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1 Introduction

Let R=(r1,...,7m), and S = (s1,..., $,) be two positive integral vectors
such that

"m+...+rm=81+...4+ 8,

Without loss of generality we assume that R and S are nonincreasing vec-
tors.

If g1 > ... > g; are positive integers such that {ry,...,rn} ={91,..., a1},
then we also write R = (g{1 Yoo ,gl”), where i1, ...,4; are the multiplicities of
g1, - -, 91, respectively.

We denote by A(R,.S) the class of all m-by-n matrices of zeros and ones,
the (0, 1)-matrices, with row sum vector R, and column sum vector S. The
class of all n-by-n (0, 1)-matrices with common row and column sum k is
denoted by A(n, k).

Let S,, be the symmetric group of degree n, and let 0 € S,. We can
represent o as a word by 0 = 01 ... 0y, with o(i) = 0;, for i = 1,...,n. A pair
(1,7), 1 < 4,5 < n, is called an inversion of ¢ if i < j, and o; > o; . We can
define a partial order <p on S,,, the Bruhat order, saying 0 <p 7, if o can be
obtained from 7 by a sequence of transformations where

T Tj---Tj...Tp

is replaced by
T Tjee-Tje--Tn,

being (7, j) an inversion of 7.

It is well known that the elements of .S,, can be represented by matrices,
the permutation matrices of order n. This allows us to define the Bruhat
order in the class of permutation of degree n. Note that this class is the class
A(n,1). Let P and @ be two permutation matrices of order n corresponding
to permutations m and 7 respectively. We write P <p ) whenever m <p 7.
Note that a inversion in a permutation 7 corresponds to a submatrix

01
=[]

in the correspondent permutation matrix, P. Remove this inversion in 7 is
equivalent to replace the submatrix Lo of P by

10
w= [0,

Therefore, the Bruhat order in A(n, 1) can be interpreted as a sequence of

one sided interchanges
01 10
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There is another way to define the Bruhat order on A(n,1). For any m-
by-n matrix A = [a; ;] of real entries, let X'y denote the m-by-n matrix whose
(r, s)-entry is

T S
JT,S(A):Z a;;, 1<r<m,1<s<n.
i=1 j=1

For permutation matrices P and @ of order n is easy to check that P <p @
if and only if X'p > Y by the entrywise order.

Based on this, Brualdi and Hwang extended the Bruhat order from A(n, 1)
to any nonempty classes A(R, S) (see [3]). Hence, given Ay, As € A(R,S) we
say that A; precedes Ao by the Bruhat order, and write A; <p As if, by the
entrywise order, X4, > X4,. Throughout that paper, [3], it was implicit an-
other partial order relation, but not formally stated. This second order relation
was clearly defined a few years later by Brualdi and Deaett in [4]. They called
it the Secondary Bruhat order. It states that if A;, Ay € A(R,S), then we say
that A, precedes As by the Secondary Bruhat order, and write A; <5 A, if
Aj can be obtained from Ay by a sequence of one sided interchanges Lo — I5.

These two partial orders have been intensively investigated in the recent
years. The research focuses on several topics: minimal elements, [3] and [4],
chains and antichains, [10], [9], [15], and [16], restrictions of the Bruhat order to
some other classes of (0, 1)-matrices, [8], and [11], or extensions of the Bruhat
order to other classes of matrices than (0, 1)-matrices, [5], [6], [7], and [13].

It is straightforward to verify that if A; <5 Ay, then A; <p A,, that is,
the Bruhat order is a refinement of the Secondary Bruhat order. However, in
general, the Bruhat order and the Secondary Bruhat order do not coincide in
A(R,S). In fact Brualdi and Deaett proved in [4] that <p, and <5 coincide
in A(n,2) as it happens in A(n, 1) but do not coincide in A(6,3). Our main
goal is to present some more classes where these two partial orders coincide.

This paper is organized as follows. In Section 2 we present some results
and techniques needed in squeal. Brualdi and Deaett proved that the Bruhat
order and the Secondary Bruhat order are not the same in A(6, 3). In Section
3 we extend this conclusion, proving that the Bruhat order and the Secondary
Bruhat order coincide A(3, 3), A(4,3), and A(5,3) but they are not the same
in A(n, 3) for n > 6. In Section 4 where we study the coincidence of these two
Bruhat orders in a class A(R,S) when r1 = ... =1, = 2. As a consequence
we also prove that these two orders also coincide in a class A(R,S) when
ry = ... =1y, = 1. We finish this paper with Section 5 where we present
remarks and conclusions.

