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Hardy-Littlewood maximal operator on reflexive variable
Lebesgue spaces over spaces of homogeneous type

by

ALEXEI KARLOVICH (Lisboa)

Abstract. We show that the Hardy—Littlewood maximal operator is bounded on a
reflexive variable Lebesgue space LP() over a space of homogeneous type (X,d, p) if and
only if it is bounded on its dual space L' (), where 1/p(x) +1/p'(z) =1 for z € X. This
result extends the corresponding result of Lars Diening from the Euclidean setting of R"
to the setting of spaces (X, d, 1) of homogeneous type.

1. Introduction. We begin with the definition of a space of homoge-
neous type (see, e.g., [C90al]). Given a set X and a function d : X x X —
[0,00), one says that (X,d) is a quasi-metric space if the following axioms
hold:

(a) d(xz,y) =0 if and only if x = y;
(b) d(z,y) = d(y,z) for all z,y € X;
(c) for all x,y,2z € X and some constant k > 1,

(1.1) d(z,y) < k(d(z,y) + d(y, 2)).

For z € X and r > 0, consider the ball B(z,r) = {y € X : d(z,y) < r}.
Given a quasi-metric space (X,d) and a positive measure p that is defined
on the og-algebra generated by quasi-metric balls, one says that (X,d, u) is
a space of homogeneous type if there exists a constant C), > 1 such that for
any x € X and any r > 0,

(1.2) p(B(x,2r)) < Cup(B(z,r)).

To avoid trivial measures, we will always assume that 0 < u(B) < oo for
every ball B. Consequently, p is a o-finite measure.
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2 A. Karlovich

Given a complex-valued function f € Llloc(X ,d, ), we define its Hardy—
Littlewood maximal function M f by

(M f)(x) = sup ——
B>z

5 W@l e x,

B

where the supremum is taken over all balls B C X containing x € X. The
Hardy—Littlewood mazximal operator M is a sublinear operator acting by the
rule f— Mf.

Let L°(X,d, i) denote the set of all complex-valued measurable functions
on X and let P(X) denote the set of all measurable a.e. finite functions
p: X — [1,00]. For a measurable set £ C X, put

p—(F) :=essinfp(x), p4+(E) :=esssupp(z)
zek el
and
p-=p-(X), py:=pe(X).
For f € L°(X,d, ;) and p € P(X), consider the functional, which is called
the modular, given by

op() () = | 1F (@)IP? du(z).

X

By definition, the variable Lebesgue space LP()(X,d, 1) consists of all
functions f € LO(X,d, p) such that g,.y(f/\) < oo for some X > 0 depending
on f. It is a Banach space with respect to the Luxemburg—Nakano norm given
by

1f1lLper :=mf{A >0 gy (f/A) < 1}

If p € P(X) is constant, then LP()(X,d, ) is nothing but the standard
Lebesgue space LP(X, d, ii). Variable Lebesgue spaces are often called Naka-
no spaces. We refer to Maligranda’s paper [M11] for the role of Hidegoro
Nakano in the study of variable Lebesgue spaces and to the monographs
[CE13, IDH™11] for the basic properties of these spaces. We only mention
that the space Lp(')(X, d,p) is reflexive if and only if 1 < p_,p; < oo.
In this case, the dual space [LP0) (X, d, u)]* is isomorphic to LPO(X,d, ),
where p’ € P(X) is given by

1/plx)+1/p(x)=1, z€X

(see, e.g., [CF13|, Proposition 2.79 and Corollary 2.81]).

One of the central problems of harmonic analysis on variable Lebesgue
spaces is the problem of boundedness of the Hardy—Littlewood maximal op-
erator M on LP() (X,d, u). For a detailed history of this problem, we refer to
the monographs [CF13, DH™11, [KM™16]. We also mention that very recently
Cruz-Uribe and Shukla [CS18| Theorem 1.1| proved a sufficient condition for
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the boundedness of the fractional maximal operator M,, 0 < a < 1, on re-
flexive variable Lebesgue spaces Lf”(')(X ,d, 1) over spaces of homogeneous
type, which includes the case of the Hardy—Littlewood maximal operator as
a special case when a = 0.

In 2005, Diening [D05, Theorem 8.1] (see also [DH™11, Theorem 5.7.2|)
proved the following remarkable result: if 1 < p_(R™), p4+(R™) < 1, then the
HardyLittlewood maximal operator M is bounded on LP()(R™) if and only
if it is bounded on its dual L?'()(R™). Recently Lerner [L17, Theorem 1.1]
generalized this result to the setting of weighted variable Lebesgue spaces
LEO(R™).

The aim of this paper is to present a self-contained proof of the following
extension of Diening’s theorem to the setting of spaces of homogeneous type.

THEOREM 1.1 (Main result). Let (X,d,pn) be a space of homogeneous
type and p € P(X) be such that 1 < p_,py < oo. The Hardy-Littlewood
mazimal operator M is bounded on the variable Lebesque space Lp(')(X, d, p)
if and only if it is bounded on its dual space LP') (X, d, ).

Our approach is based on the adaptation of Lerner’s proof [L17], which is
heavily based on the Calderéon—Zygmund decomposition and dyadic maximal
functions in the Euclidean setting of R", to the setting of spaces of homo-
geneous type. This becomes possible thanks to the recently developed tech-
niques of dyadic decomposition of spaces of homogeneous type due to Hyto-
nen and Kairema [HK12| (see also previous works by Christ [C90a, [C90D]).
Note that these techniques were successfully applied in [AHT17, [AWIS]
CS18, [K19] to study various problems on spaces of homogeneous type (this
list is far from being exhaustive).

The paper is organized as follows. In Section [2] we describe the construc-
tion by Hytonen and Kairema [HKI12| of a system of adjacent dyadic grids
on a space of homogeneous type. Elements of this system are called dyadic
cubes and have many important properties of usual dyadic cubes in R".

In Section we recall the definition of Banach function spaces and
the main result of [K19] (see also |L17, Theorem 3.1]) saying that if the
Hardy-Littlewood maximal operator M is bounded on a Banach function
space (X, d, i), then its boundedness on the associate space &'(X,d, ) is
equivalent to a certain condition A.,. Since the variable Lebesgue space
Lp(')(X, d, p) is a Banach function space, in order to prove Theorem [1.1} it
is sufficient to verify that LP() (X, d, 1) satisfies the condition A.

