(R,S) (the set of all matrices of A(R,S) all of whose 1’s are contained
in the union of the first e rows and first f columns), when A, ¢(R,S) # 0.

We first describe the modified Ryser algorithm.

Let R® = (Ry,...,R.) and SY) = (S1,...,Sf). Let F = (F,...,F)
be an integer vector with p coordinates. Let op be a permutation of
{1,..., p} such that the vector Fi; = (F,(1), ..., Fy(p)) satisfies Fp() > ... >
Fo(p)- We denote by Py, the p-by-p permutation matrix associated with o,
and by PU_F1 we denote its inverse.

The modified Ryser algorithm:

1. Start with an m-by-n (0,1)-matrix B,, whose row sum vector is R
and whose column sum vector is R*. Thus the 1’s occupy the initial
positions in each row. Let B, be the submatrix obtained from B,
deleting rows e + 1,...,m. Let By be the e-by-0 empty matrix.

2. Fork=n,n—-1,...,f+1, do:

18



Shift to column £ the final 1’s in those Sy rows of B, with the largest
sum, with preference given to the lowest rows (those with the largest
index) in case of ties. This results in a matrix

[ Be,kfl ‘ Enfk+1 ] )
where B, ;1 has k — 1 columns.

3. Let C, be the n-by-m (0, 1)-matrix whose row sum vector is S and
whose column sum vector is S*. Thus the 1’s occupy the initial po-
sitions in each row. Let Cy,, be the submatrix obtained from C,, by
deleting rows f +1,...,n. Let Cy be the f-by-0 empty matrix.

4. For h=m, m—1,...,e+ 1, do:

Shift to column A the final 1’s in those Ry, rows of C'yj, with the largest
sum, with preference given to the lowest rows (those with the largest
index) in case of ties. This results in a matrix

[ Crn1 | Conenia |
where Cyj_1 has h — 1 columns.

5. Let R be the row sum sequence of B,,_ ¢ and S be the row-sum sequence
of Cpy_e. Let R= R — Rand S =S -8,

6. Let A; be the canonical matrix of A(RUR, Sag).

Output:

P lAWP | By

where éﬁ_e is the transpose of C\y,_e.

The matrix B,,_  is the canonical column f-submatrix relative to R, S
and f. The matrix C,,_. is the canonical column e-submatrix relative to .S,

R and e.
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11110000 0]
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|

Bsg

Bo_; ] are produced using step 2,

|

The following matrices [ By

|

1
O Y

11100000
11000 00O

111100000
11000 0O0O00O0

|
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o O
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o O
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01 011
1 01 0 0]

Cr_i ] are produced using step 4,

In step 3,

1100000
1100000
1100000
1100000

Cur =

The following matrices [ Cui

)

9

S O O SO O -
SO o oo oo —HOo
o O O O o —H O O
o O O O o O O O
o O O O o O O O
— o O OO
— o= = =
L 1 L ]
I 1 T 1
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o O O O o O +H O
o O O O o O O O
o O O O o O O O
OO oo oo oo
— o = — - O O
i B B R I
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1 0 0{1 0 0 O 1 0/01 00O
1 0 0{0 1 0O 0 0|1 01 0O
1 00/001O0|"]00f1 0O0T1O0
0001 0O01 0 0j0 1 0 01

In this case, in step 5, we have

= 01011
B5_[10100]’

with row sum sequence R = (3,2) and

0100 0
_ 10100
05_10010’

01001

with row sum sequence S = (1,2,2,2). R

So, R=R®) —R = (4,2)—(3,2) = (1,0) and S = SU) -5 = (2,2,2,2) -
(1,2,2,2) = (1,0,0,0). o

The canonical matriz of A(R,S) is
1 0 0
0 00
Therefore, the desired matriz in Az 4(R,
0 0

|

n o o
| ES—

~—
~
VA

BN
I
O OO = OO -
O R O O RO o
OO OO oo
[ eleleliall s
OO OO o+ O
OO O OO
[l elNolNollall

S O = O =IO
_ O O = OO

0 0

Theorem 12 Let R = (Ry,...,Ry,) and S = (S1,...,Sy) be partitions of
the same weight. Let € ,e, f and f' positive integers with 0 < ¢ < e <
m, 0 < f < f < n and Ao p(R,S) # 0. Let Ap be the canonical
column f'-submatriz relative to R, S, and f' and, AL be the transpose of
the canonical column e-submatriz relative to S, R and e. Then there are
matrices Ai1, Aia, Ao1, Ass and permutation matrices P and Q such that
the matrix

Ar App Af’
A= Ay Axn 0 |,
AT 0 0
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belongs to Aer c.5.p/(R,S) and

A Ar
P
[ A Aso ] @

1s the canonical matriz in the class to which it belongs.