2 Auxiliary results
Throughout we denote by J, , or simply by J the m-by-n matrix whose

entries are all equal to one, and by L,, we denote the m-by-m matrix whose
(i,7) entry is one if ¢ + 7 = m + 1, and zero otherwise. Given a matrix A, the
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submatrix of A that lies in rows 41, ...,4, and columns ji,...,js is denoted
by Al{i1, ... i} {j1, -, ds -

Let (X, <) be a finite partially ordered set. For a,b € X, ifa #band a < b
then we write a < b. We say b covers a if a < b and there does not exist d € X
with a < d < b.

The cover relation for the Secondary Bruhat order was characterized in
[4]. With an elegant result, the authors of [4] show the simplicity of that cover
relation.

Theorem 1 [4] Let A = [a; ;] be a matriz in A(R,S), where A[{i,j}|k, 1] =
Lo, and let A" = [a; ;] the matriz obtained from A by the Ly — I3 interchange
that replaces the submatriz A[{i,j}|k,l] = Lo with Iy. Then A covers A’ in
the Secondary Bruhat order on A(R,S) if and only if

Qp k= Ap,l, 1<p<y;
ajqg = Qjq, k<qg<l;
Ifapr =0aiq=0, thenap,, =0, i<p<j, and k<q<lI;
Ifapr =a;4g=1, thenap =0, i <p<j, and k<qg<l.

™ Lo o~

The following lemmas are used in Section 4. They allow us to identify a
submatrix I in a matrix A € A(R, S), with R = (2™), which is covered by a
matrix C' € A(R, S) by the Bruhat order.

Lemma 1 [4] Let A and C be matrices in A(R,S) with A <p C, and let
i and j be integers with 0,;(A) > 0;;(C). Let s and t be integers with (s,t)
lexicographically maximal such that

(r,e) e {i,...,s =1} x {j,...,t = 1} = 0,c(A) > 0,(C).
Then, there exists (ig,jo) € {t+1,...,s} x{j+1,...,t} with a;yj,=1.
In [8], Lemma 4.3 in [4] was generalized to matrices in A(R, S).

Lemma 2 [8] Let A and C be matrices in A(R,S) with A <g C, and let
i and j be integers with 0;;(A) > 04;(C). Let s and t be integers with (s,t)
lexicographically mazimal such that

(rpe)e{s+1,...,i} x{t+1,...,j} = 0,c(4) > 0,.(C).
Then, there exists (ig,jo) € {s+1,...,i} x{t +1,..., 5} with a;,j,=1.

Let A,C € A(R,S), with R = (2™). These two lemmas exhibit the nice
technique that we used to prove that A < 5 C, when C covers A for the Bruhat
order. Our goal is to find a submatrix I5 in A such that:

— if we have a position (7,7) in matrix A such that o;;(4) > 04;(C) and
a;; = 1, then we use Lemma 1, and we conclude that there exists (ig, jo) €
{i+1,....m} x{j+1,...,n} with a;,;,=1, and

for any (r,¢) € {i,...,i0— 1} x{j,...,jo — 1} we have o,..(4) > 0..(C).
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— if we have a position (4, j) in matrix A such that o;;(A4) = 0,;(C), a;; =1
and o;_1,;-1(A) > 0;—1,,-1(C), then we use Lemma 2, and we conclude
that there exists (ig,jo) € {1,...,4— 1} x {1,...,5 — 1} with a;,;,=1, and

for any (r,c) € {ig,...,i —1} X {jo,...,J — 1} we have 0,.(A) > 0,..(C).

The following result, which will be used in this paper without comments,
was proved in [11] and can be easily checked.

Lemma 3 Let A = [a;;] € A(R,S). Let p, f, g and | be integers, with
1<p<i<mandl< f <g<mn, such that

Let A" = [a; ;] be the matriz obtained by Ly — I» interchange that replaces

Al{p,1};{f,g}] = L2 with Is. Then
0ii(A') = {

So, A <B A.

oij(A)+1 ifp<i<land f<j<g
0i,;(A) otherwise .

Proposition 1 Let A, C € A(R,S) such that C covers A in the Bruhat
order. Let p, f, g andl be integers, with 1 <p<l<m, and 1 < f<g<n,
such that

Al{p, 1};{f, 9}] = I,
and, for any (r,c) € {p,...,l =1} x {f,...,g — 1},

orc(A) > 0..(C).