In Section [d] we recall very useful relations between the norm and the
modular in a variable Lebesgue space. This allows us to formulate a modular
analogue of the condition A4, and show that this modular analogue implies
the (norm) condition A,. The rest of the paper is devoted to the verification
of the modular analogue of A (see Lemma [4.4)).
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In Section |5, we prepare for the proof of the main result, extending |17,
Lemmas 5.1-5.3 and 4.1] with w = 1 from the Euclidean setting of R™ to the
setting of spaces of homogeneous type. Finally, in Section [6] we complete the
proof of Theorem [I.1]following the scheme of the proof of [LI7, Theorem 1.1|.

2. Dyadic decomposition of spaces of homogeneous type

2.1. Construction of Hyténen and Kairema. Let (X,d,u) be a
space of homogeneous type. The doubling property of u implies the following
geometric doubling property of the quasi-metric d: any ball B(x,r) can be
covered by at most N := N(Cy, ) balls of radius /2. It is not difficult to

show that N < Cot?'o82”,

An important tool for our proofs is the concept of an adjacent system of
dyadic grids D!, t € {1,...,K}, on a space of homogeneous type (X,d, u1).
Christ [C90al, Theorem 11] (see also [C90b, Chap. VI, Theorem 14]) con-
structed a system of sets on (X, d, ) which satisfy many of the properties
of a system of dyadic cubes on the FEuclidean space. His construction was
further refined by Hytonen and Kairema [HK12, Theorem 2.2|. We will use
the version from [AHT17, Theorem 4.1].

THEOREM 2.1. Let (X,d,pn) be a space of homogeneous type with the
constant k > 1 in inequality and the geometric doubling constant N.
Suppose the parameter § € (0,1) satisfies 96x206 < 1. Then there exist an
integer K = K (1, N,8), a countable set {z&' : o € Ay} of points with k € 7
andt € {1,..., K}, and a finite number of dyadic grids

Dt = {Q’ggt ck€Z, € Al
such that the following properties are fulfilled:
(a) for everyt e {l,...,K} and k € Z one has

(1) X =Uaeu, Q5 (disjoint union);
(i) if Q,P e Dt then QNP €{0,Q,P};
(i) if QE' e D!, then
(2.1) B(z8t ¢16F) c Qb < B(RY, 0167,
where ¢; = (126)71 and C; 1= 4K?;

(b) for everyt e {1,...,K} and every k € Z, if QN € D, then there exists
at least one QkJrl te D!, called a child of Qgt, such that QkHt C Qgt,
and there exists exactly one Q§ Lt ¢ D!, the parent of Qa , such that

k.t k—1,t
Q& CQ’Y }
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(c) for every ball B = B(x,r), there exists
K
Qp € U Dt

such that B C Qp and Qp = k 1t for some indices a € Ap and
te{l,..., K}, where k is the unique integer such that

Sl < < 6F.

The collections D!, ¢t € {1,..., K}, are called dyadic grids on X. The sets
Q’f;t € D! are referred to as dyadic cubes with center 2Bt and sidelength §*;
see (2.1). The sidelength of a cube Q € D' will be denoted by 4(Q). We
emphasize that these sets are not cubes in the standard sense even if the un-
derlying space is R™. Parts (a) and (b) of the above theorem describe dyadic
grids D, with ¢t € {1,..., K}, individually. In particular, permits a
comparison between a dyadic cube and quasi-metric balls. Part (c) guaran-
tees the existence of a finite family of dyadic grids such that an arbitrary
quasi-metric ball is contained in a dyadic cube in one of these grids. Such
a finite family of dyadic grids is referred to as an adjacent system of dyadic
grids.

2.2. Dyadic maximal function. Let D € Uf( . D' be a fixed dyadic
grid. One can define the dyadic mazimal function MPf of f € LIOC(X, d, )
by

1
(MPf)(w) = sup — | |f(2)|du(x), =€ X,
where the supremum is taken over all dyadic cubes Q € D containing x.

The following important theorem is proved by Hyténen and Kairema
[HK12l Proposition 7.9].

THEOREM 2.2. Let (X,d,pu) be a space of homogeneous type and let
Ufil Dt be the adjacent system of dyadic grids given by Theorem . There
exists a constant Cyr(X) > 1 depending only on (X,d,u) such that for
every f € Lloc(X7 d,p) and a.e. x € X, one has

(MP'f)(z) < Cric(X )(Mf)( ), ted{l,... K},

(Mf)(x) < Cur(X ZMD*

t=1

2.3. Calderon—Zygmund decomposition of a cube. The following
result is a consequence of Theorem [2.1]

LEMMA 2.3. Suppose (X,d, ) is a space of homogeneous type with the
constants k > 1 in inequality (1.1)) and Cy, > 1 ininequality (1.2)). Let (X, d, p)
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be equipped with an adjacent system of dyadic grids {D*,t=1,..., K} and let
6 € (0,1) be chosen as in Theorem2.1| Then thereis ane = (x, Cy,8) € (0,1)
such that for every t € {1,..., K} and all Q,P € D', if Q is a child of P,
then

@) = ep(P).
Proof. See [AW18] Corollary 2.9] or [K19, Lemma 8|. =
Let (X, d, 1) be a space of homogeneous type and D = D € Ufil D! be
a dyadic grid. Fix Qg € D. Then there exist kg € Z and o € Ay, such that
Qo = QF' . Consider
(22) D(Qo) :={Q"" :kcZ k>ky ac A} ={Q €D":Q cQ},

that is, the set of all dyadic cubes with respect to Q. The set D(Qp) is formed
by all dyadic descendants of the cube @Qg. For a measurable function f such
that

(2.3) | 1£(2) dp(z) < oo,
Qo
consider the local dyadic mazximal function of f defined by

MP(Qo) — L d ]
( () Q%’ZUG%(QO) M(Q)é'f(x)‘ (@), =€ Qo

Given a dyadic grid D € Uf(: 1 D, a sparse family S C D is a collection
of dyadic cubes ) € D for which there exists a collection of sets { E(Q)}ges
such that the sets E(Q) are pairwise disjoint, E(Q) C Q, and

Q) < 2u(E(Q)).

We will need the following variation of the Calderé6n—Zygmund decom-
position of the cube Qg (cf. [L17, Lemma 2.4]).

