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Abstract. In this short note, we show that an assertion presented in themain result of Chen
Xu, Mengmei Xi, Xuejun Wang and Hao Xia’s paper, “Lr convergence for weighted sums of
extended negatively dependent random variables”, is false. A reformulation of this statement is
announced making it valid.

1. Comments

In paper [2], the authors claimed that if 1< r < 2, {Xk,−∞ < k< ∞} is a doubly
infinite sequence of zero-mean extended negatively dependent random variables satis-
fying xr supkP{|Xk|> x}= o(1) asx→∞ , and

{

an,k,−∞ < k< ∞, n> 1
}

is an array
of constants such that, for alls> 1, supn>1 ∑∞

k=−∞
∣

∣an,k

∣

∣

s
/n< ∞ then

1

n1/r

∞

∑
k=−∞

an,kXk
P

−→ 0 (1)

(see assertion (1) of Theorem 2.1). A simple counterexampleshows that this statement
is, in general, false. As we shall see, the convergence (1) holds true admitting extra
conditions. Further, the authors of [2] consider throughout doubly infinite sequences
of extended negatively dependent random variables omitting its definition (which is
not exactly equal to the corresponding one for random sequences). Additionally, an
indispensable auxiliary lemma to establish all assertionsof Theorem 2.1 in [2] is not
stated for doubly infinite arrays as required by the proof. Weshall fulfill these voids.

We begin by introducing the notion of extended negatively dependence for doubly
infinite sequences.
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DEFINITION 1. A doubly infinite sequence{Xk,−∞ < k< ∞} of random vari-
ables is said to beupper extended negatively dependent(UEND) if for any nonnegative
integersn andm, there is someM > 0 (not depending onn or m) such that

P

(

n
⋂

k=−m

{Xk > xk}

)

6 M
n

∏
k=−m

P{Xk > xk} (2)

holds for all real numbersx−m, . . . ,x−1,x0,x1, . . . ,xn . A doubly infinite sequence
{Xk,−∞ < k< ∞} of random variables is said to belower extended negatively depen-
dent(LEND) if for any nonnegative integersn and m, there exists someM > 0 (not
depending onn or m) such that

P

(

n
⋂

k=−m

{Xk 6 xk}

)

6 M
n

∏
k=−m

P{Xk 6 xk} (3)

holds for all real numbersx−m, . . . ,x−1,x0,x1, . . . ,xn . A doubly infinite sequence
{Xk,−∞ < k< ∞} of random variables is said to beextended negatively dependent
(END) if it is both UEND and LEND.

Let us point out that the preamble assumptions in Theorem 2.1of [2], alone, are
not enough to ensure the well-definiteness ofSn = ∑∞

k=−∞ an,kXk for all large n. For
instance, let

{

an,k,−∞ < k< ∞, n> 1
}

be an array of constants not dependent onn
given byan,k = 1/(k+2)2 for anyk> 1 andan,k= 0 otherwise, and{Xk,−∞ < k< ∞}
be a doubly infinite sequence of independent random variables defined by

P
{

Xk = (|k|+2)2}= P
{

Xk =−(|k|+2)2}=
1

2(|k|+2)
, P{Xk = 0}= 1−

1
|k|+2

.

Thus,EXk = 0 for eachk and supn>1∑∞
k=−∞

∣

∣an,k

∣

∣

s
/n= ∑∞

k=11/(k+2)2s< ∞ for all

s>1. However,Sn=∑∞
k=1 Xk/(k+2)2 does not converge a.s. sinceXk/(k+2)2

a.s.
−→/ 0

according to Borel-Cantelli lemma.
Next, we give an example which meets all assumptions in assertion (1) of the

referred Theorem 2.1, but does not verify (1).

EXAMPLE 1. Fix n> 1 and suppose{Xk,−∞ < k< ∞} given byXk = 0 for all
k 6= n, andXn having probability density function

fn(x) =

{

n2/ |x|3 , |x|> n
0, otherwise

.