Then A jﬁ C.
Proof The I — Lo interchange that replaces A[{p,1};{f,g}] = I> with Lo
results in a matrix D with A <5 D. By Lemma 3, for any (r,c) € {1,...,m} x
{17 AR 7”}7
ore(D) = orc(A) =1 if (re) e{p,...., 01 =1} x{f,...,g—1}
e ore(A) otherwise, ’
Since

Urc(A) > Urc(c)v

for any (r,c) € {p,...,l =1} x{f,...,9 — 1}, and A <p C, we conclude that
A <p D =<p C. Using the fact that C covers A for the Bruhat order, we get
D =C, and then A <5 C.

Proposition 2 Let A = [a;;] and C = [c;;] be matrices in A(R,S) with
A <p C, and let i and j be integers with i > 1, j > 1, a;; > ¢,

O'ij(A) = O'ij(C), and O‘ifl,j(A) > O'Z‘,l,j(C).
Then 0'1'_17]‘_1(14) > 0'7;_1,]'_1(0).
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Proof Suppose that that o;_1,j-1(A4) = 0;-1,;-1(C).
We have

0ij(A) = aij + 0i—1,;(A) + 04j-1(A) = 0i—1,;-1(A),
and similarly
0:,;(C) = ¢ij + 0i-1,;(C) + 03,;-1(C) = 0i-1,;-1(C).
Using hypothesis,

(0i-1,5(C) = 0i-1,j(A)) + (04,j—1(C) — 04,j—1(A)) > 0.

As 0,1 ;(A) > 0,-1,;(C) we conclude that o; j_1(C) > 0;;-1(A), a con-
tradiction. Therefore, ;1 j_1(A) > 0;-1,;-1(C).

With similar proof, we obtain the next result.

Proposition 3 Let A = [a;;] and C = [c;;] be matrices in A(R,S) with
A <p C, and let i and j be integers with ¢ > 1, j > 1, a;; > ¢,

O'ij(A) = O'ij(C) and O'i,j_l(A) > 0'1'7]'_1(0).
Then 0'1_17j_1(A) > Ui—l,j—l(c)'

Proposition 4 Let A = [a;;] and C = [c;;] be matrices in A(R,S) with
A <p C, and let i and j be integers with i > 1, a;j; > cij,

0i;(A) = 0,;(C), and 6;—1,;(A) > 0;—1,;(C).
Then j > 1.
Proof Suppose that j = 1. Since 0,1 ;(A) > 0,-1,;(C) we have
05 (A) = aij + 0i-1,;(A) > aij + 05-1,;(C) = ¢ij + 05-1,;(C) = 04,;(C).

Consequently,
Oi,j (A) > Ui’j(o)7

a contradiction. So, j > 1.
With a similar proof, we obtain the following result.

Proposition 5 Let A = [a;;] and C = [c;;] be matrices in A(R,S) with
A <p C, and let i and j be integers with j > 1, a;; > cij,

O'ij(A) = O‘ij(C), and O'Z‘J‘,l(A) > O'Z‘J‘,l(C).

Then i > 1.
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3 The class A(n, 3)
In [4] an example evolving three matrices of A(6,3) shows the no coinci-
dence of the Bruhat order and the Secondary Bruhat order in this class. The

example is the following:

Example 1 Consider the three matrices

1000117 000111
101100 101100
110100 110100
A= 000111}|”’ C= 100011
011010 011010
011001 | 011001
and )

000111

110100

101100

D= 100011

011010

011001

A calculation shows that
Xa>XYp > Y.

Thus,
A< D=<pC.

Using the cover relation (see Theorem 3.1 in [4]) we know that C covers A and
D in the Secondary Bruhat order. This implies that D and A are incomparable
in the Secondary Bruhat order.

In the next results we show that the two Bruhat orders coincide on A(n, 3),
when n € {3,4,5}.

Proposition 6 Let R = (r1,...,7m), and S = (s1,...,S,) be two nonincreas-
ing positive integral vectors such that A(R,S) # 0. LetU = (n—7p, ..., n—71),
and Q = (m — Sy, ..., m — s1). If the Bruhat order and the Secondary Bruhat
order coincide in A(R,S), then these two orders coincide in A(U, Q).