THEOREM 2.4. Let (X,d, 1) be a space of homogeneous type, D € Ufil Dt
be a dyadic grid, Qo € D, and D(Qo) be defined by (2.2)). Suppose € € (0,1)
is as in Lemma 23] For a nonzero measurable function f on Qo satisfying

(2.3) and k € N, set

k
24 @) = {reu0m@n@ > (2) s [ @l
Qo

If 21(Qo) # 0, then there exists a collection {Q?(QO)}jeJk C D(Qo) that is
pairwise disjoint, mazximal with respect to inclusion, and such that

(2.5) 2(Qo) = |J Qf(Qu).

JE€Jk
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The collection of cubes

S == {Q¥(Qo) : 2(Qo) #0, j € Ji}

is sparse, and for all j and k, the sets

E(Q5(Qo)) = Q5(Qo) \ 241(Qo)
satisfy
(2:6) Q5 (Qo)) < 21(E(QF(Q0))).-

Proof. For each k € N satisfying 2;(Qo) # 0, the existence of a pairwise
disjoint and inclusion-maximal collection {Q;C (Qo)}je,, such that is
fulfilled, follows from [KI19, Theorem 9(a)|. Moreover, in view of the same
theorem, for every k € N satisfying 2;(Qo) # 0 and j € Ji, one has

k
(27) (2> o V@ duta) < /(@) du(z)

1
=) uQo) ) TEEERIR

Q%(Qo)

2\* 1
< () ) | V@),

It remains to prove (2.6). Since 2;11(Qo) C 2k(Qo) and, for each fixed k,
the cubes Q?(QU) are pairwise disjoint, it is clear that the sets E(Q;‘:(QO))

are pairwise disjoint for all j and k. If Q?(Qo) N QfH(QO) # (), then by the
maximality of the cubes in {Q;C (Qo) }je, and the fact that 2/e > 1, we have

Qf“(Qo) - Q?(Qo) In view of ([2.5)) and ([2.7)), we see that

1(Q¥(Qo) N 211(Qo)) = > 1(QF(Qo))
{i: QT (Qo)SQ%(Qu)}
. Z <e-:/2>k+1§ kg | ()] dpa(@)
(O (One Qb Qo) SQO|f< )| dp(x)

E/2 et SQ? Qo) |f(z |d,“( )

= 20w Yo, [f (@) dp(z
<;> (i) Qk (Qo ) _ M(Q%Qo))'

Then
n(E(Q5(Q0))) = n(Q5(Qo) \ 2e41(Qu))
= 1(Q%(Qo)) — 1(QF(Qo) N 2441(Q))
> (1-1/2)u(Q5(Qo)),
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whence p(Q*(Qq)) < 2M(E(Q?(QQ))) for all j and k, which completes the
proof of (2.6). =

3. Hardy-Littlewood maximal operator on the associate space
of a Banach function space

3.1. Banach function spaces. Let us recall the definition of a Banach
function space (see, e.g., [BS88, Chap. 1, Definition 1.1]). Let L9F(X, d, )
be the set of all nonnegative measurable functions on X. The characteristic
function of a set E C X is denoted by xg. A mapping p : L (X,d, u) —
[0, 00] is called a Banach function norm if, for all functions f, g, f, (n € N) in
the set LS)r (X,d, u), for all constants a > 0, and for all measurable subsets F
of X, the following properties hold:

Al)  p(f) =0« f=0ae., plaf)=ap(f), p(f +9) < p(f)+ r(9),
0<g<fae =plg) <p(f) (the lattice property),

(
(A2)
(A3)  0< fuf fae = p(fa) T p(f) (the Fatou property),
(Ad)  w(E) <oo = plxp) < oo,
(

A5)  §pf(@)du(x) < Crp(f)

with a constant Cg € (0, 00) that may depend on E and p, but is independent
of f. When functions differing only on a set of measure zero are identified,
the set £(X,d, ) of all functions f € L°(X,d, u) for which p(|f]) < oo is
called a Banach function space. For each f € £(X,d, ), the norm of f is
defined by

1flle = p(If1)-

The set £(X, d, 1) under the natural linear space operations and under this
norm becomes a Banach space (see [BS88, Chap. 1, Theorems 1.4 and 1.6]).
If p is a Banach function norm, its associate norm p’ is defined on L9F(X ,d, )
by

#(g) = sup{ | f(@)g(x)du(z) : | € LY(X,d.p), p(f) < 1},
X

It is a Banach function norm itself [BS88| Chap. 1, Theorem 2.2|. The Banach
function space &'(X,d, ) determined by the Banach function norm p’ is
called the associate space (or Kithe dual) of E(X,d, u).

3.2. The condition A,. Following [L17] and [K19, Definition 1|, we
say that a Banach function space £(X,d, ) over a space (X,d,p) of ho-
mogeneous type satisfies the condition A if there exist constants &,6 > 0
such that for every dyadic grid D € Ufi . D!, every finite sparse family
S C D, every collection {ag}ges of nonnegative numbers, and every collec-
tion {Gg}ges of pairwise disjoint measurable sets such that Gg C @, one
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has

0
61 || S eoxaa], <o) | S ool

1

The following result is a generalization of |[L17, Theorem 3.1| from the
Euclidean setting of R™ to the setting of spaces of homogeneous type.

THEOREM 3.1 (JK19L Theorem 2|). Let £(X,d, ) be a Banach function
space over a space of homogeneous type (X, d, ) and let E'(X,d, 1) be its
associate space.

(a) If the Hardy—Littlewood maximal operator M is bounded on E'(X,d, u),
then £(X,d, i) satisfies the condition Axs.

(b) If the Hardy-Littlewood mazimal operator M is bounded on E(X,d, u),
and E(X,d, ) satisfies the condition As, then the M is bounded on
E'NX,d,p).

Since the variable Lebesgue space LP()(X,d, u) is a Banach function
space and, under the condition 1 < p_, p; < oo, its associate space
[LPC)(X,d, 1))’ is isomorphic to the variable Lebesgue space LPO(X,d, 1)
(see, e.g., [CF13, Section 2.10.3]), Theorem [3.1[(b) immediately implies the
following.

COROLLARY 3.2. Let (X,d,u) be a space of homogeneous type and let
p € P(X) be such that 1 < p_, py < oo. If the Hardy—Littlewood maxi-
mal operator M is bounded on LPC) (X, d, i), and LPO)(X,d, 1) satisfies the
condition Ass, then M is bounded on the dual space LP' ) (X, d, ).

It follows from Corollary that in order to prove Theorem it is
sufficient to verify that LP() (X, d, i) satisfies the condition A

4. Norm inequalities and modular inequalities

4.1. Norm-modular unit ball property. In this subsection we for-
mulate two very useful properties that relate norms and modulars in variable
Lebesgue spaces.