This doubly infinite sequence clearly satisfies (2) and (3); thus, it is END. We also have
EXk = 0 for all k. Moreover, for any 1< r < 2,

xr sup
k
P(|Xk|> x) = xr

P(|Xn|> x) =
n2

x2−r , x> n.
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Nevertheless, takingan,k given by an,n = 1 and an,k = 0 wheneverk 6= n, we can
conclude that, for eachε > 0, there is some positive integern0 = n0(ε, r) such that for
all n> n0 ,

P

{∣

∣

∣

∣

∣

∞

∑
k=−∞

an,kXk

∣

∣

∣

∣

∣

> εn1/r

}

= P

{

|Xn|> εn1/r
}

= 1

implying that (1) does not hold.

An array
{

Xn,k,−∞ < k< ∞, n> 1
}

of random variables is said to beextended
negatively dependent(END) if for each n > 1, the doubly infinite sequence
{

Xn,k,−∞ < k< ∞
}

is END (in the sense of Definition 1) with the same constantM
not depending onn. The following lemma announced for doubly infinite arrays allows
us to proceed with the demonstration of (1). Assuring that all terms involved are well-
defined, its proof is analogous to the one presented in Lemma 2of [1] by noting that
an,kXn,k = a+n,kXn,k−a−n,kXn,k , wherea+n,k anda−n,k are the positive and negative parts of
an,k , respectively.

LEMMA 1. If p > 2,
{

an,k,−∞ < k< ∞, n> 1
}

is an array of constants satis-
fying ∑∞

k=−∞
∣

∣an,k

∣

∣ < ∞ for all n and
{

Xn,k,−∞ < k< ∞, n> 1
}

is an array of zero-
mean END random variables such thatsupkE

∣

∣Xn,k

∣

∣

p
< ∞ for all n then

E

∣

∣

∣

∣

∣

∞

∑
k=−∞

an,kXn,k

∣

∣

∣

∣

∣

p

6 (1+M)C(p)





∞

∑
k=−∞

E
∣

∣an,kXn,k
∣

∣

p
+

(

∞

∑
k=−∞

E
∣

∣an,kXn,k
∣

∣

2

)p/2




where C(p) is a positive constant depending only on p.

The statement below allows us to obtain (1) under extra assumptions; its proof
follows exactly the same steps as the proof of assertion (1) in Theorem 2.1 of [2], and
so will be omitted.

THEOREM 1. Let 1< r < 2 and
{

an,k,−∞ < k< ∞, n> 1
}

be an array of con-
stants satisfyingsupn ∑∞

k=−∞
∣

∣an,k
∣

∣

s
/n < ∞ for any s> 1. If {Xk,−∞ < k< ∞} is a

doubly infinite sequence of zero-mean END random variables such that

(a) xr supkP{|Xk|> x}= o(1) as x→ ∞ ,

(b)
∫ 1

0 ynsupkP
{

|Xk|> yn1/r
}

dy= o(1) as n→ ∞ ,

(c)
∫ ∞

1 nsupkP
{

|Xk|> yn1/r
}

dy= o(1) as n→ ∞

then
1

n1/r

∞

∑
k=−∞

an,kXk
P

−→ 0.
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It should be noted that assumption supkE |Xk|
r < ∞ is stronger than above con-

ditions (b) and (c) together. Indeed, if supkE |Xk|
r < ∞ then the sequence of func-

tions ϕn : [0,1] −→ R defined byϕn(y) := ynsupkP
(

|Xk|> yn1/r
)

, n > 1 converges
pointwise on [0,1] to zero, |ϕn(y)| 6 g(y) for all n and every 06 y 6 1, where
g: [0,1]−→ R is given byg(y) = y1−r supkE |Xk|

r , 0< y6 1 andg(0) = 0. Hence,
∫ 1

0 ynsupkP
{

|Xk|> yn1/r
}

dy= o(1) asn→ ∞ via Lebesgue’s dominated convergence
theorem. Similarly, one can prove that

∫ ∞
1 nsupkP

{

|Xk|> yn1/r
}

dy= o(1) asn→ ∞ .
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