Proof Let A and C be two matrices in A(U, Q). We know that if A <5 C,
then A <p C. Suppose that A <p C. Then for any (r,c) € {1,...,m} x
{1,...,n}, 04c(A) > 0..(C) and there is (i,5) € {1,...,m} x {1,...,n} such
that Oij (A) > 0'7,](0)

Let D = [dij] = Lyn(J — A)L, and E = L, (J — C)L,. If (p,q) €
{1,...,m} x {1,...,n}, then
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ope(D) = 5:1 ZZ:l dgh
=Dpq — ZZ:m—p-&-l ZZ:’!L—(]JI'l a‘gh
=pq— (Pm-pr1+- 4 7m) + 81+ 480 g = Om_pnq(A)
<pg— (Prm—pt1+ - Frm)+S1+ .o+ Sng — Om—pn—q(C)
= opq(E).

Since 0;(A) > 04;(C) we get opm—in—;(E) > 0m—in—j;(D). Therefore,
E <p D. Using the fact that D, F € A(R,S), and the hypothesis, we have
E <5 D. Consequently, D can be transformed into E by a sequence of Ly — I

interchanges.
If P e AU,Q) and P[{a,b};{c,d}] = La, then

(LnPLp)[{m—-b+1,m—a+1};{n—d+1,n—c+1}] = Lo.
This implies that
(J = Lo PLy)[{m —=b+1m—a+1}{n—d+1Ln—c+1}] =l

So, C' can be transformed into A by a sequence of Lo — I interchanges.
Thus, A <5 C.

Using last result and the fact that the two Bruhat orders coincide on
A(n,0), A(n,1), A(n,2) we conclude the next result.

Corollary 1 The Bruhat order and the Secondary Bruhat order coincide on

A(3,3), A(4,3), A(5,3).

Using Example 1 we will show that the two Bruhat orders do not coincide
on A(n,3), forn > 7.

Let A, C and D be the matrices described in Example 1.

Let X4 = A[{1,2,3,4};{1,2,3,4}], X¢c = C[{1,2,3,4};{1,2,3,4}] and
Xp = D[{lv 2,3, 4}; {]-7 2,3, 4}]

Case A(7,3). If

i 1107
000
Xv 100
Vi = 011 ],
0100[101
0110[010
1 0010[101 |

with V' € {A,C, D} then, using similar arguments as in Example 1, we con-
clude that
A7 <g D7 <p Cy.

but D7 and Ay are incomparable in the Secondary Bruhat order.
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Case A(8,3). If

1100]
0000
0000
0011
Vs = 0100|1100 |°
0100(1100
0010j0011
100100011

Xy

with V' € {A,C, D} then, using similar arguments as in Example 1, we con-
clude that
Ag < Dg <p Ck.

but Dg and Ag are incomparable in the Secondary Bruhat order.
Case A(n, 3), with n > 9. If

-]

with V € {A,C, D} and G € A(n — 6,3) then, using similar arguments as in
Example 1, we conclude that

A, < D, <p C,,.

but D,, and A,, are incomparable in the Secondary Bruhat order.

4 The class A(R, S), with R = (2™)

In this section, we show that the Bruhat order and the Secondary Bruhat
order coincide on A(R,S) with R = (1™) or R = (2™), as they do on A(n, 2).

Theorem 2 Let R = (2™), and S = (s1,...,8n) be two nonincreasing pos-
itive integral vectors such that A(R,S) # 0. Then the Bruhat order and the
Secondary Bruhat order coincide on A(R,S).

Proof Let A and C be matrices in A(R, S). We know that A <z C implies
that A <g C. So we need to prove that if A <g C, then A <5 C. It suffices
to show this when C' covers A. So, from now on we assume that C covers A
by the Bruhat order.

The strategy is to find integers p, f, g and [, with 1 < p < < m, and
1 < f < g <mn, such that

A[{pal}a{fag}] = IQ»
and for any (r,¢) € {p,...,l =1} x {f,...,9— 1},

ore(A) > 0..(C).
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If this happens, then using Proposition 1 we get A <5 C.

Since A <p C, there is a position (¢,7) such that a;; = 1 and o;;(A4) >
0i;(C) (the lexicographically first position where X' (A) and X(C) differ, veri-
fies). We choose such a position (7,j) with ¢ + j as large as possible.

Applying Lemma 1, we choose (ig,jo) € {i+1,...,m}x{j+1,...,n} such
that T 1, and

for any (r,c) € {i,...,50 — 1} x {4,..., 5o — 1}, 0re(A) > 0,..(C).