LEMMA 4.1 (see, e.g., [DHT11, Lemma 3.2.4]). Let (X,d, ) be a space
of homogeneous type and p € P(X). Then for every f € LPO)(X,d, ) the
inequalities || f|lpry < 1 and 0, (f) < 1 are equivalent.

LEMMA 4.2 (see, e.g., [DHT11, Lemma 3.2.5]). Let (X,d,u) be a space
of homogeneous type and p € P(X) be such that 1 < p_, py < oo. Then for
every f € LPO(X,d, ),

min{ o,y (£)7~, 0,y ()P} < I fll oy < max{op(y(£)P, 00y ()P4}
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4.2. Auxiliary lemma. The following auxiliary lemma illustrates the
possibility of substitution of norm inequalities by modular inequalities.

LEMMA 4.3. Let (X,d,pn) be a space of homogeneous type and let p €
P(X) satisfy 1 < p_,py+ < oco. Suppose D € Ufil D! is a dyadic grid. If
S € D is a finite family and {ag}tges s a family of nonnegative numbers

such that
H > O‘QXQ‘
QES

<1,
Le() —

then
Z S ag(x) w(z) < 1.
QESQ
Proof. 1t is clear that
(4.1) >~ § ol dul@) = § (Y- (coxo@)"™) du(x).
QeSQ X Qes
Since 1 < p_ < p(x) < py < oo for a.e. x € X, one has

(12) 3" (0axe@) < (3 aqxa(@)”™”

Qes Qes
Taking into account (4.1)) and (4.2)), it follows from Lemma |4.1] that

> Jab dute) < § (3 aoxo(@)" dua) < 1,

QeSQ X Qes
which completes the proof. m

4.3. Modular version of the condition A.. In this subsection we
formulate a modular analogue of the condition A, and show that it implies
the (norm) condition A.

LEMMA 4.4. Let (X,d, ) be a space of homogeneous type and p € P(X)
satisfy 1 < p_,py < oo. If there exist constants W,€ > 1 such that for every
dyadic grid D € Ufil D, every finite sparse family S C D, every collection
{Gg}ges of pairwise disjoint measurable sets such that Gg C Q and every
collection {ag}ges of nonnegative numbers such that

(4.3) H 3 aQXQ’ =L
QES
one has
3
p(z) < M(GQ)
(4.4) Z S ag du(z) < W(rggg( 1) )
QeS GQ

then the variable Lebesque space LPC) (X, d, ;1) satisfies the condition Ase.
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Proof. Fix a dyadic grid D € Ufil D, a finite sparse family S C D, and
a collection {G@g}ges of pairwise disjoint measurable sets such that Gg C Q.
Let {8g}ges be an arbitrary collection of nonnegative numbers. Put

| ZQGS Baxallro)
Then (4.3) is fulfilled. Since the sets {Gg}ges are pairwise disjoint, we have

(Z QQXGo (:c))p(x) = Z ag(x)XGQ (), =zelX.

(4.5) aqQ :

QeS QeS

Hence

@) o= |l du@) = [(X agxee®)”"” dua)
QES G X Qes

By Lemma (4.4) and (4.6), we have

1/p- ;1/p+
(4.7 H Z aQXGq HLP(_) < max{c /P~ o /P*}

QeS
S Xu(Gm)f“’— 1/+< Xu(GQ>>f“’+}
= {W ’ (%?s W@ ) U\ @)
/. M(GQ)>§/p+
sv <13212§ w@Q)

because ¥ > 1, u(Gg) < pu(Q) for all @ € S and p— < p,. It follows from

and that

IS b, <9
Qes Ly

max

Qes u(Q) ()’

< M(GQ)>E/p+ Q%%BQXQ‘

that is, the space LP()(X,d, ju) satisfies the condition A, with & = w!/p-
and 0 =¢/ps. m

5. Preparations for the verification of the condition A,

5.1. First lemma. Let ||[M||zp()) denote the norm of the Hardy-

Littlewood maximal operator on the variable Lebesgue space Lp(')(X S d, ).
As usual, for an exponent r € (1,00), let ¥ =r/(r — 1) € (1,00) denote the
conjugate exponent.

The preparation for the verification of the condition As, in the proof of
Theorem [I.T] consists of four steps. The first step is the proof of the following
extension of [L17, Lemma 5.1] with w = 1 from the Euclidean setting of R"
to the setting of spaces of homogeneous type.



12 A. Karlovich

LEMMA 5.1. Let (X, d, u) be a space of homogeneous type and p € P(X)
satisfy 1 < p—,py < 0o0. Suppose the Hardy—Littlewood maximal operator M
s bounded on Lp(')(X, d,p). There exist constants A, \ > 1 such that for
every dyadic grid D € Ufil Dt, every family Sq C D of pairwise disjoint
cubes, every family {ag}ges, of nonnegative numbers, if

(5.1) > Ja™ duta) <1,

QeSS Q
then

Lo g\
(5:2) Q%MQ)(MQ) f o au ) <4

Proof. Let € € (0,1) be as in Lemma . Fix a dyadic grid D € Ufil Dt
and a family of pairwise disjoint cubes S; C D. For k € N and @ € Sy, put

k
(5.3 2(Q) = {aj eQ: (MPQa)(z) > (j) M(lQ) [ a2f® du(m)}.
Q

By Theorem [2.4] if these sets are nonempty, then they can be written as
(5.4) 2%(Q) =@} Q).
J

where Q;?(Q) € D(Q) are pairwise disjoint cubes for all j and &, and

(55) p@5@\ 2e1(Q) > Ju(@4(Q).

Fix k € Nand Q € Sy. If € 2(Q), then in view of there exists
jo such that z € Q?O (Q). It follows from that
20(Q% (Q) \ 2:41(Q))
1(Q% (Q))
2u(@4(Q) N (2(Q)\ 211(Q)
B u(@Q%(Q))

X, (@) (7) <

2
= —_— d
WO @) QES(Q) X2 (@\ 2111 (@) (¥) dp(y)

1
<2 su d ,
= Q’B:c,cg’eD 1(Q) QS)/ X2 (Q\2%11(Q) (y) dp(y)

which implies that

Xop (@ (@) < 2(MPx0, 00\ r @) (@), T EX.
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Therefore, for all k € N and Q) € Sy,

aQXa,@) () < 2(MP(agxa@\2n@)) (@)

< 2(MP (Q;d QX @\2n(@) ) (@), TEX.