Proof. Let
A1 Ay Az
D=| Ay A5 O
As 0 O

be a matrix in Ae . f (R, S). From Ryser’s interchange theorem we may
apply interchanges to the matrix

[A1 Ay Ajg

to obtain the matrix
[By By A f/].

Applying a similar argument to the matrix

By
Ay
Ag
we obtain the matrix
Ci1 By Ap
By As 0
AT 0 0
Consider the submatrix
- Ci B»
- B3 A5 '

Let R and S’ be the row sum vector and the column sum vector of C,
respectively, and let C’ be the canonical matrix of A(R; ,,S; ). Then,
there are permutation matrices P; and @ such that P;C’()1 has row sum
vector R and column sum vector S’. Replacing C' by C’ we have the desired
matrix. m

Now we can use Theorem 12 to give an algorithm to construct a matrix

in Ae’,e;f,f’(Rv S), when Ae’,e;f,f’(R7 S) 7é 0:
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Algorithm to construct a matrix in Ay s ¢ (R, S):

Let €/,e, f and f' positive integers such that 0 < ¢ < e < m and
0<f<f <n.

1. Construct Ay, the canonical column f’-submatrix, relative to R, S
and f’.

2. Construct Ag, the canonical column e-submatrix, relative to S, R and
e.

3. Let R be the row sum sequence of Ay and S be the row sum sequence
of A,. Let R=R® — Rand § = SU) — §.

4. Let A; be the canonical matrix of A(RJR, SUS)’

5. Let P and ) be permutation matrices such that PA;Q has row sum
sequence R and column sum sequence S.

Output:
P&Q%’
A = ’
Agoo

where A7 is the transpose of A..

Example 13 Let R = (4,2,2,2,1,1,1) and S = (2,2,2,2,1,1,1,1,1) as in
the last example. Let T = [t;;] be the structure matriz associated with R and
S. Since

Y2334 =10=T+8 =1ty4+t33,

by Proposition 8, Az 3.3 4(R,S) # 0.
In this case, ¢ =2, e=3, f =3 and f' = 4.
In the last example we constructed the canonical column f'-submatriz,
relative to R, S and f’,
= 01 0 11
M_&_[10100]

A~

This matriz has row sum sequence R = (3,2).
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The canonical column e-submatriz, relative to S, R and e is

0100
Ac=|1 0 1 0
1 0 01

This matriz has row sum sequence S = (1,2,2). A
So, R =R — R = (4,2,2) — (3,2,0) = (1,0,2) and S = SU") — § =
(27 2’ 2’ 2) - (15 27 27 0) = (1? 07 07 2)

The canonical matriz of ARy, S A((2,1,0),(2,1,0,0)) is
1100
Ai=1]1 0 0 0
0000
Therefore, the matriz in As 3.3 4(R, S) is
[0 0 0 1 01 01 1 7
00 0O 101 00
1 0 0 1 00 00O
A=| 01 1|{0 | 0 0 0 0O
1 0 00 00 00O
01 0j]0 | O0O0O0O0O
00 1l0] 00000 |

7 Conclusions

Using two partitions R = (Ry,...,Ry) and S = (S1,...,S5,) of the
same weight such that A(R, S) is nonempty and four integers €', e, f, f’ such
that 1 < ¢ < e <mand 1 < f < f' < n, we have introduced the
class Aere.r,p/(R,S). An existence theorem for matrices in Ag . ¢ (R, S)
was given. We have also described an algorithm to construct a matrix in
A e.p,p (R, S).

We have shown a nonempty class A(R, S) where no matrix realizes all
the minimum t-term ranks, for all ¢ > 1, while in other classes this matrix
exists. An interesting question would be the study of these two types of
classes.
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