We choose such a position (ig, jo) with ig+ jo as small as possible. We consider
three cases.

Case 1: a;y; = a5, = 0.
Then

Alfiioks Gioll = || = I
and

for any (r,c) € {i,...,50 — 1} x {4,...,jo — 1}, 0re(A) > 0..(C).

Case 2: a;y; = 1.

Because i9 > ¢ and a;,; = 1, by the maximality condition on ¢ + 7, we
know that Uio,j(A) = Uio,j(c)- We also know that Uiofl,j(A) > Uiofl,j(C).
Moreover, we have a;, ; =1 > ¢;, ; and i9 > ¢ > 1. So, by Propositions 4 and
2 we have 7> 1, and 0'1‘0_17]‘_1(14) > Ui0_17j_1(0).

Applying Lemma 2, there is (i1,j1) € {1,...,i0 — 1} x {1,...,57 — 1} such
that a;, ;;, = 1 and

for any (r,c) € {i1,...,i0 — 1} X {j1,...,7 — 1}, o c(A) > 0p..(C).

We choose such a position (i1, j1) with i; + j; as large as possible. We now
consider three subcases.

Subcase 2.1: i1 = i.
Then

Alti ok indoaoll = |17

where * denotes an unspecified entry.
Since any row of A contains exactly two 1’s, we have a;;, = 0 and a;,;, = 0.
Thus, A[{i,io}; {j1,jo}] = I2 and

for any (r,¢) € {i,...,50 = 1} x {j1,...,do — 1}, 0rc(A) > 0, .(C).

Subcase 2.2: i1 > i.
Then
* 1 %
A[{%tho}a {j17j7j0}] = 1 )
11
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where * denotes an unspecified entry.
Since any row of A contains exactly two 1’s, we have a;,;, = 0.
If a;,; = 0, then A[{i1,%0}; {j1,j}] = I2 and

for any (r,¢) € {i1,...,00 — 1} X {j1,..., 5 — 1}, 0pc(4) > 0..(C).
If a;,; =1, then

* 1 %

A[{Z’Zl’lo}a {jlvjajo}} == 11 = ,
011

where * denotes an unspecified entry.
Consequently, a;,;, = 0 and A[{i1,%0}; {j1,jo}] = I2. Since

for any (r,c) € {i,...,50 — 1} x {4,...,jo — 1}, 0re(A) > 0.c(C)
and
for any (r,c) € {i1,...,i0 — 1} X {j1,..., 5 = 1}, 0pc(A) > 0,c(C),
we obtain

for any (r,c) € {i1,...,00 — 1} x {j1,..-,Jo — 1}, 0rc(A) > 0p..(C).

Subcase 2.3: i1 < i.

Then
1% %

A[{th,zO}a{]l?]m]O}] = L ’
11

where * denotes an unspecified entry.
Since any row of A contains exactly two 1’s, then a;,;, = 0. We consider

three cases.

Subcase 2.3.1: a;,; = 0.
Then A[{Zla 7’0}7 {]17]}} = 12 and

for any (r,c) € {i1,...,50 — 1} x {j1,...,J — 1}, 0pc(4) > 0,.(C).

Subcase 2.3.2: a;,; =1, and 0;,;(A) > 0;,;(C).

Then
11 %

Al{iv,d i} {1, g, Jodl = | 1+,
011

where * denotes an unspecified entry.
Applying Lemma 1, there is (iz,72) € {i1 +1,...,m} x {j+1,...,n} such
that a;,;, = 1 and

for any (r,¢) € {i1,...,ia — 1} x {j,...,j2 — 1}, 0.c(A) > 0,..(C).
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Since 04, (A) = 04,;(C), we conclude that is < ig. We have already iden-
tified two positions in row i; of A that are occupied by 1’s, (i1, 1) and (i1, j),
then a;, j, = 0.

If Ajrj = 07 then ig 7é io and

110

Al{i1, iz, 0} {41, 4, J2 ] = 1
01 %

where x denotes an unspecified entry. Thus, A[{i1,42}; {j, j2}] = I and
for any (T, C) € {ila s ai2 - 1} X {]a s aj2 - 1}? OT,C(A) > UT,C(C)-
If a;,; =1, then a;,;, =0 and

Alfi.iak: Gndoinll = [ 319

Thus, A[{i1,i2};{j1,72}] = la.
Since iQ S io,

for any (r,c) € {i1,...,4 =1} X {j1,...,Jo — 1}, 0rc(A) > 0,0(C)
and

for any (r,c) € {i1,..., 92 =1} x {j,...,j2 = 1}, 0,c(A) > 0,.(C),
we get

for any (r,c) € {i1,...,i2 — 1} X {j1,..., 42 — 1}, 0rc(A) > 0,.(C).