Since the cubes in Sy are pairwise disjoint, the sets in {£2;(Q)}gegs, are also
pairwise disjoint for every fixed k € N. Hence, the above inequality implies
that for k € N,

(5:6) Y agrae(@ <2(MP( Y aoxa@nea@))@), TeX.
QESq QES,

It follows from the boundedness of M on LP()(X,d, 1), Theorem and

that
H Z aQXQk(Q)‘

QESy

Lr()

< QCHK(X)”MHB(LP(‘))H > QX2 @
QESq

Set
-1
(58) aQ = aQ(H Z O‘QXQ;C(Q)‘ LP(')> .
QESq
Then (5.7) can be rewritten as
1
5.9 <|>a |
( ) 2CHK(X)||M”B(LP() Q; QX2 (Q\ 2 11(Q) j7200
It follows from ([5.8]) that
(5.10) || X dexew@nan@] ., < H Z doxon@| ., = 1
QESy Sa
Inequality (5.10]) and Lemma imply that
G1) || Y doxaenan@] .
QESqy
_ p(z) 1/p+
= (S ( > O@szk(cz)\nkﬂ@)(w)) du(:v)) :
X Q&eSy

Since the cubes in S; are pairwise disjoint, so are the sets in the collection
{2:(Q) \ 2k41(Q) }ges,- Therefore, we deduce from and (5.11)) that
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1 >P+
512
(5:12) <20HK<X>HMHB<LP<->>

. ()
= S(Z O‘QXQk(Q>\nk+1<Q)($))p dp()
X QeSy

=3 | (@g)P™ du(x)
(S

d 21 (Q)\2%4+1(Q)

=Y | (@Wdu@) - Y | (aQ)P™ du(x).

QESq 2,(Q) QES4 24 11(Q)

Again, taking into account that the cubes in S; are pairwise disjoint, we

deduce from and Lemma that
~ \p(z _ p(z)
(513) > | (@ du@) = [ (Y doxe@@)" dulw)

QESa 24(Q) X QeS5q
= H Z X @ )LP(
QESy
Since 2;41(Q) C 2x(Q), it follows from (5.10) that
H Z &QXQk-‘rl(Q)‘ Lr() S H Z &QXQIC(Q)‘ Lr() =
QESq QESq

Hence, in view of Lemma [£.2] we have

61 || 32 Goxan@|, < (1 dormie @) a) ™

QESy X

(2§ @@ du) "

Q€S 2111(Q)

It follows from ([5.12] - that

1 p+y 1/p+
<{1- -
p() { <2CHK(X)HMHB(LP(‘>)> } ’

The above inequality and ([5.8) imply that for k¥ € N,

> aQXQkH(Q)’
QEeSq

(5.15) H Z aQXQkJrl(Q)’ Ip() = BH Z O‘QXQk(Q)’ 1p()"
Q Sd Sd
It follows from and Lemma E 1| that
(5.16) H Z aQXQHLP(') =1
QESy

Since 21(Q) C @, applying (5.16) and then applying (5.15) & — 1 times, we
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get
12 H Z ARXAU(Q) || o) = BH Z QXL a0 2
Q Sq
— ,Bk 1 ‘Z aQXQk (%) ()’

QeSq

Thus
k-1

H Z QX 2(Q L) <p* ", keN.

QESy
In view of Lemma [4.2] this inequality implies that
(5.17) S P due) < gD, keN

QeSa 2,(Q)

Fix Q € Sy4. Put 2)(Q) := Q. Then it follows from (5.3) that for k € Z
and x € 2,(Q) \ 24+1(Q), one has

. . 2\ FF1
<o < (2) o o
) o

From this inequality we obtain, for every ¢ > 0,

(5.18) S ag(x)(H(b) du(z) = Z S ag(x)(pr(b) du(x)
Q k=0 2, (Q)\2%+1(Q)
¢ 00 P(k+1)
2 z
< S p(y) duly > Z<€> S ogg( )du(x)
Q k=0 2 (Q\2,+1(Q)
¢ 00 P(k+1)
2 x
< S ) 4 > Z<€> | ol du(e).
k=0 2:(Q)

It is easy to see that one can choose ¢ > 0 such that

< (2/e)?BP- < 1.

Then
(5.19) D [(2/e)?BP ! < o0,
k=0

Take X\ := 1+ ¢. By (5.18)), we have
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QEeSy Q
- B(k+1) p(z) 1/A
X (Z(Q/s) | o dﬂ(x)) .
k=0 2,(Q)
Since § = ﬁ and % = Tig) We have

o)) - ™

Combining (5.20]) with (5.21]), applymg Holder’s inequality, and taking (/5. 1)
into account, we obtain
1/A
o )

(522) 3wl (
QESy
< Z( 1//\’< < >¢(k+1) S agz) d”($)>1/’\
QESs Q oo
= (Z } og” du(l‘))l/A <Z Z<z>¢(k+l) [ o du(:c)>1”

QES,Q QESq k=0 2:(Q)

(SO g )

QESq 24(Q)
It follows from (j5.1), (5.17) and (5.22)) that

I
i)
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Combining 2/ > 1 and (5.19)), we see that A € (1, 00), which completes the

proof of (5.2)). =

5.2. Second lemma. The next lemma generalizes |[L17, Lemma 5.2]
with w = 1 from the Euclidean setting of R™ to the setting of spaces of
homogeneous type.

LEMMA 5.2. Let (X,d, p) be a space of homogeneous type and p € P(X)
satisfy 1 < p_,py < 0o. Suppose the Hardy—Littlewood mazimal operator M
is bounded on LPC)(X,d, ). There exist constants B, X > 1 and a measure
v on X such that for every dyadic grid D € Ufil Dt and every finite family
Sq C D of pairwise disjoint cubes, the following properties hold:

(i) if Q € D and t > 0 satisfy

. Pdu(z) <1,
(5.23) | @) dp(z) <1
Q
then
1 1/
620 wQ( g | @) < B duto) + v(Q)
Q Q

(i) > ges, (@) < 2B.
Proof. (i) Let A, A > 1 be the constants from Lemma Set

(5.25) B = op+/P-+ly,
Fix a dyadic grid D € Ufil Dt. Given a cube ) € D, consider the functions
1/
Fi(t) := Stp(x) du(z), Fy(t) = ( St)‘p(”") du(x ) , t>0,
Q Q
and the set

AQ) :={t>0: Fi(t) <1, F5(t) > BF(t)}.
Set

)

B {0 if A(Q)=10

- Lsup A(Q) if A(Q) #0.
We claim that

(5.26) Fi(tg) < 1.