Subcase 2.3.3: a;,; =1 and o0;,;(A4) = 0;,;(C).
Then
11 %

A[{’Ll72710}a{.71>]7jo}] = L ’
011

where * denotes an unspecified entry.

Since j > 1 and oy, j_1(A) > 04, j—1(C), by Proposition 5, we get i; > 1.
Using Proposition 3, we get 04, —1,-1(A4) > 04,-1,j—1(C).

Applying Lemma 2, there is (i3, j3) € {1,...,i31 — 1} x {1,...,j — 1} such
that a;, j, =1 and

for any (r,c) € {is,...,i1 — 1} x {js,..., 5 — 1}, 0rc(A) > 0,.(C).

Then
1 % %

Al{is, iv,d,d0}s {ds, di o}l = | |, |

011
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where * denotes an unspecified entry.
If Ajz5 = 0 and jg Z jl, then
* 10 %
1x1 %

* 1 %

011

A[{i3; i17i7i0}; {jl?j?njajo}] =

where x denotes an unspecified entry. Thus, A[{i3,i0}; {Jj3,7}] = I2.
Since

for any (r,c) € {i1,...,i0 = 1} x {j1,...,J = 1}, 0rc(4) > 0,.(C)
and
for any (r,c) € {i3,...,41 — 1} x {js,...,J — 1}, 0rc(A) > 0,.(C),
we have
for any (r,c) € {iz,...,00 — 1} x {js,..., 5 — 1}, 0pc(4) > 0..(C).
If a;,; = 0, and js < j1, then

10 %
011 =
* 1 %

0x11

A[{i3; i17i7i0}; {j3,j17jaj0}] =

where * denotes an unspecified entry. Consequently, A[{i3,i1};{Jjs,7}] = I2
and

for any (r,c) € {is,...,i1 — 1} x {j3,...,7 — 1}, 0 c(A) > 0p..(C).
If Qg = 1, and Uigj(A) > 0'1‘3]‘(0)7 then

11
A[{Zg,ll,l,lo};{]3,],]0}] = 1%’

011

where * denotes an unspecified entry. So, we argue as in Subcase 2.3.2, with
rows 13, 4,19 and columns js, 7, jo.
If a;,; =1 and 0;,,(A) = 04,,;(C), then we repeat this Subcase 2.3.3, with

TOws i3,1,19 and columns js, j, jo. This process ends because A has a finite
number of rows.

Case 3: a;j, = 1 and a;,; = 0.
Because jo > j and a;j, = 1, by the maximality condition on i + j, we
know that Ui,jo(A) = Uz‘,jo(c)- We also know that Gi,jo—l(A) > 0'7;7]‘0_1(0).
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Moreover, we have a; j, =1 > ¢; j, and jo > j > 1. So, by Propositions 5 and
3 we have i > 1 and 0'1'_173‘0_1(14) > O'i—l,jo—l(c)~

Applying Lemma 2, there is (i4,j4) € {1,...,i — 1} x {1,...,jo — 1} such
that Ay, 54 = 1 and

for any (r,c) € {ia,..., i =1} x {ja,...,jo — 1}, 0rc(A) > 0, .(C).

We now consider three subcases.

Subcase 3.1: jy = j.

Then
1 *

A[{i47iai0}; {.]7.]0}] =11 5
01

where * denotes an unspecified entry. We consider three cases.

Subcase 3.1.1: a;,, = 0.
Then A[{i4,i0};{J,jo}] = I. Using the fact that

for any (r,c) € {i,...,50 =1} x {4,...,Jo — 1}, 0pc(4) > 0,.(C),
and
for any (r,c) € {ia,..., i =1} x {ja,...,Jo — 1}, 0rc(A) > 0,0(C)
we obtain
for any (r,c) € {a,...,00 — 1} X {ja,..-,Jo — 1}, orc(A) > 0,..(C).

Subcase 3.1.2: a;,, =1 and 0,5, (A4) > 04,5, (C).
Then
11

Al{ig, i 00} {j, o} = | 11
01
Applying Lemma 1, there is (i5,75) € {is+1,...,m} x {jo+1,...,n} such
that a;,;, = 1 and

for any (r,¢) € {i4,...,i5 — 1} x {Jo,---,J5 — 1}, 0re(A) > 0,..(C).

We claim that i5 < 4. Suppose that i5 > i. Then o5 ;,(A) > 05 4,(C). Using
the maximality condition on i + j we get a contradiction. So, i5 < 7.

Since any row of A contains exactly two 1’s, we have a;,;; = 0 and i5 # 1.
Moreover, a;,;, = 0 or a;;; = 0.

If Qisjy = 07 then

Altinishs Gndodst) = [ 1]

where * denotes an unspecified entry. Consequently, A[{i4,i5};{js,j5}] = Lo.
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Since
for any (r,¢) € {ia,...,i — 1} X {ja,.--,j0o — 1}, 0pe(A) > 0,.(C)
and
for any (r,¢) € {iq,...,i5 — 1} X {Jo,---, 75 — 1}, ore(A) > 0..(C),
we obtain
for any (r,¢) € {ig, ... i5 — 1} X {jay ..., 5 — 1}, 0re(A) > 0.c(C).

As

If Qisjy = 1, then Aisj0 = 0

Altinish: Gndodsl) = [ 11|

Consequently, A[{is, is}; {jo, js}] = I» and

for any (r,¢) € {i4,...,i5 — 1} x {Jo,-.-,J5 — 1}, 0rc(A) > 0,..(C).

Subcase 3.1.3: a;,j, = 1 and 04,,(A) = 04,5, (C).

Then
11

Al{iaivio s {, ot = |11
01
Since jo > 1 and 0y, j,—1(A) > 04,,j,—1(C), by Proposition 5, we get i4 > 1.
Using Proposition 3, we get 0',‘4_173'0_1(14) > 0'1‘4_17]'4_1(0).
Applying Lemma 2, there is (g, jg) € {1,...,94 — 1} x{1,...,jo — 1} such
that a; j, = 1 and

for any (r,c) € {ig,... 04 — 1} X {J6,---,Jo — 1}, 0rc(A) > 0,..(C).

We consider three cases.
Subcase 3.1.3.1: js = j. We argue as Case 3.1.
Subcase 3.1.3.2: jg > j. We argue as Case 3.2.

Subcase 3.1.3.8: jg < j. We argue as Case 3.3.
This process ends because A has a finite number of rows.

Subcase 3.2: j4 > j.
Then
* 1 %
A[{i47i7i0}; {j7j4aj0}} = 1x1 )
0x1

where * denotes an unspecified entry.
Since any row of A contains exactly two 1’s, we have a;;, = 0. We consider
three cases.
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Subcase 3.2.1: a;,;, = 0.

Then
*10

Al{ig,i,i0}5 {7, jas jo}] = [ 101,
0x1

where * denotes an unspecified entry. Consequently, A[{i4,i};{j41,7J0}] = I2
and

for any (r,c) € {ia,..., i =1} X {ja,....jo — 1}, 0pc(A) > 0,.(C).

Subcase 3.2.2: a;,5, =1 and 0,5, (A4) > 04,5, (C).
Then
*11

A[{Z47ZaZO}a {jajﬁlajo}] =1101 )
0x*1

where * denotes an unspecified entry.
Applying Lemma 1, there is (i7,j7) € {ia+1,...,m} x {jo+1,...,n} such
that a;,;; =1 and

for any (r,¢) € {iq,...,i7 — 1} x {jo, ..., d7 — 1}, 0re(A) > 0..(C).

We claim that i7 < 4. Suppose that i7 > i. Then o; ;,(A) > 04 4,(C). Using
the maximality condition on ¢ + j we get a contradiction. So, iy <.

Since any row of A contains exactly two 1’s, we have a;,;, = 0 and i7 # 1.
Moreover, a;,;, = 0 or a;,; = 0.