Indeed, if Fi(tg) = 1, then by the continuity of Fy and F», we would have
Fy(tg) > B > A, and this would contradict Lemma [5.1]
Further,

(5.27) Fy(to) = BR(tq).
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Indeed, otherwise Fy(tg) > BFi(tg), which together with (5.26) and the
continuity of Fy and Fy would imply that there exists € > 0 such that

Fl(tQ +€) < 1, FQ(tQ +€) > BFl(tQ +6),

and these inequalities would contradict the definition of ¢q.
Set

(5.28) v(Q) := Fa(t)
and suppose that (5.23)) is fulfilled. Since F3 is increasing, we see that

1/
5290 w@ (g 1 @) <v@. t<t
Q

On the other hand, if ¢ > tg, then t ¢ A(Q), whence F5(t) < BFi(t), that is,

1 . 1/A
— | @ d,u(a:)) < B\ #"@du(z), t>tq.
me) a

Combining (5.29)) and (5.30), we immediately arrive at (5.24)), as desired.
(ii) Consider an arbitrary finite family Sy C D of pairwise disjoint cubes.
Among all subsets Sy C S, such that

(5.31) S du(z) < 2,
QeS. @

(5.30) u(Q)(

we choose a maximal subset S/, that is, a subset containing the largest num-
ber of cubes (it is not unique, in general).

We claim that S, = Sy. Indeed, assuming that S/, C Sy and taking into
account that Fj is increasing, we have

37 (/2P )@ du(x) < 7 [ (#47/2) du(z) < 1.
Qes,Q Qes,Q
By Lemma this implies that

S u(@) (M(l@ 652 (ﬁ)w) du(m)>m <A

Qes,

Since F5 is increasing, the above inequality yields

S P

Qes)

whence
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This inequality and (5.25)) and (5.27)) imply that

) . . ) 1/
> 1t = 3 ) (-5 [ auw)) <

Now let P € Sq\ S/. Then, taking (5.26) into account, we get
1 3
> (g due) < 5+ 7 dule) < .

QeS (P} Q P

This inequality, in view of (5.31), contradicts the maximality of S/. This
proves that S/, = Sy. It follows from ({5.31)), (5.27) and (5.28)) that

S w@) =B |57 du(x) < 2B,
QESy QRES. Q
which completes the proof of (ii). m

DN | =

5.3. Third lemma. The next lemma is an extension of [L17, Lemma 5.3|
with w = 1 from the Euclidean setting of R™ to the setting of spaces of
homogeneous type.

LEMMA 5.3. Let (X,d,p) be a space of homogeneous type and p € P(X)
satisfy 1 < p—,py < 0o. Suppose the Hardy—Littlewood mazimal operator M
is bounded on L/I’(')(X7 d, ). There exist constants D,y > 1 and ¢ > 0 such
that for every dyadic grid D € Ufil Dt and every cube Q € D, if

1 1
(5.32) min{l,} Stgmax{l,},
Ixallits, Ixellts,
then
1 (@) YD e
5.33 ——— \ PP du(x < ——— VP du(x).
533 <u(@)§2 H )> 8 u(@)é )

Proof. Let A >0 and XA > 1 be the constants of Lemma Take any
satisfying 1 < v < A and set

A—7
= ——-=>0.
¢ v(1 4+ N)
Fix a dyadic grid D € Ufil D! and a cube Q € D. For any a > 0, we have
@) & L[ p6@)-a) &
534 £ g gc) :< o)) g x) 3
630 (5 I @) )

It follows from ([5.32)) that either

(5.35) 1<t < ——r,
Ixall Lt
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or
1

e
Ixell 6

If (5.35)) is fulfilled and y(p(x) — ) > 0, then

(p(z)—a) (p(z)—a)
e s () < ()
el el

On the other hand, if ((5.35)) is fulfilled and v(p(x) — ) < 0, then

1 >ﬂmw—m

L
Ixalltt,

Analogously, if ((5.36) is fulfilled and v(p(x) — «) > 0, then (5.38]) holds. On
the other hand, if (5.36)) is fulfilled and v(p(x) — ) < 0, then (5.37) holds.
It follows from the above that if (5.32)) holds, then for all z € X and all

a >0,
(z)
o) <1t gl O (e )

(5.36) <t<1.

(5.38) tWWP®§1<1+<

Lr() 1+
’ Ixall a6

Integrating this inequality over the cube ) yields

’y(p(x)—oc) you 1+C) 1 Wp(a:)
je du(x) < u(Q) + Ixal}ol) g ) e
@ XQ

Hence, since (a” +b")/7 < a+ b for a,b > 0 and v > 1, we see that

L e gy )
5 (g Ve )

< (1+ el (o5 §3<|!qu”§ )" ) )

Lr()

1 1 ’Vp(ff) 1/'Y
<1+ xql 2o ( S( ) dﬂ(l’)) |
MQMQ 1+¢

Ixelln)
Combining (5.34) and (5.39)) we obtain, for a > 0,

1+< 7p(z) 1/~
<t HXQH < S < THC ) d,u(:r)> .
Q HXQHLP(<>
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Let o = my,(Q) be a median value of p over @, that is, a number satisfying

{1 € Q000> Q) 12 £Q:) @) 1
1(Q) ’ 1(Q) -2

Set
E1(Q) ={r € Q:p(x) <my(Q)}, E2(Q):={z€Q:p(x)=2my(Q)}.
It follows immediately from the definition of m,(Q) that
(5.41) WE; Q) 2 5u(@Q), =12
Then, for t € (0,00), we have

(@) 1 (E;(Q))
4 o _ pmp(@) < 2T H(E;
)
2
— @) du(z) ift e (0,1)
ILL(Q)ES ? )
1(Q)
S @ du(x) ift € [1,00)
Eq(Q)

S 2@ dp(x).
Q

IA
DO

(R
—~
~—

—

O

)

=

We claim that
(5.43) xo(@) <2(MPxp,)(z), ze€X, j=12
Indeed, if = ¢ @, then (5.43) is trivial. On the other hand, if x € @, then
(5.41)) implies that
Q) _ 2p(E;(Q)) 2

xq(z) = Q) < M(22) =0 CSQXE]-(Q)(Q) du(y) < 2(MPxgq) (@),

which completes the proof of (5.43]).
It follows from ([5.43|), Theorem [2.2] and the boundedness of the Hardy—
Littlewood maximal operator on LP\/ (X, d, u) that