If a;,;, = 0, then

Altin s Gndos )] = |11

where x denotes an unspecified entry. Consequently, A[{i4,i7}; {44, j7}] = L2
Since

for any (r,c) € {4a,...,0 =1} X {ja,...,Jo — 1}, 0rc(A) > 0,0(C)
and
for any (r,¢) € {iq,...,i7 — 1} x {Jo,--.,j7 — 1}, ore(A) > 0..(C),
we obtain
for any (r,c) € {i4,...,07 — 1} X {Ja, .., g7 — 1},  0rc(A) > 7..(C).
If ai,;, =1, then a;,;, = 0 and

Altin ks Gndon )] = |11
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where * denotes an unspecified entry. Consequently, A[{i4,i7}; {Jjo,Jj7}] = I2
and

for any (r,¢) € {ig,...,i7 — 1} X {Jo,-.-,J7 — 1}, 0re(A) > 0.c(C).

Subcase 3.2.3: a;,5, =1 and 0,5, (A) = 04,5, (C).
Then
*11
A[{iﬁlaiai()}; {jaj4aj0}} =|101],
0x*1

where * denotes an unspecified entry.

Since jo > 1 and oy, j,—1(A) > 04, j,—1(C), by Proposition 5, we get 74 > 1.
Using Proposition 3, we get 0i,—1,j,—1(4) > 0i,—1,5,—1(C).

Applying Lemma 2, there is (ig, js) € {1,...,44 — 1} x {1,...,jo — 1} such
that Qig,js = 1 and

for any (r,c) € {ig,..., 04 — 1} X {Js,...,Jo — 1}, 0rc(A) > 0,..(C).

We consider three cases.
Subcase 3.2.3.1: js = j. We argue as Case 3.1.
Subcase 3.2.3.2: js > j. We argue as Case 3.2.

Subcase 3.2.3.3: js < j. We argue as Case 3.3.
This process ends because A has a finite number of rows.

Subcase 3.3: j4 < j.
Then
1% x
Al{is,i,i0} {ja, g, Jo}l = | 111,
01

where * denotes an unspecified entry.

Since any row of A contains exactly two 1’s, we have a;;, = 0. Moreover,
Qiy5 = 0 or Aiyj9 = 0.

If a;,; =0, then A[{i4,i};{js,j}] = I» and

for any (r,c) € {i4,..., 0 =1} X {ja,..., 7 — 1}, orc(A) > 0,.0(C).

If a;,j, =0, then A[{i4,i}; {ja,jo}] = Iz and
for any (r,¢) € {ig,...,i =1} x {ja,...,jo — 1}, 0rc(A) > 0, .(C).
Corollary 2 Let R = (1™) and S = ($1,...,8n) be two nonincreasing pos-

itive integral vectors such that A(R,S) # 0. Then the Bruhat order and the
Secondary Bruhat order coincide on A(R,S).
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Proof Let A,C € A(R,S) such that A <p C. Let D be the m-by-n+ 1 matrix
such that the first column has all entries equal to one and removing the first
column we have the matrix A. Similarly, let E be the m-by-n 4+ 1 matrix such
that the first column has all entries equal to one and removing the first column
we have the matrix C. Then D and E are matrices in A(U, V') with U = (2™)
and V = (m, $1,...,8p). Since A <p C we get D <p E. By last theorem,
D=4 FE. Thus, as the first columns of D and E have all entries equal to one,

5 Conclusions

We studied the coincidence of the two extensions of the classical Bruhat
order on S, stated by Bruadi and Hwang in [3]. We proved the coincidence
of these two orders in A(R, S) occurs when R = (2™) or R = (1™).

Using the transpose of matrices we obtain the two next results.

Theorem 3 Let S = (2"), and R =
itive integral vectors such that A(R,S

(r1,...,7m) be two nonincreasing pos-
)
Secondary Bruhat order coincide on A(
(
)
(

# (). Then the Bruhat order and the
R,S).

T1,...,Tm) be two nonincreasing pos-
;é Then the Bruhat order and the
R

) )

Corollary 3 Let S = (1™) and R =
itive integral vectors such that A(R, S
Secondary Bruhat order coincide on A

By Proposition 6 the reader know that there are many classes of matrices
where the two Bruhat orders coincide, for instance A(12,11).

We observed that if R = (nP, 2™ P), with 0 <p<mand S=(s1,...,8,)
are two nonincreasing positive integral vectors such that A(R, S) # () then the
two Bruhat orders coincide on A(R, S). An interesting problem is the charac-
terization of other classes of matrices where the two Bruhat orders coincide.
Other important problem is to find properties of these two partial orders. It is
well known that the classical Bruhat order in S,, is Eulerian and lexicograph-
ically shellable (see [19] and [12]). It is interesting to know if, at least in these
classes, the Bruhat order retains these properties.
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