(5.44) Ixellrer < 2Car (X) M5 oonlIXEj @)l o0, 5 =1,2.
In view of Lemma [{.2] we have
(5.45)

X B, (@)l oo < max{ (u(E;(@))) VP~ (u(E;(Q))) 1P+ P @)}
< max{(ﬂ(Q))l/pf(Ej(Q)% (MQ))l/m(Ej(Q))}’ j=1,2.
Taking into account the definition of the sets E;(Q), we see that

p-(E1(Q)) < p+(E1(Q)) < mp(Q) < p—(E2(Q)) < p1(E2(Q)).-
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Therefore, if 4(Q) < 1, then

(5.46)  max{(u(Q))/7- B, (u(Q)) 17+ F@)) < (@)@,
and if p(Q) > 1, then

(5.47)  max{ (@7 @) (@)@ < (@)@,

If (5.35) is fulfilled, then || xg||z»() < 1. Then, in view of Lemma
#(Q) < 1. On the other hand if (5.36) is fulfilled, then |xql;») > 1.
Therefore, by Lemma u(Q) > 1. Thus, if (5.32)) is fulfilled, then (|5.44)—

(5.47) imply that
649 Ixellio < 20 Mg (1(Q) /™.

Set
1+ ;- q

14+’ 7 qg—1

Then
1+ A A—7y

5.49 14¢) = 1+ =\
(5.49) Yq(1+¢) 71+V< v(1+A)>
and

T+ XA/14A T a—y
5.50 N A BN ATy
(5.50) ¢ 71+7<1+7 ) Y(1+A)

Taking (5.49) and (5.50) into account, by Holder’s inequality with exponents

1 1 vp(z)

IxQll 0
1 1 vq(1+¢)p(z) 1/q
du(x >
(v ) (et )

(

IN

& — & —

1 )\p(z) 1/q
du(x .
(llXQlle<>> g )>

§2 (1)17@) dp(z) = }((’@“))p(z) dyz) < 1.

Since

IxellLee Ixqllre

applying Lemma with Sy = {Q} and ag = 1/||xoll;») We obtain

19 1g é(r\mum | >%) e o
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Hence

(5:52) <le> ) <||><Qﬁm>kp(m) d“(”“’)y/q : (Jzz))m'

Combining (5.51)) and -, we arrive at

) e ()

Lp()
It follows from the above estimate and from ((5.48)) that

() 1/
559 Il (o V(i) dn)) e
Q

”XQ ”Lp(-)
A >)\/(7¢I)ta

a(1+¢)
< (2CHuk(X) \|M||B(Lp(~>))a(l+o (1(Q)) ™ @ (M(Q)

= (QCHK(X) HMHB(LP(~)))mP(Q)(l-‘rC)A/\/(Wq) (M(Q>)l+<—>\/(’)’Q)to¢

Taking into account the definitions of { and ¢, we see that
A A—7 1+ A

5.54 14— —=1+ — - =

(5:54) ¢ Yq YI+A) 1+A vy

Combining (5.40), (5.42)), (5.53)) and (5.54), we get

R )”” D@ - D
(u(@)ét i) ) =S g )

with
D:=1+ (2CHK(X)HMHB(LP(A)))p+(1+C)A)\/(’YQ),

which completes the proof of (5.33)). m

23

5.4. Fourth lemma. The next lemma is an extension of |[LI7, Lem-
ma 4.1| with w = 1 from the Euclidean setting of R™ to the setting of spaces

of homogeneous type.

LEMMA 5.4. Let (X,d,p) be a space of homogeneous type and p € P(

X)

satisfy 1 < p_,py < oo. If the Hardy-Littlewood mazimal operator M is
bounded on LPC) (X, d, 1), then there exist constants C,y > 1 and 1 > 0 and
a measure v on X such that for every dyadic grid D € Ufil D! and every
finite family Sq C D of pairwise disjoint cubes the following properties hold:

(i) if Q € D and t > 0 satisfies t|xql|p¢) < 1, then

(5.55) u(Q)(

(O
(il) Y ges, ¥(Q) < C.

Q

1/
S #1p() d,u(g;)> ! <C S @) dy(x) + 2t (Q)x(0,1) (1);
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Proof. Let B,D > 1, and 1 < v < X be the constants given by Lem-
mas [5.2] and 53] and v be the measure on X given by Lemma [5.2] Put

(=
o1+ N
and take
(5.56) C = max{(2B)'*¢, D}.

Then (ii) follows from Lemma [5.2(ii) because C > 2B.

Let us prove (i). If t||xgll;p(y < 1 and ¢ > 1, then ||xg|lz»¢) < 1 and
therefore HXQHE;C) <lIxollzp¢) < 1.1t is easy to check that is fulfilled.
Then it follows from Lemma 5.3 and that

R e z " O {p@) x
(u(Q)é iu(a) <@

which immediately implies (5.55) and completes the proof of part (i) for
t>1.
Assume that t||xg|l;p) <1and 0 <t < 1.1If

R e - " _C @ z
557 <M(Q)§2 i) < )

then (5.55)) is trivial.
Assume that (5.57) does not hold, that is,

(5.58) L S @) du(z) < 1 <1 S 1p(z) du(%)) 1/7.
wa g CAnl(@) 5

Set, as in the proof of Lemma [5.3
14+ A ,
q:= m, q = 1
By Hoélder’s inequality, and , we have

L

(5.59) S S tzf(ixc) du(z) < <1 S () du(m)) T+
Q
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It follows from ([5.56) and (5.58)) that

(@) O @ T L) x "
[0 aute) < 5 1) dnto) < (o |07 duto))

D
e g (@ ] o

that is, (5.33]) does not hold. Therefore, by Lemma condition (5.32) is
not fulfilled. Since 0 < ¢ < 1, this means that

0<t< —7F
1+C °
Ixall i)

whence ||t/ (1*Ox gl 1») < 1. Therefore, by Lemma
(=)
[ ¢ du(e) = [t xq(@)P® dp(e) < 1,
Q X
that is, (5.23) is fulfilled with t!/0+9 in place of ¢. Then, by Lemma
(5.24) holds with /(19 in place of t, that is,

Ap(z 1/ oz
500 Qg 1 ) B o) vl

It follows from ([5.59)), (5.60) and (5.56)) that

1 Ap(x) 1/ I\ / 1 o) 1/
@) (g 5 ) < () (g ¥ ) v
1/ 1 Ap(a) 1/A
Sz(,wét ‘ du(w)) +v(Q)
Thus
1 Ap(a) 1/A
(5.61) <“<Q)(§>t +< du(:v)) < 20(Q).

Since 0 < t < 1, we have

¢p—

(5.62) 115 = = T < ploy i,

Inequalities (5.61]) and (5.62)) imply that

L @ gt < o
u(Q)(M(Q)t <C§2t dau( >) < 2(Q),

whence

(5.63) Q) (é S

1/
Ap(z) d,u(ai)> < 2th(Q)
Q
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with
- Cp—
=Tic

Since 1 < v < A, by Holder’s inequality we have

IR DS A A T W
(564 (m@éf inte)) S(u@)ét into))

Combining (5.63) and (5.64]), we arrive at

1/

L yp(z) z v
u(Q)(M(Q)gt au( >) < 2"(Q),

which implies (5.55)) and completes the proof of (i) for 0 <t < 1. m

6. Proof of Theorem It is sufficient to show that if the Hardy—
Littlewood maximal operator M is bounded on the space LP(") (X,d, then
it is also bounded on LP'()(X,d, ;). In turn, in view of Corollary it is
enough to verify the condition As. To do this, we will apply Lemma [4.4

Let D € UtK: 1 D' be a dyadic grid, S C D be a finite sparse family, and
{Gg}ges be a collection of nonnegative numbers such that

|2 caxe
Qes

=1.
Lr()
Then for every Q € S,

1.

aqlxallo < |3 aoxa| ., =
QeS
Let C;v > 1 and n > 0 be the constants and v be the measure from
Lemma [5.4} Suppose @ € S is such that ag > 1. Applying Holder’s inequal-
ity and Lemma [5.4] we get

oD () = @) T T
GSQ Q" dux) = o >§g 6" xGq (@) du(x)
1(Gq) Rl 1 al?@) g v
<(5%) Joddud )
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Combining this inequality with Lemma [£.3] we get

/9
(6.1) Z S agz) du(x) < C Z (M(GQ)) S ag(x) du(zx)

QES:ag>1Gqg QeS:ag>1 M(Q) Q

1/4' 1/+'
C'| max 'LL(GQ)> ap(m) du(x C’(m X M(GQ)) .
= ( : C;CS) o ) < 05 n(Q)

For k € N, put
(6.2) Sp:={QeS:27F <ag < 27F .
If Sk # (), then there exist 7, € N and cubes Qlf, ey Qf’k such that UQeSk Q=
U;’;l Qé‘?; if i,5 € {1,...,ix} and i # j, then Q¥ N Qf = (); and for every
Q € Sk, thereis j € {1,... it} such that Q C Qf.

For k € N and S, # 0, put
(6.3) vor@) = Y Xeo(®) JeE{l.ik}

QESk: QCQf

Then, taking (6.2)) into account one has, for all j € {1,... i},

64 > Vg du@ = Y el xee(@) dula)

QESk:QCQk Gg QESK:QCQk Q¥
< Y O @) dut) = § @ g () du(a)
QESK:QCQ QF Qk
<270 | 27Oy () du(e) < 27 § ol g (@) du().
J Q; J
Q5 Q5
By Hoélder’s inequality, for k € N with Sy # 0 and j € {1,...,4;}, one has

" 1 " 1/’Y
63 ] gy dute) < @) (b | i o))
& i) g

(g § (@ o "
X x) du(z ) .
p@k) ) e
Q;
It follows from (/6.2)) and the hypothesis that the sets {Gg}ges are pairwise
disjoint that

’ /JJ(G
6.6) | uh@du@)= Y u(Ge) < (rggg M@j) >, MO
J
Qk QESK: QCQY QESk:QCQk
Since S is a sparse family, there exists a collection of pairwise disjoint sets

{E(Q)}ges such that E(Q) C Q and u(Q) < 2u(E(Q)). Hence, for all k € N
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such that Sy # 0 and all j € {1,... i},

(6.7) Soou@<2 > wEBEQ)
QES): QCQk Q€S : QCQY
(U EQ)<2(@)).
QESK: QCQf

On the other hand, taking into account that agr < 1, we deduce from Lem-
J

ma [5.4] that

1/~
(6.8) mczﬁ)(u(;k)x o du( >>
J Qk

<c| agg”) dp(z )+2a v(QY).
Q7

Combining 7, we obtain for every k € N such that S; # 0 and
every j € {1,...,ix},

> | ag”duta)

QESk:QCQ) Ga

<o d (1) | gy dute) + 20 105)

J

Then

(6.9) Z S agw) du(z) = Z Z S agw) du(x)

QESZO&Q<1 GQ keN:SWHZ) QES GQ

= > > Y Va7 du)

keEN: S £0 =1 Qe S, : QCQk Ga

1/4'
§2p++1/'y’ <max H(GQ)> K

Qes u(Q)

X Z Z( S )du( )+2agku(Q§)).
KEN: Sy A0 G=1 @k !
It follows from Lemma that
ik
(6.10) Z Z S agg) du(zr) < Z Sag(m) du(z) < 1.
keN: Sp#£0 j=1 Q;? QESQ

Since for every fixed k, the cubes Q’f sy Qf’k are pairwise disjoint, it follows
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from Lemma |5.4{(ii) and ( . ) that

(6.11) > Zan vi@hH) < > | ’“+1"§:y
7=1

keN: S,#0 j=1 keN: S,#0
00 1 k
E (—k+1)n n§ : il .
<C 2 <C2 <277> =: (1.
keN: S,#0 k=1

It follows from (6.9)—(6.11) that

. , Go)\'"
(6.12) oy du(z) < 2+ (C v © )<max #Go ) .
QES:Z&:Q<1 GSQ ' €s :LL(Q)

Combining (6.1)) and , we see that
Go)\*
ozp(x)d T <W<maxu( Q)

QEeS GQ

with ¥ := C + 2P++1/7(C + 201) and ¢ = 1/+'. Hence implies ([4.4).
By Lemma the space LP() (X, d, 1) satisfies the condition As. Thus, the
Hardnylttlewood maximal operator M is bounded on the variable Lebesgue
space LP()(X,d, 1) in view of Corollary |3 . O
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